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(b) If a is the angle between the tangent

a = tan-l (sinh~) ~ 0.343 fad ~ 19.66°. Thus, the angle between the line and the pole is
(J = 90° - a ~ 70.34°.

50. We differentiate the function twice, then substitute into the differential

dy = I. sinh(P9X) pg = sinh pgx =* rfJy = cosh(P9X) pg = pg cosh pgx
dx pg T T T dx2 T T T T'

We evaluate the two sides separately: LHS = ~ = ':J. cosh ~x .
RHS = 'i J 1 + (;;:) 2 = ':f. VI + sinh2 p;x = ':f. cosh p;x. by the identity proved in

51. (a) y = Asinhmx + Bcoshmz => y' = mAcoshmz + mBsinhmz =>
y" = m2 A sinh mz + m2 B cosh mz = m2 (A sinh mz + B cosh mx) = m2y

(b) From part (a), a solution of y" = 9y is y(x) = A sinh 3z + B cosh3x. So
-4 = yea) = A sinh 0 + BcoshO = B, so B = -4. Now y'(X) = 3Acosh3z -12sinh3z =>

6 = y'(O) = 3A => A = 2, so y = 2 sinh 3x - 4 cosh 3x.

inh '" -'" 1 -28 1 0 152.lim~=lime-e =lim -e =-=-=-
"'-00 e'" "'-00 2e'" "'-00 2 2 2

53. The tangent to y = cosh x bas slope 1 when y' = sinhx = 1 => x = sinh-II = 10(1 + v'2), by Equation 3.

Since sinh x = 1 and y = cosh x = VI + sinh2 x, we have coehx = v'2. The point is (10(1 + v'2) ,v'2).
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54. coshx = cosh[ln(sec9 + tan 9)] = i [eln(88C'+t...,) + e-In(88C'+t... '>]

I [ I ) I [ see' - tan' J== 2 see' + tan 9 + see 9 + tan 9 = 2 sec9 + tan 9 + (see 9 + tan9)(see9 - tan')

I [ see9-tan9 ) 1= 2 lee 9 + tan 9 + see29 - tan2, == 2 (see 9 + tan 9 + see' - tan 9) = sec9

5&. If ae'" + be-'" = a cosh(x + {3) [or a sinh(x + {3»). then
ae'" + be-. == f(e"'+tJ % e tJ) = f(e"'etJ % e-"'e-tJ) = (fet')e'" % {fe-tJ)e-", Comparing coefficients

of e'" and e-"'. we have a = ~e.8 (1) and b = %fe-.8 (2). We need to find a and {J. Dividing equation (1) by

equation (2) gives us i = %e2.8 ~ (*) 2{J = In(%f) ~ {J = ! In(:I:f). Solving equations (1) and (2)

B . (3 2a ~8 Of 2a Of 2 rr=r.
fore--gIvesuse =-ande--=Z-.80-=Z- => Of =z4ab => Of=2v::aw.Of 2b Of 2b

( *) If i > 0, we use the + sign and obtain a cosh function, whereas if i < 0, we use the - sign and obtain a

sinh function.
In summary, if a and b have the same sign. we have aez + be -z = 2VQb cosh (x + lID t ), whereas, if a and b

have the opposite sign, then aez + be-;; = 2v-absinh(x + lln( -t)).

3.10 Related Rates

1. V = X3 ~

0a>A=1I'r2

line and the x-axis, then tan a = slope of the line = sinh ~, so

Ty= -coshPflZpg Tequation: ,"~

Example lea).

clV clVdz 2dz
33: -

tit -dzdt- dt
dA dAdr dr~ -=--=2,...,.-
dt drdt dt

dA dr 2
(b) (it = 2,"" dt = 211"(30 m)(l MIs) = 6O7r m Is



-= %3 + 2% => i: = ::: = (3%2 + 2)(5) = 5(3%2 + 2). When % = 2, : = 5(14) = 10.

2 +sf = 25 => 2% d.% +211 dll = 0 => % d.% = -II dll => d.% = _! dJI

dt dt dt dt dt %dt'
dll d.% 4fben 11= 4. z2 + 42 = 25 => % = :f:3. For - = 6, - = --(6) = =f8.
dt dt :f:3

dz d.% dJI dz 1( d.% dJI) .
I = ~ + 112 => 2% - = 2% - + 2y - => - = - % - + II - When % = 5 and II'" 12-

dt dt dt dt z dt dt'
d.% dJI dz 1 461= 52 + 12' => z' = 169 => z = :f:13. For - = 2 and - = 3, - = - (5.2 + 12.3) = :f:-.
dt dt dt :f:13 13

dJI dJI d.% - d.% 3%2 d.% dJI:= v'f+'ZJ => - = - - = ! (1 + %3) 1/2 (3%2) - = .;r:+:xJ . With - = 4 when % = 2 and
dt d.%dt dt 2 1+ dt dt

= 3, we bave 4 = :~:~: => : =2cm/s.

I) Given: a plane flying horizontally at an altitude of 1 mi and a speed of 500 mi/b passes directly over a radar
station. H we let t be time (in hours) and % be the horizontal distance traveled by the plane (in mi), tbeu we are
given that d.%/dt = 500 mi/b.

,) Unknown, ... " whiob ... '""""'" &om ... 10'" ..woo i. (oj V
increasing when it is 2 mi from the station. H we let II be the distance from 1

7
the plane to the station, then we want to find dll/dt when II = 2 mi.

) By the Pythagorean Theorem, sf = z2 + 1 => 211(dll/dt) = 2%(d.%/dt).

,=~3+2z

~+sf=25

...

..

) ':; = ~: = ~ (500). Since fl = Z2 + 1. when II = 2. z = ¥"3. so ':; = J!(. (500) = 250 ¥"3 ~ 433 mi/h.

I Given: the rate of decrease of the surface area is 1 cm2/min. If we let (c)

t be time (in minutes) and S be the surface area (in cm2), then we are

given that dS/fit = -1 cm2/s.

I Unknown: the rate of decrease of the diameter when the diameter is

10 em. If we let x be the diameter, then we want to find dx / fit when

x = 10 em.

If the radius is r and the diameter x = 2r, then r = !x and S = 4wr2 = 411'UX)2 = WX2

tIS tlSdz dz-=--=21r%-tit dz tit tit .

dB dz-1 = - = 211"%- "*
tit tit

iI ~ em/min.

Given: a man 6 ft tall walks away from a street light mounted on a lS-ft-tall' pole at a rate of S fils. If we let t be
time (in s) and x be the distance from the pole to the man (in ft), then we are given that dxjdt = S ftja.

Unknown: the rate at which the tip of his shadow is moving when he is (c) ~40 ft from the pole. If we let y be the distance from the man to the tip of
14

shadow (in ft), then we want to find : (x + If) when x = 40 ft.
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tl:1: 1 tl:1: 1tit = - 21fz' When Z = 10, tit = - 2O1r' So the rate of decrease
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(d) By similar triangles. ~ = z; 11 => 1~1I = 6z + 6y => 9y = 6z => II lIE tz.

. d d 5.
(e) The tip of the shadow moves at a rate of dt (z + JI) = tit (z + Iz) = "3 tit = 1(5) = , fils.

(j (a) Given: at noon, ship A is 150 Ian west of ship B; ship A is sailing east at 35 Ian/h, and ship B is sailing north It

25 Ian/h. If we let t be time (in hours), z be the distance traveled by ship A (in kIn), and JI be the distance

traveled by ship B (in Ian), then we are given that dz/tit = 35 Ian/h and dJI/dt = 25 km/h.

(b) Unknown: the rate at which the distance between the ships is changing at (c) B

4:00 P.M. If we let z be the distance between the ships, then we want to I ~,
finddz/dtwhent = 4h. ~ J

(d) %2 == (150 - %)2 + 11 ..

I
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~

dz d:& dtt dz d:& d7/
2.2:-=2%-+27/- * %-=:1:-+1/- ~

tit tit tit tit tit tit :; =;(z~+r:).
z = v'1202 + 5()2 = 130,After 2 hours, % = 2 (60) = 120 and II = 2 (25) = 50 ..

80 tU = ! ( ~ dz + II £41 ) = 120(60) + 50(25) = 65 mi/b
tit % tit tit 130 .

We are given that :: = 1.6 m/s. By similar triangles, ~ =; '* II = ~

d1J 24 d% 24 dtJ 24(1.6)tit = - z2 tit = - %2 (1.6). When % = 8, dt = - 64 = -0.6 mist

so the shadow is decreasing at a rate of 0.6 m/s.

We are given that : = 4 fils and ':; = 5 fils. Z2 = (2: + 11)2 + soo2 '*

2%: = 2(% + ~)(: + :). 15 minutesafter the woman starts, we have

x = (4 ft/s)(20 min)(60 s/min) = 4800 ft and, = 5 .15.60 = 4500 ~

% = '1'(4800 + 4500)2 + 5002 = .,(86.740.000. so

d% = x+, (dx + d') = 4800+4500(4+5) = ~ ~8.99ft/s.
dt % tit dt .,(86.740.000 .,(8674

...



. 0
30. We want to find ':: when L = 18 using B = 0.OO7W2/3 and W = 0.12£2.113.

31.

&

DlFFERENTIAJION RUlfSCHAPTER3

dB = dB dW d.L := (0007. j W-1/S )(012.:153. LU' )( 20 - 15 )tit dW d.L tit' .. 10.000,000

= [00007. 1(0.120182.&3) -1/3] (0.12.2.53 0 18U') (1~ ) s:::s 1.045 X 10-8 g/yr

We are given that : = 2 ft./s. sin' =:0 .. 2: = lOBin' :'*

dz d8 'II" 'll"d8
-=100088- Wben8=- 2=10008--
dt dt' 4' 4dt

dIJ= 2 _./2tit 10(1/./2) - T radii.

Using Q for the origin, we are given :: = -2 fils and need to find : when

:t = -5. Using the Pythagorean Theorem twice, we have

V:t2 + 122 + y,p + 122 = 39. the toIaIlength of the rope. Differentiating

,.

~

dB rotf 8 dv
dt = 4000 .'



APPLICATIONS OF DIFFERENTIATION

Imum

f has an absolute minimum at x = c if f(c) is the smallest function value on the entire domain of f.
f has a local minimum at c if f (c) is the smallest function value when x is near c.

See the Closed Interval Method.

maximum at b; absolute minimum at d; local maxima at b and e; local minima at d and 8;

. a maximum nor a minimum at a. C. T, and t.

maximum at e; absolute minimum at t; local maxima at C, e. and 8; local minima at b. c, d. and r;

a maximum nor a minimum at a.

maximum value is 1(4) = 4; absolute minimum value is 1(7) = 0; local maximum values are 1(4) = 4

1(6) = 3; local minimum values are 1(2) = 1 and 1(5) = 2.

maximum value is /(8) = 5; absolute minimum value is /(2) = 0; local maximum values are 1(1) = 2,
) = 4, and /(6) = 3; local minimum values are /(2) = 0, /(5) = 2, and /(7) = 1.

. lte minimum at 2, absolute maximum at 3,

minimum at 4

2

maximum at 5, absolute minimum at 2,

maximum at 3, local minima at 2 and 4

and Minimum Values

: ,
J
~
4It

~

8. Absolute minimum at I, absolute maximum at 5,

local maximum at 2, local minimum at 4

10. f has no local maximum or minimum. but 2 and

4 are critical numbers

263
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11. (a)

&'I(a) Note that a local maximum
l7 cannot occur at an endpoint.

11 (a) Note: By the Extreme Value Theorem. / must not
be continuous; because if it were, it would attain

an absolute minimum.

IiI

14. (a)
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(b) (c)

(b)

Note: By the Extreme Value Theorem. I must not be

continuous.

(b)

(b)

\ I



,) - 8 - k, % ~ 1. Absolute maximum 11. f(%) = 3 - 2z. % $ 5. Absolute minimum

l) = 5; no local maximum. No absolute or

II minimum.

= %2, 0 $ % < 2. Absolute minimum
= 0; DO local minimum. No absolute or

maximum.

= Z2, -3 ~ Z ~ 2. Absolute maximum
J) = 9. No local maximum. Absolute and

minimum 1(0) = o.

MAXIMUM AND MINIMUM VAlUESSECTION 4.1 D -

/(5) = -7; no local minimum. No absolute or

local maximum.

11. I(x) = X2, 0 < x $ 2. Absolute maximum
1(2) = 4; no local maximum. No absolute or

local minimum.

Yf 1(2.4)

absolute or local

(2.4)

to
..
..

t
..
~

I

I..I .1

2D. I(x) = x~. 0 ~ x ~ 2. Absolute maximum
1(2) = 4. Absolute minimum 1(0) = O. No
local maximum or minimum.

@/(x) = 1 + (x + 1)2, -2 ~ x < 5. No absolute
or local maximum. Absolute and local minimum
/(-1) = 1.



F'(%} = %4/6 .2(% - 4} + (% - 4}2 . ~%-1/6 = 1%-1/6(% - 4) [5. %.2 + (% - 4) .4]

(% - 4)(14% -16) == 2(% - 4)(7% - 8) = 0 when % = 4, ~; and F'(O) does not exist= k1/1 5%1/1

Critical numbers are 0, ~, 4.

SECTION 4.1 MAXIMUM AND MINIMUM VAlUES 0 '1S1

=> x = - f, so - f is the only critical number.

I'(x) = 0 => (x + 1)(3x - 1) = 0 => x = -I, i.

/'(:1:) = lOx + 4. 1'(:1:) = 0

1'(:1:) = 3:1:2 + 2:J: -1.

t=Oor

=> {::}

....

:1:+2=> g'(:I:) = i:l:-a/l+ 1:1:-6/3 = 1:1:-5/3(:1: + 2) = 3z613'

"'p

...



angle is D(al) - '" R1 50.6°. For k R1 1.3435 (violet light) the minimum occurs at

R1 arccoe V1.34~2 - 1 R11.248 radians, and so the rainbow angle is D(a2) -11" R1 53.6°. Consequently, the

Indices of refraction, and the colors appear from bottom to top in order

Note that our calculations above also explain why the secondary rainbow is more spread out than the primary

[0,4]. Since I is a polynomial, it is continuous and differentiable on R, so it is continuous on

ntiable on (0,4). Also, 1(0) = 1 = 1(4). f' (c) = 0 {::} 2c - 4 = 0 {::} c = 2, which is in

open interval (0,4), so c = 2 satisfies the conclusion of Rolle's Theorem.

~

<:}

~-l, 1).

1(0) = (0 - 1)-2 = 1 = (2 - 1)-2 = 1(2).

O. This does not contradict Rolle's Theorem since I' (1) does not exist.

SECTION 4.2 THE MEAN VALUE THEOA9A 0 m

6 % v'3if='24 = 1 % 1 vI3, boIb iD (0,2).c= 6 "3&:2-6c+2=0 ..

on R, so it is continuous on [-1, 1J anddifferentiable on (-1,1). AJso, /( -1) = 0 = /(1).

c - ::i:i + n. If n == 0 (]I'h 008 he = 0 008 21fc := 0 2?rc = :i:j + 2?rn<=> <=> *

3c + 122 v'c + 6 = 0

j'(z) = -2(z - 1)-3 I' (:z:) is=*



~). f(c) - I(b) -/(0) # -2e-2c: = e-41 - ,
b-o 3-0

c = -~ IDC -6e-e) R:I 0.897, which is in (0,3).

':I: ) = ~ 2 ' [1,4]. f is continuous on [1,4J and differentiable on (1,4). f'(c) = l(b~ - 1(0)

. :1:+ -0

2 1_1
:+2)2 = t=t # (C+2)2 = 18 # c= -2:f:3V2. -2+3V2~2.24isin(I,4).2

, z + 1 l(z - 1) - l(z + 1) -2 . ,~s) = z - I" /(2) - 1(0) = 3 - (-1) = 4.I'(s) - (s -1)2 = (z - 1)2. Smce 1 (z) < 0 for

all x (except x = 1), l'(c)(2 - 0) is always < 0 and hence cannot equal 4. This does not contradict the Mean

VaIue Theorem since 1 is not continuous at x = 1.
,
Let I(x) = 1 + 2z + Xl + 4:1:5. Then I( -1) = -6 < 0 and 1(0) = 1 > O. Since 1 is a polynomial, it is

fiOntinuous, so the Intermediate Value Theorem says that there is a number c between -1 and 0 such that f (c) = O.

!Ibua. the given equation bas a real root. Suppose the equation hu distinct real roots a and b with a < b. Then

I(a) = I(b) = O. Since 1 is a polynomial, it is differentiable on (a, b) and continuous on la, b]. By Rolle's

Tbeorem, there is a number r in (a, b) such that f'(r) = O. But I'(x) = 2 + 3X2 + 20x" ~ 2 for all x, so I'(x)

can never be O. This contradiction shows that the equation can't have two distinct real roots. Hence, it bas exactly

, Let lex) = 2x - 1 - sinx. Then 1(0) = -1 < 0 and 1(1r/2) = 1r - 2> O. I is the sum of the polynomial

2x - 1 and the scalar multiple ( -1) . sin x of the trigonometric function sin x, so I is continuous (and

differentiable) for all x. By the Intermediate Value Theorem. there is a Dumber e in (O,1f/2) such that fee) = o.

Thus, the given equation bas at least one real root. If the equatiOD bas distinct real roots a and b with a < b, then

I(a) = I(b) = O. Since I is continuous on (a, b] and differentiable on (a, b), Rolle's Theorem implies that there is

a Dumber r in (a, b) such that f' (r) = O. But f' (r) = 2 - CO8 r > 0 since CO8 r $ 1. This contradiction shows that

the given equation can't have two distinct real roots, so it has exactly one real root.

Let lex) = X3 - I5x + e for x in (-2,2]. If I has two real roots a and'; in [-2,2], with a < b, then

./(a) = I(b) = O. Since the polynomial f is continuous on (a, b] and differentiable on (a, b), Rolle's Theorem

implies that there is a numberr in (a, b) sucbtbatf'(r) = O. Now f'(r) = 3r2 -15. Sinceris in (a,b), which is

contained in [-2,2], we have Irl < 2, so r2 < 4. It follows that 3r2 -15 < 3.4 -15 = -3 < O. This contradicts

f'(r) = 0, so the given equation can't have two real roots in (-2,2]. Hence, it bas at most one real root in [-2,2].

SECTION 4.2 THE MfAN VALt£ THEfHM 0 m

[0.2]. I is continuous on [0.2] and differentiable on (0.2). I'(e) :z: 1(2~ = ~(O)

<=> &2=5-1 <=> ~=~ <=> e=:l::~.butODly~iain(0,2).

*>

-2e-2c = e-e - eo
3-0 -2(: = IDC -6e-8).. ...

...
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0 = /,(cI) = 1'(C2), 80 /'(%) = 0 must have at least two real solutions. However

0 = /'(%) = u3 + 4 = 4(%5 + 1) = 4(% + 1) (%2 - % + 1) has as its only real solution % = -1. Thus, 1(%) can

have at most two real roots.

21. (a) Suppose that a cubic polynomial P(%) has roots al < a2 < as < 114, so P(aI) = P(a2) = P(as) = P(I14).

By Rolle's Theorem there are numbers CI, C2, Cs with al < CI < a2. a2 < C2 < as and as < C3 < 114 and
P' (CI) = P' (C2) = P' (cs) = O. Thus, the second-degree polynomial P' (%) has three distinct real roots, which

is impossible.

(b) We prove by induction that a polynomial of degree n has at most n real roots. This is certainly true for n = 1.

Suppose that the result is true for all polynomials of degree n and let P( %) be a polynomial of degree n + 1.
Suppose that P(%) has more than n + 1 real roots, say al < a2 < as < . .. < Bn+1 < Bn+2. Then

P(at) = P(a2) =... = P(an+2) = O. By Rolle's Theorem there are real numbers CI,... ,Cn+1 with

at < Ct < a2,... ,40.+1 < Cn+1 < 40.+2 and P'(CI) = ... = P'(Cn+I) = O. Thus, the nth degree

polynomial P'(%) bas at least n + 1 roots. This contradiction shows that P(x) bas at most n + 1 real roots.

22. (a) Suppose that I(a) = I(b) = 0 where a < b. By Rolle's Theorem applied to I on [a, b] there is a number C such

that a < C < band/,(c) = O.

(b) Suppose that I(a) = I(b) = I(c) = 0 where a < b < c. By Rolle's Theorem applied to 1(%) on [a, b] and

[b, c] there are numbers a < d < b and b < e < c with I' (d) = 0 and /' (e) = O. By Rolle's Theorem applied

to /'(%) on [d, e] there is a number 9 with d < 9 < e such that f"(g) = O.

(c) Suppose that I is n times differentiable on R and has n + 1 distinct real roots. Then I(n) bas at least one real

root.

a By the Mean Value1beorem, 1(4) - 1(1) = f'(c)(4 - 1) for some c e (1,4). But foreveryc e (1,4) we have

f'(c) ~ 2. Putting f'(c) ~ 2 into the above equation and substituting 1(1) = 10, we get

1(4) = 1(1) + f'(c)(4 - 1) = 10 + 3f'(c) ~ 10 + 3.2 = 16. So the smallest possible value of 1(4) is 16.

M. 1f3 $ /,(x) $ 5 for all x, then by the Mean Value Theorem, 1(8) - 1(2) = I'(c) . (8 - 2) for some c in [2,8].

(f is differentiable for all %, so, in particular, 1 is differentiable on (2,8) and continuous 00 [2,8]. Thus, the

hypotheses of the Mean Value Theorem are satisfied.) Since 1(8) - 1(2) = 6/'(c) and 3 $ /,(c) $ 5, it follows

that6.3$6/,(c)$6.5 ~ 18$/(8)-/(2)$30.

25. Suppose that such a funcbon 1 exists. By the Mean Value Theorem there is a number 0 < c < 2 with

/,(c) = 1(2~ = ~(O) = ~. But this is impossible since f'(x) $ 2 < ! for all x, so no such function can exist.

2&. Let h = I-g. Then since J and 9 are continuous on [a, b] and differentiable on (a, b). so is h, and thus h satisfies

the assumptions of the Mean Value TheoR:m. 1berefore, there is a number c with a < C < b such that

h(b) = h(b) - h(a) = h'(c)(b - a). Since h'(c) < 0, h'(c)(b - a) < 0, so I(b) - g(b) = h(b) < 0 and hence

I(b) < g(b).

APPLICATIONS (F DIFF£AENTIATIONCHAPTER 4
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. t1(1/6) - t1(O) 50 - 30
34. Let v(t) be the velocIty of the car t hours after 2:00 P.M. Then 1/6 - 0 = ~ = 120. By the Mean

- - - . -- .., --- -. ..-,..
vallie l0e0n:m, mc::n: III a numOC£ C lIucn QUlI U <;. C <;. i WIW V \ C J = J.~. o>~ v \' J Ia we:: ~ICIJIUon at time t.

the acceleration c houn after 2:00 P. M. is exactly 120 mi/h:l.

35. Let g(t) and h(t) be the position functions of the two runneR and let /(t) = g(t) - h(t). By hypothesis.

/(0) = g(O) - h(O) = 0 and /(b) = g(b) - h(b) = 0, where b is the finishing time. Then by the Mean Value

Theorem, there is a time c. with 0 < e < b, such that f'(e) = J \U~ = ~ \Uj. But I(b) = 1(0) = 0, so f'(e) = O.

SiDce f'(e) = g'(e) - h'(e) = 0, we have g'(e) = h'(e). So at time c. both runners have the same speed

g'(e) = h'(e).
36. Assume that I is differentiable (and hence continuous) on R and that f'(x) ¥ 1 for all x. Suppose I has more than

one fixed point. Then there are numbers a and b such that a < b, lea) = a, and I(b) = b. Applying the Mean

Value Theorem to the function f on [a, bj. we find that there is a number e in (a, b) such that J'(e) = /(6) -/(a).
b-Q

Bul then f'(c) = bb - (1 = I, contradicting our assumption that f'(x) ::/= 1 for every real number x. This shows thai

-4
our supposition was wrong. thai is. Ihal f cannot have more than one fixed point.

m
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~
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4.3 How Derivatives Affect the Shape of a Graph
1. (a) f is increasing on (0,6) and (8,9).

(b) 1 is decreasing on (6,8).

(c) 1 is concave upward 011 (2,4) aDd (7,9).

(d) 1 is concave downward on (0,2) and (4,7).

(e) The points of inflection are (2,3), (4,4.5) and (7,4) (where the concavity changes).

(j;a) 1 ~ increasi~g on (1, ~3.8) aDd (5, ~6.5).

(b) 1 IS deereaslOg on (0, 1), (~3.8, 5), (~6.5, 8), and (8,9).

(c) 1 is concave upward 011 (0,3) and (8,9).

(d) 1 is concave downward 011 (3,5) aDd (5,8).

(e) The point of infleetioo is (3, ~ 1.8) (where the concavity changes).

1 (a) Use the IncreasinglDecreasiog (lID) Test.

(b) Use the Concavity Test.

(c) At any value of x where the concavity changes, we have an inflection point at (x, 1(=-:».

4. (a) See the Fmt Derivative Test.

(b) See the Second Derivative Test and the note that precedes Example 7.

5. (a) Since f'(x) > 0 on (1,5),1 is increasing on this interval. Since f'(x) < 0 on (0, 1) and (5,6), 1 is decreasing

on these intervals.

(b) Since f'(x) = 0 at x = 1 and f' changes from negative to positive there, 1 changes from decreasing to
increasing and has a local minimum at x = 1. Since f'(x) = 0 at x = 5 and f' changes from positive to
negative there, f changes from increasing to decreasing and has a local maximum at x = 5.

~
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I'(:z:) > 0 and I is increasing on (0,1) and (3,5). I'(x) < 0 and I is decreasing on (1,3) and (5,6).

Since I' (x) = 0 at :z: = 1 and :z: = 5 and I' changes from positive to negative at both values, I changes from

increaSing to decreasing and bas local maxima at x = 1 and x = 5. Since I' (:z:) = 0 at :z: = 3 and I' changes
from negative to positive there, I changes from decreasing to increasing and has a local minimum at :z: = 3.

~ is an inflection point at :z: = 1 because !" (x) changes from negative to positive there, and so the graph of I

II1ge5 from concave downward to concave upward. There is an inflection point at :z: = 7 because !" (:z:) changes

m positive to negative there, and so the graph of I changes from concave upward to concave downward.

I is increasing on the intervals where I' (:z:) > 0, namely, (2.4) and (6,9).

I has a local maximum where it changes from increasing to decreasing, that is, where I' changes from positive
to negative (at x = 4). Similarly, where I' changes from negative to positive, I has a local minimum (at :z: = 2
and at :z: = 6).

When I' is increasing, its derivative!" is positive and hence, I is concave upward. This happens on (1,3),

(5,7), and (8,9). Similarly, I is concave downward when I' is decreasing-that is, on (0,1), (3,5),

and (7,8).

1 has inflection points at :z: = I, 3, 5, 7, and 8, since the direction of concavity changes at each of these values.

: function must be always decreasing and concave downward. ,

0 Jl

The rate of increase of the population is initially very small, then gets larger until it reaches a maximum at abot
t = 8 hours, and decreases toward 0 as the population begins to level off.

The rate of increase bas its maximum value at t = 8 hours.

The population function is concave upward on (0,8) and concave downward on (8,18).

At t = 8, the population is about 350, so the inflection point is about (8,350).

I(:z:) =:z:3 - 12x + 1 ~ I'(:z:) = 3:z:2 - 12 = 3(x + 2)(:z: - 2).

We don't need to include "3" in the chart to determine the sign of I'(:z:). .

So! is increasing on (-00, -2) aDd (2,00) aDd! is decreasing on (-2, ~).
fL., I! _L .L-- : : :-- -. - - ,, "-- :-- ~ : =-- -. - -" ........-

(c) !,,(z) = 6z. !,,(z) > 0 <=> z > 0 and !,,(z) < 0 <=> z < O. Thus, / is concave upward on (0,00)
and concave downward 00 (-00,0). There is an inftection point where the concavity changes,
at (0, /(0» = (0,1).

281
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" - 2z3/2( -1/z) - (2 -In%)(&:112) - -2%1/2 + &:1/2(ln% - 2~
(C) f (z) - (2%312)2 - 4z3

z1/2(-2 + 3lnz - 6) 3lnz - 8
= 4:z:3 = 4:1;5/2

I"(Z) = 0 ~ Inz = I ~ z = e8/3, I"(z) > 0

and concave downward on (0, e8/3). There is an inflection point at (e8/S, ie-./s) ::::1 (14.39,0.70).

f'(x) = x(l/x) + lnx = 1 + lnx. f'(x) > 0 <=> lnx + 1 > 0 <=> lnx> -1 4t IJ:> e-J.

Therefore 1 is increasing on (l/e, 00) and decreasing on (O,l/e).

(b) 1 changes from decreasing to increasing at x = l/e, so l(l/e) = -l/e is a local minimum value.

(c) I"(x) = l/x > 0 for x> O. So 1 is concave upward on its entire domain, and has no inflection point.

21. I(x) = X5 - 5x + 3 => f'(x) = 5x. - 5 = 5(X2 + l)(x + l)(x - 1).

First Derivative Test: I'(x) < 0 => -1 < x < 1 and f'(x) > 0 => x> lor x < -1. Since f' changes

from positive to negative at x = -I, I( -1) = 7 is a local maximum value; and since f' changes from negative to

positive at x = 1,/(1) = -1 is a local minimum value.

Second Derivative Test: I"(x) = 20x3. f'(x) = 0 <=> x = :H. 1"(-1) = -20 < 0

local maximum value. 1"(1) = 20 > 0 => 1(1) = -1 is a local minimum value.

Preference: For this function, the two tests are equally easy.

G<a) y = f(x) = x 10 x. (Note that f is only defined for x > 0.)

1'(:1:) = 0 {::} x = :i:2. /"( -2) = if. > 0 '* 1(-2) = -i is a local minimum value.

!,,~2) = -if. < 0 '* 1(2) = i is a local maximum value.

Preference: Since calculating the second derivative is fairly difficult, the First Derivative Test is easier to use for

this function.

:J; > es/s, so f is concave upward on (es/s, 00)*

j(-1)=7isa

r ( ) == (:r2 + 4) . 1 - 2:(2r.II)... .. - :r2 = (2 + 2:)(2 - 2:)
II: (:r +4)2 (:r +4)1 (r +4)1 .

f'(:z:) = (:z:2 + 4)2(-21:)-(4 - 2I2~. 2(r +4)(2:6)
[(:z:2 + 4)2]

-2:(12 - ~)
(~2 + 4)8

-~(z2 + 4)[(z2 + 4) + 2(4 - z2)J.

(z2 + 4).
=


