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Chapter 24

Preliminaries from algebra

24.1 Algebraic field extensions

Take arbitrary field extensions L|K and F|K. A homomorphism L — F will be called
a homomorphism over K if it fixes K elementwise. An automorphism of L will be
called automorphism of L|K if it is a homomorphism over K. An element b € L is
algebraic over K, if it is the root of some nonzero polynomial f with coefficients from K.
For every homomorphism o : L — F over K, the element ob is again a root of f, hence
it is algebraic over K. The relative algebraic closure of K in L is the subfield of L
consisting of all elements which are algebraic over K; in particular, it contains K. We see
that every automorphism of L|K sends the relative algebraic closure into itself.

A field extension L|K is called algebraic if every element b € L is algebraic over K.
Every finite field extension L|K (i.e., [L : K] < o0) is algebraic. A field extension of
the form K(b)|K is called simple. It is algebraic if and only if b is algebraic over K, and
this is the case if and only if the field K(b) is equal to the ring K[b]. If L|K and L'|L
are algebraic field extensions, then so is L'| K. There exist maximal algebraic extensions,
called algebraic closures of K. An algebraic closure L of K is itself algebraically
closed, that is, every algebraic extension L'|L is trivial: L' = L. Over an algebraically
closed field, every polynomial splits into linear factors. All algebraic closures of a field K
are isomorphic over K, so we shall speak of the algebraic closure of K and denote it by
K. In this sense, the algebraic closure of K coincides with the relative algebraic closure
of K in every algebraically closed extension field. We often use such an identification of
isomorphic objects without further mentioning. If ¢ : L — F is a homomorphism over K,
then it is injective, and we will call it an embedding of L in F' over K. If in addition
F is algebraically closed, then o can be extended to an embedding of L in F over K.
In particular, if L|K is algebraic, then every embedding of L in L = K over K can be
extended to an automorphism of K|K.

Let b be algebraic over K. Then {f € K[X]| | f(b) = 0} is a non-trivial proper
ideal of the ring K[X]. Since K|[X] is a euclidean ring with respect to the usual degree
function for polynomials, this ideal is principal. It has precisely one monic generator
f, which is called the minimal polynomial of b over K. (Recall that a polynomial
f=c X"+ ...+ X + ¢ is called monic if its leading coefficient ¢, is equal to 1.)
Thus, a polynomial g € K[X] admits b as a zero if and only if f divides g in the ring K[X].
In particular, f is irreducible over K. Every embedding o of K(b) in K over K sends b to
a root ob of f. Conversely, if a is a second root of f, then there is an isomorphism o of the
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fields K (b) = K[b] and K(a) = K|[a] over K which sends b to a. This isomorphism extends
to an automorphism of K|K. Hence, the finite set of roots of f in K coincides with the set
{ob | o is an automorphism of K|K } its elements are called the conjugates of b. Two
elements a,b € K are called conjugate over K if there exists an automorphism o of K | K
such that a = ob.

Lemma 24.1 a) Let g,h € K[X]. Then g is prime to h in the ring K[X] if and only if
g and h admit no common root in K.

b) Assume that gh € K[X] with g,h € K[X] such that g is monic, g and h admit
no common root in K and the set of roots of g in K is closed under conjugates. Then

g,h € K[X].

Proof: a): If f is a nonconstant common divisor of g and h, then it admits a root in
K, which is thus a common root of ¢ and h. Conversely, if b is a common root of ¢ and
hin K, then the minimal polynomial of b over K divides both ¢ and h, showing that ¢ is
not prime to h in K[X].

b): Suppose that we have verified our assertion for all products gh with degg < n (for
deg g = 1, the assertion is trivial). Now let g be of degree n and gh satisfy the assumptions
of part b). Let b be a root of ¢ in K. Since it is also a root of gh € K[X], the minimal
polynomial f of b over K must divide gh. Every root of f is a conjugate of b over K and
by assumption, it is also a root of g. If it appears m times in f, then it also appears m
times in g, because g and h have no roots in common. Hence, f divides ¢ in K [X]. So
we can write gh = fgh with g € [N([X] of degree < n. Since f and gh are elements of
K[X], we can apply the euclidean algorithm (or in other words, the polynomial division
with remainder) to f and gh in K[X]. The result can not be different from the result in
the ring K[X], which shows that §h € K[X]. Now we can apply the induction hypothesis
to conclude that g,h € K[X] and thus also g = f§ € K[X]. O

If P is any property of field extensions, then we will say that L|K is a tower of
extensions with property P if there are intermediate fields K = Ky € K; C ... C
K, = L such that K;|K; i are extensions with property P, for i =1,...,n

In the following, let L|K be an algebraic extension, not necessarily finite. It is called
normal if every automorphism of K |K sends L into itself. In particular, K | K is normal.
If K'|K is a subextension of L|K and L|K is normal, then also L| K’ is normal since every
automorphism of K|K’ is an automorphism of K \K On every simple extension K (b) of
K, the restriction of a given automorphism o of K|K is uniquely determined by the root
ob of the minimal polynomial of b over K. Consequently, K (b)|K is normal if and only if
all conjugates of b lie in K (b). Moreover, it shows that the embeddings of K (b) in K over
K correspond bijectively to the roots of the minimal polynomial f of b over K. Since deg f
is equal to the degree [K(b) : K] of the extension K (b)|K, and since f has at most deg f
many distinct roots in K, it follows that there are at most [/ (b) : K] distinct embeddings
of K(b) in K over K.

As L|K is algebraic, every element b € L is already contained in the finite algebraic
subextension K (b)|K. This shows that L is the union over all finite subextensions. So we
can write L = UiG ; Li where L; runs through all finite extensions of K which are contained
in L (the index set may be taken e.g. to be a subset of the cardinal 2//1). But it also suffices
to take the fields L; to be simple extensions of K. On the other hand, every finite extension
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L|K is a tower of simple extensions. The degree of field extensions is multiplicative, that
is, if L|K" and K'|K are finite extensions, then [L : K| = [L : K] - [K’ : K]. Since also
the number of embeddings is multiplicative in a similar way, one deduces by induction on
the extensions in the tower that every finite extension L|K admits at most [L : K] distinct
embeddings in K over K. The number of distinct embeddings is called the separable
degree of L|K, denoted by [L : Klsp. If [L : K] = [L : Klsp, then L|K is called
separable. Hence K (b)|K is separable if and only if the minimal polynomial of b has no
multiple roots; in this case, the element b and its minimal polynomial are called separable
over K. At the other extreme, an arbitrary algebraic extension L|K is called purely
inseparable if it only admits one embedding in K over K (which is the identity if we
assume L to lie in K, as we usually do). Hence K (b)|K is purely inseparable if and only
if its separable degree is 1, i.e. if the minimal polynomial of b admits only b as a root; in
this case, the element b and its minimal polynomial are called purely inseparable over
K. We note that

The extension L|K is purely inseparable if and only if every b € L is purely inseparable
over K.

Indeed, if K (b) would admit two distinct embeddings in K over K, then these could be
extended to distinct embeddings of L in K over K. If on the other hand, L|K admits two
distinct embeddings, then there must be some b € L on which these act differently.

An element a is a multiple root of a polynomial f if and only if it is also a root of the
derivative f’ of f. If a is a simple root of some polynomial over K, then it is also a simple
root of its minimal polynomial over K. Hence, an element a in an arbitrary extension of
K is separable algebraic over K if (and only if) there is some f € K[X] such that f(a) =0
and f’'(a) # 0. See Lemma 9.12 for a “multidimensional” version of this criterion, working
simultaneously for n elements by use of n polynomials.

If L|K is finite and separable, then it is simple (cf. [LANG3], Chapter VII, §6, Theorem
14). An element b € L satisfying L = K (b) is called a primitive element.

Like the degree [L : K], also the separable degree [L : K], is multiplicative, that is, if
L|K" and K'|K are finite extensions, then [L : Klsp = [L ¢ K']sep - [K” ¢ Klsep . From this,
it follows that L|K is separable if and only if L|K’ and K'|K are separable. In particular,
every subextension of a finite separable extension is separable. So we may generalize our
definition as follows: An arbitrary algebraic extension L|K is called separable if every
finite subextension L;|K is separable. If L|K is separable and normal, then we will call
it a Galois extension. Since we are concerned with infinite Galois theory, we do not
require the property “finite” for Galois extensions. If L|K is normal, then we shall use the
notation Gal L|K for the group of all automorphisms of L|K, and we call it the Galois
group of L|K, even if L|K is not separable. We use the abbreviation Gal K for Gal K|K
and call it the absolute Galois group of K.

Later, we will define the notion “separable” also for arbitrary, not necessarily algebraic
extensions. So we will speak henceforth of separable algebraic extensions if we want to
restrict our arguments to algebraic extensions. In contrast to this, purely inseparable
and normal will always mean that the extension is algebraic.

Let 1 denote the multiplicative unit in the field K and n - 1 the result of adding it up
n times. If there is a smallest number p such that p-1 = 0, then p is a prime number; it is
called the characteristic of K. If there is no such p, then we say that the characteristic
of K is 0. If the characteristic of K is p > 0, then the smallest field contained in K is [,
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the field with p elements. If the characteristic of K is 0, then the smallest subfield of K
is Q, the rationals. The smallest subfield of K is called the prime field of K. A field
extension L|K is called finitely generated if L = K(xy,...,x,) for suitable elements
x1,...,%, € L. Every finitely generated algebraic extension is a finite extension. The field
K is called a finitely generated field if it is a finitely generated field extension of its
prime field.

Assume L|K to be a Galois extension of degree p a prime which is not equal to the
characteristic of K. If K contains a primitive p-th root of unity, then L contains an element
b such that ¢ := 0? € K and L = K(b). The minimal polynomial of b over K is X? — c.
This follows from Kummer Theory; cf. [LANG3|, Chapter VIII, §8. Now assume that
L|K is a Galois extension of degree p = char K. Then L contains an element b such that
c: =0 —be K and L = K(b). This assertion is a special case of a more general result
proved in Section 12.6; see Corollary 12.29. See also [LANG3], Chapter VIII, §8. The
minimal polynomial of b over K is X? — X — ¢. Such a polynomial is called an Artin-
Schreier polynomial. The extension is said to be an Artin-Schreier extension, and
b is an Artin-Schreier root of f and an Artin-Schreier generator of L|K. We
frequently use the abbreviation p(X) for the polynomial X? — X. This polynomial is
additive, that is, (b + V") = p(b) + (V') for all b,’ € L. This is a consequence of the
additivity of the Frobenius endomorphism x +— 2P of a field of characteristic p; see
Section 24.7 below. Note in particular that if b is a root of X? — X — ¢ and V' is a root of
XP — X — ¢, then b+ V' is a root of XP — X — (¢ + ). From the special case ¢ = 0 we
see that the roots of X? — X — ¢ are of the form b + b’ with & a root of X? — X. We can
observe at once that 0 and 1 are roots of X? — X. But in view of the additivity, if 1 is a
root, then also n - 1 for every n € N. Since the characteristic of K was assumed to be p,
the roots of X? — X are precisely 0,1,...,p — 1. Consequently:

Lemma 24.2 Let K be a field of characteristic p > 0 and b € K a root of the Artin-
Schreier polynomial XP — X — ¢ with ¢ € K. Then all roots of XP — X — ¢ are given by
bo+1,....0+p—1. In particular, if XP — X — ¢ has a root in K, then it splits over K
into linear factors.

We also use the name “Artin-Schreier extension” for certain extensions of valued fields
of characteristic 0; see Section 6.5 for the definition.

Take two subextensions F|K and F|K of an arbitrary field extension Q|K. The inter-
section ' N F' is again a subfield of € containing K. The field compositum of F and
F (in ), denoted by E.F, is the smallest subfield of {2 which contains both £ and F'. If
E.F=Qand ENF = K, then F is called a field complement for F' in €2 over K. Note
that every two arbitrary field extensions of K can be embedded in a common extension
field Q (that is, the theory of fields has the amalgamation property, see Section 24.5). In
this extension field, their field compositum can be defined as above. But it may depend
on the embeddings (for instance, distinct embeddings of non-normal algebraic extensions
may produce non-isomorphic composita). Every element in the field compositum can be
written as (x1y1 + ... + Tm¥m)/ (1Y) + ... + 2y for suitable m,n € N and z;,2, € F,
yi,y. € F'. If both extensions E|K and F|K are algebraic, then so is E.F|K . If they are
normal in addition, then every automorphism of K |K sends E and F' and hence also E.F'
into itself, showing that also E.F|K is normal.

Let L|K be an algebraic and K’'|K an arbitrary field extension. Then K’ contains
K = L and thus, we can take the compositum L.K’ inside K’ (again, it depends on the
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embedding of L in K, and there are different composita if L|K is not normal). Every basis
of L|K is also a system of generators of L.K’|K’, but it may not be a basis anymore. So
if L|K is finite, we have that

[L.LK':K'|<[L:K].

In other words, the minimal polynomial of an element b € L may not be irreducible over
K’, but as we know already, it is divided by the minimal polynomial of b over K’. If
[L.K': K'| =L : K], then it follows that for every element b € L its minimal polynomial
over K will be irreducible over K’ and thus be the minimal polynomial of b over K.
Otherwise, we would have that [K'(b) : K] < [K(b) : K| which yields that [L.K' : K'| =
[L.K': K'(b)] - [K'(b) : K'| < [L.K" : K'(b)] - [K(b) : K] <[L:K(@®)] -[K(®b): K|=I[L:K]|
since K'(b) = K(b).K'. Tt follows that if [L.K' : K'| = [L : K] and L.K'|K’ is separable
resp. purely inseparable, then so is L|K.

Even in the case of an infinite algebraic extension L| K, every finite subextension L'| K’
of L.K'|K' is contained in L;.K'|K’ for some finite subextension L;|K of L|K. Indeed,
L' is generated over K’ by finitely many elements by,...,b, € L.K'. To write down the
elements by, ..., b, , only finitely many elements cy, ..., ¢, € L (and finitely many elements
in K') are needed. Hence, L; := L(cy,...,ck) is a finite extension of L, and L' C L;. K'.
Now assume in addition that L|K is separable. Then also L;| K is separable, and it is thus
simple; let b be a primitive element. Then the minimal polynomial f of b over K has no
multiple root. The same is true for the minimal polynomial of b over K’ since it is a divisor
of f. This shows that K’(b)|K’" and thus also its subextension L'|K’ is separable. In this
way, it is shown that every finite subextension of L.K’|K’ is separable algebraic. We have
thereby proved:

If L|K s separable algebraic and K'|K is an arbitrary field extension, then L.K'|K’ is
separable algebraic.

It follows by induction that the compositum of finitely many separable algebraic extensions
is again separable. In particular, if every extension K (b)|K for b € L is separable, then
so is every finite subextension L|K since it is the compositum of finitely many simple
subextensions. Conversely, if L|K is separable, then so is the finite subextension K (b)|K.
We have proved:

The extension L|K is separable if and only if every b € L is separable over K.

We shall now prove the transitivity of separable extensions:

Lemma 24.3 Let L|IK be an algebraic extension with subextension K'|K. Then L|K is
separable if and only if L|K' and K'|K are separable.

The proof of this lemma uses a typical argument which connects finite with infinite ex-
tensions. For later use, we formulate this argument in more generality than we need it
here.

Lemma 24.4 Let K'|K be an arbitrary and L'|K’ a finite extension. Then there exists
a finitely generated subextension Ko|K of K'|K and a finite subextension Lo| Ko of L'| Ky
such that L' = Lo.K' and [L' : K'| = [Lo : Ko|. It follows that if L'|K’ is separable resp.
purely inseparable, then so is Lo| K.

If Sk and Sy, are any finite sets of elements in K' and L' respectively, then Ky and
Lo can be chosen such that Sy C Ko and Sp, C Lo . If K'|K is algebraic, then KoK and
Lo| K are finite.
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Proof: Without loss of generality, we can enlarge the set Sy, by finitely many elements
such that it generates the finite extension L'|K’. Write S, = {b1,...,b,}. Now we form a
finite set S; of elements in K’ by adjoining to Sk the coefficients of the minimal polynomial
of by over K'. Every element of K'(by,...,bg) is a rational function in by, ..., b; which
involves finitely many coefficients from K’. So for 1 < k < n, we form Si,; by adjoining
to Sk the finitely many elements of K’ that appear as coefficients in the rational functions
which are the coefficients of the minimal polynomial of b1 over K'(by, ..., bx). We obtain
a finite set .S, of elements in K’, and we set Ky := K(S,,). We obtain that [K'(b;) : K'| =
[Ko(b1) @ Ko] and [K'(b1,...,bks1) + K'(b1,...,01)] = [Ko(b1, ..., bgs1) @ Ko(by, ..., b)]
for 1 < k < n. It follows that Ly := Ko(by,...,b,) = Ko(Sr/) satisfies L' = Ly.K’ and
[L': K'] = [Lo : Ko]. By construction, Sx: C K¢ and Spr C Ly . Further, K| K is a finitely
generated subextension of K'|K. If the latter is algebraic, then also K| K is algebraic and
thus finite.

The assertion about separability resp. inseparability follows directly from the equality
[L': K'| =[Lo: Ky, as we have shown earlier. O

Now we are able to prove Lemma 24.3. Let L|K be algebraic with subextension K'| K.
Assume first that L|K is separable. Then it follows directly from the definition that also
K'|K is separable. Let L'|K’ be a finite subextension of L|K’, and choose K, and Ly as in
the above lemma. Then Ly|K is a finite extension, so it is separable since L|K is supposed
to be separable. By what we have shown earlier, L' = Ly.K’ is separable over K’. This
proves that L|K' is separable.

For the converse, assume that L|K’ and K’'|K are separable. Let E|K be a finite
subextension of L|K and L' = E.K’'. As a finite subextension of L|K’, the extension L’'|K’
is separable and thus simple. Let b be a primitive element of L'|K’. Then its minimal
polynomial over K’ has no multiple roots. Choose K and Lg as in the above lemma such
that Ly contains b and some set of generators of the finite extension E|K. Then E C Ly .
Since K'|K is separable, so is its finite subextension Ky|K. Since [Lg : Ko] = [ : K'] =
[K'(b) : K'], we see that b also generates Ly over K and that its minimal polynomial over
K is the same as over K’. Since this minimal polynomial has no multiple roots, it follows
that Lo|K is separable. By what we have proved already about finite extensions, Lg|K
and thus also E|K is separable. This completes our proof. O

If E|K is an arbitrary subextension of a Galois extension L|K, then L|E is separable
and normal and thus again a Galois extension (since L.E = L). In this case, Gal L|E may
be identified in a natural way with the subgroup {o € GalL|K | Vo € E : ox = z} of
Gal L|K. For o € Gal L|K, the restriction of ¢ to E will be denoted by resg(c). If E|K
is normal, then the restriction map

resp : Gal L|K — Gal E|K

is a group epimorphism since every automorphism of E|K can be extended to an automor-
phism of L|K. Note that Gal L|E = res;'(1).

If F|K and F|K are separable algebraic extensions, then by what we have shown,
E .F|F is separable and thus, E .F|K is separable. That is, the compositum of two separable
algebraic extensions is again separable algebraic. Since we have shown the analogue also for
normal extensions, we conclude that the compositum of two Galois extensions is again a



24.1. ALGEBRAIC FIELD EXTENSIONS 667

Galois extension. Tt also follows that an algebraic extension L|K generated by the elements
b;, i € I, is normal (resp. separable) if and only if every extension K'(b;)|K is. Further, we
see that the composition of all separable algebraic subextensions of an arbitrary extension
L|K is itself a separable algebraic subextension of L|K, and it is thus the maximal one.
We will call it the relative separable-algebraic closure of K in L and denote it by
(L|K)®*P. In fact, (L|K)*P consists of all elements b € L such that K (b)|K is separable
algebraic. The maximal separable algebraic extension of K is (K|K)*P; it will be called
the separable-algebraic closure of K and denoted by K*®P. It consists of all elements
(in K) which are separable algebraic over K.

To every algebraic extension L|K we can find a normal extension L'|K containing L.
The minimal one is found by adjoining, for every b € L, all roots of the minimal polynomial
of b over K. This field L' is called the normal hull of L over K. If L|K is finite, then
so is L'|K. An arbitrary algebraic extension L|K is normal if and only if it contains the
normal hull of every finite subextension L;|K. If L|K is normal, then L is the union over
all finite normal subextensions; in Section 24.4, we shall describe the connection between
their Galois groups and the Galois group of L|K.

For every algebraic extension L|K, every homomorphism o of L into L over K is an
automorphism of L|K. Indeed, it is injective since it is a non-trivial field homomorphism.
If b € L then ¢"b € L for every n € N. Since b has only finitely many conjugates (and o
is invertible), there is some n > 0 such that ¢"b = b. Hence, b = o(c""'b) € oL, which
proves that o is surjective.

The following is a criterion for the existence of embeddings of infinite algebraic exten-
sions:

Theorem 24.5 (Compactness Principle for Algebraic Extensions)

Let L|K be an algebraic field extension and L = J,.; L; where the L; run through all finite
subextensions of L|K. Let F|K be an arbitrary field extension. If for every i € I, the field
L; admits an embedding v; in F' over K, then there exists an embedding v of L in F over
K such that

Vi e I: resp, (1) =resy, (1) for some j € I such that L; O L; . (24.1)

If L|K is normal then the assertion remains true if we let L; run through all finite normal
subeztensions of L|K.

We will prove the theorem in the next section using a compactness principle for inverse
limits. The following corollary illustrates the use of assertion (24.1). In fact, this assertion
implies that the embedding ¢ inherits the universal properties that all ¢; have in common.

Corollary 24.6 Let (L,v)|(K,v) be an algebraic and (F,w)|(K,v) an arbitrary extension
of valued fields. If every finite subextension of L|K admits a valuation preserving embedding
v in (F,w) over (K,v), then so does (L,v). If in addition, vL admits an embedding p in
wF over vK and L admits an embedding o in F over K and if the given embeddings of the
finite subextensions respect the corresponding restrictions of p and o, then ¢ may be chosen
as to respect p and o.

Proof: Since every b € L is contained in some L;, the embbeding ¢ chosen according to
the foregoing theorem will satisfy wib > 0 < wejb > 0 < vb > 0, resp. (h)w = (y;b)w =
obv if vb = 0, resp. wib = we;b = pvbd. 0J
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Exercise 24.1 Give an example where L|K' and K'|K are finite normal extensions, but L|K is not
normal.

24.2 Inverse limits

Suppose that (I, <) is a partially ordered set. A family {X;,7;; | 7,5 € I, i < j} consisting
of topological spaces &; and continuous maps 7 : X; — &j is called an inverse system
(or projective system) if it satisfies

(INVO) for all 4,j € I there is k € I such that i < k and j <k,
(INV1) 7y 18 the identity map on X; for every ¢ € I,
INV2 Tk = i o My for all 7,7,k € I such that ¢ < j < k.

j j

The inverse limit (or projective limit) of an inverse system {X;, 7;;} is defined to be
the subspace

lim X; := {(x0)eer € H?Q- | mji(x;) = x; whenever i < j}
icl

of the cartesian product [ [,.; &; which is endowed with the product topology. Recall that
the product topology is the coarsest topology such that for all ¢ € I, the projection pr;,
onto the i-th component X; is continuous. It has a basis consisting of all sets of the form
Hie ; U; where U; is an open subset of &; for all ¢ € I and U; = &; for almost all ¢. If all
AX; are hausdorff, then also the product topology is hausdorff, and X := <ll_m AX; is a closed

subspace of the product. The latter is seen as follows. Let (z;);cr ¢ X. Then there are
i,j € 1,1 < j,such that m;;(x;) # x;. If X is hausdorff, then we may choose disjoint open
neighborhoods ¢; and U] of x; and m;;(x;) respectively. Now U; x 7' (U]) ¥ [Tjsj X is
an open neighborhood of (z;);c; whose intersection with X" is empty. This proves that the
complement of X in the product is open. The argument also shows that for ¢« < j and A;
hausdorft, the set Xj; := {(x¢)eer | mji(z;) = 2;} is closed in [[ &;. Observe that

(]

Lemma 24.7 The inverse limit X of an inverse system of nonempty compact hausdorff
spaces X; is a nonempty compact hausdorff space.

Proof: By Tychonoff’s Theorem, the product of the compact spaces X; is compact.
Since all &; are assumed to be hausdorff, their product is also hausdorff, and X" is a closed
subspace of the product, as we have seen above. Hence, X is hausdorff and compact. It
remains to show that X is nonempty. By the compactness of the product space, this will
follow if we are able to show that the intersection of finitely many of the closed sets Xj; is
nonempty. In such a finite intersection, only finitely many indeces ¢, j € I are involved, and
by (INV0) we may choose k € I which is bigger than all of them. Since &} is nonempty by
assumption, the set {(x;)iesr | xx € Xx and mg(x,) = x; whenever i < k} is a nonempty
subset of the intersection. OJ
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The restriction of the projection pr; to X is a map from X into X; and will be denoted by
7;. These maps satisfy m; = m;; o m; whenever ¢ < j. Observe that axiom (INVO0) plays a
crucial role in the above proof. Using again this axiom, the reader may show that a basis
for the topology of X is given by the sets 7; ! (U;) where i € I and U; is an open subset of
X; . (For the product space, the sets pr; ' (i4;) will in general only form a subbasis.)

Note that the foregoing lemma immediately applies to the case of finite sets X; because
they are compact under the discrete topology. This is the case of most of our applications.
In particular, we are now able to prove the Compactness Principle for Algebraic Extensions.

Proof of Theorem 24.5: Let the notations be as in that theorem. We order / by defining
i <j: L; C Lj. Then (INVO) is satisfied since every two finite extensions L;, L; are
contained in the finite extension L;.L; which is equal to Ly for some k € I. (The same
argument works for the finite normal extensions.) For i € I, we take X; to consist of all
embeddings of L; in I over K which are the restriction of ¢; to L; for some j > i. The map
;i is just given by restricting an embedding of L; to the subfield L; . Then axioms (INV1)
and (INV2) are satisfied. Since every L;|K is a finite extension, every X; is finite; it is
nonempty since it contains ¢; . An application of Lemma 24.7 now shows that the inverse
limit of {X;, 7;;} is nonempty. Let (7;);e; be an element of it. We define an embedding of
L in F over K as follows. For every a € L we find some ¢ € I such that a € L;, and we
set ta = 1;a. The fact that (7;);e; is an element of the inverse limit, guarantees that ¢ is
welldefined. We have resy, (1) = 7; which by definition of &; is the restriction of ¢; for some
Jj >i. O
Note that the proof also indicates the existence of a bijection between the set of all em-
beddings of L in F' over K and the inverse limit of {X;, m;;} where &; is the set of all
embeddings of L; in F over K. The above proof shows how to associate an embedding to
every element of the inverse limit. Surjectivity follows from the fact that for ¢+ an embed-
ding of L, the restrictions m;¢ of ¢ to L; are compatible with the restrictions j;, that is,
7jmjt = ;. Injectivity follows from the fact that every element of L is contained in some
Li .

Setting F' = L and assuming that L| K is normal, we obtain a bijection between Gal L| K
and the inverse limit of {Gal L;| K, 7;;} where the L; run through all finite normal subex-
tensions of L|K and the maps mj; : Gal L;|K — Gal L;|K are again given by restriction.
Note that in this case they are surjective since every automorphism of L;|K may be ex-
tended to an automorphism of L;|K if L, C L;. The inverse limit inherits the group
structure of the groups Gal L;| K by componentwise composition (since composition com-
mutes with restriction). With this group structure, the above bijection turns into a group
isomorphism

Gal L|K = lim Gal L;| K .
—

For every i, the map m; is the restriction resy, : Gal L|K — Gal L;| K.

24.3 Topological and profinite groups

A topological group is a group G endowed with a topology such that the maps (z,y) —
xy and x — x~! are continuous. It follows that for every ¢ € G, the maps z — gz,
x +— xg and z — ! are homeomorphisms. Hence, a subgroup H of G is open if and only
if the coset gH is open, and the same holds for “closed” in the place of “open”. A closed
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subgroup H of finite index in G is open since its complement is the union of finitely many
cosets gH # H and every coset gH is a closed set. Conversely, every open subgroup H is
closed since its complement is the union of the open cosets gH # H. In every compact
topological group an open subgroup H must be of finite index. Indeed, the cosets gH form
an open covering of (G, and since it does not admit a proper subcovering, it must itself be
finite, that is, there are only finitely many cosets. Hence for compact topological groups,
the open subgroups are precisely the closed subgroups of finite index.

By a topological isomorphism of topological groups we will mean a continuous
group isomorphism with continuous inverse. In particular, a topological isomorphism is
a homeomorphism. Note that a group homomorphism f : G — G, of topological groups
is continuous if and only if for every (open) neighborhood U; of 1 € G there exists a
neighborhood U of 1 € G such that f(U) C U;. Similarly, f is open if and only if for
every (open) neighborhood U of 1 € G there exists a neighborhood U of 1 € G4 such that
Uy C f(U). This follows from the fact that for every element g € G, the neighborhood
filter of 1 is sent onto the neighborhood filter of g by the homeomorphism x +— gz .

Let us require in addition for a topological group G that the subset {1} be closed. Then
for every g € G, the subset {g} is closed. With this proviso, topological groups have the
following properties.

Every topological group is hausdorff. Indeed, let a,b € G with a # b. Then G\ {b} is an
open neighborhood of a. By the continuity of (z,y) — zy there exist open neighborhoods
U, of a and U; of 1 such that U, - U; € G\ {b}. It follows that U, N bU; ' = 0. Since
x + o7 is a homeomorphism, bU; ' is an open neighborhood of b.

The kernel of a continuous homomorphism of topological groups is a closed normal
subgroup since it is the preimage of the closed set {1}. For the facts stated in the following,
cf. [PON], Chapter III, §20. If H is a closed normal subgroup of G, then the quotient
topology on G/H turns G/H into a topological group and the canonical epimorphism
G — G/H will be continuous and open. Recall that the quotient topology is the finest
topology on G/H such that G — G/H is continuous. If G admits a continuous open
epimorphism f onto the topological group G, then its kernel H is a closed normal subgroup
of G, and f induces a topological isomorphism between G/H and G;. Note that if G is
compact, then the epimorphism f : G — G is open already if it is continuous (cf. [PON]).
Here, we shall prove this assertion under the assumption that in both groups G and G1,
the open normal subgroups of G form a basis for the neighborhood filter of 1 (which is
always the case for profinite groups, as we will see later). It suffices to show that for every
open normal subgroup H of G, its image f(H) is an open subgroup of G;. We know
already that in compact topological groups, the open subgroups are precisely the closed
subgroups of finite index. Hence, H is closed and thus compact, and since the continuous
homomorphism f sends compact sets onto compact sets, also f(H) is closed. On the other
hand, (G : H) is finite, and since f is an epimorphism, also (G; : f(H)) is finite. Therefore,
f(H) is an open subgroup of G (in fact, it is also normal since f is an epimorphism). Note
that under the same condition, a group homomorphism f : G — (G is continuous already
if for every open normal subgroup H; of Gy there is an open normal subgroup H of G with
f(H)C H;.

Let H and N be closed subgroups of G. Then their intersection H N N is again a closed
subgroup of G. Their group compositum H.N is defined to be the closure of the subgroup
generated by H and N, i.e. the intersection of all closed subgroups containing H and N. If
the topology on G is discrete, (which we will always assume if G is finite or no topology is
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specified), then this compositum coincides with the subgroup generated by H and N. In
contrast to “H.N”, the notation HN indicates the set of products {h-n|h € H,n € N}.
If N is a normal subgroup of GG, then HN = N H and the group compositum H.N is equal
to HN. Further, if HN = G and H NN = {1}, then H is called a group complement
of N in G.

Let H and N be closed subgroups of the compact topological group G. If N is normal
in G, then there is a topological isomorphism between H/(H N N) and HN/N. This is
seen as follows. Let f be the restriction of the canonical epimorphism HN — HN/N to
the subgroup H of HN. Then f is still continuous and surjective. Since H is compact,
f is also open. Hence, it induces a topological isomorphism H/kerf = HN/N. Since
kerf = H N N, this proves our assertion. Note that it is in general not true without the
assertion that G be compact; for an example, see [BOU2|, Chapter III, §2.7. In contrast
to this, if H is also a normal subgroup and contains N, then G/H and (G/N)/(H/N) are
topologically isomorphic, even if G is not compact (cf. [BOU2]|, Chapter 111, §2.7, Corollary
to Proposition 22).

Let G be the inverse limit of an inverse system {G;, 7;; } of topological groups G; . Since
the topology on G is the coarsest such that all projections 7; : G — G are continuous,
the maps (z,y) — zy and z — 2! will be continuous on G if multiplication is defined
componentwise. Hence, the inverse limit of an inverse system {G}, 7;; } of topological groups
is again a topological group. Further, {1} = (), 7; '(1) is closed (since we have assumed
that {1} is closed in every G ).

The inverse limit G of an inverse system of finite groups G; (which are endowed with
the discrete topology) is called a profinite group. By Lemma 24.7, G is hausdorff and
compact. Therefore, for profinite groups all results hold that we stated for compact topo-
logical groups (with {1} a closed subgroup). As we have noted in the last section, a basis
for the topology of G is given by the sets 7; *(i4;) where i € I and U; is an open subset of
G;. Since {g;} is open in G; for every g; € G; and m; *(U;) is the union over all 7; *(g;)
with g; € U;, we find that the sets 7; '(g;), g: € Gy, i € I, form a basis of the topology on
G. Since {g;} is also closed in G;, the set m; '(g;) is at the same time open and closed. If
g,h € G and g # h, then there is ¢ € [ such that m;g # m;h and consequently, g and h lie
in the disjoint open and closed sets m; *(m;g) and 7; ' (m;h) respectively. This proves that
the connected component of every g € G is just {g}, that is, G is totally disconnected.

The set 7; *(1) is the kernel of the projection 7; , and thus it is an open normal subgroup
of G. Since the sets m; '(g;) form a basis of the topology, an open set containing 1 must
contain at least one set of the form 7; '(1). Consequently, the open normal subgroups of
G form a basis for the neighborhood filter of 1 € G. Their intersection is {1}; indeed, for
every g € G\ {1} there is some i € I such that m;g # 1 € G; and consequently, g ¢ 7; *(1).

Every closed subgroup H of GG is equal to the intersection of all open subgroups con-
taining H. This is seen as follows. Let g € G be an element which belongs to every open
subgroup of GG that contains H. For every open normal subgroup N of G, the group HN
is closed, and since it contains N, it is also of finite index in G. Thus, HN is open. By
assumption, g € HN and thus, gNNH # (). Since N and H are closed, so is g NN H. Since
any finite intersection of open normal subgroups N; is again an open normal subgroup N,
any finite intersection (),(¢N;NH) = g, N; N H = gNNH is nonempty. By compactness,
the intersection of all of these sets, N running through all open normal subgroups of G, is
nonempty. That is, there is some h € H such that h € gV for every such N. But the in-
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tersection of all open normal subgroups N is {1}, showing that ¢ = h € H. This completes
the proof. If in addition also H is normal, then every HN is normal and our argument
shows that H is equal to the intersection of all open normal subgroups containing H.

Let N;, i € I, be a family of open normal subgroups of the profinite group GG. The
index set is partially ordered through ¢ < j & N; C N;. If ¢« < j, then we have the
canonical epimorphism 7;;, : G/N; — G//N;. These projections satisfy properties (INV1)
and (INV2). If the family contains all open normal subgroups of G, then also (INV0) holds,
because then the family is a basis for the neighborhood filter of 1 € G. We ask whether
we may identify G with (h_m G/N;.

Lemma 24.8 Let G be a compact topological group and let N; , i € I, be a family of open
normal subgroups in G with the following properties:

(1) the subgroups N; form a basis for the neighborhood filter of 1,
(2) e Ni = {1}
Then the map g — (gN;)ier s a topological isomorphism from G onto (h_rn G/N;, showing

that G is a profinite group.

Proof: The canonical epimorphisms G — G/N; are continuous. By the universal
property of the product, the induced map + : G — [[,.; G/N; is continuous. The image
of GG lies in the subgroup (h_m G/N;. If g # 1 then by condition (2) there is some N; which

does not contain g. Thus, tg # 1, showing that ¢ is injective. Let (g;N;);c; be an element in
Iim & /N; . From condition (1) it follows that for every finite J C I there is some i € I such

that N; C (;c; Nj. Then g;:N; C (e, 9;N;, showing that the intersection is not empty.
Since the sets g;IN; are closed and G is compact, it follows that there exists g € ();c; Vi -
This element satisfies tg = (g;V;)icr. We have proved that ¢ is surjective. Condition (1)
implies that the open normal subgroups of G form a basis for the neighborhood filter of
1. For groups with this property, we have shown that continuous epimorphisms are open.

Hence ¢ is open and ¢~! is continuous. [

Corollary 24.9 a) Ewvery profinite group G is topologically isomorphic to (h_rn G/N; where

N; runs through all open normal subgroups of G. That is, every profinite group is (up to
topological isomorphism) the inverse limit of its finite quotients.

b) Ewvery closed subgroup of a profinite group G is again a profinite group.
c) If N is a closed normal subgroup of the profinite group G, then G/N is a profinite
group.

Proof: a): This follows directly from the foregoing lemma since we have shown earlier
that the intersection of all open normal subgroups of a profinite group G is {1}.

b): If H is a closed subgroup of a profinite group G, then H is compact. We take N;,
t € I, to be all intersections of H with open normal subgroups of G'. Since the open normal
subgroups of G form a basis of the neighborhood filter of 1 and their intersection is {1},
the same is true for the open normal subgroups N; in H. Now our assertion follows from
the foregoing lemma, applied to H in the place of G.



24.4. INFINITE GALOIS THEORY 673

¢): N is the intersection of open normal subgroups NN; of G that contain N. The family
N;/N of open normal subgroups of G/N satisfies the conditions of the foregoing lemma
and again, the assertion follows from that lemma, applied to G/N in the place of G. O

Every compact, hausdorff, totally disconnected topological group is a profinite group
(and vice versa, as we have already shown). This is proved as follows. One shows that in a
compact hausdorff group G, the connected component of g € G is equal to the intersection
of all closed open neighborhoods of ¢ (cf. [RIBES|, Lemma 2.3). If G is also totally
disconnected, then this intersection is {g}. Further, one shows that every closed open
neighborhood of 1 contains an open normal subgroup (cf. [RIBES], Lemma 2.4). Hence,
the open normal subgroups of G satisfy the conditions 1) and 2) of Lemma 24.8 and we
obtain that GG is indeed a profinite group.

For a collection of exercises on topological and profinite groups, see [FR-JA], at the
end of Chapter 1.

24.4 Infinite Galois theory

We have already seen at the end of Section 24.2 that every Galois group Gal L| K is isomor-
phic to the inverse limit of the finite Galois groups Gal L;| K where L;|K runs through all
finite normal subextensions of L|K. (In fact, Lemma 24.8 shows that it is not necessary to
take all of them; it suffices to take a family of subextensions of L|K such that every finite
normal subextension of L|K is contained in some member of that family.) Taking all finite
Galois groups to be endowed with the discrete topology, this representation of Gal L|K as
an inverse limit of finite Galois groups turns Gal L|K into a profinite group, with projec-
tions m; = resy, . The induced topology on Gal L|K is called the Krull topology. Hence,
Galois groups with the Krull topology have all properties that we have already stated for
profinite groups and for compact topological groups (with {1} a closed subgroup). Con-
versely, every profinite group is the Galois group of some Galois extension (cf. [FR-JA],
Corollary 1.11).

A basis of the neighborhood filter of 1 is given by the subgroups Gal L|L; = resgil(l)
of Gal L| K, where L;|K runs through all finite normal subextensions of L|K. (It follows
from Theorem 24.10 below that these subgroups are precisely all open normal subgroups
of Gal L|K.) If L|K is finite, then Gal L|K is a finite group and the Krull topology is
discrete.

If F|K is a finite subextension of L|K, then there exists ¢ € I such that F|K is a
subextension of the finite normal subextension L;|K. In this case, Gal L|F' is an open and
closed subgroup of Gal L|K since it coincides with the finite intersection of the open and
closed sets 1“es;i1 (g:) where the g; € Gal L;| K run through all automorphisms of L;| K which
fix every element of F'. If F'|K is an arbitrary subextension of L|K, then it is the union
of finite subextensions Fj|K of L|K. Consequently, Gal L|F' = (; Gal L|F} is a closed
subgroup of Gal L|K.

Recall that the closure of a set S is the intersection of all closed sets containing S.
Consequently, an element o belongs to the closure of S if and only if for every open set U
containing o, the intersection SN U is nonempty. For a profinite group G and S C G, this
is the case if and only if for every open normal subgroup H of GG, the intersection S "o H
is nonempty (indeed, since the open subgroups H of G form a basis of the neighborhood
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filter of 1, the sets o H form a basis of the neighborhood filter of o). If G = Gal L|K,
then o lies in the closure of S if and only if S NoGalL|L; # 0 for every finite normal
subextension L;|K of L|K. But SNoGalL|L; # 0 just means that resy,(0) € resg,(S).
We have thus proved: The closure of a set S C Gal L|K consists of all 0 € Gal L| K such
that resy, (o) € resy,(S) for every finite normal subextension L;|K of LK.

For every subgroup H of Gal L| K, we let Fix (L, H) denote the fixed field of H in L,
consisting of all elements of L which are fixed by all automorphisms in H. This fixed field
is a subfield of L containing K.

Now we are ready to state the Galois correspondence for (not necessarily finite)
Galois extensions. Note that the Krull topology on a finite profinite group is discrete,
which yields that every subgroup is closed. So for finite Galois extensions, the following
indeed gives the usual Galois correspondence.

Theorem 24.10 Let L|K be a Galois extension. The map F — GalL|F is a bijection
from the set of all subextensions F|K of L|K onto the set of all closed subgroups of Gal L| K.
Its inverse is the map H — Fix (L, H). For this correspondence, the following rules hold

(where E,F are subfields of L containing K, the groups G,H are closed subgroups of
GalL|K, and 0 € Gal L|K ):

(Gall) ECF & GalL|lEF D GalL|F

(Gall’) GCH & Fix(L,G) D Fix (L, H)
(Gal2) GalL|(E.F) = Gal L|EN Gal L|F
(Gal3) GalL|(ENF) = GalL|E.Gal L|F

(Gal2’)  Fix(L,GNH) = Fix(L,G) . Fix (L, H)
(Gal3') Fix (L,G.H) =Fix(L,G)NFix (L, H)

(Gal4) Gal L|E is a group complement of Gal L|F' in Gal L|K if and only if E is a
field complement of F' in L over K.

(Galbs) Gal L|oE = o(Gal L|E)o™!

(Gal5b’) Fix (L,0Go™!) = oFix (L, G)

(Gal6) E|K is a Galois extension if and only if Gal L|E is normal in Gal L| K.

Proof: For the proof of these assertions in the case of a finite Galois extension L|K,

see [LANG3|, Chapter VIII, §1. Note that (Gal4) follows from (Gal2), (Gal3), (Gal2),
(Gal3’), and that (Gal6) follows from (Galb), (Gal5').

Let E|K be a subextension of L|K and G = GalL|E. Then E C Fix(L,G). Let
a € Fix(L,G). Since L|E is again a Galois extension, a is contained in a finite Galois
subextension M |E of L|E. Since every o € Gal M |E can be extended to an automorphism
of L|E, we find that ca = a for every such o. By finite Galois Theory, a € F, showing
that E = Fix (L, G).

Conversely, let G be an arbitrary subgroup of Gal L|K and E = Fix(L,G). Then
G C GalL|E. We show that Gal L|E is equal to the closure of G; then G = Gal L|FE if
G is closed. Let o € Gal L|F; we have to show that resy, (o) € resy,(G) =: G; for every
finite normal subextension L;|K of L|K. Since E is the fixed field of G in L, we find that
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E is also the fixed field of G; in E.L;. By finite Galois Theory, G; = Gal E.L;|E. Hence,
resy,(0) € G;.
The proof of all remaining assertions is left to the reader. 0

Now let L|K and L'|K’' be two Galois extensions such that L € L' and K C K'.
Then the restriction map resy, : Gal L'|K’ — Gal L|K is a group homomorphism. It is
continuous (and hence open); indeed, if L;|K is a finite normal subextension of L| K, then
also L;.K'| K’ is a finite normal extension, and res; (Gal L'|L;.K") C Gal L|L; . Since K’ is
the fixed field of Gal L'| K" in L', we find that L N K’ is the fixed field of res;(Gal L'| K")
in L. Further, res;(Gal L'| K") is compact and thus closed in Gal L| K. From the foregoing
theorem, we may now infer that res;(Gal L’'|K’) = GalL|L N K’. We have proved that
the restriction is in fact a continuous epimorphism

res; : GalL'|K' — GalL|LNK".

Its kernel is Gal L'|L.K’. Note that for every subextension E'|K’ of L'|K’, the fixed field
of resy (Gal L'|E’) in L is E' N L. Conversely, if E is this fixed field, then E' = E.K’.
Now we apply our results to two special cases. The first is the case of K = K’ and
L C L', that is, the restriction to a subextension. The second is the case of L' = L. K’
where the kernel is trivial and the above epimorphism is an isomorphism. We obtain:

Theorem 24.11 Let L|K be a Galois extension. Then:

(GalT) If E|K is a Galois subextension of L|K, then the restriction of the automor-
phisms of L|K to E is a continuous open epimorphism with kernel Gal L|E,
giving rise to a topological isomorphism Gal E|K = GalL|K /GalL|E . If
F|K is a subextension of L|K, then the fized field of resg(Gal L|F) in E is
ENF.

(Gal8) If K'|K is an arbitrary field extension, then L.K'|K' is a Galois extension,
and the restriction of the automorphisms of L.K'|K' to L is a continuous
open epimorphism giving rise to a topological isomorphism Gal L.K'|K' =
GalL|LNK'. If E|K and E'|K" are subextensions of L|K and L.K'|K' re-
spectively and if Gal L|E is the image of Gal L.K'|E" under this isomorphism,
then E=E'NK and E' = E.K'.

(Gal9) If K'|K is a Galois extension, then L.K'|K is a Galois extension and the
restrictions of the automorphisms of L.K'| LN K’ to L and K’ give a topo-
logical isomorphism Gal L.LK'|LNK' = GalL|LNK' x GalK'|LNK',
where the latter 1s endowed with the product topology. Further,

Gal L.K'|K = {(0,7) € Gal L|K x Gal K'|K | respng/(0) = respng: (7)}.

The proof of (Gal9) uses (Gal7) and the following fact whose proof we leave to the reader:
If Ny, Ny are normal subgroups of G, then

G/(N\ N No) = G/N, x G/N, . (24.2)

From (Gal7), where we replace K by LN K’, we obtain epimorphisms from Gal L.K'|LN K’
onto Gal L|LN K’ and Gal K'|LN K’ with kernels Ny := Gal L.K'| K" and Ny := Gal L.K'|L
respectively. But Ny N Ny = {1}, which yields (Gal9).
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24.5 Linearly disjoint and algebraically disjoint ex-
tensions

Let L|K and F|K be subextensions of some extension ) of the field K. Unless stated
otherwise, we always assume all fields to be contained in such a universal ex-

tension field (). The elements x4,...,x, € L are said to be K-linearly independent
if ez + ...+ cpx, = 0 with ¢q,...,¢, € K implies that ¢; = 0 for all 7. In other
words, 1, ...,x, are K-linearly dependent if there exists a non-trivial K-linear combina-

tion > ¢;z; which equates to zero. If x; # 0, then ¢;z; = 0 implies ¢; = 0, hence the z; are
K-linearly independent if and only if they are K-independent (where L is viewed as a K-
module). We say that L|K is linearly disjoint from F|K (in Q) if for every n € N and
every choice of K-linearly independent elements x1,...,x, € L, these elements will also be
F-linearly independent. We shall show that this property is symmetrical, that is, it implies
that for every n € N and every choice of K-linearly independent elements y1,...,y, € F,
these elements will also be L-linearly independent. Hence, assume that L|K is linearly
disjoint from F|K and suppose that yy,...,y, € F are K-linearly independent elements
which satisfy a linear dependence relation

Ty o+ Xy =0

where x; € L. Then our definition implies that the z; must be K-linearly dependent.
Without loss of generality, we may assume that there is m < n such that x4, ..., z,, are K-
linearly independent and that there are ¢;; € K such that z; = Z;n:l cijx; form <i < n.
Then we may rewrite the dependence relation as follows:

ijyj + Z (ZC@@’j) Y; = 0.
j=1

i=m+1 \j=1

Reorganizing the terms, we find

Z(yj+ Z cijyi>xj =0.

j=1 i=m+1

In this sum, the coefficient of every z; is nonzero since the elements y; were assumed to
be K-linearly independent. Hence, the elements zq,...,x,, are not F-linearly indepen-
dent. On the other hand, xy,...,x,, were assumed to be K-linearly independent, which
contradicts our assumption that L|K be linearly disjoint from F|K.

In view of the symmetry that we have just proved, we also say that L and F' are K-
linearly disjoint if L|K is linearly disjoint from F|K. Note that if L and F are linearly
disjoint over K, then also for arbitrary subextensions L'|K of L|K and F'|K of F|K, the
fields L' and F’ are K-linearly disjoint.

Assume that B is a K-basis of L. If L and F are K-linearly disjoint, then the elements
of B remain F-linearly independent, and consequently, B is also an F-basis of L.F'. On
the other hand, if the elements of B remain F-linearly independent, then also the basis of
every finite K-subvector space of L will remain F-linearly independent, which implies that
L|K is linearly disjoint from F|K. Consequently,

LK is linearly disjoint from F|K if and only if every finitely generated subextension of
L|K is linearly disjoint from F|K.
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An algebraic extension L|K is linearly disjoint from F|K if and only if [L' : K] =
[L'.F : F| for every finite subextension L'|K.

A finite extension L|K is linearly disjoint from F|K if and only if [L : K| = [L.F : F.

The proof of the following transitivity property is left to the reader; it can also be found
in [LANG3], Chapter X, §5.

Lemma 24.12 Let L|K and F D E D K be field extensions, all contained in the common
extension field Q. Then L|K is linearly disjoint from F|K if and only if L|K is linearly
disjoint from E|K and L.E|FE is linearly disjoint from F|E.

Lemma 24.13 Let F|K be an arbitrary extension with K relatively algebraically closed in
F. Then F|K is linearly disjoint from every simple algebraic and every separable algebraic

extension of K. Moreover, if L|K is separable algebraic, then L is relatively algebraically
closed in L.F' .

Proof: Let K(b)|K be algebraic. Then b is also algebraic over F. All conjugates of
b (over K and hence also over F) are algebraic over K. The same is thus true for the
coefficients of the minimal polynomial f € F[X] of b over F since they are symmetric
functions in the conjugates of b over F. Since K is assumed to be relatively algebraically
closed in F', it follows that f € K[X]|. Hence, f is also the minimal polynomial of b over
K. Thus, [F(b): F] = [K(b) : K], showing that F|K is linearly disjoint from K(b)|K.
Now let L|K be a separable algebraic extension. Then every finite subextension of
L|K is simple and thus linearly disjoint from F|K. This proves that L|K itself is linearly
disjoint from F|K. Let b € L.F be algebraic over L. Since L|K is separable algebraic,
so is L.F|F. Hence, b is separable algebraic over F'. But we have already shown that the
minimal polynomial of b over F' coincides with that over K. This shows that b is separable
algebraic over K. Consequently, L(b)|K is a separable extension. From what we have just
proved, we thus know that L(b)| K is linearly disjoint from F'|K. By Lemma 24.12, L(b)|L
is linearly disjoint from L.F|L. In particular, b € L.F implies b € L. This proves that L is
relatively algebraically closed in L.F'. 0

Now assume that L| K is a Galois extension and that it is not linearly disjoint from F|K.
Since every finite Galois extension is simple, it follows that there is some b € L\ K such
that the minimal polynomial f of b over K does not remain irreducible over F. Then the
minimal polynomial A of b over F'is a factor of f of smaller degree than f and consequently,
not all of its coefficients will lie in K. On the other hand, these coefficients are elementary
symmetric functions in the roots of h, and these roots are all in L since L|K was assumed
to be normal. Consequently, the coefficients of h lie in L N F, showing that this is a proper
extension of K. Conversely, if L N F' is a proper extension of K, then L and F' can not be
K-linearly disjoint. We have proved:

Lemma 24.14 Let L|K a Galois and F|K an arbitrary field extension. Then L and F are
K-linearly disjoint if and only if LN F = K. More precisely, L and F are (LN F)-linearly
disjoint.

For a related criterion, see Lemma 24.34 below. From this Lemma together with (Gal8),
we obtain:
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Corollary 24.15 Let L|K be a Galois extension which is linearly disjoint from the arbi-
trary field extension K'|\K. Then L.K'|K' is a Galois extension, and the restriction of the
automorphisms of L.K'|K' to L is a topological isomorphism Gal L.K'|K' = Gal L|K .

Let L|K be any field extension. We say that ¢,...,t, € L are K-algebraically
independent or algebraically independent over K if there is no non-trivial polynomial
f(Xy,...,X,) with coefficients in K such that f(¢,...,t,) = 0. Infinitely many elements
t;, 1 € I, are called K-algebraically independent if every finite subset of them is K-
algebraically independent. A single element t is called transcendental over K if it is
K-algebraically independent. The elements ¢;, ¢ € I, are K-algebraically independent if
and only if for every choice of elements a;, i € I, in some extension field of K there is (a
uniquely determined) homomorphism from the ring K[t; | i € I] onto the ring K|a; | ¢ € I]
over K which sends t; to a; for every 7 € I.

A transcendence basis of L|K is a maximal set of elements of L which are K-
algebraically independent. The cardinality of all transcendence bases of L|K is equal; it
is called the transcendence degree of L|K and will be denoted by trdeg L|K. From
every set of generators of L over K, one can select a transcendence basis 7 of L|K; indeed,
one may just take 7 to be a maximal K-algebraically independent subset, so all other
generators and thus also L will be algebraic over K (7). Consequently,

Lemma 24.16 FEvery finitely generated field extension K(xy,...,x,) has finite transcen-
dence degree < n. FEvery finitely generated field has finite transcendence degree over its
prime field.

If 7 is a transcendence basis of L|K and F|K is an arbitrary extension, then a tran-
scendence basis of L.F|F can be selected from 7. In particular, if trdeg L|K is finite,
then

trdeg L.F|F < trdeg L|K .

Note that the transcendence degree is additive, that is,
trdeg L|K = trdeg L| K" + trdeg K'| K

for arbitrary extensions L|K" and K'| K. The proof of these facts and the basic properties
of transcendence bases and transcendence degree can be found in [LANG3], Chapter X.

An extension field K (ty,...,t,) of K is called a rational function field in n variables
over K if the elements tq,...,t, are K-algebraically independent. An extension field F' of
K is called an algebraic function field in n variables over K if it is a finite extension
of a rational function field in n variables over K, or equivalently, if it is a finitely generated
extension of K of transcendence degree n. We also speak of the algebraic function field
F|K.

We will say that L| K is algebraically disjoint from F|K or free from F|K (in their
common extension field Q) if for every n € N and every choice of K-algebraically inde-
pendent elements tq,...,t, € L, these elements will also be F-algebraically independent.
Observe that L|K is algebraically disjoint from F|K if and only if every finitely gener-
ated subextension F|K of L|K satisfies trdeg F|K = trdeg E.F|F'. Note that the elements
t1,...,t, € L are K-algebraically independent if and only if the elements t}* - ... -t/ € L,
vy,...,v, € N, are K-linearly independent. This implies:
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Lemma 24.17 If L|K is linearly disjoint from F|K, then it is algebraically disjoint from
F|K. Conversely, if t; € L, i € I, are F-algebraically independent, then K(t; | 1 € I)|K
is linearly disjoint from F|\K. Ift; € L, i € I, are K-algebraically independent, then
K(t; | i € I)|K is linearly disjoint from K|K and in particular, K is relatively algebraically
closed in K(t; |1 €1).

(For the proof of the last assertion, the reader may show that K-algebraically independent
clements t; are also K-algebraically independent.)

Like linear disjointness, also algebraic disjointness is symmetrical: Suppose that F|K is
not algebraically disjoint from L|K, i.e. there exist t1,...,t, € F which are K-algebraically
independent but not L-algebraically independent. Since a dependence relation only re-
quires finitely many coefficients from L, there is a finitely generated subextension E|K of
L|K such that t,...,t, € F are E-algebraically dependent. That is, n + trdeg E|K >
trdeg E(t1,...,t,)|K. In view of E(ty,...,t,) = E.K(t,...,t,), and because of n =
trdeg K (t1, ..., t,)| K, we find that trdeg E. K (¢, ...,t,)|K(t1,...,t,) < trdeg F|K. Hence,
trdeg E.F|F < trdeg F|K. That is, L|K is not algebraically disjoint from F|K.

In view of the symmetry that we have just proved, we will also say that L and F' are
K-algebraically disjoint if L|K is algebraically disjoint from F'|K. Note that if L and F
are K-algebraically disjoint, then also for arbitrary subextensions L'|K of L|K and F'|K
of F|K, the fields L’ and F’ are K-algebraically disjoint. We leave it to the reader to prove
the following analogue to Lemma 24.12:

Lemma 24.18 Let L|K and F D E D K be field extensions, all contained in the common
extension field Q). Then L|K is algebraically disjoint from F|K if and only if L|K is
algebraically disjoint from E|K and L.E|E is algebraically disjoint from F|E.

Every two field extensions L|K and F'|K can be embedded in a common overfield in such
a way that their images are K-algebraically disjoint. Indeed, if ¢;, ¢ € I, is a transcendence
basis of F|K, then we choose L-algebraically independent elements ¢}, i € I, and define an
embedding K(t; |t € I) — L(t; | i € I) by t; — t;. Since F|K(t; | i € I) is algebraic, this
embedding can be extended to an embedding of F' in the algebraic closure of L(t} | i € I),
and we are done. In contrast to this, it is not always possible to embed two given field
extensions in a common overfield in such a way that their images are linearly disjoint.
For example, if they are algebraic and not linearly disjoint, then this will remain true for
every embedding. But in any case, we have shown that every two fields can be embedded
in a common extension field, that is, that the theory of fields has the amalgamation

property.

Lemma 24.19 Let L|K be an arbitrary subextension of QK and let K(T)|K be generated
by a set T C § of elements which are K-algebraically independent. If they are also L-
algebraically independent, that is, if L and K(T) are K-algebraically disjoint, and if K is
relatively algebraically closed in L, then K(T) is relatively algebraically closed in L(T).

Proof:  Every element in L(7) algebraic over K(7) is already algebraic over K(7)
for a suitable finite subset 75 of 7. Hence, it suffices to prove the assertion in the case
of 7 finite. Induction on the number of elements of 7 shows that it suffices to prove the
assertion in the case of 7 consisting of just one element ¢. Let r(t) = cf(t)/g(t) € L(¢t),
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with ¢ € L, f(t),g(t) € L[t| monic and f prime to g. If r(¢) is algebraic over K(t), then
there is an equation

ho(O)r(t)" 4+ ... 4+ ho(t) =0  with h;(t) € K[t] and ho(t) # 0

such that h,(t),...,ho(t) have no common factor € KJ[t] \ K. Multiplying by ¢(¢)", we
obtain

ho(t) ()" + ...+ ho(t)g(t)" =0.

Since t is transcendental over L, we can substitute for it an arbitrary root b € L of f to
obtain that ho(b)g(b)" = 0. Since f was assumed to be prime to g, we have g(b) # 0.
Hence, ho(b) = 0, which shows that every root of f is algebraic over K. Consequently,
the coefficients of the monic polynomial f, being symmetric functions in the roots, are all
algebraic over K. Since K is assumed to be relatively algebraically closed in L, it follows
that f(t) € K[t]. By a similar argument, it is shown that g(¢) € K[t].

Further, we substitute for ¢ a root d € L of f — ¢ in the above equation. With this
choice, we have f(d) = g(d) # 0 (f being prime to ¢), and we obtain that

ha(d)c™ + ...+ ho(d) =0 .

Since hy,(t), ..., ho(t) have no common non-trivial factor, not all h;(d) can be zero. Then
at least two of the h;(d) are nonzero. This shows ¢ to be algebraic over K and thus to be
an element of K. Altogether, we find that r(t) € K(t). O

Lemma 24.20 Suppose that L and F are K-algebraically disjoint. If for every finitely
generated subextension E|K of F|K, E is relatively algebraically closed in E.L, then L
and F are K-linearly disjoint.

Proof: It suffices to show that L|K is linearly disjoint from every finitely generated
subextension K (z1,...,x,)|K of F|K. Suppose that we have already shown that L and
K':= K(x1,...,z;_1) are K-linearly disjoint, for some i < n. In view of Lemma 24.12, it
suffices to prove that L' := L(zy,...,z;_1) and K(x1,...,x;) are K'-linearly disjoint. By
hypothesis, K’ is relatively algebraically closed in L’. If x; is algebraic over K’ then in
view of Lemma 24.13, we are done. So assume that x; is transcendental over K’. Then
by our assumption that L and F' are K-algebraically disjoint, it follows that x; is also
transcendental over L. In this case, we are done by virtue of Lemma 24.17. 0J

24.6 Supernatural numbers

The degree [L : K] of a finite field extension L|K gives information about the degrees of all
possible subextensions; these degrees are just divisors of [L : K]. Analogous information
is contained in the order of a finite group, or the finite index of a subgroup. If we would
just set [L : K] = oo if L|K is infinite, then we would loose this information. In the case
of infinite algebraic field extensions (and analogously, of profinite groups), we would like
to generalize the notion of degree (resp., of order and index) in a way that preserves the
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information of the finite case. To this end, we define a supernatural number to be a
formal product
n= H p™  with n, € NU {0, 00}

p prime

and define the product of two supernatural numbers m, n by

m-n— H pmp+np

p prime

with the provision that n + 00 = co+n = co + 00 = oo for all n € NU {0}. Every
natural number n # 0 can be viewed as a supernatural number n in a canonical way,
taking n, = v,n, where v, denotes the usual p-adic valuation. A supernatural number n
is said to be a power of p if it is of the form p” with v € NU {0, co}.

If m, n are supernatural numbers, then like for natural numbers, we will say that m
divides n, denoted by m|n, if there is a supernatural number ¢ such that m = ¢-n. Hence,
m divides n if and only if m,, < n, for all primes p. As for natural numbers, mjn A njm
implies m = n.

Observe that every subset of NU{0, oo} has a supremum in NU{0, co}. This gives us the
possibility of defining the least common multiple of an arbitrary set A/ of supernatural
numbers to be the supernatural number lem A given by

s
lem N = H with N, =sup{n, |n e N},
3

where p runs over all primes. It is clear from this definition that every n € N divides
lem N and that this does not remain true if we replace lem N by any of its proper divisors.
Note that it is the notion of a supernatural number that enables us to define a least com-
mon multiple for every infinite set of natural numbers. Similarly, the greatest common
divisor gcd N is defined by just replacing the supremum by the minimum. Then ged N/
divides every n € A/, but no proper multiple of gcd N has this property. If N' = {m, n},
then we write (m, n) instead of gcd . We say that m is prime to n if (m,n) = 1.

Now let L|K be an algebraic field extension. Then we define
[L: K]:=lem{[EF: K| | F|K a finite subextension of L|K} .

In the case of L|K a finite extension, this coincides with the usual degree (just because
[E : K] is a divisor of [L : K] for every subextension E|K).

If L|K is an algebraic extension, linearly disjoint from the arbitrary extension F|K,
then it follows from the definition of linear disjointness that [L.F : F|] = [L : K|. But the
converse is not true, if L|K is not finite.

Lemma 24.21 If L|K is an algebraic extension and K'|K a subextension of L|K, then
IL:K]=[L:K'-[K':K].

Proof: In Section 24.1 we have shown that for every finite subextension L}|K’ of L|K’
there is a finite subextension K;|K of K'|K and a finite subextension L;|K; of L|K; such
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that L, = L;. K’ and [L; : K;] = [L} : K']. Moreover, K;|K may be chosen as to contain a
given arbitrary finite subextension of K'|K. We have

L K'|-|K;: K]=[L; : K] - |[K; : K] =[L; : K] (24.3)

with L;| K a finite subextension of L|K. It follows that for every finite subextension L;|K’
of L|K' and K;|K of K'|K, the product [L} : K'|[K; : K| divides [L : K]. Consequently,
[L: K'|[K': K] divides [L : K].

For the converse, let E|K be a finite subextension of L|K. We set L, := E.K’ and
choose K; and L; as above. Recall that these both fields may be chosen such that L;
contains £. Hence, [E : K] divides [L; : K]. In view of (24.3), this in turn divides
[L: K'|[K': K]. Hence, [L: K] divides [L : K'|[K" : K]. O

Now let GG be a profinite group and H a closed subgroup of G. Then we define the
index of H in G to be

(G:H):=lem{(G: HN) | N an open normal subgroup of G} .

(Note that HN is of finite index in G since already N is.) Further, we define the order
of G to be #G := (G : 1). Hence,

#G =lem {(G : N) | N an open normal subgroup of G} .

If G is finite, then 1 is an open normal subgroup of G, and #G coincides with the usual
order. If (G : H) is finite, then H is an open subgroup of GG, and there is an open normal
subgroup N C H of G, showing that (G : H) coincides with the usual index.

Lemma 24.22 Let G be a profinite group and H C 'H closed subgroups of G. Then
(G:H)=(G:H)-(H:H).

Proof: In what follows, let N always run through all open normal subgroups of G. Then
the groups H N N form a basis of the open normal subgroups of H. We compute: (G :
H)=lemy(G: HN) =lemy(G : HN)(HN : HN) = lemy(G : HN)(HN/N : HN/N) =
lemy (G : HN)(H/HNN : HHNN)/HNN) =lemy(G : HN)(H : H(HN N)). Since
the intersection of any two open normal subgroups of GG is again an open normal subgroup
of G, the latter is equal to lemy(G : HN) -lemy(H : H(HNN))=(G: H)(H: H). O

This lemma can also be deduced from Lemma 24.21, using the fact that every profinite
group is the Galois group of a Galois extension, together with the following lemma:

Lemma 24.23 Let L|K be a Galois extension. Then
[L: K] =#GalL|K .

The finite case of this assertion is proved in finite Galois Theory. The infinite case follows
from the definitions of [L : K] and #Gal L|K by Galois correspondence (Theorem 24.10).

If A is an abelian torsion group, then #A is defined to be
#A :=lem {#B | B a finite subgroup of A} .
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Again, if A is finite, then this coincides with the usual order. To give an example,

#Q/Z= ] »~.

p prime

For further information and examples for supernatural numbers, see Chapter I, §4 of
[RIBES].

Exercise 24.2 Define the product over arbitrary sets of supernatural numbers. Use this to compute the
order of direct products of abelian torsion groups.

Exercise 24.3 Show that (G : H) =lem {(G : N) | N an open subgroup of G containing H }.

24.7 Separable and inseparable extensions

A field K is called perfect if every of its algebraic extensions is separable. By virtue of
Lemma 24.3, this is the case if and only if the extension K |K is separable. If L|K is an
algebraic extension, then K= E, and if E\K is separable, then by Lemma 24.3, also i]L
is separable. The latter yields that L is perfect. Hence,

Lemma 24.24 FEvery algebraic extension field of a perfect field is again perfect.

The characteristic exponent of a field K is defined to be equal to the characteristic
char K if this is nonzero (and hence a prime number), and to be equal to 1 otherwise.
We will denote it by charexp K. Let p > 1 be the characteristic exponent of K. Then K
admits an injective endomorphism

p: K - KP={d|aeK}CK

a — a’.

(Recall that the binomial coefficients (£) are divisible by p if and only if 1 < i < p—1
or p = 1. In a field of characteristic p > 0 this just means that they vanish, showing
that (a + b)? = a? 4+ bP, which proves the additivity of ¢.) The endomorphism ¢ is called
the Frobenius endomorphism or just Frobenius of K. It is surjective if and only if
K = KP. If K = KP? holds, then one shows by induction that K = K?" for all m > 0.
Let us consider the Frobenius of the rational function field K(X). Its restriction to the
polynomial ring K[X] is an endomorphism of K[X]. We have (X — b)P" = XP" — p"
for every b € K and every m € N. We see that for every a = " € K, the minimal
polynomial X?" — a of b over K admits only b as a root. That is, for every a € K there
is a unique p™-th root in K; we shall denote it by a*/?™ or a? ™. We define K7™ to be
the smallest algebraic extension field of K on which the Frobenius is surjective. It consists
of all elements of K which are a p™-th root of some element in K, for some m € N; this
collection of elements is indeed a field, as follows from the fact that the Frobenius (on K)
is a homomorphism. Similarly, we obtain a field if we collect all elements of K which are
a p™-th root of some element in K, for fixed m; this field is denoted by K'/?™. Note that
K'/P” is the union over all K?" n € N, because for every element b in K'/7” there is
some integer m € N such that ¥ € K. Observe that for an extension generated over K
by the elements x;, « € I, we have

K(z; |ie DY = K" (@7 |iel),
K(z;|ieI)P" = K@@ |iel).



684 CHAPTER 24. PRELIMINARIES FROM ALGEBRA

Let b € K and f its minimal polynomial over K. We write f = X" + ¢, 1 X" +
...+ c1X 4 ¢ where the ¢; are elements of K. Assume that for i = 0,...,n — 1, the
index ¢ is divisible by p if ¢; # 0. Then f may be written in the form f = ¢” where
g=X"P 4 c}l/_pr”/p_l + ... 4¢P € KV?[X]. In this case, every root of g occurs p-times
as a root of f, showing that f is not separable, and b is not separable over K. Conversely,
it can be shown that if f is not separable, then it is of the form f = g? with g € K'/?[X].
(In short, the proof is as follows. Since f has multiple roots, it has a root in common with
its derivative " € K[X]. If f’ does not vanish identically, it then follows that both f and
f’ have a common factor in K[X], which is consequently of smaller degree than f. But
this is a contradiction to the irreducibility of f. Consequently, f/ = 0 which can only be
the case if f = ¢gP with ¢ € K'/?[X].) Now if K = K?, then all coefficients of g lie in
K, which means that ¢ € K[X], contradicting the irreducibility of f. This shows that if
K = KP, then every irreducible polynomial over K is separable. In particular, every field
of characteristic 0 is perfect. On the other hand, if K # KP, then there is some a € K
such that X? — a is irreducible and not separable. We have proved:

Lemma 24.25 The field K is perfect if and only if K = KP, that is, if and only if the
Frobenius is surjective. This in turn is equivalent to K = K'/P™.

If L is a perfect extension field of K, then L = LY?™ and thus, L contains K /. Since
K7 is perfect, it is consequently the smallest perfect extension field of K. Therefore, it
is called the perfect hull of K.

If the polynomial X? — a is not irreducible over K, then it splits into linear factors.
(Indeed, XP —a = (X —a'/P)?, and if (X —a'/P)" € K[X] with 1 < n < p, hence a™/? € K,
then we choose integers r, s such that rn + sp = 1 and obtain that a'/? = (a™/?)"-a* € K.)
Hence, [K(a'/?) : K] is equal to p or to 1. It follows that [K'/? : K] and [K'/?™ : K] are
powers of p. The reader may show that [K'/?™ : K] = p> if K is not perfect.

Since the Frobenius is injective, it is an automorphism on every finite field; this shows
that every finite field is perfect. Recall that for every power ¢ = p™ of p, there is precisely
one finite field F, with ¢ elements and that for every n it admits precisely one extension of
degree n, namely the field with p™" elements. Every such extension is Galois, the Galois
group being generated by ¢™ (m is the smallest integer > 1 such that ¢™ fixes F,). For
the proofs, see [LANG3|, VII, §5, Theorems 10, 12 and 13).

Let 0 : K — F be any embedding. The reader may show that o admits an extension
to an embedding & : K — F. For every subextension F|K of K/~ | K, there is a unique
extension to an embedding o : E — FYP” . Indeed, since for every b € KY/P™ there is
some m € N such that a := b"" € K, the extension oy must satisfy 016 = (0a)*/?". In
particular, the only embedding of E in K over K is the identity. Recall that an extension
F|K is called purely inseparable if it is algebraic and the only embedding of E in K
over K is the identity. If an extension is separable and purely inseparable, then it is
trivial. Further, if K C F C L, then L|K is purely inseparable if and only if L|E and
E|K are. If F|K is a purely inseparable subextension of a normal extension L|K, then
every automorphism of L|K will also fix £, hence we can identify Gal L|K and Gal L|E'.
All subextensions of K'/?™|K are purely inseparable. We are going to show that also the
converse is true, that is, that every purely inseparable extension F|K is a subextension of
KY"™ K.

Let f be an irreducible polynomial over K with coefficients ¢; € K. Choose p™ to be
the highest power of p which divides all i for which ¢; # 0. Then we can write f = ¢’ with
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9(X) = Zj d; X7 € KYP"[X] such that ¢; = d?m for i = jp™. Note that ¢ is irreducible
over K" because every factorization g = ¢1¢- yields a factorization f = g’fmggm, but
f is irreducible by assumption. By our choice of m, there is some j not divisible by p
such that d; # 0. Consequently, g is separable over K'/7". Observe that m > 0 if and
only if f is not separable over K. On the other hand, we can also write f = h(X?")
where h(X) = 7, ¢jpm(X) € K[X]. Then h is irreducible over K since every non-trivial
factorization of h would also be a non-trivial factorization of f. If a4, ..., a, are the roots
of g in K, then they are all distinct because ¢ is irreducible and separable over K'/?™. The
Frobenius being injective, also aﬁ’m, ...,aP" are all distinct. But these are the roots of h
since A(X?™) = f(X) = g(X)P" =[] (X — a;)?" = [[/-,(X?" —a?"). This proves that
also h is separable over K. We summarize:

Lemma 24.26 Let f € K[X] be irreducible over K and p be the characteristic exponent
of K. Then there is some integer m > 0 and g € Kf/pm [X], irreducible over K'/?" | such
that f = g*". So if ay,...,a, are the roots of g in K, then they are all distinct, and
f = gpm = H(X - ai)pm = H(Xpm - afm) = ]’L(Xpm)
i=1 i=1
with h € K[X] irreducible and separable over K. We have degg = degh and deg f =
p"degg. Further, f is separable over K if and only if m = 0.

Now let F|K be purely inseparable. Let b € F and f its minimal polynomial over K.
We write f = ¢gP" according to the foregoing lemma. Then g must be linear. Indeed, if
g would admit at least two roots aq, as, they would be distinct and one of them, say a;,
would be equal to b. Then the assignment a; — ay would induce an embedding of K (b)
in K over K which is not the identity. Since it can be extended to an embedding of F in
K over K, this contradicts our assumption that F | K be purely inseparable. This proves
that g and thus also h is linear. But that means that h(X) = X — ?" with o?" € K. We
have shown that for every b € E, there is some integer m > 0 such that b*" € K. That is,
E c KY?”_ We have proved:

Lemma 24.27 Let K be a field with characteristic exponent p. Then every purely insepa-
rable extension E|K is a subextension of KYP™|K. In this sense, KY/?™|K is the maximal
purely inseparable extension of K. In particular, the compositum of two purely inseparable
extensions of K is again a purely inseparable extension of K.

If F|K is a purely inseparable extension and F'|K is an arbitrary extension, then E.F|F is
again a purely inseparable extension, because it is contained in F'/P*. Together with an
earlier observation, this lemma also shows that

Lemma 24.28 A given embedding of K in an arbitrary perfect field has a unique extension
to every purely inseparable extension of K.

Recall that an element b € K is called purely inseparable over K, if all roots in K
of its minimal polynomial over K are equal. The deduction of the above lemma has shown
that b is purely inseparable over K if and only if b € K7™ Hence, the lemma shows that
an extension of K is purely inseparable if and only if it is generated by elements which
are purely inseparable over K. If b is purely inseparable of degree p™ over K, then e
is purely inseparable of degree p over K, and b is purely inseparable of degree p™~! over
K ("), By induction, we obtain
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Corollary 24.29 Fuvery finite purely inseparable extension is a tower of purely inseparable
extensions of degree p.

The maximal purely inseparable extension of an algebraic extension L|K will be denoted
by (L|K)™. By what we have shown, K/?* = (K|K)"™ and (L|K)™ = LN K'/P~.

Let L|K be an algebraic extension, b € K with minimal polynomial f over K, and
let g be as in Lemma 24.26. If f is not separable over K, then the degree of ¢ is smaller
than that of f, which shows that K (b)|K is not linearly disjoint from K'/?*|K. Therefore,
if an algebraic extension L|K is linearly disjoint from K'/P™|K, then each of its simple
subextensions is separable and hence, L| K is itself separable. To show the converse, assume
that K (b)|K is separable, that is, K (b) has [K(b) : K] distinct embeddings in K over K.
They extend to [K(b) : K] distinct embeddings of K (b).KY?™ = K™ (b) in K = K1/r®
over K. But these embeddings are in fact embeddings over K'/7 since they must be the
identity on K/P”. This proves that [K'/?™ (b) : K'/?*] = [K(b) : K], showing that K (b)
and K'/P” are K-linearly disjoint. In view of Lemma 24.27, we conclude:

Lemma 24.30 Let L|K be an algebraic extension. Then L|K is separable if and only if
it is linearly disjoint from KY?™|K, and this holds if and only if L|K is linearly disjoint
from every purely inseparable extension of K.

The degree [K'/? : K] of the purely inseparable extension K'/?|K is called the p-degree

of K. It is equal to 1 if and only if K is perfect. Since ¢ is an endomorphism of K'/?
with image K and an endomorphism of K with image KP?, the p-degree of K is equal to

[K : KP). A basis of K|KP is called a p-basis of K. Note that " sends a p-basis of K/?"
onto a p-basis of K, and it follows that the p-degree of K'/?" is equal to that of K.

Remark 24.31 Among model theoretic algebraists, the p-degree is also called Ershov-invariant. In
the literature, it is usual that n is called the p-degree if [K : KP] = p™. This is the additive form of the
p-degree. But for our purposes, the multiplicative notation has turned out to be more useful.

Lemma 24.32 If L|K is a separable algebraic extension, then LYV? = L.K'Y" and the
p-degree of L is equal to that of K. If L|K is an arbitrary finite extension, then again, the
p-degree of L is equal to that of K.

Proof: Let B be a basis of L over K. We know already that L'/? = K'Y/?(b/? | b € B).

Assume that L|K is separable. Then for every b € B, we have K(b) = K(b?) since
otherwise, the separable extension K (b)|K would contain a non-trivial purely inseparable
extension K (b)|K (bP), which is impossible. It follows that L = K(B) = K(b" | b € B),
which gives L'/? = KYP(B) = L.K'P. Since L and K'/? are K-linearly disjoint, L|K
being separable, it now follows that [L'/P : L] = [K'/P : K].

To prove our last assertion, assume now that L|K is an arbitrary finite extension. We
have that [LY/P : KYP][KY/P . K] = [LMP : K| = [LY? . L)[L : K]. The Frobenius
endomorphism sends L'/? onto L and K'/? onto K. Thus, [L'/? : K'/P] = [L : K] < co. If
[K1/P ;. K] is finite, then this yields that [K/? : K] = [LY? : L]. If [K'/? : K] is infinite,
then so is [L'/? : L], so both are equal to p™. O

Lemma 24.33 If L|K is an algebraic extension, then [L : LP] < [K : KP].
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Proof: In view of the foregoing lemma, it suffices to prove our assertion in the case
of a purely inseparable extension L|K. Assume first that both [L : L?] and [K : KP]
are infinite cardinals. Then [L : LP] is equal to [LYP™ : L] since LYP™ = (J32, LYV
and [LYP" . LV77'] = [L : L?] for all i. The same holds for [K : K?], and in view of
LYP™ = KY/P™ we obtain that [L : LP] = [LYP™ . L] < [KYP™ : K] = [K : KP].

If [K : KP] is infinite and [L : LP] is finite, then there is nothing to prove. Now
assume that [K : KP] is finite. Let by,...,b, € LY? be L-linearly independent. We set
E:=K(Y,...,b?) C L. Then the elements by, ..., b, are also E-linearly independent, and
they lie in £'/?. But they are also algebraic over K and thus, F|K is a finite extension. By
the foregoing lemma, we find that n < [K : K?]. This proves that [L: LP] < [K : K?]. O

If K is not perfect, then it can happen that the p-degree drops under infinite inseparable
algebraic extensions, as the extension K'/P”|K shows.

Let us now discuss the behaviour of the p-degree under transcendental extensions.
Let t;, © € I, be K-algebraically independent. Then also the elements tfm, 1 € I, are
K-algebraically independent, for every m. But also the elements til/ P m, 1 € I, are K-
algebraically independent, for every m. (Indeed, a non-trivial algebraic dependence relation
of them could be raised to the p™-th power to obtain a non-trivial algebraic dependence
relation of the elements ¢; .)

The finite products [[,., ¢ with 0 < 7; < p form a basis of the extension

Kt |iel)|K(t|iel).

This is seen as follows. Since the elements 1,%;, t?, e ,t;’_l form a basis of the extension
K(t | i e I)(t;)|K(t | i € I) for every j € I, the products [],.,;t;" generate the above
extension. If they would not be K(¢! | i € I)-linearly disjoint, then there would be a
non-trivial K (¥ | i € I)-linear combination of them which equates to zero. Multiply
by the common denominator of the coefficients. Note that in this denominator, every
appearing t; will appear to the p™-th power for some integer m > 0. This yields that the
result of the multiplication is a non-trivial K-linear combination of distinct finite products
[Lc; ti" with p; > 0, which equates to zero. But this contradicts our hypothesis that the
t; be K-algebraically independent. This contradiction establishes our assertion. If I has n
elements, then [K(t; | i € I): K(t | i € I)] = p™, and if [ is infinite, then this degree is
.

As we have noted already, K(t; | ¢ € I)? = KP(t | i € I). We find that [K(¢; | ¢ €
I):Kt;|iteP]=[K(t;|iel): Kt |iel) - [K({|iel): KP(t' | i€ I)]. Since
the elements ¢! are K-algebraically independent, Lemma 24.17 shows that K?(t! | i € I)
and K are KP-linearly disjoint. Hence, [K (¢! |7 € I): KP(t! | i € I)] is equal to [K : K?],
the p-degree of K. We thus find that the p-degree of a rational function field K (¢y,...,t,)
is equal to [K : KP]-p", and that the p-degree of K(t; | i € I) is p* if I is infinite. By
virtue of Lemma 24.32 it follows that the p-degree of an algebraic function field F|K in n
variables is [K : KP] - p™.

If K is perfect, then the finite products [[,.; ", 0 < v; < p, form a p-basis of the
rational function field K (¢; | i € I). For example, 1,¢,...,t?1 is a p-basis of F,(¢) if ¢ is
transcendental over IF,,. If a field L has this p-basis, then we can write

L=IP®tl’®...etr 'LP
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(as an LP-vector space).

Let again L|K be an arbitrary algebraic extension and b € L with minimal polynomial
f over K. Let m and h € K[X] be as in Lemma 24.26, such that f(X) = h(X?") and
that h is irreducible and separable over K. Then K(b"")|K is a separable subextension
of L|K, and thus lies in (L|K)*P. On the other hand, K (b)|K(b*") is purely inseparable.
Consequently, L|(L|K)*P is a purely inseparable extension. With the help of this fact, we
can deduce a lemma which is very similar to Lemma 24.14:

Lemma 24.34 Let L|K a normal and F|K an arbitrary separable-algebraic field exten-
sion. Then L and F are K-linearly disjoint if and only if L N F = K. More precisely, L
and F are (L N F)-linearly disjoint.

Proof: Set L, := (L|K)®. Then Li|K is a Galois extension. Hence by Lemma 24.14, L,
and F are (L, N F)-linearly disjoint. Since F'|K is separable, the same holds for F.Lg|L, .
Since L|L; is purely inseparable, it follows from Lemma 24.30 that L and F.L, are L-
linearly disjoint. Hence by Lemma 24.12, L and F' are (Ls; N F')-linearly disjoint. Finally,
observe that Ly N F' = L N F. Indeed, since F|K is separable, also L N F'| K is separable,
which shows that L N F'is contained in Ly . ]

We have already defined the separable degree [L : K], of L|K to be the number
of distinct embeddings of L in K over K. But every embedding of (L|K)*P has a unique
extension to an embedding of L since L|(L|K)*P is purely inseparable. On the other
hand, (L|K)*P|K is separable by definition. Hence, we have that [L : K|sp, = [(L|K)*P :
Kleep = [(L|K)*P : K]. Analogously, we define the inseparable degree of L|K to
be [L : Klins := [L : (L|K)*P]. By virtue of Lemma 24.27, [L : Kl is a power of the
characteristic exponent of K. If infinite, these degrees are to be understood as supernatural

numbers. We have that
[L:K|=[L:Klsep-[L: Klins -

Assume F|K to be a subextension of L|K. Then E.(L|K)*P|E is separable, showing
that (L|E)*P contains E. (L|K)*P. On the other hand, L is a purely inseparable extension
of E.(L|K)*P since it is already a purely inseparable extension of (L|K)*P. This shows
that

(L|E)*P = E.(LIK)*P .

Applying this with L = K, we find that for every algebraic extension F |K,
E*P = E.K*P .
Lemma 24.35 Let L|K be an algebraic extension and E|K a subextension of L|K. Then

L:Klsep = [L:Elsep [E: Klsep
[L: Klins = [L: Elins [F: Klins -

Proof: We abbreviate K’ := (E|K)*P and E' := (L|E)*P. Set L' := (L|K')*". Observe
that L' = (L|K)*P and that £’ = E.L’. Since E|K’ is purely inseparable, it is linearly
disjoint from L'|K’. Hence, [L: Klsp = [L' : K] = [L' : K'||[K' : K| = [E' : E||[K' : K| =
[L: Elsep|F : Klsep, and [L: K|y =[L: L] =[L:FEIE :L]=[L:F|E:K]=]I[L:
E]ins[E : K]ins- O]
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In the following, let L|K be a normal extension. Let b € L and f its minimal polyno-
mial over K. By Lemma 24.26, we choose m and g € K'/?"[X] such that f = ¢*" and
that g is irreducible and separable over K/?™. All roots of g are roots of f. Since L|K
was assumed to be normal, all of them lie in L and consequently, all coefficients of g lie
in L N KYP" = (L|K)™. This proves that b is separable over (L|K)™. Consequently,
if L|K is a normal extension, then L|(L|K)™ is separable. Consequently, also the ex-
tension L | (L|K)*P. (L|K)™ is separable. On the other hand, L |(L|K)*P and thus also
L|(L|K)*®. (L|K)™ is purely inseparable. This shows that L | (L|K)*P. (L|K)™ must be
trivial. We have proved that

L|K normal = L|(L|K)™ separable
L|(L|K)™ separable = L = (L|K)*P.(L|K)™ .

Lemma 24.36 Let L|K be an algebraic extension. Assume that L|(L|K)™ is separable
(which is the case if L|K is normal). Then [L : (L|K)™] = [L: Klsp and [(L|K)™ : K] =
[L . K]ins .

Proof: Since L | (L|K)™ is assumed to be separable, we have that L = (L|K)*P. (L|K)™.
The purely inseparable extension (L|K)™ |K is linearly disjoint from the separable al-
gebraic extension (L|K)*P|K. Hence, we find that [L : Kl = [L : (L|K)*P] =
[(LIE)>P. (LIK)™ = (LIK)™P] = [(LIK)™ : K], and [L : Klsp = [(LIK)*® : K] =
[(LIK)*P. (LIK)™ - (LIK)™] = [L = (LIK)™]. 0

Assume E|K to be a subextension of L|K. Then E.(L|K)™|E is purely inseparable,
showing that (L|F)™ contains F.(L|K)™. On the other hand, L is a separable extension
of E.(L|K)™ since it is already a separable extension of (L|K)™. This shows that

(L|EY™ = E.(L|K)™ .
Applying this with L = K, we find that for every algebraic extension E |K,
EYPT = BT

Lemma 24.37 Let K'|K be an arbitrary algebraic extension and L'|K’ a finite extension.

a) There is a finite extension L|K such that L' = L.K'. If L'|K' is separable, then also
L|K can be chosen to be separable, and if in addition K'|K is purely inseparable, then
[L:K|]=[L: K.

b) If L'|K' is purely inseparable, then there is a finite purely inseparable extension E|K
such that L' C E.K".

Proof: a): Wewrite L' = K'(by,...,b,). Since K'|K is algebraic, all b; are algebraic over
K and thus, L := K (by,...,b,) is a finite extension which satisfies L' = L.K’. Now assume
that L'| K’ is separable. Let K, := (K'|K)*P and L, := (L'|K,)*". Then (L'|K,)™ = K’
because L'| K’ is separable. For the same reason, we know that L' = L..(L'|K,)"™ = L,. K.
Now we replace L' by L, and K’ by K, in the above argument. Then every b; is separable
algebraic over K, and hence also over K. Consequently, L will be a finite separable
extension of K which satisfies L.K' = L.K,. K' = L, K' = L'. If in addition K'|K is
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purely inseparable, then by Lemma 24.30, L|K is linearly disjoint from K’'|K and thus,
[L:K|]=[L.K':K'|=[L":K'.
b): Let again L' = K'(by,...,b,). If L'| K’ is purely inseparable, then by Lemma 24.27, L'

is contained in K'YP" = K'.KY/P™_ To write by,...,b, as elements of the latter product,
we need finitely many elements ci,..., ¢, € KY/?~. Then E := K(cy,...,c,) is a finite
purely inseparable extension of K which satisfies L' = K'(by,...,b,) C E.K'. O

Let L|K be a normal extension. The fixed field of Gal L| K contains (L|K)™™ and we
may thus identify Gal L|K with Gal L|(L|K)™. On the other hand, L|(L|K )™ is separable,
and Theorem 24.10 shows that the fixed field of Gal L|(L|K)™ is (L|K)™s. Tt follows that
for every subextension E|K of L|K, the fixed field of Gal L|E is (L|E)™ = E. (L|K)™.
From Theorem 24.10, we thus obtain

Theorem 24.38 Let L|K be a normal extension. The map E — Gal L|E is a bijection
from the set of all subfields of L containing (L|K)™ onto the set of all closed subgroups
of Gal L|K. Its inverse is the map G +— Fix(L,G). For this correspondence, the rules
(Gall) — (Gal9) hold, for E, F subfields of L containing (L|K)™, G, H closed subgroups
of Gal L|K and o € Gal L|K = Gal L|(L|K)™s.

If E,F are two subfields of L and if F contains (L|K)™, then also E.F contains
(LK), and E.F = E.(L|K)™.F = (L|E)™.(L|F)™. By virtue of (Gal2'), in the
context of the foregoing theorem, we thus obtain the following version of (Gal2’):

Lemma 24.39 Let L|K be a normal extension with subextensions E|K and F|K. If E is
the fized field of Gal L|E (or equivalently, if L|E is separable), then E.F is the fized field
of Gal L|E' N Gal L|F .

Lemma 24.30 gives rise to the following more general definition: An arbitrary extension
L|K is called separable if it is linearly disjoint from K'/P”|K. Hence, if K is perfect,
then every extension of K is separable. If L|K is even linearly disjoint from IN(|K, then
L|K is called regular. So regularity implies separability. Note that in these definitions, we
may use a very natural amalgamation: K™ and K may both be chosen as subfields of
L; it is left to the reader to show that the definition does actually not depend on the choice
of the amalgamation. If L|K is separable (resp. regular), then so is every subextension
of L|K. A basic example for regular extensions is given by the following lemma, which
follows directly from Lemma 24.17 and the definition of regularity:

Lemma 24.40 If the elements x; , i € I, are K-algebraically independent, then the exten-
sion K(x; | i € I)|K is reqular.

Lemma 24.41 L|K is separable if and only if it is linearly disjoint from K'YP|K, and
this is the case if and only if LP is linearly disjoint from K|KP?. If L|K is not separable,
then there is some finite subextension E|K of KYP|K (which may be chosen to be linearly

disjoint from L|K ) such that E admits a non-trivial purely inseparable algebraic extension
m L.E.
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Proof: If L|K is separable, then by definition it is linearly disjoint from K/?”|K and
thus also from K'/?|K. For the converse, assume that L|K is not linearly disjoint from
KY?™|K. Then there are K-linearly independent elements zy,...,x, € L which are not
K'/P* linearly independent. Choose m minimal such that there are y, ..., y, € K" with
> wiy; = 0. Then m > 1, and x’l'm_l, o ,xﬁm71 are K-linearly independent. (Otherwise,
we would have a non-trivial relation ), xfm_lzi = 0 with z; € K, hence ), xizil/pm_l =0,
contradicting the minimality of m.) But 22" ..., 22" " are not K'/P-linearly independent
since Y, xfm_lyfm_l = 0 with yfm_l € K'/?. This proves that L|K is not linearly disjoint
from K'/?|K.

The Frobenius is an isomorphism from L'? onto L and sends the subfield L onto L?,
the subfield K'/? onto K and the subfield K onto K'/?. This shows that L is linearly
disjoint from K'/P|K if and only if L? is linearly disjoint from K|KP.

Now assume that L|K is not separable, that is, not linearly disjoint from K'/?|K.
Then there exists a finite subextension E'|K of K'/?|K which is not linearly disjoint from
L|K. Since F'|K is a finite purely inseparable extension, there are intermediate fields
K =FEyC E, C...C E, = E'such that every E;,|FE; is purely inseparable of degree p.
Let ¢« > 0 be the maximal index such that F; and L are K-linearly disjoint. Then ¢ < r, and
it follows that F;,; and L.E; are not E;-linearly disjoint. But this means that F;,; C L.E;
because F;1|E; is of degree p. Setting E := FE;, we obtain that E|K is linearly disjoint
from L|K and admits a purely inseparable extension of degree p in L.E. ([l

The p-degree does not drop under separable extensions:

Corollary 24.42 Let K be a field of characteristic p > 0 and L|K a separable extension.
Then [L : LP] > [K : K?].

Proof: Since L|K is assumed to be separable, it is linearly disjoint from K/ P|K. Hence,
[L.KYP: L] = [KY?: K]. Since L'/? contains K'/?, we obtain that [L'/? : L] > [L.K'/P
L] =[KY": K]. O

By virtue of Lemma 24.12, where we set F' = K'/?™ resp. F = K, we obtain:

Lemma 24.43 [f L|K' and K'|K are separable resp. reqular extensions, then L|K is sep-
arable resp. reqular.

The converse is not true: If z is transcendental over K and char K = p > 0, then K(z)|K
and K(z?)|K are regular, but K (z)|K («P) is not separable.

Let L|K be an arbitrary field extension. If it admits a transcendence basis 7 such that
L|K(T) is a separable-algebraic extension, then we say that L|K is separably generated,
and 7 is called a separating transcendence basis. If L|K is separably generated, then
it is separable; this follows from Lemma 24.40 and Lemma 24.43. For finitely generated
extensions, the converse is also true:

Lemma 24.44 If L|K is a finitely generated separable extension, then a separating tran-
scendence basis can be selected from every given set of generators.

Proof: Let xy,...,x, be generators for L over K. Without loss of generality, we may as-
sume that xq, ..., x,, are K-algebraically independent, and that x,,.1, ..., z, are algebraic
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over K(z1,...,zy,). If m = n, there is nothing to prove. Otherwise, let f(Xi,..., X;ni1)
be a polynomial of lowest degree with coefficients in K such that f(xy,...,2,11) = 0.
Then f is irreducible. Assume we could write f(Xy,..., Xni1) = 9(Xi, ..., Xiny1)? where
g has coefficients in K'/?. Then g(zy,...,2m1) = 0 which shows that the set of mono-
mials in z1,..., T, of degree < degg is K'/P-linearly dependent. Since L|K is as-
sumed to be separable and thus, to be linearly disjoint from K'/?|K, it follows that this
set of monomials is already K-linearly dependent. But this means that there exists a
polynomial f1(Xy,..., X,ui1) of degree < degg < deg f with coefficients in K such that
f(z1,...,2me1) = 0, a contradiction to the minimality of f. Thus, we may assume with-
out loss of generality that X; does not appear in every monomial of f to a power which
is divisible by p. In view of the irreducibility of f, this yields that f(Xi,z2,...,Zmi1)
is a separable minimal polynomial for z; over K(xzs,...,zm.1). Hence, K(xy,...,Zpy1)
is separable over K(xa,...,Zyy1) and thus also over K(xzs,...,x,). If 29,..., 2, do not
already form a transcendence basis, then we iterate our procedure until we have found a
separating transcendence basis among these elements. O

Lemma 24.45 Let L|K be an arbitrary extension with K relatively algebraically closed in
L. Let L and F be K-algebraically disjoint in a common extension field ). The relative
algebraic closure of F' in L.F is always a purely inseparable (possibly trivial) extension
of F. If F|K is separable, then LK and F|K are linearly disjoint, and F is relatively
algebraically closed in L.F" .

Proof:  Let 7 be a transcendence basis of F'|K. Since K is assumed to be relatively
algebraically closed in L, Lemma 24.19 shows that K(7) is relatively algebraically closed
in L(7T). To prove our first assertion, we may thus assume that F|K is algebraic. Ab-
breviate £ = (F|K)*P. Since K is relatively algebraically closed in L, we infer from
Lemma 24.13 that L and K*®*%® are K-linearly disjoint. By Lemma 24.12 it follows that
L.E and E*P = K*®P are E-linearly disjoint. Since F' is a purely inseparable extension
of E, also the extension L.F|L.E is purely inseparable and thus linearly disjoint from the
separable extension L.F*P|L.E. Again by Lemma 24.12, we find that E*P|E is linearly
disjoint from L.F|E. Applying the same lemma a third time, we conclude that L.F and
F.E5? = F*P are F-linearly disjoint and thus, L.F N F*® = F. That is, the relative
algebraic closure of F'in L.F' is a purely inseparable extension of F'.

To prove the second assertion, assume that F'|K is separable. It suffices to show for
every finitely generated subextension E|K of F|K that L|K is linearly disjoint from E|K
and that F is relatively algebraically closed in L.E. By Lemma 24.44, E|K admits a
separating transcendence basis 7’. Since F|K is assumed to be algebraically disjoint
from L|K, we know that the elements of 7’ are also L-algebraically independent. By
Lemma 24.17, L|K is linearly disjoint from K(7')|K, and by Lemma 24.19, K(7") is
relatively algebraically closed in L(7"). It follows from Lemma 24.13 that L(7")|K(7") is
linearly disjoint from the separable algebraic extension E|K(7’). By Lemma 24.12, L|K
is linearly disjoint from F|K, and by Lemma 24.13, F is relatively algebraically closed in
LE=L(T)E. OJ

Lemma 24.46 Let L|K be a separable extension and F|K an arbitrary extension which is
algebraically disjoint from L|K in a common extension field Q). Then L.F|F is a separable
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extension. If in addition, K is relatively algebraically closed in L, then F' is relatively
algebraically closed in L.F" .

Proof: It suffices to prove the assertions under the assumption that L|K be finitely
generated. Then by Lemma 24.44, there exists a separating transcendence basis 7 of L|K.
Since F'|K is algebraically disjoint from L| K, we know that 7 is also a transcendence basis
of L.F|F. Since L|K(T) is separable algebraic, the same holds for L.F|F(7), proving that
L.F|F is separably generated and thus separable.

Assume in addition that K is relatively algebraically closed in L. Then by the foregoing
lemma, the relative algebraic closure of F' in L.F' is purely inseparable. But we have just
proved that L.F|F is separable. Hence, F' is relatively algebraically closed in L.F . 0

With the help of Lemma 24.43, we derive from the foregoing lemma:

Corollary 24.47 If L|K and F|K are separable and algebraically disjoint in a common
extension field 2, then L.F|K is separable. In particular, if L|K is separable algebraic and
F|K is an arbitrary separable extension, then L.F|K is separable.

Let us have a closer look at regular extensions. A characterization of regularity reads
as follows:

Lemma 24.48 An extension L|K is reqular if and only if it is separable and K is relatively
algebraically closed in L. If L|K is not reqular, then there exists a finite subextension FE|K
of KYP|K (which may be chosen to be linearly disjoint from L|K ) such that E is not

relatively algebraically closed in L.E .

Proof:  We have already remarked that regularity implies separability. Also, L|K can
not be regular if K is not relatively algebraically closed in L. Now assume that L|K is
separable and K is relatively algebraically closed in L. By Lemma 24.46, L.K5P|K5P is
separable. It is thus linearly disjoint from the purely inseparable extension K | 5P, On
the other hand, we know from Lemma 24.13 that L|K is linearly disjoint from K*P|K.
Hence by Lemma 24.12, L|K is linearly disjoint from K|K.

Now assume that L|K is not regular. If K is not relatively algebraically closed in L,
then we are done. Otherwise, L|K is not separable (by what we have just proved), and
our assertion follows from Lemma 24.41. O

Lemma 24.49 Let F|K be a reqular extension and L|K an arbitrary extension which is
algebraically disjoint from F|K in a common extension field 2. Then L|K is linearly
disjoint from F|K, and F.L|L is regular.

Proof: By definition, F|K is linearly disjoint from K|K. Hence by Lemma 24.12,
F.K'|K' is linearly disjoint from K’|K’ for every algebraic extension K’|K. That is,
F.K'|K’ is regular. We take K’ to be the relative algebraic closure of K in L. Since
F.K'|K' is separable by the foregoing lemma and since K’ is relatively algebraically closed
in L, we can infer from Lemma 24.46 that F.K'|K’ is linearly disjoint from L|K’. Since
also K'|K is linearly disjoint from F|K, we can deduce from Lemma 24.12 that L|K is
linearly disjoint from F|K.
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The whole argument works equally well if we replace L by L. Indeed, if L|K is alge-
braically disjoint from F|K, then so is L|K since every transcendence basis of L|K is a
transcendence basis of L| K. We obtain that F|K is linearly disjoint from L|K. By virtue
of Lemma 24.12, this shows that F.L|L is linearly disjoint from L|L, that is, F.L|L is
regular. 0

With the help of Lemma 24.43, we derive from the foregoing lemma:

Corollary 24.50 If L|K and F|K are regular and algebraically disjoint in a common
extension field ), then L.F|K is regular.

From the above lemma, we can also deduce the following analogue to Lemma 24.19:

Corollary 24.51 Let F|K be a reqular extension and T a set of elements which are F'-
algebraically independent (in some field extension of F'). Then F(T)|K(T) is reqular.

For the conclusion of this section, let note that there exist inseparable extensions L|K
where K is relatively algebraically closed in L:

Example 24.52 Let ¢, z,y be algebraically independent over F,, and set L := F,(¢, z,y).
Define
s=aP+ty? and K :=F,(ts).

Then K is relatively algebraically closed in L. To show this, let b € L be algebraic over
K. Note that z is transcendental over K. Indeed, otherwise x and thus also y would be
algebraic over K, so that trdeg L|F, = trdeg K|F, < 2 in contradiction to our assumption
that ¢, 2,y be algebraically independent over I,,. The element b” is algebraic over K and
lies in LP = F,(t", 2P, y*) and thus also in K(z) = F,(¢,z,y?). Since z is transcendental
over K, it follows by Lemma 24.17 that * € K. Consequently, b € K'/P. Since F, is
perfect, we have that K/? = F,(t'/7, s'/P). Write

—1

b= ro+rsr+...4rpqs s with r; € F,(t7,s) = K(t'/7) .
By the definition of s,
b =19+ rmax+.. . +ry 2?4+ Pyt 0D ]

(in the middle, we have omitted the summands in which both z and y appear). Since
x,y are algebraically independent over F,, the degree of inseparability of K is p?, and
the elements z'y/, 0 < i < p, 0 < j < p, form a basis of F,(z,y)|F,(z*,y?). Since ¢
and t!/? are transcendental over F,(xP,y?), we know that F,(z,y)|F,(2?,y) is linearly
disjoint from F(t, 27, y*)|Fp(a?, y¥) and from F L(t/P 2P yP)|F, (2P, yP). This shows that
the elements x'y?, 0 < i < p, 0 < j < p, form a basis of L|F,(¢,2?,y?) and are still
F,(t}/7, 2P, yP)-linearly independent. Hence, b can also be written as a linear combination
of these elements with coefficients in F,(t,2?,y?), and this must coincide with the above
IFp(tl/ P aP yP)-linear combination which represents b. That is, all coefficients r; and t'/Pr;,
1 < i < p, are in F,(¢,2P,y?). This is impossible unless they are zero. It follows that
b=ro € K(t/?). Assume that b ¢ K. Then [K(b) : K] = p and thus, K(b) = K(t'/7)
since also [K (t!/?) : K] = p. But then t'/? € K(b) C L, a contradiction. This proves that
K is relatively algebraically closed in L.
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On the other hand, t'/? = y~1(s'/? — x) € L(s'/P). Hence, L.KY?P = L(t'/P, s'/?) =
L(s/?) and
[L.KYP . L] = [L(s"%): L] < p<p® = [KY?:K].

That is, L|K is not linearly disjoint from K'/?|K and thus not separable. Although being
finitely generated, L|K is consequently not separably generated; in particular, it is not a
rational function field. At the same time, we have seen that K (s'/?) admits a non-trivial
purely inseparable algebraic extension in L(s!/?) (namely, K'/?). On the other hand,
K (s'/?) and L are K-linearly disjoint because s'/? ¢ L. In particular,

[L.KYP: L] = [L(s"7): L] = p.

Let us also observe that in the last statements, s can be replaced by any other element
a of K which does not lie in K?. Indeed, we know that a'/? ¢ L since K is relatively
algebraically closed in L. Hence, K(s'/?) and L are K-linearly and [L(a'/?) : L] = p =
[L.K/? : L]. This shows that L(a'/?) = L.K'/? and that K(a'/?) admits the non-trivial
purely inseparable algebraic extension K'/? in L(a'/?).

Let us prove even more: if K;|K is any proper inseparable algebraic extension, then
tY/? ¢ L.K;. Take such an extension K;|K. Then there is some separable-algebraic
subextension Ky|K and an element a € K\ K3 such that a? € K, . Since K| K is separable
and K is relatively algebraically closed in L, we see that K is relatively algebraically closed
in Ly := L.K,. Hence, a ¢ Ly and therefore, [Ly(a) : Ls] = p. On the other hand, K21/p =
K'YP Ky and thus, Ly.Ky? = Ly KY? = L.KY?.K,. Consequently, [L.K'/? : L] = p
implies that [Lo. K" : L] = [L.KYP.K, : L.K,] < p. Since a € KJ/® C Lo.K)'® and
[La(a) : L) = p, it follows that Ly.K3'" = Ly(a). We obtain:

17 e K\ € K)P C Ly K)” = Ly(a) C LK, .

Finally, let us observe that the relative algebraic closure F' of K in F,(()) since oth-
erwise t'/P € L.F, which contradicts the fact that L.F C F,((¢)). From Lemma 24.32 it
follows that the degree of inseparability of F' is p? like that of K. &

Exercise 24.4 Let L|K be separable. Given K-linearly independent elements x1,...,x, € L, prove that

H iz Vo, . .
also f ,... 2P are K? -linearly independent, for every all integers yu,v.

Exercise 24.5 Show that if k is relatively separable-algebraically closed in K, then kP~ is relatively
algebraically closed in K/P~ . (Hint: Otherwise, K 1/ px|k’ would admit a proper separable algebraic
subextension. But this is linearly disjoint from K|k and thus also from K'/P~ |k, contradiction.) Is the
converse also true?

24.8 (Pro-) p-groups and p'-groups

Let p be a prime. A (not necessarily finite) torsion group in which the orders of all
elements are a power of p is called a p-group. For example, an abelian torsion group A is
a p-group if and only if #A divides p>. A torsion group will be called a p’-group (read:
“p-prime-group” ) if the orders of all elements are prime to p. A profinite group is called a
pro-p-group if it is the inverse limit of an inverse system of p-groups (or equivalently, if
all of its finite quotients are p-groups), and it is called a pro-p’-group if it is the inverse
limit of an inverse system of p’-groups. A finite pro-p-group is a p-group (and similarly
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for p'). The property of being a pro-p-group (resp. a pro-p’-group) is inherited by closed
subgroups and quotients by closed subgroups. A field extension is called a p-extension if
it is Galois and its Galois group is a pro-p-group, and it is called a p’-extension if it is
Galois and its Galois group is a pro-p’-group. A field extension is a p-extension if and only
if each of its finite subextensions is a p-extension (and similarly for p').

Let us now collect some statements about p-groups.

Lemma 24.53 If G is a finite p-group and H is a proper subgroup of G, then there exists
a subgroup Gy of G such that H < Gy and (Gy: H) = p.

Proof: Note that G # {1} by the assumption on H. We claim that the center C'(G) =
{9 € G|VYh € G: hg = gh} is non-trivial. Assume the contrary. Then the centralizer
Ce(h) ={g € G | hg = gh} would be a proper subgroup of G for every element h € G\{1}.
This would mean that 1 is the only element of G whose orbit under conjugation has a length
which is not divisible by p; but this is impossible in a group whose order is a power of p
(because the order of a finite group G is the sum of the lengths of the orbits in G). This
contradiction proves our claim.

Assume that C(G) C H. Then by induction on the order of G, the assertion of our
lemma follows for the groups G/C(G) and H/C(G). That is, there is a subgroup G; of G
containing C'(G) such that H/C(G) < G1/C(G) and (G1/C(G) : H/C(G)) = p. It follows
that H <9 Gy and (G, : H) = p.

Finally, assume that C(G) ¢ H. Then there exists some g € C(G) \ H such that
g’ € H. Then G, := (g)H is the required subgroup of G since the assertions H < G; and
(Gy : H) = p follow from the fact that g commutes with H. O

The Frattini subgroup of an arbitrary finite group G is defined to be the intersection
of all maximal proper subgroups of G and is denoted by ®(G). A group G is called
elementary-abelian if it is of the form Z/p1Z x ... x Z/p,Z for (not necessarily distinct)
prime numbers py , ... ,p, . Consequently, an elementary-abelian p-group is a finite product
of copies of Z/pZ, that is, a finite dimensional [F,-vector space.

Theorem 24.54 Let G' be any finite p-group.

a) If H is a maximal proper subgroup of G, then H <G and (G : H) = p. Consequently,
G/®(G) is elementary-abelian.

b) For every subgroup H C G there exists a chain of subgroups H = Hy C Hy C ... C
H, = G such that Hi_y < H; and (H; : H;_1) = p fori =1,...,n. In particular, every
finite p-group is solvable.

Proof: a) Let H be a maximal proper subgroup of G. We choose G according to the
foregoing lemma. Then G; = G by the maximality of H. Hence, H < G and (G : H) = p.
Now let Hy, ..., H, be all maximal proper subgroups of G. By what we have shown, they
are normal subgroups of G. Now we use the isomorphism (24.2), where N; , N, are normal
subgroups of GG. By induction on the number of normal subgroups, we find

G/®(G)=G/(HiNn...NH,) =G/H, x ...x G/H, .

By what we have already shown, the latter is isomorphic to Z/pZ x ... x Z/pZ , which is
an elementary-abelian group.
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b) The first assertion follows from the foregoing lemma by induction on (G : H). The
second assertion follows from the first by taking H = {1}. O

A profinite group is called prosolvable if it is the limit of an inverse system of finite
solvable groups. From the foregoing theorem, we obtain the following analogue assertions
for pro-p-groups.

Corollary 24.55 Let G be any pro-p-group.

a) If H is a mazimal proper closed subgroup of G, then H is an open normal subgroup of
G and (G : H) = p. Consequently, G/®(G) is an F,-vector space.

b) G is prosolvable. For every open subgroup H C G there exists a chain of open subgroups
H=HyCH, C...CH,=G such that H_y < H; and (H; : Hi_1) =p fori=1,...,n.

Proof: a): The closed subgroup H is contained in some proper open subgroup. Hence,
if it is a maximal proper closed subgroup of GG, then it is open. It contains an open normal
subgroup N. By the foregoing theorem, the finite p-group G/N admits a normal subgroup
of index p. Its foreimage in G is a normal subgroup of index p in G, containing H. By the
maximality of H, it is equal to H.

As in the finite case, one shows that there is an epimorphism from G onto [[, G/H;,
where H; runs through all maximal proper closed subgroups, and that its kernel is ®(G).
Since every G/ H,; is isomorphic to F,, the product is an F,-vector space.

b): By the foregoing theorem, every finite p-group is solvable. So by definition, a pro-
p-group is prosolvable. The second assertion is shown similarly to the first assertion of
a). O

Corollary 24.56 Fvery finite subextension of a p-extension of a field K s a tower of
Galois extensions of degree p (which are Artin-Schreier extensions if p is the characteristic
of K). Every finite subextension of an extension of degree a power of p is a tower of
extensions of degree p.

Proof: Let L|K be a finite subextension of the p-extension L;|K. Then L; contains the
normal hull Ly of L over K. Hence, Lo|K is a finite p-extension. Hence, G = Gal Lo|K is
a finite p-group. We apply part b) of Theorem 24.54 to its subgroup H = Gal Ly|L and
set K; = Fix (Lo, H,—;),i=0,...,n. Since H, ; < H,_;+1 and (H,_;y1 : H,_;) = p, we

have that K;|K;_; is a Galois extension of degree p, for every i =1,... n.
We have already noted that a Galois extension of degree p of a field of characteristic p
is an Artin-Schreier extension; see Corollary 12.29. O

A subgroup H of a profinite group G is called a p-Sylow group of G if it is a closed
pro-p-subgroup of G such that p does not divide (G : H). If H is a p-Sylow group of G,
then for every open normal subgroup N of G we find that H.N/N is a p-Sylow group of
the finite group G/N. Indeed, H.N/N is a p-group, and since p does not divide (G : H),
it does not divide (G : H.N) = (G/N : H.N/N). The following is a generalization of the
Sylow Theorems of finite group theory:

Theorem 24.57 Let p be a prime and G a profinite group. Then for every pro-p-subgroup
Go of G, there exists a p-Sylow group H of G containing Gy . All p-Sylow groups of G are
conjugate.
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Proof: Let N;, i € I, be the family of all open normal subgroups of G and recall
the discussion preceding to Lemma 24.8. For every ¢ € I, the subgroup Gy.N;/N; of the
finite group G/N; is a p-group. By finite group theory, the set of p-Sylow groups of G//N;
containing Gy.N;/N; is finite and nonempty; denote this set by S;. If 4,j € I such that
N; C N;, then by the Sylow Theorems of finite group theory, the canonical epimorphism
nji - G/N; — G/N; maps a pro-p-group of G/N; containing G.N;/N; onto a pro-p-group
of G/N; containing G¢.N;/N;. Thus, n;; induces a map 7T3»S;~ from S; into S;. The reader may
verify that the maps 75, satisfy (INV1) and (INV2). Since also I satisfies (INVO) for the
partial ordering that we have introduced preceding to Lemma 24.8, Lemma 24.7 shows that
the inverse limit over the sets S; is nonempty. Let (H;);c; be an element of it. Then via the
isomorphism G = <11_m G/N;, the profinite group <11_m H; is a subgroup of G. Since every

H; is a p-Sylow group containing Go.N;/N;, it follows that H is a pro-p-group containing
Gy = <li_rnGo.]\fi/]\fi. Further, p does not divide (G/N; : H;). But H; = H.N;/N; and

consequently, (G/N; : H;) = (G/N; : H.N;/N;) = (G : H.N;). Hence, p does not divide
lem;(G : H.N;) = (G : H), showing that H is a p-Sylow group of G.

Now let H and H be p-Sylow groups of G. Let i,j € I. Then H.N;/N; and H.N;/N;
are p-Sylow groups of the finite group G/N;. Hence by the Sylow Theorems of finite group
theory, the set C; := {g; € G/N; | ¢:(H.N;/N;)g; ' = H.N;/N;} is nonempty, and it is
finite. If N; C N;, then the canonical epimorphism 7;; induces a map W]Ci from C; into C;.
The maps 7§; satisfy (INV1) and (INV2). Hence, Lemma 24.7 shows that the inverse limit
over the sets C; is nonempty. Let ¢ = (g;)ic; be an element of it. Via the isomorphism

G = (h_m G/Nj;, it is in fact an element of G' which satisfies gHg™! = H. O

If H is the unique p-Sylow group of the profinite group G, then H is a closed normal
subgroup of G, and G/H is a pro-p’-group.

To conclude this section, we introduce a sort of groups which behave very much like
Galois groups (and indeed, we show a connection to Galois groups in our chapter on ram-
ification theory. Given an arbitrary abelian torsion group I' and a field k of characteristic
exponent p, then Hom(T', k) denotes the set of all homomorphisms from I' into the mul-
tiplicative group k* of k. Given y,x’ € Hom(I', k) then we define the product x - x’ by
X - X'(9) = x(9)x'(g) for every g € I'. In this way, Hom(I', £*) becomes a group, called a
p-character group of I'. Its elements are called characters. Its identity element is the
trivial character 1 which sends every g to 1 € k£*. The inverse of x sends every g to
x(g)™h

If k is algebraically closed, then Hom(T", k%) is called the full p-character group of T'.
Since every element of I' has finite order by assumption, x(I") is contained in the group of
roots of unity of the field &, for every character y. So we see that the group does actually
not depend upon the field k£ but rather upon the group of roots of unity contained in it.
So one may actually replace k by the relative algebraic closure of its prime field in k. In
particular, all algebraically closed fields of a fixed characteristic p have the same group of
roots of unity, and so the full character group for a given group I' only depends upon the
characteristic of k.

We leave it to the reader to show the following:

=T, ®ly = Hom(T,k*) = Hom(I'y, k) ® Hom(y, k%) . (24.4)
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Let ¢ be any prime or equal to 1. Every abelian torsion group I' admits a decomposition
I'=T,®TI'y where I'; is the subgroup of all elements of I' whose order is a power of ¢, and
I'y is the subgroup of all elements of I' whose order is prime to ¢q. Hence, I'; is an abelian
g-group, and 'y is an abelian ¢’-group. We have

Hom(T', k) = Hom(I';, k™) @ Hom(L'y, k™) .

We know that over a field of characteristic exponent p, the polynomial X?" — 1 splits into
linear factors, for every n € N. Hence, 1 is the only element of order a power of p in the
group of roots of unity in a field k of characteristic exponent p. This yields that 1 is the
only element of order a power of p in Hom(I', £*), that is, Hom(I", £*) is a p’-group and
Hom(T'y, k*) = {1}. In other words,

charexpk =p == Hom(I',k*) = Hom(I'y/, k™) . (24.5)

Lemma 24.58 IfT is finite and k is algebraically closed of characteristic exponent p, then
Hom(I',k*) =T .

Proof: By the Main Theorem on Finitely Generated Abelian Groups, we can write I'
as a finite direct sum of cyclic groups, all of them finite since I is finite. In view of (24.4)
and (24.5), it remains to show that Hom(Z/mZ, k*) = Z/mZ for every natural number
which is prime to p. But for every such m, the group 4 ,,, of m-th roots of unity contained
in the algebraically closed field k is isomorphic to Z/mZ. On the other hand, if 7 is a
generator of Z/mZ, then for every m-th root of unity (, there is precisely one character
X € Hom(Z/mZ, k*) such that x(n) = (. This proves that Hom(Z/mZ, k™) = pgm =
Z/mZ. O

Suppose that A is a subgroup of the abelian torsion group I'. We leave it to the reader
to prove the following facts. If Hom(T",£*) is the full p-character group of I', then every
character in Hom(A, k™) can be extended to a character in Hom(I", k*). Consequently,
the restriction map Hom(I', £*) — Hom(A, k*) is surjective. Its kernel is the subgroup
of all characters of I" which are trivial on A; we will denote it by Homa (I', £*). Note
that Homa (I, £%) is canonically isomorphic to Hom(I'/A, k). Since every element of I" is
already contained in some finite subgroup, Hom(I', £*) is the inverse limit of the inverse
system of the finite groups Hom(A;, £*), where A; runs through all finite subgroups of T'.
Hence, Hom(I', £*) is a profinite group. The subgroups Homny, (I', £*) form a basis of the
neighborhood filter of the trivial character 1 of I'.

Exercise 24.6 Let G be a profinite group. Prove:

a) If n: G — G is an epimorphism of profinite groups and if H is a p-Sylow group of G, then n(H) is a
p-Sylow group of H.

b) #G = Hq #H, where g runs through all primes and every H, is a g-Sylow group of G.

What can be said about the number of p-Sylow groups of G?

Exercise 24.7 Describe a Galois correspondence of character groups.
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24.9 (G-modules and group complements

In this section, we introduce some notions that we will need in the next section. Take any
group G. For p € GG, conjugation by p means the automorphism

G170 :=plrp.

Note that

1

P =plolrop=p H(r)p= () forallT,o,pcC. (24.6)

Further, we set 777 := (77!)° (which indeed is the inverse of 79). As usual, we set
M ={m° | m € M} for every subset M C G. A subgroup N is normal in G if and only

if N2 = N for all 0 € G. We always have G = G. Hence, if H is a group complement of
the normal subgroup N in G, that is,

HN=G and HNN ={1}, (24.7)

then so is every conjugate H? for ¢ € (G. Uniqueness up to conjugation would mean that
these are the only group complements of N in G.

We shall now introduce two notions that play an important role in Section 12.6. A
right G-module is an arbitrary group N together with a map p from G into the group
of automorphisms of N such that u(op) = pu(p) o u(o). For example, to every o € G we
may associate the conjugation by o; in view of (24.6), this turns G into a right G-module.
In this setting, a subgroup NV of GG is normal if and only if it is a G-submodule of G.

Also in the general case of right G-modules N, it is convenient to use the above notation
and write a” instead of p(p)(a) for a € N. A map ¢ from G into a G-module N is called
a crossed homomorphism if it satisfies

d(op) = ¢(0)?e(p) forallo,peG. (24.8)

As for a usual homomorphism, also the kernel of a crossed homomorphism is a subgroup
of G, but it may not be normal in G.

Let us assume that H is a group complement of the normal subgroup N in G. It follows
from (24.7) that every element o € G admits a unique representation

o=oyoy with oy € H, oy €N (24.9)

Note that H is a system of representatives for the left cosets of G modulo N. Since N <G,
we have HN = NH, and H is also a system of representatives for the right cosets of G.

Now assume in addition that N is abelian. Then the scalar multiplication of the G-
module N given by conjugation reads as

o = px(pfopy)pn = propy =0 forallo € N, pe G (24.10)
since and py opy are elements ot V. According to 9) an . we write
ince py and pylopy 1 f N. According to (24.9) and (24.10) i
Op = OHONPEPN = TuPuPE ONPHPN = THPHONON -

Hence, the projection ¢ — o onto the first factor in (24.9) is the canonical epimorphism
from G onto H with kernel N. The other projection o — o is a crossed homomorphism
from G onto N, satisfying
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(op)y =ohpy foralo,peG; (24.11)
it induces the identity on N, and its kernel is H.

Exercise 24.8 Take a crossed homomorphism ¢. Show that

1) ¢(1) =
2) ¢ is injective if and only if its kernel is trivial (hint: first compute ¢(b~1) in terms of ¢(b), then compute
¢(b~1a) under the assumption that ¢(a) = ¢(b)).

24.10 The Taylor expansion of a polynomial

We frequently need a Taylor expansion of polynomials which works in fields of arbitrary
characteristic. For every 5 € N, we have

n

(X+Y)j:Z<Z)Xj‘iY".

1=0

This is also true in fields of characteristic p > 0 since the binomial coefficients are natural
numbers which then will be taken modulo p. For an arbitrary polynomial f(X) = ¢, X" +
Cn1 X"+ ...+ ¢y, summation now gives

f(X+Y)= ZZCJ( )XJ Zyl—zzcj< )XJ iyt

7=0 i=0 =0 j=1
Setting

n

Z ( )X“ ZCJH(J;”)XJ (24.12)

J=1

which we will call the i-th derivative of f, we obtain the Taylor expansion

FIX+Y) Z f(X)Y?. (24.13)

All i-th derivatives of f are defined also over ﬁelds of positive characteristic, but for certain
i they may vanish identically (even if i < n). Over fields of characteristic 0, we have

n n 1dZ )
fi(X):ZCJ( >X” Zcﬂldxz _% U(X)

j=i

which gives the well-known Taylor identity
1 .. .
FX+Y) =) —fOX)Y".

The same identity can be used over fields of characteristic p > 0 for n < p; for ¢ not prime
to p, the factor % makes no sense. But in any case, we have

AX) = fOX) = f(X) and  fo(X) = f(X).
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Further, let us compute the j-th derivative of an i-th derivative:

0 = (Se (1)) - 3 ()57

V=i v=i+j

(i +7)! —(i+j (i +7)!
- Z+ TP ( iij ) X = ilj! fis(X)
v=i+j

= () a0 = (75 ) 0.

Setting j = k — ¢, we find
) = (F) o),
whence by virtue of (24.13),
FX ) = S0V = Y r= =3 (] ) vt
k=0 k=i k=i

Putting Y := Z — X, we derive the following versions of the Taylor expansion (24.13) and
of the last equation:

f(2) = ) f(X)(Z-X) (24.14)

f(z) = > ( ]: ) [(X)(Z - X)F". (24.15)

k=i
From equations (24.12) and (24.14) we obtain:

Lemma 24.59 Let R be a subring of an arbitrary field K, and let f € R[X]. Then all
derivatives of f lie in R[X|. Further, there exist G¢(X,Z), Hy(X,Z) € R[X, Z] such that

f(2) = f(X) = (Z = X)Gy(X,Z) = ['(X)(Z = X) +(Z = X)"H; (X, Z) .

We also need a multidimensional version of the last assertion of the foregoing lemma.
In the following, let f be a polynomial in the n variables Xi,..., X, , with coefficients in
a subring R of an arbitrary field K. We write X = (X,...,X,,) and f = f(X). Given a
second n-tuple Y = (Y;,...,Y,) of variables, we consider the polynomial f(X +Y). Tt is
the sum over monomials of the form

X +Y) = (X +Y)™ - (X, + V)™

Viewing f(X +Y) and g(X + YY) as polynomials in the variables X,..., X,,Yy,...,Y,,
we ask for the monomials which are linear in one single Y; . Evaluating ¢(X +Y) by means
of the binomial expansion, we find just one such monomial for every j, namely

mi s X Ty X
Xy m X Y e X
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This is in fact equal to

Jg

where the first factor is the partial derivative of g(X) with respect to X;. Summing up
over all monomials g in f and using the fact that the partial derivative is additive, we find

that o/
X, (X)-Y;

is the sum of all monomials of f(X +Y) which are linear in Y;. Similarly, one finds that
the monomials which contain no Y; at all, just sum up to f(X). Consequently, there are
polynomials hj;(X,Y) with coefficients in R such that

n af n n .
J+Y) = FX)+ D (0 Y+ D ) hi(X.Y)YjYs
j=1 J j=1 k=1
Note that also the partial derivatives have coefficients in R. Putting Z; = X; + Y, and
Z = (4y,...,%Z,) and defining h;,(X, Z) := h;, (X, Z — X)), we obtain that
n af n n _
=2 5x &) (Z - X;) + D> hil X, 2)(Z; — X)(Zk — Xy) - (24.16)

=1 J j=1 k=1

f(Z) = f(X)



