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9. Using (1) with f(z) = i—:—l and P(3,2),
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@(a) Using (1),
(1+z+2%) - (1+a+a? z+z2°—a—ad® . x—a+(z—a)lz
m Jlm — —_— lim —————— = lim ——— " "
— a r—a 2 L —a
(x—a)(l+zx+a) 2 :
l B lim(1+z+a)=1+2a
T—ra &£ — O r—a
® @z=-1 = m=1+2(-1)=-1 (©)

(z=-3 = m=1+2(-%)=0
(iiz=1 = m=1+2(1)=3
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16. Let a denote the distance traveled from 1:00 to 1:02, b from 1:28 to 1:30, and ¢ from 3:30 to 3:33, where g
times are relative to ¢ = 0 at the beginning of the trip.

distance in miles

200+ a+ b+«

i 200+a+b |_ /
- P
slope = 65 ~
T L
| " slope =55
'5'|'/ 1:0) 1:30 1:33
e — + — — >
0 1:00 8 3:3 t
| Ir Hrs
17. Let s(t) = 40t — 16¢%.
) 2 10t — 1 1¢ |-j;-‘. Nt f s_g_'-.
2) m — — = lim — = lim < 4 lim : — °)
2 t—2 2 t— 2 t—s 1 t—2 t—2 t—2
8(t — 2)(2t 1
lim - I'I-; I 8lim(2f — 1) = —8(3) = —24
Thus, the instantaneous velocity when t = 2 is —24 ft/s,
H(1+ h)— H(1)
a) v(1) = lim —————>—~
() (1) = lim h
(58 + 58h — 0.83 — 1.66h — 0.83h%) — 57.17

J]'|m - = — - lim (56.34 — 0.83h) = 56.34 m/s
1—0 h—0

h

(b) v(a) = P_% H(a+_h’z-H_(_a_)_

i (58a + 58h — 0.83a” — 1.66ah — 0.83h7) — (584 — 0.83a%)

h—0 h
= '{m}) (58 — 1.66a — 0.83h) = 58 — 1.66a m/s

(c) The arrow strikes the moon when the height is 0, that is, 58t — 0.83t> =0 « t(58 —0.83t) =0 <«

58 . ,
t= 083 > 69.9 s (since t can’t be 0).

(d) Using the time from part (c), v (%) = 58 — 1.66 (%) = —58 m/s. Thus, the arrow will have a vel

of —58m/s.
- 4(a+h)® +6(a+h) +2— (4a® + 6a + 2
18. v(a) = lim —s(a+h) 8(a)=lim (at+h) +6(a+h)+ (a tlat )
h—0 h h—0 h
— i 20> +120%h +12ah% + 4h° + 6a + 6k + 2 — 40 — 6a — 2
T A0 h ‘
2 2 3
= Jim 12 "“2“’;1 £A0 £ 0% - tim (1202 + 120h + 4h? +6) = (124° +6) m/s

Sov(1) = 12(1)* + 6 = 18 m/s, v(2) = 12(2)* + 6 = 54 m/s, and v(3) = 12(3)? +6=114m/s.



The line from P(2, £(2)) to Q(2 + h, £(2 + h))

f2+h) - f(2)
~ A

f2+h) —f2) is the line that has slope

f2) h fl2+h)

o/ 2 2+h X .
b

@S h decreases, the line P() becomes steeper, so its slope increases. So
0< 18-S@ SO S oy JE IO g 0 < 4104 - 1020 < 53 - 1) < £ 2).

z—2 T

3. ¢'(0) is the only negative value. The slope at z = 4 is smaller than the slope at = = 2 and both are smaller than the |
slope at z = —2. Thus, g'(0) < 0 < ¢'(4) < ¢'(2) < ¢'(—2).
4. Since (4,3) isony = f(z), f(4) = 3. The slope of the tangent line between (0,2) and (4, 3) is §, so f'(4) = L

5. We begin by drawing a curve through the ¥4 y ]
origin at a slope of 3 to satisfy f(0) = 0 and 1 1
£'(0) = 3. Since f'(1) = 0, we will round N / e :,/\ :
off our figure so that there is a horizontal 1 X e \x
tangent directly over z = 1. Lastly, we make

sure that the curve has a slope of —1 as we
pass over x = 2. Two of the many
possibilities are shown.

D

1. Using Definition 2 with f(z) = 32% — 5z and the point (2, 2), we have
— 3(2+ h)? - 5(2 -2
£ = i L1OER=1C) _, BATR)7 - 5@+ W)
h—0 h. h—0 h
. (124 12h+3h* —10—5h) —2  3r®+47h
= lim = lim ————
h—0 h h—0  h

= lim (3h+7) =7.

So an equation of the tangent line at (2,2)isy —2=T(z —2)ory = 7Tz — 12,
@Jsing Definition 2 with g(z) = 1 — «® and the point (0, 1), we have

= 1-(0+h)°] -1 Ry
h h—0 h h—0 h h—0

9'(0) = lim

So an equation of the tangent lineisy — 1 = 0(z — 0) ory = 1.




_ (a+h)’+1 d®+1
;h)'f(a):lim (a+h)—2 a-2
h h—0 h
2ah+h?+1)(a—2)— (a®+1)(a+h—2)
h(a+h—2)(a—2)
2a? + 2a*h — 4ah + ah® — 2h* +a — 2) — (a® + a®h —2a® + a + h — 2)

SECTION 2.8 DERIVATIVES O

h(a+h—2)(a—2)
dah+ah? =21 —h _ | h(a® —da+ah-2h-1)
h(a+h—2)(a—2) h—0  h(a+h—2)(a—2)
: la+ah—2h—1 _ a’ —4a—1
R 2e-2  (@-27

ith f(z) = 1/vVT + 2.

i 1

Bl fla) _ Ja+h)+2 Vat2
h h—0 h

+h+2va+2 :lim[\/ﬂ+2—\/a+h+2_\/a.+2+\/a+h+2]
h h=0 | hrfa+h+2va+2 Va+2++va+h+2
: (a+2)—(a+h+2)
Vat+h+2va+t2(vVat2+va+h+2)
—h
a+h+2va+2(Vat+2+va+th+2)
o
h+2va+2(Va+2+va+h+2)
—1 1

8 (0v/atz) 2+

at+h)—fla) . Bla+h)+1—+3a+1

A = h

3a+3h+1-+/3a+1)(v3a+3h+1++3a+1)

h(v3a+3h+1++3a+1)

(3a+3h+1)— (3a+1) e 3h

V3a+3h+1++3a+1) »r-0h(v3a+3h+1++3a+1)
3 S

3a+3h+1++v3a+1 2v3a+1

1S to Exercises 19—24 are not unigue.

(e ) -1

h—0 h

(14+h)°—1
h

= f(1), where f(z) =z'®anda = 1.

tio_n 2, lim

—0

= f'(0), where f(z) = (1 +z)"% anda = 0.
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7 Y —
yDeﬁnition 2, Ain}) ——1—6+hh—2 = f'(16), where f(z) = ¥z anda = 16.

Or: By Definition 2, 'llin}) 16+h2 = f'{0), where f(z) = Y16 + zanda = 0.

g —
21. By Equation 3, lim5 2 :;2 = f'(5), where f(z) =2 anda = 5.

tanz — 1
i lim —=—2~°
22. By Equation 3,3 n’:x/4 7,

cos(m +h) +1

f'(n/4), where f(z) = tanz anda = 7 /4.

23. By Definition 2, ’llm}) = f'(n), where f(z) = cosranda = x.

h
Or: By Definition 2, 'l'in}) %-;h)—i—l = f'(0), where f(z) = cos(m + z) anda = 0.
. . tet-2 .
24, By Equation 3, }mi ——7 = f'(1), where f(t) =t*+tanda=1.

25.v(2)=f'(2)='{ii%f(2+h’1_f(2) = Jim [(2+h) —6(2+h);5]—[2 - 6(2) — 5]

4+4h+h2—-12—-6h—-5)— (-13 2 _
=lim( At )¢ )=limh 2h=lim(h—2)=—2m/s
h—0 h h—0 h h—0

%. v(2) = f(2) = Jim 2R -1

2(2+ h)® 24+ h)+1| — |2

= lim -
h—0 h

(2h% +12h% + 24h +16-2—-h+1) — 15
st : A
. 2h%+12h% +23h
fim S
21. (a) f'(z) is the rate of change of the production cost with respect to the number of ounces of gold produced.
units are dollars per ounce.
(b) After 800 ounces of gold have been produced, the rate at which the production cost is increasing is $17/o
So the cost of producing the 800th (or 801st) ounce is about $17.
(c) In the short term, the values of f’(z) will decrease because more efficient use is made of start-up costs as
increases. But eventually f’(z) might increase due to large-scale operations.

lim (2h* +12h + 23) = 23 m/s

28. (a) f'(5) is the rate of growth of the bacteria population when ¢ = 5 hours. Its units are bacteria per hour.

(b) With unlimited space and nutrients, f’ should increase as t increases; so f'(5) < f'(10). If the supply of
nutrients is limited, the growth rate slows down at some point in time, and the opposite may be true.

29, (a) f'(v) is the rate at which the fuel consumption is changing with respect to the speed. Its units are
(gal/h)/(mi/h).
(b) The fuel consumption is decreasing by 0.05 (gal/h)/(mi/h) as the car’s speed reaches 20 mi/h. So if you
increase your speed to 21 mi/h, you could expect to decrease your fuel consumption by about
0.05 (gal/h)/(mi/h).
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36. Since f(z) = z?sin(1/x) when z # 0 and £(0) = 0, we have

_ e SO+~ FO) _ . A¥sin(l/h)-0 _ . : 1
f(0)= ’El-t.l}) —y = ’lll_l.l}] — = 'lll_l*t})hsm(l/h). Since —1 < sin - < 1, we hay

1 ! .
— |kl < |A| sin <|h| = =k <L hsmﬁ < |h|. Because 'l.m:)(— |h]) = 0 and 'llin})lhl = 0, we know

lim

h—

(h sin %) = 0 by the Squeeze Theorem. Thus, f'(0) = 0.

2.9 The Derivative as a Function

1. Note: Your answers may vary depending on your estimates. By y
estimating the slopes of tangent lines on the graph of f, it appears that [o\f:
@ f'(1)~ -2 () f'(2) ~ 0.8 0
© f3)~ -1 (d) f'(4) = -0.5

Note: Your answers may vary depending on your estimates. By
estimating the slopes of tangent lines on the graph of f, it appears that

@ f(0)~-3 ® f'(1) =0
© f(2)=15 ) f(3)~2
€ f'(4)=0 ® f(5) ~-1.2
3. It appears that f is an odd function, so f will be an even
function—that is, f'(—a) = f'(a).
(@) f'(-3)=1.5 b f(-2)=1
© fi(-1)=0 (d) f/(0) = —4
(e f(1)=0 @ (21 !
(@ F(3) =15

4. (a)’ = I, since from left to right, the slopes of the tangents to graph (a) start out negative, become 0, then posit
then 0, then negative again. The actual function values in graph II follow the same pattern.

(b)’ = 1V, since from left to right, the slopes of the tangents to graph (b) start out at a fixed positive quantity, th
suddenly become negative, then positive again. The discontinuities in graph IV indicate sudden changes in
slopes of the tangents.

(c)’ = I, since the slopes of the tangents to graph (c) are negative for z < 0 and positive for z > 0, as are the
function values of graph L. ’

(d)’ = I, since from left to right, the slopes of the tangents to graph (d) are positive, then 0, then negative, thei
then positive, then 0, then negative again, and the function values in graph III follow the same pattern.
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SECTION28 THE DERIVATIVE AS A FUNCTION DO 12

graph of f. Look for any comerson

ntal tangents on the
gative) slope,

where f hasa tangent with positive (or ne
¢ a horizontal line.

on the graph of f' for any horizo

the graph of f'. Onany interval
the function is linear, the graph of f' will b

s 5-13; First plot g-intercepts
a discontinuity on
(or negative). If the graph of

1s for Exercise
graph of § —there will be

graph of f" will be positive




| +h)—fl@) .. (z+h)?—2a?
F - -

2 2
(2 +2hz+h*) —a®  2hz+h® . h(2z+h) _ _
R R s §  athek
jing in, we estimate that f(0)=0, f'(3) =~ 0.75, (c) y

3, f/(2) ~ 12, and f'(3) = 27.
netry, f'(—z) = f'(z). So f'(—3%) = 0.75, f'(-1) =~ 3,
~ 12, and f'(—3) = 27.

SECTION 2.9 THE DERIVATIVEAS AFUNCTION O

(0) = 0, it appears that f’ may have the form f'(z) = az®.

=1 1

(1) = 3, we have a = 3, so f'(z) = 3a>.

i 35 3 2p 4+ 3 h2 h3) — 3

E . flz+h) f(m)zlim (x+h) —=x Lo (z* + 32°h + 3zh® + %) — 2
h—0 h h—0 h h—0 h

3z*h + 3zh* + 3 h (32® + 3zh + h?)

= lim (3z® + 3zh + h?) = 32?
h—0

R feth)—f) . 3-3r . 0
hfllj h “E‘L% h _;ll.*uh h—0

of f = domain of f' = R.

lim @R = f@) _ 12+ 72 +h)] - (12 +7z)
h—0 h h—0 h

= 12472+ 7Th— 12— Tx g 7h Ll i
h—0 h h—0 h  h—0

in of f = domain of f' = R.

i @R = @) _ o [1-3(+h)Y - (1 - 37)
h—D h h—0 h

. -3+ 2ch+ R - (1-32%) . 1—32%— 6ch—3h? — 14323
= lim = lim
h—0 h h—0 h.
— — 2 — —
= lim —0ah—ah" = lim h(=6z — 3h) = lim (—6z — 3h) = —6z
h—0 h—0 h h—0

ain of f = domain of f’ = R.

e h)? —2] — (52% + 3z -2

i fle+h) — f(z) = [5(z+ ) +3(z+h) ] (5z* + 3z — 2)

h—0 h h—0 h

. 5z +10zh + 5k +3z+3h—2—5z>—3z+2 .. 10ch+5h%+3h
= 1im - = lim

h—0 h h—0 h

h

o iy BB SR EL L g i 8y a0 3

h—0 h h—0

Domain of f = domain of f’ = .
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[1 DIFFERENTIATION RULES

1 Derivatives of Polynomials and Exponential Functions

h —
(a) e is the number such that gm}] g h ! =1,
b
® x (2.7 - 1)/z T (2.8° - 1)/z
—0.001 0.9928 —0.001 1.0291
—0.0001 0.9932 —0.0001 1.0296
0.001 0.9937 0.001 1.0301
0.0001 0.9933 0.0001 1.0297
; ook - SRF—1 :
From the tables (to two decimal places), Am}) e = 0.99 and iurb e 1.03. Since
099 <1<1.03,27 <e<?28.
(a) (b) f(x) = e” is an exponential function and g(z) = z° isa
Y s d TN d | e—1
: power function. 7= (e®) = €” and o (z5) =ent
44 (¢) f(z) = e grows more rapidly than g(x) = =° when z is
4 large.
=2 =1: 0 o Je ek

The function value at z = 0 is 1 and
the slope at z = 0 is 1.

3. f(z) = 186.5 is a constant function, so its derivative is 0, that is, f'(z) = 0.

4. f(x) = +/30 is a constant function, so its derivative is 0, that is, f ‘(z) =0.

5 flz) =5z-1 = f(z)=5—-0=5

b F(z) = -42'° = F'(z)=—-4(10z"") = —402°

1 fle)=2+3z—-4 = fl(2)=20>"'43-0=22+3

B. g(x) =5¢° -~ 22"+ 6 = g'(z) =5(82°"") —2(52°~!) + 0 = 402" — 10z*
L) =3(t"+8) = f(t)=4t"+8) =3(4t*"+0)=¢

0. f(#) = 3t° —3t* +t = f/(t) = 3(6t°) —3(4t®) +1=3t°— 1263 +1

2

e e DR e R
T.y_.x / = y’_,_a:r( / e Sx / 5m7/5

Ly=5"+3 = gy =5(e")+0=>5e"
8V(r)=4nr® = V'(r)=47(3r) = 4nr?

. R(t) =5t = R(t)=5[-3- 1] = —3~8/5

151
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B.Y({t)=6t"" = Y'(t)=6(-9)t71°=—54¢"1°

(93) = \/—'17_0 =V10z"7 = R'(z)=-7V/10z%= —7@
z z

1. G(z) = -2 =22 -2 = G'(z)=3ir V-2 = — 2€*
— 37 _ .1/3 r_1.-2/3_ _1
By=Yzr=12 = y =3z = 32773
19. F(z) = (32)° = (1)’ 2® = 42° = F'(2) = &(52*) = 32
0)ft)=vVt——==t"2-t712 = f'(t)= 11712 (_1473/32) l—_ L
Vi s A / 21 2t v/t
_ L 2 A . 9
Ngz)=2*+==z*+2"° = gz)=2z4+(-2)z7%=22 =
o T
22. y=,, T (x N=z*2 -z = Y —: r 2 = —, Y23z —1) [factor out l,: 1/2
. 3z — 1
(8] r—
e

2
TPt i SRV SR VSN SR V2 SN

7z

v =522 4+4(3)a7V?+3(-1™ 2 =3 T+ = -

[note that £3/2 = £2/2 . 21/2 = z\/i]

2 _9 . /r 1 /2 ;
24.)y ;-j . g 2—237Y* = ¥ l - 2(—%)1'3/2 =1+ l/(Z\/.’E)
- .
25, y = 4n”© » 3y’ = 0 since 47* is a constant.

2. g(w) = V2 VEi= VI VBV = g(w) =vE1) + V3 (3um?) = VE+ VE/(2vA)

21. Yy az“+bx+c = _r,l. 2ax+ b
b ( 1 b 2,
23 f 1 [l {I;'r' 1 = Uy 1f — 200~ e ~ —
v 2 3
) 1 5 3/ ) ) 7/4 3 3
29. v =t El O ) =, R et 1 SN O AR, ¥ T s
Vi ’ bi/4 it Vi3

“= VE+2VB =07 4+26%7 = o =23 4232 = 333/5 +ave

3. 2= y—?a +Be¥ = Ay~ + Be! = 2z’ = —104y~!' + Be? = —%‘? + Be¥

Ry=etltl=cel+1=e-e+1 = y =e - =¢t!




