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REFRESHER ON SYMMETRIES OF DIFFERENTIAL EQUATIONS

Space of independent and dependent variables

E={(x",x%....x"u" u? . .. uP)}={(xu"}.

Infinite jet bundle:

JX(E) = {(x", x?,... x" u' WP, P,

1 p A 1
Uy ooy Usmy Ugt 1, Uyt 2, -+ ) }

Often write

107 — 167 —
UXI1X12.“XIk =Uu — u/ 9

where | = (iy, o, . . ., k) is @ multi-index.

With this J>®(E) = {(x', uf")}.
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SYMMETRIES OF DIFFERENTIAL EQUATIONS

Prolongation:

X € Xjpc(E) —— cb?( € Dioc(E) —_— 6?( € Dioc(M(E))
E— prd)f( € Dipc(J>(E)) —— prX € Xjoc(J*(E))

X € Xioc(E) is an infinitesimal symmetry of a system of
differential equations A = 0 if &; maps any solution to a new
solution:

A(®-f) = 0, whenever A(f) =0.

prX(A) =0, whenever A=0.

These are the determining equations for symmetries.
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CONSERVATION LAWS

Basic total derivative operators
0 . 0
D':z)xf'*Z, Ui

A conservation law for A = 0 is an m-tuple P' = P/(x/, ul'l) of
differential functions satisfying

m
> DiP' =0, whenever A =0.
P
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CONSERVATION LAWS

Basic total derivative operators
0 . 0
D':z)xf'*Z, Ui

A conservation law for A = 0 is an m-tuple P' = P/(x/, ul'l) of
differential functions satisfying

m
> DiP' =0, whenever A =0.
P

Under some mild regularity conditions on A one can express a
conservation law in an equivalent characteristic form

m p
Y DP =) Q"A,.
i=1 a=1

The differential functions Q“ are called the characteristic of the
conservation law.
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VARIATIONAL PRINCIPLES
A variational principle consists of finding the extrema of
) = / L(x', ul) dx
Q
over all admissible functions u® = u®(x").

The extrema necessarily satisfy the Euler-Lagrange equations

E.(L)=0, a=1,2,....p,

where
oL oL oL
a(L) - @ - Di(aiul,_l) + DiDj(aiuI?) -
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EXAMPLE

Let v(t) = (x(%), y(t)) be a regular plane curve. The extrema of
the arc length functional

b
)= / Ve
a

satisfy
B y N
Ex(L) L (xy - yx) = 0,
X +Yy
Ey(L) = ———=(xy ~ yX) = 0.
X +y
d x
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NOETHER’S THEOREM
. -0 a . -
A vector field X = 5’7 + (;SO‘W is a variational symmetry of
Llu] = [o L(x', ulM) if
prX L+ Di¢' = DB

for some differential functions B'.
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NOETHER’S THEOREM

A vector field X = ¢ % + gzsaia is a variational symmetry of

ou
Llu] = [o L(x', ulM) if
prX L+ Di¢' = DB
for some differential functions B'.

Notation:

0 0
/7 a _ iy
X=¢ Xl + ¢ e = Xaw=(¢"-¢u )BUD‘ .
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Noether’s Theorem:
Let A = E(L). Then

1. Xis a variational symmetry =
Q~ = Xg, is a characteristic of a conservation law for
A=0.

2. Qs a characteristic of a conservation law —

Xs, = Q* is a characteristic of a “generalized" variational
symmetry.
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Noether’s Theorem:
Let A = E(L). Then
1. Xis a variational symmetry =
Q~ = Xg, is a characteristic of a conservation law for
A =0.
2. Qs a characteristic of a conservation law =

Xs, = Q* is a characteristic of a “generalized" variational
symmetry.

Noether’s second theorem

asserts that infinite dimensional symmetry pseudogroups of the
variational problem involving arbitrary functions of all the
independent variables correspond to differential identities
among the Euler-Lagrange equations.
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Noether’s Inverse Problem

(TAKENS 1977) Let I be an infinitesimal Lie (pseudo)group of
transformations acting on the space E of independent and
dependent variables. Suppose that

1. A =0is any I invariant system of differential equations on

E;
2. every element of I gives rise to a differential conservation
law for A = 0.

Does it then follow that A = 0 is necessarily the Euler-
Lagrange expressions for variational problem on E?

J. Pohjanpelto: Symmetries, Conservation Laws, and Variational Principles UBC 2014



Noether’s Inverse Problem
If the answer to Takens’ question is affirmative, we obtain the
following generalized version of Noether's theorem:
Theorem

Let I' be an infinitesimal transformation group acting on E and
let A = 0 be a system of differential equations on E. Then any
two of the following three statements implies the third:

1. A =0is T invariant.
2. Every X €T generates a conservation law for A = 0.
3. A = E(L) for some Lagrangian L.

J. Pohjanpelto: Symmetries, Conservation Laws, and Variational Principles UBC 2014



Noether’s Inverse Problem
If the answer to Takens’ question is affirmative, we obtain the
following generalized version of Noether's theorem:
Theorem

Let I' be an infinitesimal transformation group acting on E and
let A = 0 be a system of differential equations on E. Then any
two of the following three statements implies the third:

1. A =0is T invariant.
2. Every X €T generates a conservation law for A = 0.
3. A = E(L) for some Lagrangian L.

(OR: 3. There are differential operators Ay,..., A4 satisfying
1 and 2 such that given A with properties 1 and 2 then

q
A=E(L)+ ) ch;,
i=1

for some constants cy,..., ¢g and for some Lagrangian L.)
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Noether’s Inverse Problem

Related Question: Can the Lagrangian, when it exists, be
chosen to be l-invariant?

In practise, this amounts to the computation of the cohomology
of the I-invariant variational bicomplex.
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INFINITE JET BUNDLE OF SECTIONS
J°°(E) infinite jet bundle {(x, u)}

. space of independent and
dependent variables {(x', u®)}

Y
M  space of independent variables {(x')}
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JET BUNDLES

Adapted coordinates @ —  locally

JX(E) = {(x, u* u

1%
s Uty ooy v+ U

x1 x2 7

Often write

& — y%. .
Uit stz ...xic = Yjijo---ji

where J = (ji, Jo, - . . , jk) IS @ multi-index.

= L[:jé7
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COTANGENT BUNDLE OF J*°(E)

Horizontal forms:
ax', dx?,... dx™.

Contact forms:
05 = dug — ugaxk.
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COTANGENT BUNDLE OF J*°(E)

Horizontal forms:
ax', dx?,... dx™.

Contact forms:
05 = dug — ugaxk.

The space of differential forms A*(J*°(E)) on J*°(E) splits into
a direct sum of spaces of horizontal degree r and vertical (or
contact) degree s:

N(JX(E)) = Y A"(J=(E)).

r,s>0
Here w € A"5(J*°(E)) is a finite sum of terms of the form

O U, U, ug) dX A A NG A A
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FREE VARIATIONAL BICOMPLEX

L]
L] L]
L] L]
A A
dv dv
dy o/¥
0 > AO,Z > /\1,2 > o
A A
dy dy
adx dy
0 > AO,1 > Al > o
A A
dy dy
dy o/¥
R > A0.0 > A1.0 > o
A A
T* T*
0 d 1 d
R > Ay > Ay > o
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L] L]
L] L]
A A
dy dv
ay
/\m71,2 > Am,2 >
A A
dy dy
dy
AMm—1,1 > AM1 >
A A
olV dv
E
ay
Arn—1 0O — 3 Am,O
A A
T T
d
m—1 m
AM _— AM
UBC 2014
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EULER-LAGRANGE COMPLEX
The edge complex

dy dy

R /\0,0 /\1,0

d d ) 5
H ; /\m—1 ,0 H /\m,O v f1 v ]_'2

dy

Div E H

is called the Euler-Lagrange complex £*(J*(E)).
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EULER-LAGRANGE COMPLEX

Locally

A0 = {X=Ladx" A+ Adx™),

Fl={A=N7,0°NaXx" A AdXx™},

and

Syd = Eo(L)0 Adx' A--- A dx™,

SyA = _%H(’lﬁ(A)HQ AOP A dxT A A k™,

where A

Hop(B) = —5 — (=1)E4(2p)

af « B
auf

are the classical Helmholtz conditions.

Since 65 A = 0, the components #! ;(A) are constrained by
integrability conditions.
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EULER-LAGRANGE COMPLEX

Associated cohomology spaces:

_ Kergy: &M — &gt
Iméy: E- €&

H'(&7(J*(E)))

This complex is locally exact and its cohomology H*(E*(J>°(E))
is isomorphic with the de Rham cohomology of E ~ singular
cohomology of E.
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EULER-LAGRANGE COMPLEX

Associated cohomology spaces:

_ Kergy: &M — &gt

HUE=EN) = 105, e S e

This complex is locally exact and its cohomology H*(E*(J>°(E))
is isomorphic with the de Rham cohomology of E ~ singular
cohomology of E.

Without loss of generality we can consider Noether’s inverse
problem as a local problem, and, consequently, to establish the
existence of a Lagrangian, it suffices to show that the Helmholtz
conditions ”HLB(A) = 0 are satisfied for all «, 3, I.
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A LIE DERIVATIVE FORMULA

Let X be a generalized vector field on E. Then
7T]:1 ﬁerA = E(Xevq A) + |(pl’ Xevq (SVA),

where A € F'and 741 = lo 7™,
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A LIE DERIVATIVE FORMULA
Let X be a generalized vector field on E. Then
T Lor xA = E(Xey — A) 4 1(pr Xey = dvA),
where A € F'and 1 = o 7™,

X is called a distinguished symmetry of A = 0 if
T F1 EerA =0.

Any divergence symmetry is a distinguished symmetry.
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A LIE DERIVATIVE FORMULA
Let X be a generalized vector field on E. Then
T Lor xA = E(Xey — A) 4 1(pr Xey = dvA),
where A € F'and 1 = o 7™,
X is called a distinguished symmetry of A = 0 if
71 Lo x A = 0.
Any divergence symmetry is a distinguished symmetry.
X generates a conservation law for A = 0 if

E(Xev — A) - 0
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NOETHER’S INVERSE PROBLEM (AGAIN)

Let I' be an infinitesimal transformation group acting on E. If for
every X el

71-]_'1 EerA ES 0 and E(XeVA A) = 0,

does it then follow that 6y A = 07?
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NOETHER’S INVERSE PROBLEM (AGAIN)

Let I' be an infinitesimal transformation group acting on E. If for
every X el

71-]_‘1 EerA = O and E(Xev — A) = 0,
does it then follow that 6y A = 07?
One can show that

l(pr Xey — 0yA) =0 <= > (DIX&)Hls(A) =0

a,l

for all 5. We write these conditions as
HA(Xev) = 0,

where Ha is called the Helmholtz operator associated with the
equations A = 0.
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TAKENS' RESULTS

Takens (1977) proves that ’H(’Iﬁ(A) = 0 under the assumptions
of Noether’s inverse problem in the following cases:

Casel1: E=R"xR — R™,
A =0 of second order;
I =t(m).
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TAKENS' RESULTS

Takens (1977) proves that ’Ht’lﬁ(A) = 0 under the assumptions
of Noether’s inverse problem in the following cases:

Casel1: E=R"xR — R™,
A =0 of second order;
I =t(m).

Case2: E=RTxRP - R™;

A =0 linear;
I = span{X}, where m, Xe # O forall e € E.
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TAKENS' RESULTS

Takens (1977) proves that ’Ht’lﬁ(A) = 0 under the assumptions
of Noether’s inverse problem in the following cases:

Casel1: E=R"xR — R™,
A =0 of second order;
I =t(m).

Case2: E=RTxRP - R™;
A =0 linear;
I = span{X}, where m, Xe # O forall e € E.

Case3: E=RT"xGP9 5 R™;

A =0 of second order;
r=X(R™).
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POLYNOMIAL DIFFERENTIAL OPERATORS

THEOREM (Anderson, Pohjanpelto)

Let 7: E=R™ x RP — R™ and let I be an infinitesimal affine
transformation group.

Suppose thatforalle € E, 7.(I'e) > randthat A=0is a
system of polynomial differential equations of degree at most r
in the dependent variables and their derivatives satisfying the
assumptions of the Noether’s inverse problem for I".

Then A is locally variational.
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EUCLIDEAN GROUP

E=RM™xR —RM
I = e(m) = t(m) ®s so(m)

u Uy G0 o Uxm
Au  Augp - Auym
/B = AZU AQUX1 Azuxm
A"u AMuy - AMugm

satisfies the assumptions of Noether’s inverse problem for e(m)
but is not variational.

Analogous theorem holds for po(k, /).
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METRIC FIELD THEORIES

Independent and dependent variables

G={(x,gx)} > {(xN}, Jj<k,

where (gjk)j k=1,...,m is a positive definite symmetric matrix. So

J*(G) = {(X, Gk G G- )1 S < ke
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METRIC FIELD THEORIES
Independent and dependent variables
G={(x g} = {xN}, <k

where (gjk)j k=1,...,m is a positive definite symmetric matrix. So

J*(G) = {(X, Gk G G- )1 S < ke

The pseudogroup of local diffeomorphism of R™ lifts to a
pseudogroup D on G by the requirement that the metric tensor
g = g;ax’' @ dx/ is invariant. Hence a vector field ¢ = ¢'0/0x" on
R™ defines the vector field

9 )
Xe = f’W - 255 ijalj

on G. Here digy = 5(',(6{).
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METRIC FIELD THEORIES
Natural scalar density L = L(X", Gjk, Gjk.t,» Djk kb - - - » D,y byl )

satisfies
prXeL = —div{ L,

that is, the m-form A = Ldx' A --- A dx™ is invariant under the
action of D.

EXAMPLES:

L=yvg, L=ygs,

L = \/aRh i2 [I1 i2 Ri3i4i3i4] *
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METRIC FIELD THEORIES
If L is a scalar density, then the Euler-Lagrange form
A =E(\) =E(L)dgjnadx' A---Adx™

is D-invariant. Hence

1. Ef(L) = E/(L),
2. prX El(L) =26 E)'(L) — dive EV(L).
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METRIC FIELD THEORIES

Basic Lie derivative formula:
LorxA = E(Xev — A) + Ha(Xev) —
EY (20ip85 + GiptP)EN(L) =0, forall P(x))

DEN +TKEML) =0 —
3. E¥(L); =0 (as tensor density).
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METRIC FIELD THEORIES

Noether’s Inverse problem: Do the conditions
1. AT = AT
2. prXe AV = 25(/ A divé AV for all &,
3. A”; =0 (as tensor density),

imply that ) )
AV =EY(L), ihj=1,2,....m,

for some Lagrangian function L = L(x",g,-j,g,-j,k1 s s Qi kikokr)?
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METRIC FIELD THEORIES

SOME HISTORY:

Cartan, Weyl (1922): Suppose Al = Al(x¥, gi?]) is linear in
Gkipg- Then 1, 2, 3 imply that

A= a/g(RI - 397S) + byGd,
for some constants a, b. So AY = EV(L) with
L=a,/gS+2byg.

Lovelock (~ 1971) drops the linearity assumption —-

N =199,
At 9135{6701;1 by Rb1b2 Cic2 " szt71b2t0217102r7
where t=1,...,[(m+1)/2]. Each AZ arises from a

Lagrangian.
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METRIC FIELD THEORIES

Lovelock (1974): AT = Al(x", gl8), m < 3.

Then conditions 1, 2, 3 imply that A arises from a variational
principle.

EXAMPLES: (m = 3)

) o 1 .

AU = GIkIRf(“ - ZGUkSJ,
i _ki(i pf)

AT = URY,

J. Pohjanpelto: Symmetries, Conservation Laws, and Variational Principles UBC 2014



METRIC FIELD THEORIES

THEOREM (Anderson, Pohjanpelto)

Let AT = A¥(x', gi®) (with m any) satisfy conditions 1, 2, 3.
Then A" arises from a variational principle.

SKETCH OF THE PROOF: Write
Hij’kl’/(A) — ak/’lAij o (_1 )\l| Eij,l(Ak/)

for the components of the Helmholtz operator.
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METRIC FIELD THEORIES
Basic Lie derivative formula —

Hij’klgkl,a + Hij’k/’pgkhpa + %ij’khpqgkhpqa + ,Hij’k/’pqrgkl,pqra =0,

oH IR G+ 2Hij,kb,pgka7p + 2H”’kb’pqgka,pq + QHU,kb,pqrgkaqur
+ I ’kl’bgk/,a + 2 kP bgkl,pa + 3H”’kl’qugk/ma =0,

UKD gy ap TR g eHIKOPIG
+ HIKPO gy o+ 3HIKPCGY hp = 0,

o3 ik(b0d) g 1 G-k (bCI)] Ghat + pikbedg,

)

7(ik(bode) g, — .
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METRIC FIELD THEORIES

Integrability Conditions —-
Hlj kl,abc Hkl if, abc
Hij,kl,ab %kl ij,ab 3D HI] ki abp
Hij,kl,a HkI ij,a 2D Hlj kl,ap 3Dqu;,_[ij,kI,apq7
Ky gkl DpH:j,k/,p
— DpDgHHPA - DD DH IR = .

So we “only” need to prove that #/*-ab¢ — Q|
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METRIC FIELD THEORIES

Notation: HL = h1 hg, /1 /2/3, aHL = 8h1 ho /2/3_
Then

AijU =0 —

gl ... ghmlmpAl =0 =

ghele ... gHmlmayiiHily — (.
Now one can show inductively that

ohele ... gHriilrigyiiHil —

implies that
otela .. gHrLrqyiiHily — .

This step uses the basic equations, integrability conditions, and
the divergence equation.
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METRIC FIELD THEORIES

REMARK: (Anderson 1984) Suppose that A = E(L) is
everywhere smooth and invariant under the action of the
diffeomorphism group. If m # 4p — 1, then A admits a
diffeomorphism invariant Lagrangian. If m = 4p — 1, then, up to
the generalized Cotton tensors, A admits a diffeomorphism
invariant Lagrangian.

The case Al = Ali(x!, gi*) is unresolved.
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YANG-MILLS THEORIES

Let G be a Lie group with the Lie algebra g of dimension n.
Denote the structure constants of g by cgﬁ.

A Yang-Mills field A is a g-valued one-form on R".
Independent and dependent variables A = {(x', A¥)} — {(x')}.
A system of differential equations

ToX AL A Ape) =0, i=1,..m a=1,..n
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YANG-MILLS THEORIES

SYMMETRIES:
(S1) T! is invariant under translations x' — x' + &, (a') € R™,
(S2) T/ is invariant under the gauge transformations
Ai(xl) — g(x) T Ai(x)g(xX) + g(x) 1 9ig(xX), g € C=(R™, G).

CONSERVATION LAWS:
(C1) Ajﬁ‘pfé = D,-(.t,",) for some functions t = th(x/, Al).
(C2) VT =DTi+cl AT =0.

VARIATIONAL PRINCIPLES:
(V1) T =E!(L), for some L.
(V2) T. =E! (L), for some L with symmetries (S1), (S2).
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YANG-MILLS THEORIES

(V2) = (S1), (S2), (C1), and (C2).
1) — (S1) < (C1) and (S2) < (C2).
(81), (82), (C1) = (C2).

THEOREM: (Manno, Pohjanpelto, Vitolo)

Suppose that the differential operator T/ has symmetries (S1),
(S2) and conservation laws (C1), (C2).

1. Then T! is locally variational, that is, (V1) holds, if
T! is of second order.

2. Then T/ is locally variational if the functions T/ are
polynomials of degree at most m in the field variables A
and their derivatives.

The proof relies on the fact that V,; T = 0 implies that T/ must
be polynomial in the highest order derivative variables.
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YANG-MILLS THEORIES
We associate to
S: JK(A) = N(TR™) @ g*
the differential operator

. ) ) 5o
T! = V;8l = D;SI + 61, A SI.

«
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YANG-MILLS THEORIES

LEMMA

Suppose that the differential operator S admits symmetries
(S1) and that its components S, satisfy the conditions

B i _ _
Cmf]S a=1,...,n,

q|k3'—DSk, k=1,....m
Lora,S=—C5 Sﬁtp : Q, € ga(m),

where the sg are some differential functions. Then the

differential operator T/ = v;S! admits symmetries (S1), (S2)
a J

and conservation laws (C1), (C2).

Here 1 = A — A + chA,-BAj7 is the field strength.
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YANG-MILLS THEORIES

EXAMPLE: Suppose that g7 = qU)(A?, A7, ... AY, ) satisfy

hiiq = )\k (=constant), k=1,...,m, where

hyjj = Z It (no summation in i, ).

Then o
S{,=4q"'f!  (nosummationin i,j),

fulfill conditions (1), (2), (3) provided that the g/ are constructed
as functions of hy j; only.
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YANG-MILLS THEORIES

Next let £/l denote the permutation symbol on S2(T*R™).
(So

Eidkl--irfr — 51'1]'1""'kfk"'fr/r7 and

i fg =ity lcfic -l i fg =i it
EMh ikl — @Ikl r/r’

where r = m(m+1)/2.)
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YANG-MILLS THEORIES

Solutions:
m=3: gl = v-1vki),, where

itj1 hk27f2/2 hkstfa ) and

ki _ VKb iy b
Vi = 5 el h/17/1j1 h/27/212'

m>4:
qij — glij-imjmimytm1-

ofl_afl
q—1Jg—1 +. . . S .
Timt1im1 lg—1Jg—1 h1 T hm,/mlnﬂ

where

Timtimetig—tlg—1 = Timstimir--ig—1iq—1 (M rs):
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YANG-MILLS THEORIES
One can show that the the resulting third order differential

operator T/ is not variational when the Killing form is nontrivial
by computing the Helmholtz conditions

11,222 41,222 1 1,222 1
Hys™ " = 05" T, + 0,15

_ 11,222 - 1
m=3: H, ;" =4xV 2v2 2VS’12f612f/}2

: 1,222 122 by -+ @mbmam1bm1+++8r—1br—
m>4: Haﬁ = _ogleadi-a am+1POm41---8r—10r—1

X LTa bmit--ar_1b hi1.aby - Pm,amb f12f/}2-
6h2712 m+1Mm+1 r—1Mr—1 atA yamidm

Thus for m > 3, the Theorem is sharp as regards the order of

the operator T..
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INTERESTING OPEN QUESTIONS

Optimal form of the Theorem for m = 2 (Riemann surfaces,
vortices)?

Does a Lagrangian possessing symmetries (S1), (S2) exist?

Extend the group of translations to the Euclidean/Poincaré
group.
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VECTOR FIELD THEORIES

Independent and dependent variables
E = {(x',A)}.

(Sonow G = U(1).)

THEOREM (Anderson, Pohjanpelto)

Suppose that the differential operator T4 has symmetries (S1),
(S2) and conservation laws (C1), (C2). Then T2 is locally
variational, that is, (V1) holds, if

m =2, and T2 s of third order, or
m >3, and T2 s of second order,

or if the functions T2 are polynomials of degree at most min
the field variables A, and their derivatives.
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VECTOR FIELD THEORIES

THEOREM (Anderson, Pohjanpelto)

Suppose that T2 has symmetries (S1), (S2) and is locally
variational, that is, (V1) holds. Then

Ta_ E4(L), if m=2p,
| E3(L) + T, ifm=2p+1,

where L is a Lagrangian with symmetries (S1), (S2), a is a
constant, and T& is the Chern-Simons mass term

a abici1baCo-+-bme
Tcs — ¢abiC1bpCo---bm mFb1c1 sz% "'Fmem'

Here Fap = 1(Aap — Ab.a) is the field strength and
€@b101b202+-bmCm i the permutation symbol.
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VECTOR FIELD THEORIES

EXAMPLES. Define a bundle F = {(x, f;)}, where a < b, so
that _
JZ(F) = {(X', fab, Fabii s Tabiivips - - ) }-

Let W: J>*°(A) — J°°(F) be the mapping given by
\U(Xia Aéh Aa,b7 Aa,bi1 9t ) = (Xi7 fab7 fab,h PR )7
where fap = 3(Aab — Ab,a): fabis = 3(Aabi — Abai)s - - - -

Let S = Sab(x/ flrl), Sba — _Gab pe a differential operator on
F. Define
T2 = (DpSP) o .

Then T2 is of order r + 2.
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VECTOR FIELD THEORIES

FACT: Suppose that S is translationally invariant (S1) and
admits t(n) conservation laws (C1). Then T2 has symmetries
(S1), (S2) and conservation laws (C1), (C2).

n=2: S, = fiar(fi2;)det(fi2;), where s is homogeneous of
degree —4.

n=3: Writef' = f23, 2 = f31, 3= fio. Let
Sa=\VivTT

where V = det(f?) and V} = Je"2eaq a5 2.
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VECTOR FIELD THEORIES

n>4: Letr=m(m—1)/2, and let £&b1bidi-arbr gatisfy
ga1b1~~-b,-a,-~--a,b, — _(c/-a1b1-~~a,-b,-~~~arb, and

531 by ~~~a,~b,-~~-aibi~-~a,b, — _831 by -~~a,-b,-~~~a,~b,-~~-a,br .
Define
gab _ gabayby--ambmapm.1bmi1---ar— 161 ,
) )\am+1bm+1"'ar—1br—1 fa1b171 T fambfmm7
where the first order functions
)\am+1 bmi1ar_1br1 = )\am+1 bmi1-ar—1br_4 (fab, fab,j)

have the same symmetries in their indices as £210182b2-arbr
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