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REFRESHER ON SYMMETRIES OF DIFFERENTIAL EQUATIONS

Space of independent and dependent variables

E = {(x1, x2, . . . , xm,u1,u2, . . . ,up)} = {(x i ,uα)}.

Infinite jet bundle:

J∞(E) = {(x1, x2, . . . , xm,u1,u2, . . . ,up,

u1
x1 , . . . ,u

p
xm ,u1

x1x1 ,u1
x1x2 , . . . )}

Often write
uαx i1 x i2 ···x ik

= uαi1i2···ik = uαI ,

where I = (i1, i2, . . . , ik ) is a multi-index.

With this J∞(E) = {(x i ,uαI )}.
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SYMMETRIES OF DIFFERENTIAL EQUATIONS

Prolongation:

X ∈ Xloc(E) −−−−→ ΦX
t ∈ Dloc(E) −−−−→ Φ̃X

t ∈ Dloc(Γ(E))

−−−−→ pr ΦX
t ∈ Dloc(J∞(E)) −−−−→ pr X ∈ Xloc(J∞(E))

X ∈ Xloc(E) is an infinitesimal symmetry of a system of
differential equations ∆ = 0 if Φ̃t maps any solution to a new
solution:

∆(Φ̃t ·f ) = 0, whenever ∆(f ) = 0.

=⇒
pr X (∆) = 0, whenever ∆ = 0.

These are the determining equations for symmetries.
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CONSERVATION LAWS

Basic total derivative operators

Di =
∂

∂x i +
∑
α,I

uαIi
∂

∂uαI
.

A conservation law for ∆ = 0 is an m-tuple P̃ i = P̃ i(x j ,u[r ]) of
differential functions satisfying

m∑
i=1

Di P̃ i = 0, whenever ∆ = 0.

Under some mild regularity conditions on ∆ one can express a
conservation law in an equivalent characteristic form

m∑
i=1

DiP i =

p∑
α=1

Qα∆α.

The differential functions Qα are called the characteristic of the
conservation law.
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VARIATIONAL PRINCIPLES

A variational principle consists of finding the extrema of

L[u] =

∫
Ω

L(x i ,u[r ]) dx

over all admissible functions uα = uα(x i).

The extrema necessarily satisfy the Euler-Lagrange equations

Eα(L) = 0, α = 1,2, . . . ,p,

where

Eα(L) =
∂L
∂uα

− Di
( ∂L
∂uαi

)
+ DiDj

( ∂L
∂uαij

)
− · · · .
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EXAMPLE

Let γ(t) = (x(t), y(t)) be a regular plane curve. The extrema of
the arc length functional

L(γ) =

∫ b

a

√
.
x

2
+

.
y

2
dt ,

satisfy

Ex (L) = −
.
y√

.
x

2
+

.
y

2
(
.
x
..
y −

.
y
..
x) = 0,

Ey (L) = −
.
x√

.
x

2
+

.
y

2
(
.
x
..
y −

.
y
..
x) = 0.

=⇒ d
dt
( .x
.
y

)
= 0.

J. Pohjanpelto: Symmetries, Conservation Laws, and Variational Principles UBC 2014



NOETHER’S THEOREM

A vector field X = ξi ∂

∂x i + φα
∂

∂uα
is a variational symmetry of

L[u] =
∫

Ω L(x i ,u[r ]) if

pr X L + Diξ
i = DiBi

for some differential functions Bi .

Notation:

X = ξi ∂

∂x i + φα
∂

∂uα
=⇒ Xev = (φα − ξiuαi )

∂

∂uα
.
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Noether’s Theorem:
Let ∆ = E(L). Then

1. X is a variational symmetry =⇒
Qα = Xα

ev is a characteristic of a conservation law for
∆ = 0.

2. Q is a characteristic of a conservation law =⇒
Xα

ev = Qα is a characteristic of a “generalized" variational
symmetry.

Noether’s second theorem
asserts that infinite dimensional symmetry pseudogroups of the
variational problem involving arbitrary functions of all the
independent variables correspond to differential identities
among the Euler-Lagrange equations.
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Noether’s Inverse Problem
(TAKENS 1977) Let Γ be an infinitesimal Lie (pseudo)group of
transformations acting on the space E of independent and
dependent variables. Suppose that

1. ∆ = 0 is any Γ invariant system of differential equations on
E ;

2. every element of Γ gives rise to a differential conservation
law for ∆ = 0.

Does it then follow that ∆ = 0 is necessarily the Euler-
Lagrange expressions for variational problem on E?
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Noether’s Inverse Problem

If the answer to Takens’ question is affirmative, we obtain the
following generalized version of Noether’s theorem:

Theorem
Let Γ be an infinitesimal transformation group acting on E and
let ∆ = 0 be a system of differential equations on E . Then any
two of the following three statements implies the third:

1. ∆ = 0 is Γ invariant.
2. Every X ∈ Γ generates a conservation law for ∆ = 0.
3. ∆ = E(L) for some Lagrangian L.

(OR: 3’. There are differential operators ∆1,. . . , ∆q satisfying
1 and 2 such that given ∆ with properties 1 and 2 then

∆ = E(L) +

q∑
i=1

ci∆i ,

for some constants c1,. . . , cq and for some Lagrangian L.)
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Noether’s Inverse Problem

Related Question: Can the Lagrangian, when it exists, be
chosen to be Γ-invariant?

In practise, this amounts to the computation of the cohomology
of the Γ-invariant variational bicomplex.
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INFINITE JET BUNDLE OF SECTIONS

J∞(E) infinite jet bundle {(x i ,uαI )}

E space of independent and
dependent variables {(x i ,uα)}

M space of independent variables {(x i)}

π∞

π∞o

π
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JET BUNDLES

Adapted coordinates =⇒ locally

J∞(E) ≈ {(x i ,uα,uαx j1 ,u
α
x j1 x j2 , . . . ,u

α
x j1 x j2 ···x jk

, . . . )}.

Often write
uαx j1 x j2 ···x jk

= uαj1j2···jk = uαJ ,

where J = (j1, j2, . . . , jk ) is a multi-index.
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COTANGENT BUNDLE OF J∞(E)

Horizontal forms:
dx1,dx2, . . . ,dxm.

Contact forms:
θαJ = duαJ − uαJkdxk .

The space of differential forms Λ∗(J∞(E)) on J∞(E) splits into
a direct sum of spaces of horizontal degree r and vertical (or
contact) degree s:

Λ∗(J∞(E)) =
∑

r ,s≥0

Λr ,s(J∞(E)).

Here ω ∈ Λr ,s(J∞(E)) is a finite sum of terms of the form

f (x i ,uα,uαj1 , . . . ,u
α
J ) dxk1 ∧ · · · ∧ dxkr ∧ θα1

L1
∧ · · · ∧ θαs

Ls
.
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FREE VARIATIONAL BICOMPLEX

R Λ0
M Λ1

M Λm−1
M

Λm
M

d d d

π∗ π∗ π∗ π∗

R Λ0,0 Λ1,0 Λm−1,0 Λm,0
dH dH dH

dV dV dV dV

E

0 Λ0,1 Λ1,1 Λm−1,1 Λm,1 F1
dH dH dH I

dV dV dV dV δV

0 Λ0,2 Λ1,2 Λm−1,2 Λm,2 F2
dH dH dH I

dV dV dV dV δV
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EULER-LAGRANGE COMPLEX

The edge complex

R −−−−→ Λ0,0 dH−−−−→ Λ1,0 dH−−−−→ · · ·
dH−−−−→ Λm−1,0 dH−−−−→

Div
Λm,0 δV−−−−→

E
F1 δV−−−−→

H
F2 δV−−−−→ · · ·

is called the Euler-Lagrange complex E∗(J∞(E)).
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EULER-LAGRANGE COMPLEX

Locally
Λm,0 = {λ = L dx1 ∧ · · · ∧ dxm},

F1 = {∆ = ∆α θ
α ∧ dx1 ∧ · · · ∧ dxm},

and
δVλ = Eα(L)θα ∧ dx1 ∧ · · · ∧ dxm,

δV ∆ = −1
2
HI
αβ(∆)θα ∧ θβI ∧ dx1 ∧ · · · ∧ dxm,

where
HI
αβ(∆) =

∂∆α

∂uβI
− (−1)|I|EI

α(∆β)

are the classical Helmholtz conditions.

Since δ2
V ∆ = 0, the components HI

αβ(∆) are constrained by
integrability conditions.
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EULER-LAGRANGE COMPLEX

Associated cohomology spaces:

H r (E∗(J∞(E))) =
Ker δV : E r → E r+1

Im δV : E r−1 → E r .

This complex is locally exact and its cohomology H∗(E∗(J∞(E))
is isomorphic with the de Rham cohomology of E ≈ singular
cohomology of E .

Without loss of generality we can consider Noether’s inverse
problem as a local problem, and, consequently, to establish the
existence of a Lagrangian, it suffices to show that the Helmholtz
conditions HI

αβ(∆) = 0 are satisfied for all α, β, I.
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A LIE DERIVATIVE FORMULA

Let X be a generalized vector field on E . Then

πF1Lpr X ∆ = E(Xev ∆) + I(pr Xev δV ∆),

where ∆ ∈ F1 and πF1 = I ◦ πm,1.

X is called a distinguished symmetry of ∆ = 0 if

πF1Lpr X ∆ = 0.

Any divergence symmetry is a distinguished symmetry.

X generates a conservation law for ∆ = 0 if

E(Xev ∆) = 0.
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NOETHER’S INVERSE PROBLEM (AGAIN)

Let Γ be an infinitesimal transformation group acting on E . If for
every X ∈ Γ

πF1Lpr X ∆ = 0 and E(Xev ∆) = 0,

does it then follow that δV ∆ = 0?

One can show that

I(pr Xev δV ∆) = 0 ⇐⇒
∑
α,I

(DIXα
ev)HI

αβ(∆) = 0

for all β. We write these conditions as

H∆(Xev) = 0,

where H∆ is called the Helmholtz operator associated with the
equations ∆ = 0.
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TAKENS’ RESULTS

Takens (1977) proves that HI
αβ(∆) = 0 under the assumptions

of Noether’s inverse problem in the following cases:

Case 1: E = Rm × R → Rm;
∆ = 0 of second order;
Γ = t(m).

Case 2: E = Rm × Rp → Rm;
∆ = 0 linear;
Γ = span{X}, where π?Xe 6= 0 for all e ∈ E .

Case 3: E = Rm × Gp,q → Rm;
∆ = 0 of second order;
Γ = X (Rm).
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POLYNOMIAL DIFFERENTIAL OPERATORS

THEOREM (Anderson, Pohjanpelto)
Let π : E = Rm × Rp → Rm and let Γ be an infinitesimal affine
transformation group.

Suppose that for all e ∈ E , π∗(Γe) ≥ r and that ∆ = 0 is a
system of polynomial differential equations of degree at most r
in the dependent variables and their derivatives satisfying the
assumptions of the Noether’s inverse problem for Γ.

Then ∆ is locally variational.
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EUCLIDEAN GROUP

E = Rm × R → Rm

Γ = e(m) = t(m)⊗s so(m)

∆1 =

∣∣∣∣∣∣∣∣∣∣∣

u ux1 · · · uxm

∆u ∆ux1 · · · ∆uxm

∆2u ∆2ux1 · · · ∆2uxm

...
...

...
...

∆mu ∆mux1 · · · ∆muxm

∣∣∣∣∣∣∣∣∣∣∣
satisfies the assumptions of Noether’s inverse problem for e(m)
but is not variational.

Analogous theorem holds for po(k , l).
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METRIC FIELD THEORIES

Independent and dependent variables

G = {(x i ,gjk )} → {(x i)}, j ≤ k ,

where (gjk )j,k=1,...,m is a positive definite symmetric matrix. So

J∞(G) = {(x i ,gjk ,gjk ,l1 ,gjk ,l1l2 , . . . )}, j ≤ k .

The pseudogroup of local diffeomorphism of Rm lifts to a
pseudogroup D on G by the requirement that the metric tensor
g = gijdx i⊗dx j is invariant. Hence a vector field ξ = ξi∂/∂x i on
Rm defines the vector field

Xξ = ξi ∂

∂x i − 2ξk
,i gjk∂

ij

on G. Here ∂ ijgkl = δi
(kδ

j
l).
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METRIC FIELD THEORIES

Natural scalar density L = L(x i ,gjk ,gjk ,l1 ,gjk ,l1l2 , . . . ,gjk ,l1l2···lr )
satisfies

pr XξL = −div ξ L,

that is, the m-form λ = L dx1 ∧ · · · ∧ dxm is invariant under the
action of D.

EXAMPLES:

L =
√

g, L =
√

g S,

L =
√

gR i1i2
[i1i2R i3i4

i3i4].

J. Pohjanpelto: Symmetries, Conservation Laws, and Variational Principles UBC 2014



METRIC FIELD THEORIES

If L is a scalar density, then the Euler-Lagrange form

∆ = E(λ) = Eij(L) dgij ∧ dx1 ∧ · · · ∧ dxm

is D-invariant. Hence

1. Eij(L) = Eji(L),

2. pr Xξ Eij(L) = 2ξ(i
,l Ej)l

(L)− divξ Eij
(L).
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METRIC FIELD THEORIES

Basic Lie derivative formula:

Lpr X ∆ = E(Xev ∆) + H∆(Xev) =⇒

Eij((2gkpξ
p
,l + gkl,pξ

p)Ekl(L)
)

= 0, for all ξp(x i) ⇐⇒

DlEkl + Γk
lmElm(L) = 0 ⇐⇒

3. Ekl(L)|l = 0 (as tensor density).
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METRIC FIELD THEORIES

Noether’s Inverse problem: Do the conditions
1. ∆ij = ∆ji ,

2. pr Xξ ∆ij = 2ξ(i
,l ∆

j)l − divξ∆ij for all ξ,

3. ∆ij
|j = 0 (as tensor density),

imply that
∆ij = Eij(L), i , j = 1,2, . . . ,m,

for some Lagrangian function L = L(x i ,gij ,gij,k1 , . . . ,gij,k1k2···kr )?
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METRIC FIELD THEORIES

SOME HISTORY:

Cartan, Weyl (1922): Suppose ∆ij = ∆ij(xk ,g[2]) is linear in
gkl,pq. Then 1, 2, 3 imply that

∆ij = a
√

g (R ij − 1
2

g ijS) + b
√

g g ij ,

for some constants a, b. So ∆ij = E ij(L) with

L = a
√

g S + 2b
√

g.

Lovelock (∼ 1971) drops the linearity assumption =⇒
∆ij

o =
√

g g ij ,

∆ij
t = g iaδjc1···c2t

ab1···b2t
Rb1b2 c1c2 · · ·R

b2t−1b2t c2t−1c2t ,

where t = 1, . . . , [(m + 1)/2]. Each ∆ij
k arises from a

Lagrangian.
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METRIC FIELD THEORIES

Lovelock (1974): ∆ij = ∆ij(x i ,g[3]), m ≤ 3.

Then conditions 1, 2, 3 imply that ∆ arises from a variational
principle.

EXAMPLES: (m = 3)

∆ij = εiklR j
k |l −

1
4
εijkS,l ,

∆ij = εkl(iR j)
k |l .
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METRIC FIELD THEORIES

THEOREM (Anderson, Pohjanpelto)

Let ∆ij = ∆ij(x i ,g[3]) (with m any) satisfy conditions 1, 2, 3.
Then ∆ij arises from a variational principle.

SKETCH OF THE PROOF: Write

Hij,kl,I(∆) = ∂kl,I∆ij − (−1)|I|Eij,I(∆kl)

for the components of the Helmholtz operator.
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METRIC FIELD THEORIES

Basic Lie derivative formula =⇒

Hij,klgkl,a +Hij,kl,pgkl,pa +Hij,kl,pqgkl,pqa +Hij,kl,pqr gkl,pqra = 0,

2Hij,kbgka + 2Hij,kb,pgka,p + 2Hij,kb,pqgka,pq + 2Hij,kb,pqr gka,pqr

+Hij,kl,bgkl,a + 2Hij,kl,pbgkl,pa + 3Hij,kl,pqbgkl,pqa = 0,

2Hij,k(b,c)gka + 4Hij,k(b,c)lgka,l + 6Hij,k(b,c)pqgka,pq

+Hij,kl,bcgkl,a + 3Hij,kl,pbcgkl,pa = 0,

2Hij,k(b,cd)gka + 6Hij,k(b,cd)lgka,l +Hij,kl,bcdgkl,a = 0,

Hij,k(b,cde)gka = 0.
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METRIC FIELD THEORIES

Integrability Conditions =⇒

Hij,kl,abc = Hkl,ij,abc ,

Hij,kl,ab +Hkl,ij,ab = 3DpHij,kl,abp,

Hij,kl,a −Hkl,ij,a = 2DpHij,kl,ap − 3DpDqHij,kl,apq,

Hij,kl +Hkl,ij = DpHij,kl,p

− DpDqHij,kl,pq + DpDqDrHij,kl,pqr = 0.

So we “only” need to prove that Hij,kl,abc = 0!
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METRIC FIELD THEORIES

Notation: HL = h1h2, l1l2l3, ∂HL = ∂h1h2,l1l2l3 .
Then

∆ij
|j = 0 =⇒

∂H1L1 · · · ∂HmLm ∆ij = 0 =⇒
∂H2L2 · · · ∂HmLmHij,H1L1 = 0.

Now one can show inductively that

∂H2L2 · · · ∂Hr+1Lr+1Hij,H1L1 = 0

implies that
∂H2L2 · · · ∂Hr LrHij,H1L1 = 0.

This step uses the basic equations, integrability conditions, and
the divergence equation.
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METRIC FIELD THEORIES

REMARK: (Anderson 1984) Suppose that ∆ = E(L) is
everywhere smooth and invariant under the action of the
diffeomorphism group. If m 6= 4p − 1, then ∆ admits a
diffeomorphism invariant Lagrangian. If m = 4p − 1, then, up to
the generalized Cotton tensors, ∆ admits a diffeomorphism
invariant Lagrangian.

The case ∆ij = ∆ij(x i ,g[4]) is unresolved.
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YANG-MILLS THEORIES

Let G be a Lie group with the Lie algebra g of dimension n.
Denote the structure constants of g by cγαβ.

A Yang-Mills field Aαi is a g-valued one-form on Rm.

Independent and dependent variables A = {(x i ,Aαj )} → {(x i)}.

A system of differential equations

T i
α(x j ,Aβk ,A

β
k ,l1
, . . . ,Aβk ,l1l2···lr ) = 0, i = 1, . . . ,m, α = 1, . . . ,n.
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YANG-MILLS THEORIES

SYMMETRIES:
(S1) T i

α is invariant under translations x i → x i + ai , (ai) ∈ Rm,
(S2) T i

α is invariant under the gauge transformations
Ai(x j)→ g(x j)−1Ai(x j)g(x j) + g(x j)−1∂ig(x j), g ∈ C∞(Rm,G).

CONSERVATION LAWS:
(C1) Aαi,pT i

α = Di(t i
p) for some functions t i

p = t i
p(x j ,A[r ]).

(C2) ∇iT i
α = DiT i

α + cγαβAβi T i
γ = 0.

VARIATIONAL PRINCIPLES:
(V1) T i

α = Ei
α(L), for some L.

(V2) T i
α = Ei

α(L), for some L with symmetries (S1), (S2).
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YANG-MILLS THEORIES

(V2) =⇒ (S1), (S2), (C1), and (C2).
(V1) =⇒ (S1)⇐⇒ (C1) and (S2)⇐⇒ (C2).
(S1), (S2), (C1) =⇒ (C2).

THEOREM: (Manno, Pohjanpelto, Vitolo)

Suppose that the differential operator T i
α has symmetries (S1),

(S2) and conservation laws (C1), (C2).

1. Then T i
α is locally variational, that is, (V1) holds, if

T i
α is of second order.

2. Then T i
α is locally variational if the functions T i

α are
polynomials of degree at most m in the field variables Aαi
and their derivatives.

The proof relies on the fact that ∇iT i
α = 0 implies that T i

α must
be polynomial in the highest order derivative variables.
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YANG-MILLS THEORIES

We associate to

S : Jk (A)→ Λ2(TRm)⊗ g∗

the differential operator

T i
α = ∇jSij

α = DjSij
α + cγαβAβj Sij

γ .
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YANG-MILLS THEORIES

LEMMA

Suppose that the differential operator S admits symmetries
(S1) and that its components Sij

α satisfy the conditions

cβαγ f γij Sij
β = 0, α = 1, . . . ,n, (1)

fαij|kSij
α = Disi

k , k = 1, . . . ,m, (2)

Lpr Qϕ
S = −cβαγSij

βϕ
γ , Qϕ ∈ ga(m), (3)

where the si
q are some differential functions. Then the

differential operator T i
α = ∇jS

ij
α admits symmetries (S1), (S2)

and conservation laws (C1), (C2).

Here fαij = Aαji − Aαij + cαβγAβi Aγj is the field strength.
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YANG-MILLS THEORIES

EXAMPLE: Suppose that qij = q(ij)(Aαi ,A
α
i,j1
, . . . ,Aαi,j1···jk ) satisfy

hk ,ij qij = λk (=constant), k = 1, . . . ,m, where

hk ,ij =
n∑

α=1

f ij
αfαij|k (no summation in i , j).

Then
Sij
α = qij f ij

α (no summation in i , j),

fulfill conditions (1), (2), (3) provided that the qij are constructed
as functions of hk ,ij only.

J. Pohjanpelto: Symmetries, Conservation Laws, and Variational Principles UBC 2014



YANG-MILLS THEORIES

Next let E i1j1···ip jp denote the permutation symbol on S2(T ∗Rm).
(So

E i1j1···jk ik ···ir jr = E i1j1···ik jk ···ir jr , and

E i1j1···il jl ···ik jk ···ir jr = −E i1j1···ik jk ···il jl ···ir jr ,

where r = m(m + 1)/2.)
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YANG-MILLS THEORIES

Solutions:
m = 3 : qij = V−1V k ,ijλk , where

V =
1
6
εk1k2k3E i1j1i2j2i3j3hk1,i1j1hk2,i2j2hk3,i3j3 , and

V k ,ij =
1
2
εkl1l2E iji1j1i2j2hl1,i1j1hl2,i2j2 .

m ≥ 4:

qij = E iji1j1···im jm im+1jm+1···iq−1jq−1τim+1jm+1···iq−1jq−1h1,i1j1 · · · hm,im jm ,

where
τim+1jm+1···iq−1jq−1 = τim+1jm+1···iq−1jq−1(hk ,rs).
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YANG-MILLS THEORIES

One can show that the the resulting third order differential
operator T i

α is not variational when the Killing form is nontrivial
by computing the Helmholtz conditions

H11,222
αβ = ∂1,222

β T 1
α + ∂1,222

α T 1
β

m = 3 : H11,222
αβ = 4λsV−2V 2,12V s,12f 12

α f 12
β

m ≥ 4 : H11,222
αβ = −2E12a1b1···ambmam+1bm+1···ar−1br−1

×
(

∂

∂h2,12
τam+1bm+1···ar−1br−1

)
h1,a1b1 · · · hm,ambm f 12

α f 12
β .

Thus for m ≥ 3, the Theorem is sharp as regards the order of

the operator T i
α.
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INTERESTING OPEN QUESTIONS

Optimal form of the Theorem for m = 2 (Riemann surfaces,
vortices)?

Does a Lagrangian possessing symmetries (S1), (S2) exist?

Extend the group of translations to the Euclidean/Poincaré
group.
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VECTOR FIELD THEORIES

Independent and dependent variables

E = {(x i ,Ai)}.

(So now G = U(1).)

THEOREM (Anderson, Pohjanpelto)
Suppose that the differential operator T a has symmetries (S1),
(S2) and conservation laws (C1), (C2). Then T a is locally
variational, that is, (V1) holds, if{

m = 2, and T a is of third order, or
m ≥ 3, and T a is of second order,

or if the functions T a are polynomials of degree at most m in
the field variables Aa and their derivatives.
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VECTOR FIELD THEORIES

THEOREM (Anderson, Pohjanpelto)
Suppose that T a has symmetries (S1), (S2) and is locally
variational, that is, (V1) holds. Then

T a =

{
Ea(L), if m = 2p,
Ea(L) + αT a

cs, if m = 2p + 1,

where L is a Lagrangian with symmetries (S1), (S2), α is a
constant, and T a

cs is the Chern-Simons mass term

T a
cs = εab1c1b2c2···bmcmFb1c1Fb2c2 · · ·Fbmcm .

Here Fab = 1
2(Aa,b − Ab,a) is the field strength and

εab1c1b2c2···bmcm is the permutation symbol.
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VECTOR FIELD THEORIES

EXAMPLES. Define a bundle F = {(x i , fab)}, where a < b, so
that

J∞(F) = {(x i , fab, fab,i1 , fab,i1i2 , . . . )}.

Let Ψ: J∞(A)→ J∞(F) be the mapping given by

Ψ(x i ,Aa,Aa,b,Aa,bi1 , . . . ) = (x i , fab, fab,i1 , . . . ),

where fab = 1
2(Aa,b − Ab,a), fab,i1 = 1

2(Aa,bi1 − Ab,ai1), . . . .

Let Sab = Sab(x i , f [r ]), Sba = −Sab, be a differential operator on
F . Define

T a = (DbSab) ◦Ψ.

Then T a is of order r + 2.
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VECTOR FIELD THEORIES

FACT: Suppose that Sab is translationally invariant (S1) and
admits t(n) conservation laws (C1). Then T a has symmetries
(S1), (S2) and conservation laws (C1), (C2).

n = 2: Sκ = f12 κ(f12,j) det(f12,ij), where κ is homogeneous of
degree −4.

n = 3: Write f 1 = f23, f 2 = f31, f 3 = f12. Let

Sa = λiV i
aV−1,

where V = det(f a
,i ) and V i

a = 1
2ε

ii1i2εaa1a2 f a1
,i1

f a2
,i2

.

J. Pohjanpelto: Symmetries, Conservation Laws, and Variational Principles UBC 2014



VECTOR FIELD THEORIES

n ≥ 4: Let r = m(m − 1)/2, and let Ea1b1···bi ai ···ar br satisfy

Ea1b1···bi ai ···ar br = −Ea1b1···ai bi ···ar br and

Ea1b1···aj bj ···ai bi ···ar br = −Ea1b1···ai bi ···aj bj ···ar br .

Define

Sab =Eaba1b1···ambmam+1bm+1···ar−1br−1 ·
· λam+1bm+1···ar−1br−1 fa1b1,1 · · · fambm,m,

where the first order functions

λam+1bm+1···ar−1br−1 = λam+1bm+1···ar−1br−1(fab, fab,j)

have the same symmetries in their indices as Ea1b1a2b2···ar br .
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