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(b) If a is the angle between the tangent line and the z-axis, then tan & = slope of the line = sinh 2—70, so
a = tan™" (sinh 55) ~ 0.343 rad =~ 19.66°. Thus, the angle between the line and the pole is
0 =90° — a ~ 70.34°.
50. We differentiate the function twice, then substitute into the differential equation: y = p_]; cosh _p;_a: =

By _ T nn(P9Z) P9 _ o298 _ Ly _ o (pIT\pg _pg . pgT
dz—pgsmh(T)T—sth = d:cz_COSh(T)T_TCOShT'

4’y

We evaluate the two sides separately: LHS = o

2
_p9 | W\ _p9 [, 12P9T _pg_ . pgcz _ ,
s = T t (da:) T 1 + sinh T =T Cosh—T , by the identity proved in Example 1(a).

51. (a) y = Asinhmz + Bcoshmz = ¥y = mAcoshmz +mBsinhmz =
y" = m? Asinh mz + m?B coshmz = m?(Asinhmz + B coshmz) = m?y

(b) From part (a), a solution of " = 9y is y(z) = Asinh 3z + Bcosh3z. So
—4 =y(0) = Asinh0 + Bcosh0 = B, so B = —4. Now y'(z) = 3Acosh3z — 12sinh 3z =

6=9'(0)=34 = A=25s0y=2sinh3z — 4cosh3z.

P9 Paz
—TcoshT,

. sinhz . eT—e7® L 1l—e 1-0 1
2 Jm e = m = = =3

53. The tangent to y = coshz has slope 1 when 3y’ = sinhz =1 = z =sinh~'1=1n(1+ v2), by Equation 3.
Since sinhz = 1 and y = coshz = /1 + sinh? z, we have cosh z = v/2. The point is (In(1+v2),v2).

84, coshz = cosh[ln(secﬁ +tan 9)] = %[eln(mo-}-tanO) + e—ln(seco-Han 9)]

secl — tan @ }

1 1 1
- = 0 _ ] - - 0
2 [se09+ tanf + secd + ta.u0] 2 [sec0+ tan 6 + (sec & + tan 8)(sec 8 — tan 8)

1 secd —tanf | _ _
= [sec0+tan0+sec20_tan20}—z(sec0+tan0+sec0 tan @) = secd

55. If ae” + be™ = arcosh(z + B) [or asinh(z + 3)], then
ae® +be™" = g (e* £ e7*78) = g (e"e® £ e™"e7P) = (2eP)e” + (2e7P)e*. Comparing coefficients
ofe”ande™ wehavea = §¢” ()andb = 2§e™? (2). We need to find « and 3. Dividing equation (1) by
equation (2) gives us % =+ = (x) 28= In(+¢) = B=1 In(+£). Solving equations (1) and (2)

foreﬂgivesuseﬁ = 2a and e? = iﬁ,so 2a = :hg = o*=+44ab = a= 2/ xab.
a 2b a 2b
(%) If 2> 0, we use the + sign and obtain a cosh function, whereas if % < 0, we use the — sign and obtain a

b
sinh function.
In summary, if a and b have the same sign, we have ae® + be ™% = 2v/abcosh (z+in £), whereas, if a and b

have the opposite sign, then ae”™ + be™* = 2v/—absinh(z + 1 In(-¢)).

3.10 Related Rates ) o

— 2 dA _dAdr _, dr dA _, dr _ — a0 2
@(a)A_m» > LT =T (b) == = 2mr 2 = 27(30 m)(1 m/s) = 60m m¥s
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39= 0 +2z > d—’{:%?:(sz +2)(5) = 5(3z% + 2). When:c_2(; =5(14) =
4 =25 = 2m%+2yj—g=0 = z%:—y% = %:—%%.
When y = 4, z* 25 = z =43 For%:ﬁ,%::-:—%(ﬁ):
5.2 =22 +y ﬁ _2:1:%-{-21/% = %:%( ‘;”+y‘;1t’).wmnz=5andy=12,
= 2169 = z=213. For%—2 d‘ft’ 3,‘;—t ﬂ?’(s 2412.3) = fg
@\—— V1+a 'i:i = %%: 11+2%" 1/2(3:8)(:: 2\;1_?;_‘5 Wlmi——4whenz—2and
Y ;,wehave4=%% = i =2cm/s.
7. (a) C iven: a plane flying horizontally at an altitude of 1 mi and a speed of 500 mi/h passes directly over a radar

s ation. If we let £ be time (in hours) and z be the horizontal distance traveled by the plane (in mi), then we are
¢ ven that dz/dt = 500 mi/h.

(b) L nknown: the rate at which the distance from the plane to the station is (c)
il creasing when it is 2 mi from the station. If we let y be the distance from 17
y

tl = plane to the station, then we want to find dy/dt when y = 2 mi.

(=¥

B s the Pythagorean Theorem, y* = z° +1 = 2y(dy/dt) = 2x(dz/dt).

(e) f;—g% -——(500) Since y* = z% + 1, wheny = 2, 2 = V/3, soz £(500) 250\/- 433nu/h
8. (a) G ven: the rate of decrease of the surface area is 1 cm’/mm. If we let (©)

t e time (in minutes) and S be the surface area (in cm?), then we are
gi ren that dS/dt =
(b) U known: the rate of decrease of the diameter when the diameter is

I cm. If we let x be the diameter, then we want to find dz/dt when

=10 cm.

—1cm%/s.

(d) If ‘he radius is T and the diameter = = 2r, then 7 = 3z and § = 4nr? = 4r(z)” = m2? =

4 ! = d—S dz = 27x d_m_
di  dz dt dt’
dS dz dx 1 dz 1
(e) == = —_— — = ———_ Wh = 10, —— = ———. So the rate of d
L o 2nz dt7:7 p I enz = 10 T 205 o the rate of ecreie
is 35~ cm/min.
9. (a) Given: a man 6 ft tall walks away from a street light mounted on a 15-ft-tall pole at a rate of 5 ft/s. If we let ¢ be

time (in s) and z be the distance from the pole to the man (in ft), then we are given that dz/dt = 5 ft/s.

(b) Unknown: the rate at which the tip of his shadow is moving when he is ©)

{Uft from the pole. If we let y be the distance from the man to the tip of

his shadow (in ft), then we want to find 4 (z +y) when z = 40 ft. 6

dt i i
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1
(d) By similar triangles, —65- = -TT'H/ => 15y=6z+6y = 9y=6z = y=32z.

(e) The tip of the shadow moves at a rate of — (a: +y) = d (a: +2z) = g% =3(5)=% fi/s.

(a) Given: at noon, ship A is 150 km. west of ship B; ship A is sailing east at 35 km/h, and ship B is sailing north at
25 km/h. If we let ¢ be time (in hours), z be the distance traveled by ship A (in km), and y be the distance
traveled by ship B (in km), then we are given that dz/dt = 35 km/h and dy/dt = 25 km/h.

(b) Unknown: the rate at which the distance between the ships is changing at (c) A
4:00 .M. If we let z be the distance between the ships, then we want to // ‘
find dz/dt whent = 4 h. 7777777777_',/_-_ _
5 .'!'l:,‘ [ lx A ')
d) 150 +y° 22 2t (150 '|: fu_) t :l
! At 4:00 | 3 140 and y = 4(25) = 100 = 2z = /(150 — 140)2 + 1002 = /10,100. So
ﬂ [ . | {ARY (28Y 215
L3 az l | 150) .r_f_,; by -r-!['J_I = I[I|..,_’;..u : l;(-_J[h = Jl; ~ 21.4 km/h.
€ dt | /10,100 v 101
ol
&
-4 dz dy : » >
\:; 1. y We are given that = = 60 mi/h and rf:.f. 25 mi/h. z° r°+y° =
r: ‘\
& \ dz . dz . dy dz _ _dz  dy dz 1( dz dy
.. 22— =2r—+2y— = z— = — = .
P x=w Ve T e eV T @ ( wtVa
£
},ﬁ.? After 2 hours, z = 2(60) = 120 and y = 2(25) =50 = 2z = /1202 4502 = 130,
dz _1( dx dy\ _ 120(60) 4+ 50(25) _ .
T (xdt+ydt)_ 130 _65"“@‘
. dz - . y 2 24
12. We are given that pri 1.6 m/s. By similar triangles, 2=z = y= z
dy 24 dz _24(1.6)
—= == 1.6). Wh = —t =-0. \
priiade b ( 6). Whenz =8, — dt o 0.6 m/s
so the shadow is decreasmg atarate of 0.6 m/s.
13 We are given that Z—z =4 ft/s and % =5ft/s. 22 = (z + y)* + 500 =
2z -‘;—t =2(z+ )( dz Zf) 15 minutes after the woman starts, we have

z = (4 ft/s)(20 min)(60 s/min) = 4800 ft and y=>5-15-60 = 4500 =
z = /(4800 + 4500)2 + 5002 = /86,740,000, so

dz z+y(dz dy) 480044500 837
@ Tz \dt 86,740,000 VBeTa
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30. We want to find % when L = 18 using B = 0.007TW?/3 and W = 0.12L%%3,

3.

dB _dB dW dL 271 —1/3 1.53 20— 15
—— t e—— —— ——— R 0 -—W 012'2. N
dt dW dL dt (0 007-3 )( 53 L) 10,000,000

= [0.007- 3(0.12-18%%) 7/*] (0.12- 2.53 - 18" %) (fg—,) ~ 1.045 x 10~ g /yr

Wearegiventhat%=2ft/s.sin0=l—a(:) =% z=10sinf =

dz do T 7 do
— = —. W =-,2= -—— =
& 10cos€dt hen 8 1 2 = 10cos 1d
dé 2 V2
; — = ———— = — rad/s.
dt  101A/2) 5
. . . dr dy
P Using Q for the origin, we are given i ~2 ft/s and need to find & when

z = —5. Using the Pythagorean Theorem twice, we have

12
Vz? +122 + |/y? + 122 = 39, the total length of the rope. Differentiating
x ¥
: x lx 7 Iy
with respect to t, we get ————— 2 _—J - 2 0, so
Vz? +122.dt | [y? 4122 dt
o v y? ﬁ lx e e / = / g
U = I-—\'—_U_ = = Now whenz = —5, 39 = V(=52 +122 + /42 +122 =13+ /92 + 122 &
at Y T2 4+ 122 al
\ '_r;-‘__l_ 122 — 926, and 9 = V262 — 122 = 1/532. So when T - 3,
1 -5)(26) |, 10 i ; 2 ; 9
t ,”- = (—_]—}_( ) (—2) = ———= =~ —0.87 ft/s. So cart B is moving towards () at about 0.87 ft/s.
at v'532(13) V133
33. (a) By the Pythagorean Theorem, 4000% + y* = £*. Differentiating with respect
i 11 dt 1 YAy
to t, we obtain 2y o 20 r We know that =2 — 600 ft/s, so when
(”. r” dt
4000 y = 3000 ft, £ = /40002 + 30002 = /25,000,000 = 5000 ft and
df y dy 3000 1800 ”
sy g g —— (600) = —— = 360 ft/s.
@ fat Boo0~ ¢ @ :
y d ds y o A0 1 dy df cos” # dy
H,, Hx[ s tan @ e — E- -H.an-.‘f_: Ty [, . =3, sec” = - e s s T i, s |
i 4000 dt' dt \ 7000 ) dt — 4000 dt dt — 4000 dt

When y = 3000 ft, f}

dof
dt

ly = F 4000 4000 4
Y o 600 ft/s, ¢ 5000 and cos l = —— = — = — 80
: £ 5000 0

(Ll

(4/5)

2000 (600) = 0.096 rad/s.
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441 Maximum and Minimum Values
JRE viaxim

: 1, A function f has an absolute minimum at z = c if f(c) is the smallest function value on the entire domain of f,

whereas f has a local minimum at ¢ if f(c) is the smallest function value when z is near c.

: ) The Extreme Value Theorem

(b) See the Closed Interval Method.

3. Absolute maximum at b; absolute minimum at d; local maxima at b and e; local minima at d and s;

neither a maximum nor a minimum at a, ¢, 7, and ¢.

4, Absolute maximum at e; absolut¢ minimum at ¢; local maxima at ¢, e, and s; local minima at b, ¢, d, and T,
neither a maximum nor a minimum at q.
5, Absolute maximum value is f(4) = 4; absolute minimum value is f(7) = 0; local maximum values are f(4) = 4

and f(6) = 3; local minimum values are f(2) = 1 and f(5) = 2.

Absolute maximum value is f(8) = 5; absolute minimum value is f(2) = 0; local maximum values are f(1) = 2,

f(4) = 4, and f(6) = 3; local minimum values are f(2) = 0, f(5) = 2, and f(7) = 1.

8. Absolute minimum at 1, absolute maximum at 5,
local maximum at 2, local minimum at 4

1. Absolute minimum at 2, absolute maximum at 3,

local minimum at 4

V4

J"T

31 3t

2 2][

I 1

sH— — Sl i SRS SO e
172 % 4 5§ % 0| : 5 x

9. Absolute maximum at 5, absolute minimum at 2, 10. f has no local maximum or minimum, but 2 and

local maximum at 3, local minima at 2 and 4 4 are critical numbers
y 7
3 3 |
2 E}L
1 11
e eewn o e

a

- :
P e o
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11. (a)

CHAPTER4  APPLICATIONS OF DIFFERENTIATION

@(a) Note that a local maximum

cannot occur at an endpoint.

13. (a) Note: By the Extreme Value Theorem, f must not

14. (a)

be continuous; because if it were, it would attain

an absolute minimum.

(b

Note: By the Extreme Value Thexrem, f must nor be

continuous.

(b)

(b)




S f(I) — 8 — 3z, x > 1. Absclute maximum
£(1) = 5 no local maximum. No absolute or
" Jocal minimum.

y
5t ¢(L3)

2,4)

f(z) = =%, 0 < = < 2. Absoute minimum
- f(0) = 0; no local minimum. No absolute or

Jocal maximum,.

¥
2,4

f(z) = 2%, —3 < & < 2. Absolute maximum
f(~3) = 9. No local maximum. Absolute and
* local minimum f(0) = 0.

(-3,9) 2
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16. f(z) = 3 — 2z, « < 5. Absolute minimum
f(5) = —7; no local minimum. No absolute or

§
i

ol 1\ x

local maximum.

(5,7

18. f(x) = 22, 0 < x < 2. Absolute maximum
f(2) = 4; no local maximum. No absolute or
local minimum.

(2,4)

20. f(z) = 2,0 < z < 2. Absolute maximum
f(2) = 4. Absolute minimum f(0) = 0. No
local maximum or minimum.

¥
2.4

f(z) =1+ (z + 1)%, =2 < z < 5. No absolute
or local maximum. Absolute and local minimum

f(-1)=1
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=5z’ +4z = f(z)=10z+4. f'(z)=0 = =z =—2 s0—2 is the only critical number.
:_)=m3+m2—:v = f'(m}=3x2+2x—l. f"(x):[] = ($+l)(3$—1)=0 S x=_1,_é..
hese are the only critical numbers.

y=2®+32" —24c = f'(z) =32"+ 62— 24 =3(z*+22-8).
Hz)=0 = 3(z+4)(z—2)=0 = == —4,2 These are the only critical numbers.

(r)=2"+2’+z = [f(@)=32"+22+1 f(a)=0 = 3®+2+1=0 =

— VA —12
—————2 = 64 . Neither of these is a real number. Thus, there are no critical numbers.

s(t) =3t' +4° -6 = S(B)=12°+12° - 12t. S(t) =0 = 12t(t2+¢t-1) = t=0or

+t — 1 = 0. Using the quadratic formula to solve the latter equation gives us

- 12 — 4(1)(—1 - =
- @)1 = 1+v5 = 0.618, —1.618. The three critical numbers are 0, ﬂ
2(1) 2 2
2
z+1 Z24z+1)1—(2+1)(22+1) —p Gy
i) = o f’(z)=( )2 2 = 7= <
: b e (z24+2+1) (22 +2z+1)

(242)=0 = 2z=0, 2 are the critical numbers. (Note that z* 4+ z + 1 # 0 since the discriminant < 0.)

o 26+3  if 224320 o) 2 fw>-3
z) = |2x+ 3| = T)=

4 —(2z43) if 22+3<0 4 -2 fz<—2

g'(z) is never 0, but g’ (z) does not exist for z = —3, so —3 is the only critical number.

xr+2

g(ﬂ:‘)=$1/3—$_2/3 -y g-‘($):%x—2/3+§m—5/3:%z—5/3($+2)=m.

g'(—2) = 0 and ¢'(0) does not exist, but 0 is not in the domain of g, so the only critical number is —2.
Lg(t) =582 4 °3 = J(t) = 04173 4 %tm. 4'(0) does not exist, so t = 0 is a critical number.
gt)=5t"132+¢)=0 & t=—-250t=—2isalsoa critical number.

&L i _
g(t) = VE(1—t) =72 — 32 = () = Wl 3V/t. ¢'(0) does not exist, so t = 0 is a critical number.

1 : gk
0=g'(t) = t=1,s0t = 1 is also a critical number.

— 3t
2%
M. F(z) =z*°(z -4)? =
Flz) =z"5 2@ —4)+ (2 —4)* - 2275 = Lo V3(z —4) [5-2 - 2+ (2 — 4) - 4]

—4)(14x — 1 - - :
= & ;Eclff 6 = bz 54:31(Lm §) = 0 when z = 4, %; and F'(0) does not exist.

Critical numbers are 0, %, 4.

RGx)=Ve2 -2 = Gr)=3(="-2) ~*% (23 —1). G'(x) does not exist when 22 — = 0, that is,

whenz =00rl. G'(z) =0 « 22—-1=0 < z= ;. Sothecritical numbers are z = 0, 1, 1.
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n the primary rainbow, the rainbow angle gets smaller as k gets larger, as we found in Problem 2, so the colors
ppear from top to bottom in order of increasing k. But in the secondary rainbow, the rainbow angle gets larger as k
sets larger. To see this, we find the minimum deviations for red light and for violet light in the secondary rainbow,

2 —_—
Zor k =2 1.3318 (red light) the minimum occurs at cv; /& arccos 4/ % = 1.255 radians, and so the

ainbow angle is D(c1) — m &~ 50.6°. For k &~ 1.3435 (violet light) the minimum occurs at

[1.3435% — 1 . : :
2 ~ arccos [ ————— = 1.248 radians, and so the rainbow angle is D(az) — 7 = 53.6°. Consequently, the
nbow angle is larger for colors with higher indices of refraction, and the colors appear from bottom to top in order

.f increasing k, the reverse of their order in the primary rainbow.
Note that our calculations above also explain why the secondary rainbow is more spread out than the primary

rainbow: in the primary rainbow, the difference between rainbow angles for red and violet light is about 1.7°,

2 o

hereas in the secondary rainbow it is about 3°,

The Mean Value Theorem

I (z) = z* — 42 + 1, [0, 4]. Since £ is a polynomial, it is continuous and differentiable on IR, so it is continuous on
0,4] and differentiable on (0,4). Also, f(0) = 1= f(4). f'(¢) =0 < 2c—4=0 < ¢=2 whichisin
e open interval (0, 4), so ¢ = 2 satisfies the conclusion of Rolle’s Theorem.

(z) = 2® — 3¢® + 2z + 5, [0,2]. f is continuous on [0, 2] and differentiable on (0,2). Also, f(0) = 5 = f(2).

b0 & 3 _mao-0 & etV M:lﬂ:l\/ﬁ,bothin 0,2).
6 3

(z) = sin 2wz, [—1,1]. f, being the composite of the sine function and the polynomial 27z, is continuous and
ifferentiable on [, so it is continuous on [—1, 1] and differentiable on (—1,1). Also, f(—1) = 0 = f(1).

f()=0 & 2wcos2mc=0 & cos2mc=0 <« me==+%+2mn & c=xj+nHn=0or
£1,thenc =41, +2isin (—1,1).

f(z) = zv/z + 6, [-6, 0]. f is continuous on its domain, [—6, o), and differentiable on (—6, cc), so it is

: 4 . 3c+12
cont —6, 0] and differentiabl —6,0). Also, f(—6) =0= f(0). f'(c) =0 & ——= =
ntinuous on | | and differentiable on ( ). Also, f(—6) f(0). f'(e) I ETE

& ¢=—4, whichisin (—6,0).
fle) =1-2*3 f(-1)=1-(-1)*"2=1-1=0= f(1). f'(z) =—22""3,50 f'(c) = Ohasno
solution. This does not contradict Rolle’s Theorem, since f/(0) does not exist, and so [ is not differentiable

on(—1,1).

f@) =(z-1)"% f0)=0-1)"=1=(2-1)2= f@. f@)=-2z-1)"7" = f(z)is

never (). This does not contradict Rolle’s Theorem since f'(1) does not exist.
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2 .f(g:) =z’ +z—1, [0,2]. f is continuous on [0, 2] and differentiable on (0, 2). f'(c) = 3122)-# “

{ 9-(-1) J

gl tl1=—""%" & 3?=5-1 & =% & c=xF, butonly Zisin(0,2).

f(z) = e~2%, [0, 3]. f is continuous and differentiable on R, so it is continuous on [0, 3] and differentiable on

i =t -6
09 ro=10=10 o e o , oa_loeF _2-5:111(‘—*3 )

3-0 6 6

— e_a

6

) ~ 0.897, which is in (0, 3).

f(c) = f(bJ f(a)

f(z) = &% [1,4]. f is continuous on [1, 4] and differentiable on (1, 4). &

[ &1
Il
wafea

—3 & (c+2?=18 & c=—2:l:3\/§.—2+3ﬂ:‘:2.24isin{1,4).
(c+2)2 4—-1

.f-'i, f@) =z —1|. £(3) = f(0) =13 —1] =0~ 1| = 1. Since fi(e)=~1life<1and f'(c) =1 ife> 1,
4 /(c)(3 — 0) = +3 and so is never equal to 1. This does not contradict the Mean Value Theorem since f ’(1) does

- not exist.

5@) = §0) =3 - (1) =4. fla) = =D EHD - 22 Since f1(a) < 0for

16. f(z) =
all z (except = = 1), f'(¢)(2 — 0) is always < 0 and hence cannot equal 4. This does not contradict the Mean
~ Value Theorem since f is not continuous at z = 1.

7. Let f(z) = 1+ 2z + 2 + 42°. Then f(~1) = —6 < O and £(0) = 1 > 0. Since £ is a polynomial, it is
continuous, so the Intermediate Value Theorem says that there is a number ¢ between —1 and 0 such that f(c) = 0.
Thus, the given equation has a real root. Suppose the equation has distinct real roots a and b with a < b. Then
fla) = f(b) = 0. Since f is a polynomial, it is differentiable on (a, b) and continuous on [a, b]. By Rolle’s
| Theorem, there is a number r in (a, b) such that f'(r) = 0. But f(z) = 2+ 3z* + 202" > 2 forall z, so 71
can never be 0. This contradiction shows that the equation can’t have two distinct real roots. Hence, it has cxactlL
one real root.

1& Let f(z) = 2z — 1 —sinz. Then f(0) = —1 < Oand f(x/2) =nm — 2 > 0. f is the sum of the polynomial
2z — 1 and the scalar multiple (—1) - sin « of the trigonometric function sin x, so f is continuous (and
differentiable) for all . By the Intermediate Value Theorem, there is a number ¢ in (0, 7/2) such that f(c) = 0
Thus, the given equation has at least one real root. If the equation has distinct real roots a and b with a < b, theft

~ f(a) = f(b) = 0. Since f is continuous on [a, b] and differentiable on (a, b), Rolle’s Theorem implies that ther® is
anumber 7 in (a, b) such that f'(r) = 0. But f'(r) = 2 — cosr > 0 since cosr < 1. This contradiction shows that
the given equation can’t have two distinct real roots, so it has exactly one real root.

_ .f (a) = f(b) = 0. Since the polynormal f is continuous on [a, b] and dlﬂcrcnnab!e on (a b), Rolle’s Theorem
implies that there is a number r in (a, b) such that f'(r) = 0. Now f’(r) = 3r — 15. Since r is in (a, b), which i
contained in [—2, 2], we have |r| < 2, s0 7% < 4. It follows that 3r* — 15 < 3.4 — 15 = —3 < 0. This contradicts

f'(r) = 0, so the given equation can’t have two real roots in [—2, 2]. Hence, it has at most one real root in [~2, 2]
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FI G[}); r) = x* + 4z + e. Suppose that f(x) = 0 has three distinct real roots a, b, d where a < b < d. Then
i f(a) = f(b) f(d) = 0. By Rolle’s Theorem there are numbers ¢ and ¢z witha < ¢ band b < ¢2 < d and
4 0= f'(ca1) = (cz) so f'(z) = 0 must have at least two real solutions. However

0= f'(z) =4z + 4 =4(z® + 1) = 4(z + 1) (z* — z + 1) has as its only real solution z = 1. Thaus, f(z) can

have at most two real roots.

21. (a) Suppose that a cubic polynomial P(z) has roots a1 < a2 < a3 < a4, 50 P(a1) = P(az) = P(a3s) = P(a,).
By Rolle’s Theorem there are numbers ¢y, c2, c3 witha; < c1 < a2,a2 < c2 < azandas < ¢3 < a4 and
P'(c1) = P'(c2) = P’(c3) = 0. Thus, the second-degree polynomial P’(z) has three distinct real roots, which
is impossible.

(b) We prove by induction that a polynomial of degree n has at most n real roots. This is certainly true forn = 1,
Suppose that the result is true for all polynomials of degree n and let P(x) be a polynomial of degree n + 1.
Suppose that P(x) has more than nn + 1 real roots, say a1 < a2 < a3 <+ < @n41 < @n42. Then
P(a1) = P(az2) = --- = P(an+2) = 0. By Rolle’s Theorem there are real numbers cy, . .. , €nt41 With
81 <€ < 82...,8n+1 < Cnt1 < Gntzand P/(c1) = --- = P'(cnt1) = 0. Thus, the nth degree
polynomial P’(z) has at least n + 1 roots. This contradiction shows that P(z) has at most n + 1 real roots.

22. (a) Suppose that f(a) = f(b) 0 where a < b. By Rolle’s Theorem applied to f on [a, b] there is a number c such
thata < c < band f'(c) =
(b) Suppose that f(a) = f(b) = f(c) = 0 where a < b < c. By Rolle’s Theorem applied to f(z) on [a, b] and
[b, ] there are numbers a < d < band b < e < c with f'(d) = 0 and f'(e) = 0. By Rolle’s Theorem applied
to f'(z) on [d, €] there is a number g with d < g < e such that f”(g) = 0.

r U (c) Suppose that f is n times differentiable on R and has n 4 1 distinct real roots. Then £ has at least one real

root.

23. By the Mean Value Theorem, f(4) — f(1) = f'(c)(4 — 1) for some c € (1,4). But for every ¢ € (1, 4) we have
f'(c) > 2. Putting f'(c) > 2 into the above equation and substituting f(1) = 10, we get
f@) = f() + f'(c)(4~1) =10+ 3f'(c) > 10+ 3- 2 = 16. So the smallest possible value of f(4) is 16.

24, If 3 < f'(z) < 5 for all z, then by the Mean Value Theorem, f(8) — f(2) = f'(c) - (8 — 2) for some ciin {2, 8}.
(f is differentiable for all z, so, in particular, f is differentiable on (2, 8) and continuous on (2, 8]. Thus, the
hypotheses of the Mean Value Theorem are satisfied.) Since f(8) — f(2) = 6f'(c) and 3 < f’(c) < 5, it follows
that6-3 < 6f'(c) <6-5 = 18 < f(8) — £(2) < 30.

25. Suppose that such a function f exists. By the Mean Value Theorem there is a number 0 < ¢ < 2 with

fe)= (2) (0) 2 . But this is impossible since f'(z) < 2 < $ for all z, so no such function can exist.

26. Let h = f — g. Then since f and g are continuous on [a, b] and differentiable on {a, b), so is h, and thus A satisfies
the assumptions of the Mean Value Theorem. Therefore, there is a number ¢ with a < ¢ < b such that
h(b) = h(b) — h(a) = h’(c)(b — a). Since h’(c) < 0, h’(c)(b - a) < 0, so f(b) ~ g(b) = h(b) < 0 and hence
f(®) < g(b).
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v(1/6) —v(0) _ 50— 30

34. Let u(t) be the velocity of the car ¢ hours after 2:00 P.M. Then 76=0 ~ 1/6 = 120. By the Mean

4.3 How Derivatives Affect the Shape of a Graph
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the acceleration ¢ hours after 2:00 P.M. is exactly 120 mi/h%.

. Let g(t) and h(t) be the position functions of the two runners and let f(t) = g(t) — h(t). By hypothesis,

F(0) = g(0) — h(0) = 0 and f(b) = g(b) — h(b) = 0, where b is the finishing time. Then by the Mean Value

Theorem, there is a time c, with 0 < ¢ < b, such that f'(c) = !—\H&l But f(b) = f(0) =0, s0 f'(c) = 0.

Since f'(c) = ¢'(c) — h'(c) = 0, we have g'(c) = h'(c). So at time ¢, both runners have the same speed
g'(c) = k(o).

. Assume that f is differentiable (and hence continuous) on R and that f'(z) # 1 for all z. Suppose f has more than

one fixed point. Then there are numbers a and b such that ¢ < b, f(a) = a, and f(b) = b. Applying the Mean

f0) - f(a)

Value Theorem to the function f on [a, b], we find that there is a number c in (a, b) such that f'(c) = 5
-a

But then f'(c) = b-a = 1, contradicting our assumption that f’(z) # 1 for every real number z. This shows that

b—a
our supposition was wrong, that is, that f cannot have more than one fixed point.

(a) f is increasing on (0, 6) and (8, 9). -
(b) f is decreasing on (6, 8).
(c) f is concave upward on (2,4) and (7,9).
(d) f is concave downward on (0, 2) and (4, 7).
(e) The points of inflection are (2, 3), (4,4.5) and (7, 4) (where the concavity changes).
a) f is increasing on (1,~3.8) and (5, ~6.5).
(b) f is decreasing on (0, 1), (=3.8, 5), (=6.5,8), and (8,9).
(c) f is concave upward on (0, 3) and (8, 9).
(d) f is concave downward on (3, 5) and (5, 8).
(e) The point of inflection is (3, = 1.8) (where the concavity changes).

3. (a) Use the Increasing/Decreasing (I/D) Test.

(b) Use the Concavity Test.

(c) At any value of x where the concavity changes, we have an inflection point at (x, f(z)).

4. (a) See the First Derivative Test.

(b) See the Second Derivative Test and the note that precedes Example 7.

. (a) Since f'(x) > 0on (1,5), f is increasing on this interval. Since f'(z) < 0on (0, 1) and (5, 6), f is decreasing

on these intervals. ‘ )

(b) Since f'(x) = 0 atx = 1 and f’ changes from negative 1o positive there, f changes from decreasing to
increasing and has a local minimum at z = 1. Since f’(z) = O at z = 5 and f' changes from positive to
negative there, f changes from increasing to decreasing and has a local maximum at x = 5.
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(a) f'(z) > 0and f is increasing on (0,1) and (3,5). f'(z) < 0 and f is decreasing on (L, 3) and (5, 6).

(b) Since f'(z) =0atz = 1 and z = 5 and f’ changes from positive to negative at both values, f changes fro
increasing to decreasing and has local maxima at z = 1 and = = 5. Since f'(z) = 0atz = 3 and f’ t:har]geS
from negative to positive there, f changes from decreasing to increasing and has a local minimum at z = 3.

7. There is an inflection point at z = 1 because f”(x) changes from negative to positive there, and so the graph ol

changes from concave downward to concave upward. There is an inflection point at z = 7 because f”(z) chany

from positive to negative there, and so the graph of f changes from concave upward to concave downward. i

a) f is increasing on the intervals where f’(z) > 0, namely, (2,4) and (6, 9).

(b) f has alocal maximum where it changes from increasing to decreasing, that is, where f’ changes from posi[ive
to negative (at z = 4). Similarly, where f’ changes from negative to positive, f has a local minimum (at = :'_ 9
and at = = 6).

(c) When f’ is increasing, its derivative f” is positive and hence, f is concave upward. This happens on (1, 3),
(5,7), and (8,9). Similarly, f is concave downward when f is decreasing—that is, on (0, 1), (3,5),
and (7, 8).

(d) f has inflection points at z = 1, 3, 5, 7, and 8, since the direction of concavity changes at each of these values

9, The function must be always decreasing and concave downward. LY,

e
RS

10. (a) The rate of increase of the population is initially very small, then gets larger until it reaches a maximum at alboul
t = 8 hours, and decreases toward 0 as the population begins to level off.

(b) The rate of increase has its maximum value at £ = & hours.
(c) The population function is concave upward on (0, 8) and concave downward on (8, 18).
(d) Att = 8, the population is about 350, so the inflection point is about (8, 350).

P 1. (a) fz)=2-122+1 = f'(z)=32"-12=3(z+2)(z—2).
i We don’t need to include “3” in the chart to determine the sign of f'(z).

Interval z+2 z—2 f(z) f

< —2 - - - increasing on (—o0, —2)
—2<z<2 + = - decreasing on (—2, 2)

&> 2 + + + increasing on (2, c0)

So f is increasing on (—oo, —2) and (2, 00) and f is decreasing on (-2, 2).
(b) f changes from increasing to decreasing at @ = —2 and from decreasing to increasing at z = 2. Thus,
f(—2) = 17 is a local maximum value and f(2) = —15 is a local minimum value.

) f’(z) =6x. f'(z) >0 <« z>0and f'(z) <0 < =z <0.Thus, fisconcave upward on (0, 0)
and concave downward on (—o0, 0). There is an inflection point where the concavity changes,

at (0, f(0)) = (0,1).

oyt
P st g
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_ 22%/%(-1/x) — (2 - Inz)(3z'/?) _ —22'/% 4 321/?(Inz — 2)

(C) f (x) - (2$3/2)2 4$3
_zY3(-2+43lnz—6) 3lnz-8
- 4z3 T 4z5/2
f'z)=0 & Ihz=% & z=f'(2)>0 & z> €%/, s0 f is concave upward on (€2, 00)

and concave downward on (0, €3/3). There is an inflection point at (es/ 3,84/ 3) = (14.39, 0.70).

(a) y = f(z) = zlnz. (Note that f is only defined for z > 0.)
fz)=z(1/z)+lmz=1+Inz. f(z)>0 & lhz+1>0 & Ihz>-1 & z>e'.
Therefore f is increasing on (1/e, c0) and decreasing on (0, 1/e).
(b) f changes from decreasing to increasing at = = 1/e, so f(1/e) = —1/e is a local minimum value.
(c) f"(z) = 1/z > 0 forz > 0. So f is concave upward on its entire domain, and has no inflection point.
A f(z)=2"-5c+3 = f(z)=5z"-5=5(z>+1)(z+1)(z-1)
e First Derivative Test: f'(z) <0 = —-1<z<1landf'(z)>0 = x> lorz < 1. Since f' changes
from positive to negative at ¢ = —1, f(—1) = 7 is a local maximum value; and since f' changes from negative to
positive at z = 1, f(1) = —1 is a local minimum value.
Second Derivative Test: f'(z) = 202°. f'(z) =0 & z==#1 f'(-1)=-20<0 = f(-1)=Tisa
local maximum value. /(1) =20>0 = f(1) = —1is alocal minimum value.
Preference: For this function, the two tests are equally easy.

by (@ +4)-1-z(22) _ 14—z  (2+2)2-2)
F@="Giyae  ~@+7 @+

ESi st f ol baoo,

(2 + 4)%(—2z) — (4 — %) - 2(z® + 4)(2z)
(=2 +4)7°

f'(z) =

—2z(z? + 4)[(z* + ) + 24 -2°)]  -2z(12 - 2?)
(@ +4)* GEES

flz)=0 & z=1%2 f"(-2)=% >0 = f(-2)=—} isalocal minimum value.
f(2)=-% <0 = f(2) = § is alocal maximum value.
Preference: Since calculating the second derivative is fairly difficult, the First Derivative Test is easier to use for

this function.



