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or the curve y = In z and the point P(2, In 2):
(b) The slope appears to be .

(@) sl e Lo e e
|— _lll_ z | ] r mpqg
.t_ @15 (1.5, 0.405465) 0.575364 ©y—1n2= Lz —2or
(i) | 1.9 (1.9,0.641854) '] 0.512933

y=3z—1+In2

| iy | 1.99 | (1.99,0.688135) | 0.501254
v | 1.099 | (1.999,0.692647) | 0.500125

| (v) | 2.5 (2.5,0.916291) 0.446287

(vi) | 2.1 (2.1,0.741937) 0.487902

|
| (vii) \ 2.01 | (2.01,0.698135) | 0.498754

(viii) | 2.001 i_2,11m,:;.nu:}ei-i?) |_r_.1'.af.1és."_.-’,_

@ .
secant line at x=1.5
.’/. . -
1+ .+~ ~——tangent line at x=2
WO v
T__:/’.’--;/‘\\ secant line at x = 2.5
y=Inx
2+ 3
2T secant line
atx=2.5—.
051
‘secant line
y=Inx atx=15
— +— — — e ————
0 1.5 2 5 X

5 (a) y = y(t) = 40t — 16¢%. Att =2,y =40(2) - 16(2)% = 16. The average velocity between times 2 and 2 +
, y(2+h) —y(2) _ [40(2+h)—16(2+h)*] 16 _ —24h — 16h°
Blave ="3¥h) -2 R - &

() [2,2.5]: h = 0.5, vave = —32ft/s (ii) [2,2.1): h = 0.1, vave = —25.6 fi/s
(iii) [2,2.05]: h = 0.05, vave = —24.8ft/s  (iv) [2,2.01]: h = 0.01, vave = —24.16 ft/s

= —24 — 16k, if h #0.

(b) The instantaneous velocity when ¢ = 2 (h approaches 0) is —24 f/s.

'I'hc average velocity between ¢ and ¢ + h seconds is

58(t + h) — 0.83(t + h)% — (58t — 0.83t%)  58h — 1.66th — 0.83h2

—— i —h — = — __/__ — = 58 — 1.66¢ — 0.83hif h # 0.
[
(a) Here t = 1, so the average velocity is 58 — 1.66 — 0.83h = 56.34 — 0.83h.
() [1,2]: h=1,55.51m/s @ii) [1,1.5): h = 0.5,55.925 m/s
(i) [1,1.1]: h = 0.1, 56.257 m/s (iv) 1,1.01): h = 0.01, 56.3317 m/s

__ (»1,1.0011: h = 0.001. 56.33917 m/s

(b) The instantaneous velocity after 1 second is 56.34 m/s.
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() 1 We see that problems with estimation are caused by the

N frequent oscillations of the graph. The tangent is 50 steep g
P P that we need to take z-values much closer to 1 in order ¢,

05 \ A 2 get accurate estimates of its slope.

-1
(c) If we choose z = 1.001, then the point Q is (1.001, —0.0314) and mpg ~ —31.3794. If z = 0.999, then Qis
(0.999,0.0314) and mpg = —31.4422. The average of these slopes is —31.4108. So we estimate that the
slope of the tangent line at P is about —31.4.

2.2 The Limit of a Function

1. As r approaches 2, f(z) approaches 5. [Or, the values of f(z) can be made as close to 5 as we like by taking =
sufficiently close to 2 (but = # 2).] Yes, the graph could have a hole at (2, 5) and be defined such that f(2) = 3.

2. As x approaches 1 from the left, f(z) approaches 3; and as z approaches 1 from the right, f(z) approaches 7. No,
the limit does not exist because the left- and right-hand limits are different.

3 (a) lim3 f(z) = oo means that the values of f(z) can be made arbitrarily large (as large as we please) by taking z
T——
sufficiently close to —3 (but not equal to —3).
(b) lim+ f(z) = —o0o means that the values of f(z) can be made arbitrarily large negative by taking  sufficiently
x4

close to 4 through values larger than 4.

4. (a) lim f(z) =3 (b) lim f(z)=4 (¢) lim f(z)=2
x—0" p—s3— z—3t
(d) lim f(z) does not exist because the limits in part (b) and part (c) are not equal.
(e) f(3)=3
5. (a) f(x) approaches 2 as x approaches 1 from the left, so lim f(z) = 2.
x—+1
(b) f(x) approaches 3 as x approaches 1 from the right, so lim f(z) = 3.

©) liml f(z) does not exist because the limits in part (a) and part (b) are not equal.
T—
(d) f(z) approaches 4 as x approaches 5 from the left and from the right, so lin}5 flz)=4.
z—

(e) f(5) is not defined, so it doesn’t exist.

(a) lix_nz_ g(z) =-1 (b) lir_r;+ g(z) =1 © :l_i’n_lz é(z) doesn’t exist
@ 9(-2)=1 () lim g(z) =1 (f) lim g(z) =2
(8) lim g(z) doesn’t exist h)g(2)=2 o ) lix:l+ g(z) doesn’t exist
() Iir:n_ g{z) =2 k) g(0) doesn’fexis! ()] lin}’ g(z)=0
7. i = - i = -
@ lim g(t) = -1 ®) lim g(t) = -2

©) }in(l) g(t) does not exist because the limits in part (a) and part (b) are not equal.
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_- g(t) = 2 (e) tl—1~I;l+ g(t)=0

g(t) does not exist because the limits in part (d) and part (e) are not equal.

9) =1 (h) lim g(t) =3
m R(z) = —00 (b) lim R(z) = oo (© lim_R(z) =—oc0
n = S
lim R(z)=co
_at+
equations of the vertical asymptotes are z = —3, z = 2, and z = 5.
lim_f(z) =—o0 (b) lim_ f(z) = oo (¢) lim f(z) = oo
Cr—— e——3 z—0
lim f(z) = -0 (e) lim f(z) = 00
6~ z—6t+
The equations of the vertical asymptotes are z = —7, 2 = =3,z = 0,and z = 6.

f(t) = 150 mg and lim+ f(t) = 300 mg. These limits show that there is an abrupt change in the amount of
o t—12

2 in the patient’s bloodstream at ¢ = 12 h. The left-hand limit represents the amount of the drug just before the
h injection. The right-hand limit represents the amount of the drug just after the fourth injection.

1.5 (a lim f(z)=1
z—0~
y =T (b) lim_f(z) =0

(c) liu}] f(z) does not exist because the limits in part (a) and part (b)

-zl J 2 are not equal.

=0.5
)lim f(z) exists for all a except a = +1.

3. ETJr flz) =4, lirg_ Flz)i=2, 14, l_i.rgl_ Flz) =1, linD1+ flz) = -1,
Jim f()=2 f(3)=3, f(-2)=1 lim f(@) =0, lim f@)=1, f2)=1,

f(0) is undefined

i1 F 1 i

3
y




70 [ CHAPTER2 LIMITS AND DERIVATIVES
Ty
z° -2z
15. =
For f(x) = S

) f(z) x f(=)

2.5 0.714286 1.9 0.655172
2.1 0.677419 1.95 0.661017

2.05 0.672131 1.99 | 0.665552
2.01 0.667774 1.995 | 0.666110
2.005 | 0.667221 1.999 | 0.666556

2.001 | 0.666778

2
. Tt
It appears that lerrzz m =0.

=
(1[5

er=1=ux

17. For f(z) = p
© f(z) z f(z)
1 0.718282 -1 0.367879
0.5 0.594885 -0.5 0.426123
0.1 0.517092 ~0.1 0.483742
0.05 | 0.508439 —0.05 | 0.491770
0.01 | 0.501671 —0.01 | 0.498337
. € —-1—-x 1
Itappears that lim ——2— =05 = §.
18. For f(z) = —.a:-::4—2:
z f(=) @ f(x)
1 0.236068 -1 0.267949
0.5 0.242641 —0.5 0.258343
0.1 0.248457 —0.1 0.251582
0.05 | 0.249224 —0.05 | 0.250786
0.01 | 0.249844 —0.01 | 0.250156
vz+4-2
2+ 0.25 =1,

Iilappears that ll_!ﬂ’ —Y =

2
x“ — 2z

16. For L N

f(=) z2—z-2
T f(z) x f(x)
0 0 —2 2
-0.5 -1 —1.5 3
-0.9 -9 —-1.1 11
-0.95 —19 —1.01 101
—-0.99 —a9 —1.001 | 1001

—0.999 | —999
2 —
It appears that : liII_ll zf——;;:% does not exist

since f(z) — —ccasz — —17 and f(z) — oo

asx — —17%,

18. For f(z) = zIn(z + z?):

z f(=z)
1 0.693147
0.5 | —0.143841
0.1 | —0.220727

0.05 —0.147347
0.01 —0.045952
0.005 | —0.026467
0.001 | —0.006907

It appears that lim zIn(z + 2?) = 0.

z—0

orf(x) = %:

z f(x)
+0.2 0.439279
+0.1 0.566236
+0.05 0.591893

+0.01 0.599680
£0.001 | 0.599997

tan 3z

tanbz 0=

e

Xt appears that lim
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g =1 9* — 5%
o f(z) = o —1° 7% For f(z) = g
R @ | [ = [ f= | z | f@ | |= f(=)
(05 | 0985337 | | 15 | 0.183369 | 0.5 | 1527864 | [ —05 | 0.227761
0.9 | 0.719397 1.1 0.484119 0.1 0.711120 -0.1 0.485984
0,95 | 0.660186 1.05 | 0.540783 0.05 | 0.646496 —0.05 | 0.534447
0.99 | 0.612018 1.01 0.588022 0.01 0.599082 —0.01 | 0.576706
0.999 | 0.601200 1.001 | 0.598800 | 0.001 | 0.588906 —0.001 | 0.586669
Sl 3 I that I ;"51—0591. v
It appears that .TL”-{'] =5 =06=3. t appears that zx_% p = 0.59. Later we

will be able to show that the exact value is

In(9/5).
g inc 0 5% and —— > 0f 5
elim —— = oo since(z — 5) — O0as £ — 57 and —— > Oforz > 5.
st z — 5 z-5
6 ; - 6
2,) lim —— = —oosine (z—5)—0asz — 5  and — < Oforz <5.
a5 T 0 z-5
25. li lzz—_l—r} — oo since the numerator is positive and the denominator approaches 0 through positive values
g=1(x —1)*
sz — 1.
] =1 2 . z—1 ; _ ; :
26, lim —— _oo since z° — D as x — 0 and — — < 0for0<z <1 and for =2 <z < 0.
=072 (z + 2) z2(z + 2)
. 21 ; p ' %1 .
20 lim ———— = —cosince (z+2) = 0asz — —27 and —7——¢ < Ofor-2<z<0.
2-2+ (T + 2) 23 (z+2)
28 lim cscz — lim (1/sinz) = co sincesinz — Qasx — n~ andsinz > Ofor0 <z <.
=7 T
29, tlim sece = lim  (1/cosz) = —oo since cosz — Oasz — (—7/2)” and cosz < 0 for
2—(=7/2)" T —x/2)"

Er<z<-—7/f2

lilp.+-11[_-l' —5)=—cosincex —5— 0T asz — 5"
3@ fr) =1/(z* - 1) t
x f(z) e f(=) i
0.5 -1.14 1.5 0.42
0.9 -3.69 1.1 3.02
0.99 -33.7 1.01 33.0
0.999 —-333.7 1.001 333.0°
0.9999 | —3333.7 1.0001 | 3333.0 .
0.99999 | —33,333.7 1.00001 | 33,333.3 1
From these calcul ons, it seems that lim f(z) = —oo and lirn+ f(zx) = o0 i
=1 Foh
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calculating Limits Using the Limit Laws

B 0 lim [7(2) + h@) = Bm f) + lim h(z) @ lim [f@)* = [lim @) =37 =9

=-348=5
B i YA = o/ Tm A(z) = VB =2 (d) lim B
i (C) z—a T—a Ll f(m) l%{ f(:r) -3 -3
lim f(z) _ lim g(z)
(e) li _EQ==_'-*_°_—=_E=_.§ (f)llm g\z E;L——_-__D_=g
20 h(z) ~ lim h(z) 8 8 fl@)  lim f(2) -3

(g) The limit does not exist, since lim g(z)=0but ;x_r& f(z) #0.

2f(z) 3lim /(e 2(-3)
®) lim 5T @) nﬂh(x) i@ -9

T—a

2 @ lm /(@) + 5(0)] = lim J(0) + ima(e) =240 =

) lim g(x) does not exist since its left-
o

| = i, £(a) - i g(a) =013 =0

the denominator, but l.u:n f ()=

and right-hand limits are not equal, so the given limit does not exist.

(© lim [f (z)g(x)
— —1 # 0, the given limit does not exist.

(d) Since al.i:.“_llg(“'c} —(0andgisin
@ i (2) = [im2*][im f@] =2 =10

0 im VITT@ = 37 I @) = VEFT=1

lim 3z + lim 2z — Jim, T+ 1im21 [Limit Laws 1 and 2]

3. lim (3:5‘+2:r: —z+1)=

a——2

(31

=3 lim x 4192 hm T — Ilm T+ hm 1
2 =q -2
[9, 8,and 7]

=3(-2)* +2(-2)* - (-2) + (1)
—48+8+2+1=59

: 2
272 4+ 1 hﬁ,ng(z’" +1) e
o0 el B e
; z-—»'zg;‘3+ﬁx__4 };im(a:e+6x-4) [Lmutl.awS]
2hmz +hml
llmz:2+6hm:c—hn;4 (2, 1,and 3]
2(2)* +1 O 8
- ———_———— = T, = - 7,
@R+6@) -4 12 4 (9,7, and 8]
i l"‘iia(zg—‘l)(m”ﬁw— 1) = lim(z* — 4)- lﬂ(z-’wsx-l} [Limit Law 4]
Lifassa S g8 ; o
(- timd) - (ima* + 5 Ia— i) (L
[7.8,and 9]

=(32—4)-(33+5-3—1)
=5-41 =205
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hml(tz +1)3(t + 3)°= tnxgl(t’ +1)3. Jim (¢ + 3)® [Limit Law 4]
= [_.“”—1: < + 1) ‘rli_ml.._f { .'1,|| [6]
13 5
|':i-_n_1_ t? 4 Jlim 1 I[r]._i_li]_“ - lml3] [1]
=[(-1)2+1)° [~1+3°=8-32=256 (9,7, and§]

2otm (— 13\ (g —1¥32 )° (6]

i \T+ 422 +328) T oS T+ 422 + 328

r lim(1 + 32) r
z—1

lin}(l + 4z2 + 3z4)
L X~

(5]

lin}l+3lin§z >
= x— z— 2,1, 3
lin}1+4limla:2+3limlz4] 2,1, and 3]

_[__1+3) ]3=[3]3=(l)3—_1 [7,8,and 9]

- [ T+4(1)7 +3(1)% 8 2 8

8 lim2Vu4+3u+ \/hm (ut + 3u + 6) [11]

= _/lim u*+3 lxm u+ hm 6 [1,2, and 3]
u——-2

= /(-2 +3(-2) +6 (9.8, and 7]
=V/16-6+6=+16=4

9 lim /16 — 22 = /[1lim (16 — z?) (11]

T4~ \,n o—sd
[1im 16 — lim x2 2
\ .1_1_; ) _""| .Jll I [21
=y16-(4) =0 (7 and 9]

10. (a) The left-hand side of the equation is not defined for z = 2, but the right-hand side is.

(b) Since the equation holds for all z # 2, it follows that both sides of the equation approach the same limit as
x — 2, just as in Example 3. Remember that in finding lim f(xz), we never consider z = a.
T—a

2 —

@ z?+52+4 _ lim (a:+4)(a:+1) lim X1l _-4+1_-3 3
z.._¢z2+3x 4 s—-4(z+4)(zx—1) =2—-4z-1 —-4-1 -5 5

13. linéz;—'r;_sdoesnotexistsince:c—Z—->0buta:2—:r,+6—-»8as:c—>2.
z— -
— Az . z(z — 4) . __4 _4
”i‘i'.‘.mﬁ 3z—4 l’ﬂ(z—4)(z+1) l‘_‘.’iz+1 4+1° 5
. t2-9 . (t+3)(¢—-3) _ t—3 -3-3 -6 6
5. lim ———— =1 i = =-0_°9
ST W43 emts (A DEFY) A2yl A3+l 55

2—
lim —x—‘tzlldoesnotexistsincez’—&t—4—»Obutz’—4z—’5as:c—’—1.

z—-132 — 3z —
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2 IPYOY
A+h)?2—16 _ (m+8h+h)—16=. 8h+h* _ . hw+h)=. _ _
L-T“‘P% h s — "o h Am(8+h)=8+0=8
b -1, (x—l)(a:’+x+1)_limz’+z+1_1’+1+1_§
Pl;ﬁ:‘i”z’i"l (z-1)(z+1) =21 z+1 141 2
a 1+4h+6h2 +4h3 +hf) -1 2 3+ ht
(40 =1y (AR ORT AT+ AT -1 b6+ aRT 4
h h—0 h A—0 h
2 3
= i BELOAEANAN) _ iy (4.4 6h+ 447 + 1) = 44040 +0 =14

§ 8+ 12h + 6h% + h3) — 8 2 p
@+h)' =8 o (B+12h+6hT+A) -8 . 12h+6h7+ A
h h—0 h h—0 h

==’{in}](12+6h+h’)=12+0+0=12

2oty E2DE) o) a4 va e

Vith-1 _ lim‘/1+h_1-‘/1+h+1=1im A+h) -1 _ h
h h—0 h VIith+1 w=0h(vVT+h+1) »~0h(VI+h+1)
1 1 1
= lim = = -
h=0 T+h+1 V141 2
Vet2-3 . VZ+2-3 VE+2+438 (z+2)-9
z—1T s=7 -7 vVe+2+3 =7(z-7)(Vz+2+3)

x—7 . 1 1
= ki = lim =
st (z-T)(Vz+2+3) =~1vz+2+3 VO+3

-1
6

gt —16 .. (z+2)(z—2)(z® +4)
= lim

g .z —2 2 T—2

= (2+2)(2* +4) =32

= lim (z + 2)(z% +4) = lim (z +2) lim (z* +4)

1. 2 z+4
4 g EEA ol 1oL oo L
et e R [ A el S T
1 1 (B +1¢) —t t? 1 1
—_— —_— —— l o — I_' —_—_— l‘ —_— = 1 3
(: 2 +:) 1m0 H(2+10)  t=0t-t(t+1) t=0ft+1 O+1

(a:—~9)[:;:+9)_]_ (v —3)(v/z+3)(z+9) factorz — 9asa
=9 /T — 3  a—9 N e V-3 difference of squares

= lim [(vZ +3) (z +9)] = (VO +3) (9+9) =618 = 108

-1 -1 e e
)" -3 . B4R 8. 3E(+Hh) . —h
=0 3 = R RBRE A RE+AB

SN e 25 1 G A e
“h—0| 3(83+h)] lim [3(3 + h)] 3(3+0) 9
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3%6.3z< f(z) <P+ 2for0<z < 2. Nowlin}3x=3andalciml(za+2) = lim 2* + liml2=13+2=3,
Therefore, by the Squeeze Theorem, 11_1{11 f(z)=3

3. -1 < cos(2/z) <1 = —z* < zcos(2/z) < z*. Since lim (-z*) = 0and lir%z‘ =0, we have

lim [x* cos(2/x)] = 0 by the Squeeze Theorem.

8. -1<sin(n/z) <1 = el <l 3 (rle < VT ™) < [ze. Since
lim+ (\/5/6) = 0 and llI(I)l+ (\/Ee) = 0, we have ]i%l+ [\/E e'in(”/'t)] = 0 by the Squeeze Theorem.
z—0 z—0+ T—

39.1fz > —4,then |z + 4| =z + 4,50 lim |::+4| 11m (z+4)=-4+4=0.
T—— z—s—q4+t

lf:z:<—4,then|:c+4|=—(a:+4).so lun lz+4|= hm —(+d)=—(-4+4)=

Since the right and left limits are equal, hm4 Iz +4|=0.
r——

If$<—4,then|a:+4|=_(z+4),s“ lim _|_:::|-i_| lim H—Tll) lim (-1)=-1.
r——4— T T4 T——4 I+ £ r— —4

. T — 2| r—2
MN.Ifz>2thenfz—2 =2z —2,50 lim “ = _ , * lim 1=1.Ifz < 2, then
T2t — 2 r—s2t T — 2 p—2+
r—2 lz — 2) ’ -~ . o
|z —2] =~ (x—2),s0 hm J-——I lim ———= = lim —1 = —1. The right and left limits are
—2- T —2 z—2 z—2 3 ~

. . |lx—2 .
different, so lim I 2' does not exist.

z—2 T —

2z > g,then |2z — 3] = 2z — 3, s0

2z% — 3z . 222 -3z . z(2z-3) 3
soist P23 aeibt o3 aiise 223 im0 =15 Mz < ten

222 -3z 2z° — 3z . z(2z-3)
_ h & — 9 lim ———°= _ | T = —
122 -3[=3-2z,50 lim “o— 3 amie- —(25-3) e —(22-3) M "T=-15
2

The right and left limits are different, so l1m 2;—2-_7' does not exist.

43. Since |z| = —z for z < 0, we have lim 1_1 = lim 1_1 = lim 3, which does not exist
z—0- \Z |z z=0-\Z -z/ az-0-z

since the denominator approaches 0 and the numerator does not.

z—0+ |a:| z—0+t \Z z—0+

4. Since |z| = z for > 0, we have lim (%—-—1-) = lim (l—-l—) = lim 0=0.

45, (a) Y 4 (b) (@) Sincesgnz =1forz > 0, lu(x)) sgnzr = 11!(1)) 1=1.
Ll ) - T—
(ii) Smcesgnz— ~1forz <0, llm sgnz = lim -1=-1.
—I]# & :' z—0—"
—— (m) Since llm sgnz # llm sgnz, hm 15gn T does not exist.

(iv) Since |sgn:z| =1 for:v ;é 0, hm [sgnz| = hm 1=1
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3. On the left side of z = 2, we need |z — 2| < |32 — 2| = £. On the right side, we need |z — 2| < |3} — 2| = $
For both of these conditions to be satisfied at once, we need the more restrictive of the two to hold, that is,

|z — 2| < £. So we can choose § = 2, or any smaller positive number.

@)n the left side, we need |z — 5} < [4 — 5] = 1. On the right side, we need |z — 5| < [5.7 — 5| = 0.7. For bot}
conditions to be satisfied at once, we need the more restrictive condition to hold; that is, [z — 5| < 0.7. So we ca

choose § = 0.7, or any smaller positive number.

5. The leftmost question mark is the solution of /= = 1.6 and the rightmost, /= = 2.4. So the values are
1.62 = 2.56 and 2.4% = 5.76. On the left side, we need |z — 4| < |2.56 — 4| = 1.44. On the right side, we need
|z — 4] < [5.76 — 4] = 1.76. To satisfy both conditions, we need the more restrictive condition to hold — namel:

|z — 4] < 1.44. Thus, we can choose § = 1.44, or any smaller positive number.

The left-hand question mark is the positive solution of 2% = %, thatis, x = 7‘;, and the right-hand question mark
the positive solution of z? = §, that is, z = /3. On the left side, we need |z — 1 < |5 — 1| ~ 0.292 (round

down to be safe). On the right side, we need |z — 1] < | \/g - II = 0.224. The more restrictive of these two

conditions must apply, so we choose & = 0.224 (or any smaller positive number).

1 |Viz+1-3] <05 < 25<4x+1<3.5. Weplotthe 4
three parts of this inequality on the same screen and identify the y=35
z-coordinates of the points of intersection using the cursor. It appears
that the inequality holds for 1.3125 < z < 2.8125. Since y=25
>
|2 — 1.3125] = 0.6875 and |2 — 2.8125| = 0.8125, we choose Ll . Ja
2

0 < § < min {0.6875,0.8125} = 0.6875.

8 |sinz- 1] <01 ¢ 04 <sinz < 0.6. From the graph, we see that for this inequality to hold, we need
0.42 < = < 0.64. So since {0.5 — 0.42| = 0.08 and 0.5 — 0.64] = 0.14, we choose
0 < § < min {0.08,0.14} = 0.08.
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@For M = 100, we need —0.0997 < z < 0 or 0 < z < 0.0997. Thus, we choose § = 0.0997 (or any smaller
positive number) so that if 0 < |z} < &, then cot® z > 100.

200 y=cotx

-0.2 .
==0.0997 0 =0.0997 02

For M = 1000, we need —0.0316 < z < 0or 0 < z < 0.0316. Thus, we choose § = 0.0316 (or any smaller
positive number) so that if 0 < |z| < 6, then cot? z > 1000.

2000

‘ T =y
‘ y=cot'x

'.XZIUOO/ | \

| \4

S i

1 !
=—0.0316 0 =0.0316

B @A=nr?and A=1000cm® = 772 =1000 = 7?1000 _,
r=,/1% [r>0 =~17.8412cm.
(b)|A-1000] <5 = —5<7r?-1000<5 = 1000-5<7r2<1000+5 =
VEE<r< /1~ 177066 < < 178858 V32 — /588~ 0.04466 and
\/%-T - 1#?—" ~ 0.04455. So if the machinist gets the radius within 0.0445 cm of 17.8412, the area will be

within 5 cm? of 1000.

(c) z is the radius, f(z) is the area, a is the target radius given in part (a), L is the target area (1000), ¢ is the
tolerance in the area (5), and § is the tolerance in the radius given in part (b).

14 (a) T =0.1w? + 2155w+ 20and T = 200 = 202 (°C)
0.1w? +2.155w +20 =200 = [by the quadratic formula or [ 7201 /
from the graph] w ~ 33.0 watts (w > 0) T =200 /

3.5\ / . J 335

(b) From the graph, 199 < T <201 = 32.80 < w < 33.11.

(c) z is the input power, f(z) is the temperature, a is the target input power given in part (a), L is the target
temperature (200), ¢ is the tolerance in the temperature (1), and & is the tolerance in the power input in watts
indicated in part (b) (0.11 watts).




0'weneed§>Osuchlhalif0<|z—ll < 6, then

:. 5| <. But[(20+3) -5/ < & |2z-2|<e
z-ll<e @ [# — 1] < £/2. 20 if we choose § = £/2,
ca-1| <6 = [(2z+3) - 5| < e. Thus,

- ) = 5 by the definition of a limit.

- 0, we need & > 0 such that if 0 < |z = (=2)] < 6, then
£3)—2| <e But|(3z+3)-2| <¢ ¢

._._'1| <e & jlet+2<e & g-(-2)|<2.Soif
oose § = 2¢,then 0 < |z — (=2)| <! =

'I .3J — 2| < &. Thus, :liqlz(éz+ 3) = 2 by the definition of a

£ > 0, weneed § > 0 such thatif 0 <)z — (=3)| < 6, then
“1_1:;) — 13| <e. But|(l—4z) - 13| <¢ &

12/<e & [HAl|lz+3[<e o |z-(-3)| <e/d
we choose & = /4, then 0 < [z — (-)| < § =

dz) — 13| < e. Thus, lim (1 — 4z) =13 by the definition of

iven £ > 0, weneed 6 > Osuch thatif 0 < |z — 4| < 6, then
~3z) — (-5)| <. But|(7-32) - (-3)| <&
+12|<e <« |z - 4] <€/3. So
choose § =¢/3,then0 < [z —4| <1 =

:". 3z) — (—5)| < &. Thus, zﬁiﬂ(? — 32 = —5 by the definition

“a limit.

|-3||lz—4]l<e &

VEN €= 0, we need § > 0 such that if 0 < |z — 3| < 6, then -;5—-%

|z 3
' 5 < &. By the definition of a limit,

SECTION 24
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Ya
54+¢

y=2x+3

5-.
5—¢

— 3| < 5e Sochoose § = 5e. Then 0 -8 <6 = |z—3]<5e = L

y=1-4x 13+¢
13
13—s
73 E
=3—-8 =3+4
b £
\
y=7-13x
4- &
\4 4+8
5 ;
—S-I—s\\
_5 —
—-5—8/

_3l

<Eg

5| <e & tlz-3l<e &

=
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(b) | ‘ ‘ From the table, we estimate that zlirgo f(z) =0.1353
& f(x) -
— s (to four decimal places.)
10,000 {J.isﬁ.inq
100,000 | 0.135333
1,000,000 U.J.:';s:%:ﬂ
. . ) /42 [divide both the numerator and denominator by z
11. lim 3z —z+d = lim (3" —z+4)/z (the highest power of z that
x—00 222 + 5r—8 x—00 (212 + Sz — 8)/332
appears in the denominator)]

Jim (3-1/z + 4/z?)

~ lim (2+5/z - 8/27) (Limit Law 5]
Jim 3 - lim (1/z) + Jim (4/=®)

= Em 2+ lim (5/2) - lim (8/a%) (Lmitlawsland2)
8- lim (1/2) + 4 lim (1/23)

= TS lingo(l/z)—B lingo(l/z’) (Limit Laws 7 and 3]

= 2—% [Theorem 5 of Section 2.5]

=3

T2

: 12:1:3—5.1:+2_\/. 12z° — 5z + 2 -
[)ﬂ&Jrﬁgaiﬁ- T+ (Limit Law 1]
. 12-5/2% +2/2° .
- \/ S s ivide by <7}
Jim (12 - 5/2% + 2/2°)

~\ m(1/2° +4/z +3) (Limit Law 5]

lirxgo(l/a::’) + lin°1°(4/z) + zlim 3

12 -5 lim (1/2%) + 2 lim (1/2%)
— 00 X~ OO0

T (1/z%) + 4 m (1/a) 75 (mitlaws7and3]

lim 12~ lim (5/2%) + lim (2/2°)
=, | &= 200 oo [Limit Laws 1 and 2]

[12 — 5(0) + 2(0
[ 5(0) +2(0) [Theorem 5 of Section 2.5]

} ~\ 0+ +3
3
| [ /4 =2
; s
lim (1/z) lim (1/z)
1 1/x A ! TS y
13. lim = Tim i = T/ = L oo 0 [ Q ()

=0 22+ 3 200 (224 3)/z lim (2 4 3/z) lim 2+ 3 lim (1/x) a7 30y 2

T—+00 T—+00
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s, e
- prene o 3iRe JESFRIE S gigg)
i = m = lim = - =3
T—00 r—oo T
: 2
1_:1;— a2 P (1_1,__12)}(1:2 g IEI_EIDD(I/I _lzx—l)
59,3 _ 7  z—-c (222 —7)/22 lim (2-7/z?)
; 2 % -
i z_li]’_l’loo(lfz ) — lnn (1/m) —-Ihr_nml L Bt 0
g lim 2-7 lun . (1/22) SR = (T R
. 2 _ . 2y _ T
sost L @-np _ eV oY 2ImOAT-fmS -5 _ 3

B dy v G/ lim (5+47y) ~ lim 5+4 m (1/) 5+4(0) 5

both the numeratcor and denominator by z3 (the highest power of z that occurs in the denominator).

73 4+ 5z 5 lim (1+_57_)
z°+5z i B i, 1+ _ e 72
92° — a2 +4 -0 250 —z°+4 s—mee, 1 4 7 1 4
.. 3 2rptym Im(2-o+5
o mi4Slmm 1450 _1
lim 2~ lim l+41 1 2-0+4(0) 2
TE—r 00 z—o0 T 001'3
2 2 +2)/t3 3
242 B+ 1/t+2/t* 040 _

Bt 1 ol @BFB-1)/8 =Tl +1/t—1/8 1+0-0

ultiply the factorss in the denominator. Then divide both the numerator and denominator by u?.

du +5 S
4u’ +5 - 4u' +5 " tim i,
e e S e 7, G - SR S
u—oo 2ut — 5u? + 2 u—~°02u ~5ut42 AR R
_uT-____ .uE‘ u4
_ e (4+—) Jm 445l 2 . +5(0)
- u~—+00 u—-ooo u : a EB/DY 1 O/n
= 2°5(0) + 2(0
“ll.ngo(2——+ ) lim 2-5 lim = +2 lim — (©+20)
—_— % —00 u u-—-00 U
; ’
== 2
0 r2  _ (z+2)/z 1+2/z 140 1

=0 o + 1/vVa? - \Jo+1/z2  YO+0 3
VO2E —z [z® mlinomo V(928 — z) /=

s = i = . M 3
‘ra T4 1 :Il N (23 + 1)/1:3 1i!2°(1 ¥ 1/1‘3) 7[slncex = \/:I-:Ffor:l: > 0]
i_I'Igo\/Q— 1/x5 \/zl_i*nol‘,Q—:lingo(l/a:“)
i 1+ lim (1/29) 1+0

Il

v -0=3
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V925 = 928 — z /° Lm v (92° — z)/=°

i = i 3 _ 6
n ::Hgloo 3 +1 - :I:Blzloo (1'3 + 1)/3?3 zkx-l-loo(l + 1/33) [Slnce z \/;—forz
Jm V-1 -yl 9l (/)
© _lim 1+ lim (1/29) - 1+0
=-v/9-0=-3

N - N 0] 3 _ 2
3. lim (V9% +2z - 3z) = lim (V9% + 2 - 32)(V92% +  + 33) = lim (V922 +2)" - (32)
Jim (V827 Jim, o te 5 Jim e

(92% +z) — 92 z 1/z
= lim = lim st ad
z—oo \/Oz2+z+3z <~ \Oz2+z+3z l/z
, z/x . 1 1 1
= lim = lim = = =
s—oo /922 /2? + z/z3 + 3z/z =~ O+1/z+3 V9+3 3+3
. z— 2 + 2z . T —(2® +21)
lim (z+vz2+2z)= lim (z++vz?+2z [—]= lim —————
(). 1m, o+ VTTE) = im_ (o4 VFHE) [T | = i T e
lim Fad lim _—2 ____2
= 1 e = = = -
em—eo g — /27 +2z  a—-o14./14+2/z 1+ /1+2(0)
Note: In dividing numerator and denominator by x, we used the fact that forz < 0,z = — V2,

R D e 2 + az — \/z? + bx z? + az + Va2 + bz
%. lim (V& Faz —va® +bz)= lim (Vz2 +az— v ; +bx) (\/c ar + v/z? + br )
T—oa z—+00 V2 +ax 4+ Vz2 + bx
Gigee (:i:-“ + az) — (z° + bz) _ Ti . [(a— b).z,]/z‘
w—eo a2 +az+ Vo +br = (Va?t+az+ Va? + ba) VR
" lim a-b — a—b _a—b
2= /1+afz++/1+b/z VI+0+V1+0 2

26. lim cosz does not exist because as T increases cos z does not approach any one value, but oscillates between 1
T OO
and —1.

21. /z is large when z is large, so lim_ VT = oo.

28. /7 is large negative when z is large negative, so lim ¥z = —o0.
s

r—

29, 11_1_.11;10 (z—vz)= ;CIE'&_) vz (/T — 1) = co since /z — oo and \/x — 1 — coas & — oo.

T—00 r—o0

3 3 2
. x°—-2r+3 . (z°-2x+3)/z* .. . . . .
@ lim 5223 = lim G =222/ {divide by the highest power of z in the denominator]

_ 2
= lim & 2/z+ 3/x

—_ —_ 2 2_. —_
dim 52 oo because z — 2/x + 3/z° — coand 5/z° —2 =+ —2asz — oo.

3. lim (z*+2%) = lim 2°(2 + 1) [factor out the largest power of ] = —oo because z° — —oo and
T—~00 T—s—~00

1/z4+1—>lasz — —o0.



