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46. Let | PR| = x. Then we get the following formulas for r and h in terms of € and x:

S L i 0 h
gin—=—- = r=gzsin-andcos—=— = h=wxcos—.
i 2 2 T 2

2
Now A(f) = —’J"I'T and B(f) = 3(2r)h = rh. So
) et r 3. .. zsin(@/2)
el_l.r& B(0) 91_1.%1 AT T zcos(f/2)

=1 lim tan(6/2) = 0.
i i sl

47. By the definition of radian measure, s = rf, where r is the radius of the circle.

d;’?

By drawing the bisector of the angle 6, we can see that sin 5 d = 2rsin g

e vl - 2. (8/2) 9;’2
Ty e g el e e
54 saprd | oot or sin(6/2) g P 23111(9/2) él—r% sin(6/2)

lim 22 — 1 combined with the fact that as 8 — 0 2 — O also.]

z—0

= 1. [This is just the reciprocal of the

3.5 The Chain Rule

1. Letu = g(z) = 4z and y = f(u) = sinw. Then ——-jz = j’i j:
dy  dydu o 3

s == ) = d _— — = 1/2 Theh 2. = = 1 1/2 & 3

2 Letu=g(z)=4+3zandy = f(u) = Vu=u i - L1/2(3) e

(cosu)(4) = 4 cos 4.

24+

d dy d
s Fi 2 e =] ay _ oy au 9 25 9
3 letu=g(z)=1-z’andy = f(u) =u". Then o= = = == = (10u%)(—2z) = —20z(1 — 2%)".
4. Letu = g(z) = sinz and y = f(u) = tanu. Then G i = (sec? u)(cosz) = sec’(sinz) - cos z, o1
dr ~ dudz :

equivalently, [sec(sin z)]? cos z.
] 5. Letu = g(z) = vZand y = f(u) = e“.
Foute N

Then L (e“)(%:c_uz) S T i

de  dudc BB 2 JE

dy _ dy du
_— == = Th iy L o T m'
.Let'u, g(z) = €e® and y = f(u) = sinu. Then —= Rl ok (cosu)(e®) = e cose

1. F(e) = (* +42)" = Fl(a) =7(c% +42)° (32 +4) [or7a®(a® +4)°(3* +4)]
F(a:):(;c2-—:c+1)3 = F’(:z:)z.‘}(mz—:z:—l—l)z&a:—l)

9. Flo)= Vit s+ = (1+2e+2%)"* =
1

' e 3y —3/4 d : 2
Fi(iz) = ; (14 2z +2°) d,r.( +2z+2°) = 4H(1+2x+x3)3/4 (2 + 327%)
B 2 + 32° = 2 + 32°
1 +2e+20 430420+ 29)°
; ~1/3 8z®
10. f(SC) =(1+ $4)2/3 = (:E) = %(1 +$4) 1 (4.’.!:3) = W
1 =3 4 —12t3

M. 9(t) = Gy = =(#+1)"° = J@)=-3"+1)"(4®) =—1282(t* +1) " = i
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2
sec”t

@"'(t)= m=(1+tant)l/3 ad fi(t +(1+ tant) g t = ——— ——

3 \ (14 tant )2

’ ; (3 b = e 3 .
13. 9y = cos(a3 + :173) = Yy = —Sln(a +2”)-3x* [a”isjustaconstant] = —3z°sin(a” + ")
14 y = a®+cosPz = y =3(cosz)?(~sinz) [a’isjustaconstant] 3sinz cos®
d -mx

15 y=e™ > yf =e "= (-mz) =" (-m)=-me
16. , = 4sec5z = ' = 4secbxtan5z(5) = 20sec5ztan5z
17. (@) =1+ 42)°@B+2z-2")° =
() =(1+42)° 88 +z —2)7(1-2z) + B+ =z —2%)°-5(1 +4z)* -4
=4(1 +4z)* @ +z — 2%)7 [2(1 + 42)(1 — 27) + 5(3 + = — 2°))
=4(1 +4z)* (3 + = — 2%)7 [(2 + 4z — 162?) + (15 + 5z — 5z°))
=4(1 +4z)*(3 + z — %)7 (17 + 9z - 2127)
18, h(t) = (t* - 1)°(¢* +1)*
W (8) = (14 — 1)% - 4(£ + 1)3(3t2) + (22 +1)* - 3(¢* — 1)%(4t®)

= 1262(¢* — 1)2(¢® + 1) [(¢* — 1) + (¢ +1)] = 12¢2(¢* — 1) (£ 4 1)3 (2t* +t—1)

19. y = (2z — 5)*(82* —-5)" =
Yy 4(2x 5)3(2)(8z* — 5) % 4 (2 - 5)4(—3)(8z% — 5) 3 (16x)
8(2z — 5)3(8z% —5) " — 48z (2z — 5)*(82% — 5)°
[This simplifies to 8(2z — 5)*(8z* — 5) 4 (—422 + 30z — 5).]

@31 (2% +1) (z* 4 2]1_.-:1 5
2 +1

' = 2z(z? +2)1/3 +(=2+1)(3) (e + 2)"2/3 (22) = 2z(z® + 2)”3 [l + 3@ 12)

2. =ze ™ = y =ze* (—2x)+ e 1= (-2 +1) = e (1-2z%)

2 =e cos3z = y =e 3% (-3sin3z)+ (cos3z)(—5e°%) = —e~**(3sin 3z + 5 cos 3x)

23, =€F = o =eTF. — (gcosa) =" [z(—sing) + (cosz) - 1] = e®*®(cos s — zsinT)

24, Ising Formula 5 and the Chain Rule, y = 1 =
'=10'"""(In10) - % (1 - 22) = —22(In 10)10 =’

. z—1 z—1\"?
5 @)= z+l_(z+1) =

“(2) =l(z_—_1_)—l/2.% (z—l) _ l(z+l)l/2. (z+ 1)(1) - (z — 1)(1)

2\z+1 z+1 2\z-1 (z+1)?

C1(E+D)Y? z41-z4+1 _1(z+1V2 2 1
S22 (412 2(z-1)V2 (24127 (z-1)1/2(z+1)>?
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3.6 Implicit Differentiation

1. (a)dim(zy+2x+3x2)=-;;(4) = (z¥y+y-1)+2+6z=0 = 2y =-y—-2-6z =

yo=¥=2=8T o Y2
z
4 — _ 2
M zy+2r+32>=4 = ry=4-20-32 = y:%:%_z_&;,wy’=_%_3‘
(c)Frompan(a),y’=_y—2—62=_(4/1:_2—3"”)—2_62::_4/1_33: _:45_3.
z z T z
d 2 2 d ’ ’ 8z 4z
—_— = — 1 . = = e e = ——
Z.(a)dx(4x + 9%°) dz(36) = 8r+18y-y' =0 = y 18 %

b)4z® +9y* =36 = 9’ =36-42 = Yy’ =35(9-2°) = y=13/9-2% 50

2z
f=+3.1(9— %)V Loz -
Y 3 2( ) ( ) 3\/9_—22
4z 4z 2z
¢) From part (a),y' = —— = =
© Fompat @4 =~ = S@Ivo=e) Ao
dfl I e g b e L e
@) dx (J.,_._g) = d;;{;“) &4 yﬁy i yzy TaNe . e
L EE T e = D SRR e SRR
(bjr._y e y_l T T T (z—1)2 (z —1)2°
it g [z (J:_l}]z z* 1
e 4 4 2 (x —1)2 (z—1)2
T i — ! 1 - = A _\'_/:{_"I
4@ = (VE+ )= 4 = ek e e G
B I=4—Vz = y=4d-Vx) =16-8yz+z = 3y = %T-l-l
\.-'(.‘
’ \/’7 4_\/5 4
= e = — = e — 1
©y Ve 7z \/-+
S.i(z2+'y2) —d—(l) = 2z4+2yy' =0 = 2y =-2z = y’=—£
dz dz v
d 2 2 d ’__ _ ’ I_E
@dm(m y?) = d:c(l) = 2r-2yy'=0 = 2z=2yy = y—y
7%:( +:z:y+4y)——(6) = 322+ (2% +y-22) +8yy’ =0 = 2%y +8yy = -32% - 2zy
322 + 2zy z(3z + 2y)
' 2 b 2 __ ! —_
= (2 +8y)y 3r2 -2zy = y e 2 1 8y
&%(z —2xy+y)=%(c) = 2r-2xy +y-1)+3% =0 = 20-2y=2zy -3 =

,  2x—2y

_ . _ 2 = LT o
2z — 2y y(2::: 3y) = % — 3y
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. ax d ; ; ;
. a’ (z°y + J'..',r'!1 = (3x) [.rz‘?_,.lf ty-2z) + (z- '3_;;;;’ - Iﬂ;‘? -1)=3 =%
e lz
p : 9 . o y 3 — 2x1 y?
_,»'U 4 '_’..'.‘g;lu 3 LTY — Y~ = il I /) 9 2 Ty y- 5, .’:". = _f ._.l'l
Tl 22 + 27y
”rf- P, 2.3 i B a i g AL 2, 3.2,/ A T2 ey 2 ;
e[y EY) 3 a5 ( 1y J > dyy +lzt 3y +y - 2) =04y 21 + € y
TR ] T
da
R | J.a": 2
Me 4 & 32202 r'_n\J s Mo > Z.J'II;LL Y J
rif S5y +ox"Yy —€ LTI Y€ Ty’ - iy — ————— e
y (> 5yt + 3x?y? — e*”
N Jnfl f a2 i ) d o i 2 5 S ’ T = .
da’ (z7y" T siny) = — (4) 2 29y +y° -2z +xcosy -y +siny-1=0 .
1. I.T e dz § : :
da
e . S . " 2zy* — sin1
ot yy +xcosy -y’ = —2zy° —siny (22°y + zcosy)y = —2ay® —siny = y = L———F
il 4T Y + T COSY
d 3\ ] ) ’ 2 4 by g )
12 j_f”l- (1+x) == sin(zy®)] = 1= [cos(zy”) 2y y? 1) 1 = 2zy cos(zy?)y’ + y? cos ..-'_.?,-3|
" dat ax
A yi cos(zy®) = 2xy {_fl:?—il:_'_;’:”,.l. llf)' O

13. — (4cos sxsiny) = E(.i-(l) = dfcosz-cosy-y +siny-(—sinz) =0 =

y/(dcoszccosy) = 4sinzsiny y' = -

FTUGD R Uy

y

g AN
15 o (<)

4sinxsiny

sin(z” ') = 2zy cos(y®)] = sin(y?) — 2zy cos(z?) =

tanrtany

d
14, # lysin((z?)] = o [zsin(y®)] = ycos(z?) - 2z +sin(z?) -y’ = zcos(y?) - 2yy’ +sin(y?) 1 =
S

, _ sin(y?) — 2zy cos(z?)

~ sin(x3) — 2zy cos(y?)
d 23y 2.1 ’
a;(:z:+y) = ¥y +y-22)=1+y => =z

zezzvy'+2zyezav=l+y' =
2 2 2 1 - 2zye=¥
Y o~y =1-2zye®? = Y@ V-1)=1-2zye" "V = o = 2 2‘y
z2ezv — 1
1 — d -
;(.;.'-»-f'-Fy)=3;(l+z’y’) = 1@+y) 0 +y) =22+ 2z >
1 ¥ 2, 2 ’ 2 ’ 2
P _ur+2\/5+—y Yy + 2zy 1+y 'y +yy +4xy*x+y =
VAt VT gy =4 VT Ry -1 = Y-y ry) =iV ry-1 =
y = Loy 2 /T¥y -1
s TEEY

+2% =

—:52)=2:c -
W MW

Hay) *ay +y-1)=0+2% +y-2z =

z ' R )
2\/.:c_yy +———2\/z_y Ty + 2zy

[z -2 /3y
”( 2/ )

_dzyyTy -y s _dzy Ty -y
2./xy Y

x — 2z2,/zy

a

189
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67. () If y = f~"(z), then f(y) = . Differentiating implicitly with respect to z and remembering that  is a funy;
oy QY dy 1 “ig) = — L
of sweget f'0) gl =Lso gl = pes = ()@ = Frmy
®) f4)=5 = f7(5)=4.Bypart@), (f7)'(6) =1/£(f7(5) =1/f(4)=1/(3) =&
68. (a) f(z) =2z +cosz => f'(z) =2—sinz > 0 forall z. Thus, f is increasing for all x and is therefore
one-to-one.

(b) Since f is one-to-one, f~'(1) =k <« f(k) = 1. By inspection, we see that f(0) =2(0) +cosO =1,
k=f1)=0.

© ()W =1FFW) =1/£0)=1/(2-sin0) = }

T .
89. 22+ 42 =5 = 22+4(2yy)=0 = Y = _Q, Now let h be the height of the lamp, mfktjiilﬁbf! ;

point of tangency of the line passing through the points (3, ) and (—5,0). This line has slope

(h —0)/[3 — (=5)] = 3h. But the slope of the tangent line through the point (a, b) can be expressed as ' = — -

5-0 b a b
T - s i h(— S0 —— = —
a-(<5) —a+s [since the line passes through (-5, 0) and (a, b)], so yTierrs

46 = —a* —5a <« a® +4b% = —5a. But a® + 4b% = 5 [since (a, b) is on the ellipse], s0 5 = ~5a <«

or as

a=-1Then4b® = —a® ~5a = -1-5(—-1) =4 = b = 1, since the point is on the top half of the ellipse

8 ars-"1+5°-1 = h = 2. So the lamp is located 2 units above the z-axis.

3.7 Higher Derivatives

1. a= f,b= f',c= f". We can see this because where a has a horizontal tangent, b = 0, and where b has a
horizontal tangent, ¢ = 0. We can immediately see that c can be neither f nor f’, since at the points where c has ¢
horizontal tangent, neither a nor b is equal to 0.

2. Where d has horizontal tangents, only c is 0, so &’ = c. c has negative tangents for < 0 and b is the only graph

that is negative for z < 0, so ¢’ = b. b has positive tangents on R (except at z = 0), and the only graph that is
positive on the same domain is @, so b’ = a. We conclude thatd = f,c = f', b= f”, anda = f".

3. We can immediately see that a is the graph of the acceleration function, since at the points where a has a horizont

tangent, neither c nor b is equal to 0. Next, we note that a = 0 at the point where b has a horizontal tangent, so b
must be the graph of the velocity function, and hence, b’ = a. We conclude that c is the graph of the position
function.

4. a must be the jerk since none of the graphs are 0 at its high and low points. a is 0 where b has a maximum, so
b’ = a. bis 0 where ¢ has a maximum, so ¢’ = b. We conclude that d is the position function, ¢ is the velocity, b i
the acceleration, and a is the jerk.

5 f(z)=z°+62° -7z = f(x)=5z'4+122-7 = f"(z)=20z+12

6. f(t)=t8 -8+ 2t = f(t)=8tT —42t5+ 85 = f'(t) = 56t° — 210t* + 2442

l.y=cos20 = ¢ =-2sin20 = y' =—4cos20

8)y=0sind = 3 =0cosh+sind = Yy’ =0(—sinf)+cosf-1+cosf=2cosf—Hsinb

Fe D

T
T

pem

W A

3 i e :
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(‘) =(1- )¢ = F'(t)=6(1-Tt)°(-7) = -42(1-7t)° =
3 Pt = 4250~ 7t)4( 7) = 1470(1 — 7¢)*

4 9z +1 yon_ (=12 -Qz+1)(1) 22-2-22-1_ _ _3 e 13=2
(:c) = :_ PRt (el = (z —1)2 T (z—1)2 = (J[z —1)2 or —3e-1)
L @) =-3(-D@-1)C=6-1) o ﬁ

4 —4du von (143u)(—4)— (1 —4u)(3)  —4-—12u—3+125 _7

: h(uJ 1+3u i = (1 + 3u)? i (1 + 3u)? —u=m

74

; —7(1+3uw)~* = h"(u) =-7(-2)(1+3u) =3(3) =42(1 + 3u)™® or RESEND

b =
42 H(3}=“\/§+7 =as'2 +bs71? =

‘ H.‘(S) =g -!- _1/2 +b( _3/2) o %as_l/z = %bs_a/z e
b ) = 3o(-4e) - 11 = o
« . 1 o
) = v tT = Nig)= 5@ 1) V) = \/%—T
N e LG i o) BN o ) M (a2 o D
L K(z) = W i @+ 1) (2 +1)272

E.I.14.y=mecm = ,y! =x.ec1_c+ecx_lzecx(m+1) =
i; Y’ = e (c) + (cz +1)e* - ¢ = ce™(1 + ez + 1) = ce™(cx +2)

Ey=(+1)** = y=3*+1)"°@*) =222 +1)"° =
‘J
B =2z (—5)(17 +1)"43(322) + (2® +1)"V3(4z) = dx(z® +1)7V/3 = 22% (2 3 +1)74/3

Az
16y = ——
{ vo+1
. \/J:+ 4—-4z-3(z+1)” 1/3 4\/:c+ —2z/Vz+1 4(x+1)—2ac_ 2zx+4
(Va+1)° o @+ @+ T
R a2 ) il —(22+4)- 3@+ D)2 _ (@+1)'’2(z+1) - 3(z +2)]
(@+ 1]’ i
x4 l—32—-6 _—~z—A4
T @+ (w1

12. H(t) = tan3t = H'(t) = 3sec®3t =
H"(t) =2 3sec3t gz (sec 3t) = 6sec 3t (3sec 3t tan 3t) = 18sec” 3¢ tan 3¢

18. g(s) = s®coss = g'(s) = 2scoss — s’sins =
9"(s) = 2cos s — 2ssins — 2ssins —;2coss i (2 _ﬂs‘z) e e s
14. g(t) =13 = g!(t] = 3¢5 . 55 45t .32 — tzeat(st i 3) —
g"(t) = (2t)e* (5t + 3) + t*(5e>) (5t + 3) + %> (5)
= te [2(5t + 3) + 5t(5t + 3) + 5t] = te® (25> + 30t + 6)
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- ;-.; z_ 'fl]arivatives of Logarithmic Functions

_ +e differentiation formula for logarithmic functions, % (log, z) = z—;u;' is simplest when a = e because

: (z) =ln(@®+10) = f(2)= i - diz (27 4+10) = zzzfm
(9> In(cosd) = /() = —7 < (cosf) = =27 = —tang
z) =cos(lnz) = f'(z)=—sin(lnz)- % - smm(inw)
| mele el (—ﬁ 2 (-3 = (1—;j}m - {32:-31)1112
:.' = mlo(ﬁ) e e at el Ao zlrl‘lﬂ T @- 11J m10 " z(z —ll)ln 10

1 1 1

_..I':j', = Yz =(nz)"/* = f(a)=1i(n x)—4/5d%: (Inz) = Sina) /s o m

I — — 1 —_— — e
J:f(:l'-') m¥z=Iz =Lz = f(z)= i~
b Inz 2+ Inz

AP R

S

-1
3.; _(1=lnt)(1/t) - A+ Int)(=1/8) _ (1/)[(1 =Int)+ (1 +Int)] 2
() = 1 —Inf)? = 1 —1Int)? = i1 -ty

o

b :
1. F(t) = In gz-‘-i;‘—ln(2t+l)3—ln(3t—1)‘=3In{2t+1)—4ln(3t—1) =
. 1 2 1 el 12 . —6(t + 3)
_F(t)_3‘2t+1'2 i v Al e B L b T T
=h(z+v?-1) =

1 ( + & )_ 1 _m+£h 1
z+vz? -1 vz -1 z+vVz2 -1 Var =1 V2 -1

a—=a
+m =In(a—z)—In(a+z) =

L K (z) =

g(z) =In

1 —(a+z)—-(a—z) —2a
g'(m x_)_a+m (a —x)(a+ z) a? — z?
"F('y)=yln(1—|—e") = Fy=y- 1‘:39 e +In(l+ev)-1= ly: ~ +1In(1+¢¥)

u) = _Inu__
1+ In(2u)
o (1+In(2u)]- 3 —Inu-5 -2 3 L1 +1In(2u) — Inu]
(1 + In(2u)]? [1 + In(2u)]?
_ 14+ (n2+nu)=Inu _ 1+1In2
T uwl+m@w)?  u[l+In(2u)P

T e,



8V -

LE

UEFT nf

";f:..':

212 O CHAPTER3 DIFFERENTIATION RULES :
’ : 1 1 4
— ,d"‘g,: 4 i ‘2:11’,— gin "=4.= . J ST = — 7
In(z* sin? z) = Inz* + In(sinz) {Inz +2 Insinz = y . + 2 “——goni= = 2ol il

i3 —10xz —1 10z +1

o =, = 2 ;:__'_‘ —1 — A =
Ny=h|2-z-5° = y 2 —x—5z2 =1y I—c—b22 " Ptz 2
31L+2 1 « e '] : 3 3 —6
T = =3 2) — In(: == kg i o —
@C‘(u) In R lIn(3u+2) - In(Bu—2)] = G'(u) 2(3u+2 e o
18. y = In(e™° + ze®) = In(e™*(1 + z)) = In(e™®) +In(1+x) = —z+In(l +z) =
’_ 1 _-1—1:+1__ z
v= 1+1+z:— 1+z ~ 1+z
1 2¢%In(1 + %)
—_ z\12 ’.—_- x . . z=——-~-——
—[ln(1+e)] >y =2 +e) e ek
Ny=zlhzs = y =z(/z)+(nz)-1=1+Inz = y'=1/z
_Inz , _2*(1/z) = (Inz)(2z) _z(1-2Inz) 1-2Inz
2y= >z - V= (z2)? - x4 T 8
s 2(=2/z)— (1-2Inz)(32%) _2?(-2-38+6lnz) 6lnz-5
v = (@°)? = z6 = Tigw
- ot __ 1 (1 ro (s s AEl
B.y=logoz = y_:clnlo_lnlO(x = ¥V Thio\ 22) Zmio
_ , _secT tanz +sec’T _ =
2. y = In(secz + tanz) = = ooz T tanz =secx = 1y =secxtanz
T
B fl@)= 1-In(z - 1)
-1 (z-1=In(z—1)]+=x
f'(x)_[l—ln(z—l)]-l—:z.z_l— — e e
- [1 - In(z — 1))? - 1 —ln(z—1)}2 T (z— 1)1 -In(z—1)?

_2r—1-(z—1)In(z—1)
(z—-D[1 - In(z - 1))

Dom(f) ={z|z—-1>0 and 1-In(z—1)#0}={z|z>1 and In(z — 1) # 1}
={z|z>1 and z—1#e'}={z|z>1 and z#l+e}=(1,1+e)U(l+e,00)

a0 TRy e nrcics SSReemn <
26. f(x) = e e fi(x) = A+ ma)? [Reciprocal Rule] pr T T

Dom(f) ={z|z>0 and Inz#-1}={z|z>0 and z# 1/e} = (0,1/e) U (1/e,c0).
@2 (—2x) 23

1— 22 1—ax2
Dom(f) = {z |1—2* >0} = {z||z[ <1} =(-1,1).

o) ey = P s

Inlnz nz =z

21. f(z) =2*n(1 —2®) = f'(z)=2zIn(l-2")+ =2zIn(l — 2?) —

Dom(f) ={z | lnlnz >0} = {z |Inz > 1} = {z |z > e} = (e, ).

x i lme—zlfe) Wzl
Be Ha= (In x)? ~ (ln z)?

1-1 _

2, f(z) = Fig) =il

3. f(z) =2’lnz = f'(o:)z?u:ln::c—i—x?(i):2:rln3:+:c = f(1)=2Inl14+1=1






