KNOTS IN GRAPHS IN SUBSETS OF 73

C.E. SOTEROS*

Abstract. The probability that an embedding of a graph in Z° is knotted is
investigated. For any given graph (embeddable in Z®) without cut edges, it is shown
that this probability approaches 1 at an exponential rate as the number of edges in the
embedding goes to infinity. Furthermore, at least for a subset of these graphs, the rate
at which the probability approaches 1 does not depend on the particular graph being
embedded. Results analogous to these are proved to be true for embeddings of graphs
in a subset of Z? bounded by two parallel planes (a slab).

In order to investigate the knotting probability of embeddings of graphs in a rect-
angular prism (an infinitely long rectangular tube in Z?), a pattern theorem for self-
avoiding polygons in a prism is proved. From this it is possible to prove that for any
given eulerian graph, the probability that an embedding of the graph in a prism is knot-
ted goes to 1 as the number of edges in the embedding goes to infinity. Then, just as
for Z3, there is at least a subset of these graphs for which the rate that this probability
approaches 1 does not depend on the particular graph.

Similar results are shown to hold in cases where restrictions are placed on the number
of edges per branch in a graph embedding.
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1. Introduction. In 1988 Sumners and Whittington [1] investigated
questions about knottedness of a closed curve of given length embedded
in the three dimensional integer lattice, Z3. They and, independently,
Pippenger [2] showed that sufficiently long closed curves embedded in Z3
are almost surely knotted. Soteros, Sumners and Whittington [3] extended
the results of Sumners and Whittington in several directions. In particular,
they showed that all but exponentially few sufficiently long closed curves
embedded in Z3 are highly composite knots, with any knot type appearing
numerous times in the prime knot factorization. They also found that
similar results hold for embeddings of graphs in Z3.

These results are important to the study of models of polymers in
dilute solution. Embeddings of a graph in Z3 can be used to represent
the possible conformations of a polymer with the structure of the given
graph. Concerns about knottedness with regard to polymers are motivated
by the fact that closed circular DNA has been observed to be knotted
and that entanglements in proteins are believed to be relevant to their
properties. There are at least two important questions that one would like
to address using this model of polymers. How does knottedness depend
on the particular structure of the polymer? How does knottedness depend
on the geometrical constraints placed on the space in which the polymer
is confined? In this paper, these two questions are addressed by studying
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the limiting behaviour, as the number of edges of the embedding goes to
infinity, of the probability that an embedding of a graph in a subset of Z3
is knotted. The subsets of Z2 considered are Z3 itself, slabs (subsets of Z3
bounded by two parallel planes), and rectangular prisms (infinitely long
rectangular tubes).

As a step towards answering the first question it is shown here, for each
of the three lattice subsets, that there is a large class of graphs (including
all planar graphs with no vertices of odd degree) for which the probability
that an embedding of a graph in the given subset of Z3 is knotted goes to
one as the number of edges in the embedding goes to infinity and that the
exponential rate at which the probability approaches one is independent of
the specific graph. Thus, at least in terms of this limiting behaviour and
this class of structures, knottedness is not very dependent on the particu-
lar structure of the polymer and all but exponentially few embeddings of
the polymer are knotted. The approach to proving this result, however,
depends on the particular subset of Z3 considered. While the approach is
quite similar for both Z3 and slab geometries, in the case of the rectan-
gular prism a new pattern theorem for self-avoiding polygons is required
and proved. Furthermore, in the prism, the exponential growth rate of the
number of embeddings of a graph is shown to be dependent on the partic-
ular structure of the graph while in Z2 or in a slab it is not. Because of
this, the class of graphs for which we address questions about knottedness
in a prism is smaller than for Z3 or the slab geometries.

The second question posed above is addressed here by studying the
probability that an embedding of a simple closed curve, i.e., a self-avoiding
polygon, confined to a particular lattice subset is knotted. This probability
has been studied previously in [1,4] and the results from these works are
reviewed here. It is shown that the probability is dependent on the lattice
subset.

The knottedness of embeddings of graphs in Z3 has been previously
investigated in [3,5] and the results from these works are reviewed and
generalized further here. The results presented regarding the knottedness
of embeddings of graphs in slab and prism geometries are substantially new.
In order to discuss the results in all three subsets, many of the established
results for self-avoiding walks, self-avoiding polygons, and embeddings of
graphs in the three subsets are reviewed.

The paper is organized as follows. In section 2, the terminology asso-
ciated with using embeddings of graphs as models of branched polymers is
reviewed and important results regarding growth constants for graph em-
beddings are presented. In section 3, questions related to knots in graphs
embedded in Z3 are addressed. In section 4, results regarding growth con-
stants and knottedness for embeddings of graphs in a slab geometry are
presented; graphs embedded in a slab geometry are shown to have proper-
ties parallel to those of graphs embedded in the whole space, Z3. In section
5, the rectangular prism geometry is studied and in this case there are sub-
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stantial differences from the two previous geometries. A pattern theorem
for polygons in a prism, needed for the results presented in section 5, is
presented in section 6.

2. Embeddings of Graphs in Z3 as Models of Branched Poly-
mers. In this paper the focus is on lattice models of branched polymers
and in particular on models using the three dimensional integer lattice,
i.e., the simple cubic lattice. The advantages of lattice models of polymers
are that the excluded volume property (each monomer exists in a volume
of space to the exclusion of any other monomer) is easily incorporated,
that the “lattice polymer” has substantial conformational freedom despite
the restrictions of the lattice, and perhaps most importantly, that rigor-
ous mathematical analysis of lattice models is possible. It is expected that
lattice models of polymers will exhibit qualitatively the same behaviour as
“real” polymers. Furthermore, field theoretic arguments suggest that there
exist universal quantites, i.e. critical exponents, which will be exactly the
same for lattice models and for real polymers. In this paper, we will focus
on lattice models of polymers whose branching structure is specified by an
abstract graph. In order to introduce appropriate notation the standard
lattice models for linear and ring polymers are reviewed first. Graph the-
ory terminology is used to describe these models. In particular, the three
dimensional integer lattice is defined to be the infinite graph with vertex
set Z3 and edge set {{u,v}u,v € Z3,|u —v| = 1}. Note that Z3 will be
used to represent either, depending on the context, the three dimensional
integer lattice or its vertex set. Similarly for V a set of vertices in Z3,
V will be used to represent either the vertex set V or the subraph of Z3
induced by this vertex set.

Self-avoiding walks are well known as good models of very long linear
polymers in equilibrium in dilute solution. An n-step self-avoiding walk on
the simple cubic lattice, Z3, is an alternating sequence of n+ 1 distinct ver-

tices and n directed edges, ug, (ug, u1), u1, (U1, u2), g, ..., Un_1, (Un—_1, Un),
uy,, such that the vertices u; € Z2 for i = 0,...,n, ug = (0,0,0), and for
each i = 0,...,n— 1 the directed edge (u;, u;+1) joins two nearest neighbour

vertices in 73 (i.e. u;41 and u; differ only in one coordinate with the dif-
ference being +1). ¢, is defined to be the number of n-step self-avoiding
walks. As a model of a linear polymer composed of n monomers each n-step
self-avoiding walk represents a possible polymer conformation and the self-
avoidance ensures that there is an excluded volume around each monomer.
The quantity n~!logec, thus represents the entropy per monomer of this
polymer model and as n — co the limiting entropy per monomer has been
proved to exist.
LEmMma 2.1 (HAMMERSLEY 1954 [6]). The following limit exists:

(2.1) k= lim n7lloge,.

n—oo

k is also known as the connective constant for Z3. From Lemma 2.1 it
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1s clear that

(2.2) = nlinéo cl/m = e®,
where p is known as the growth constant for self-avoiding walks in Z3.
Further results about ¢, can be found in Madras and Slade [7].

Ignoring the orientation of the edges in a self-avoiding walk yields an
undirected self-avoiding walk. Let w, be the number of n-edge undirected
self-avoiding walks (up to translation). Clearly,

Cn
(2.3) Wn = 5
and hence the growth constant for w, will be p.

Ring polymers in dilute solution have been successfully modelled using
self-avoiding polygons. An n-edge self-avoiding polygon in Z3 is an alternat-
ing sequence of n distinct vertices and n undirected edges, ug, {ug, u1 }, u1,
{u1,us}, us, ..., un_1, {tun_1,uo}, ug, such that for each i = 0,...,n — 1 the
vertex u; € Z3 and the edge {ui, uiy+1} joins two nearest neighbour vertices
in Z3. p, is defined to be the number of n-vertex self-avoiding polygons
(up to translation). Hammersley [8] proved that the growth constant for
self-avoiding polygons in Z3 is the same as that for self-avoiding walks.

LEMMma 2.2 (HAMMERSLEY 1961 [8]).

. -1 _
(2.4) nlLrISO(Qn) log pan, = &.

In order to obtain relationships between other lattice models and self-
avoiding walks or polygons, it is also useful to study self-avoiding walks
or polygons in wedges [9,10]. The following result is a consequence of the
results for self-avoiding polygons in wedges in [10]. Given non-negative
integers oo > B > a > 0, define the wedge W(a, 8) to be the sublattice
of Z3 induced by the vertex set {(z,y,2) € Z3laz <y < fr+a+1,z >
0,z > 0}. This definition of the wedge ensures that at least one self-
avoiding polygon of arbitrary length contained in the (z,y)-plane can fit
in the wedge. Let p%# be the number of n-edge self-avoiding polygons
confined to W(«, 3) and containing an edge between (0,0,0) and (0, 1,0);
similarly, let ¢®? be the number of n-step self-avoiding walks confined
to W(e, ) and having its first step from (0,0,0) to (0,1,0). The wedge
arguments in [10] lead to the following:

LEMMA 2.3 (SOTEROS 1992 [10]). Given non-negative integers o and
8 such that co > 3 > a > 0,

(2.5) lim (2n)"'logps? = lim n~'loge®? = k.

n—0o0

Hence confinement of a self-avoiding polygon or walk to a wedge such
as W(a, B) does not affect its growth constant. A very general wedge result
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has been obtained recently by Soteros et al [11]. From their results Lemma
2.3 is extended to the case that o and 3 are any real numbers.

The undirected self-avoiding walk and polygon models are included in
a wider class of polymer models in which the structure of a polymer is
given by an abstract graph 7 and polymer conformations are represented
by embeddings of 7 in Z3. In this wider class of models, the graph 7 which
represents the topology of a polymer is assumed to have no vertices of
degree two (except in the case of a ring polymer); the degree of a vertex of
a graph is defined to be the number of edges incident on the vertex and a
loop (an edge from a vertex to itself) is assumed to contribute twice to the
degree of a vertex. An edge of 7 is used to represent a branch of the polymer.
In the special case of a ring polymer 7 is taken to be the circle graph which
is defined to consist of one vertex (a vertex of degree two) and one loop.
The circle graph is thus said to have one branch. Vertices of 7 having
degree greater than one are referred to as branch points. Conformations
of a polymer with topology 7 are represented by embeddings of 7 in Z3.
An embedding of T in Z3 is defined to be any subgraph of Z3 which is
isomorphic to 7 when vertices of degree two are suppressed; that is, an
embedding of 7 is any subgraph of Z3 which is homeomorphic to 7. Define
G, to be the set which includes the circle graph and the set of all connected
graphs having at least one edge and no vertices of degree two and whose
branch points all have degree less than or equal to r. Soteros et al [3]
proved that an embedding of 7 in Z3 exists for any 7 € Gs. Given 7 € G,
define g,,(7) to be the number of embeddings of 7 in Z2 (up to translation)
consisting of n edges.

Thus an n-edge self-avoiding polygon is an embedding of the circle
graph consisting of n edges and g,(circle) = p,. Figure 2.1 b) shows
the circle graph along with a 10 edge embedding of the circle graph in Z3.
Define the line graph to be the graph consisting of two vertices and one edge
which joins the two vertices together. An n-edge undirected self-avoiding
walk is thus an n-edge embedding of the line graph and g,(line) = w,.
Figure 2.1 a) shows the line graph and a 10 edge embedding of the line
graph in Z3. Define the figure eight graph to be the graph with one vertex
and two loops. Figure 2.1 ¢) depicts a figure eight graph and a 20-edge
embedding of it in Z3.

Based on the following result, the growth constant, lim, oo (gn(7))
for the number of embeddings of a graph exists and is independent of the
specific graph.

LEMMA 2.4 (SOTEROS, SUMNERS AND WHITTINGTON 1992 [3]).
Given a graph T € Gg

1/n
bl

(2.6) lim n~tlogg,(7) =

n—0Q
where k is the connective constant for self-avoiding walks and where if T
admits no embeddings with an odd number of edges then the limit is taken
only through even values of n .
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a)

b) Q

C) GQ
Fig. 2.1. In a) the line graph and a 10-edge embedding of the line graph in Z3 s
depicted. In b) the circle graph and a 10-edge embedding of the circle graph in Z2 is

depicted. In c) the figure eight graph and a 20-edge embedding of the figure eight graph
in Z° is depicted.

SRR

Proof. The proof of this Lemma is reviewed here in order to introduce
a basic approach to obtaining results concerning growth constants of graph
embeddings. Let 7 be any graph in G and fix a labelling of the vertices
and edges of 7. Let f be the number of edges in 7. We first note that
given any embedding of 7, the vertices (except for those of degree two) and
branches of the embedding can be labelled according to the labelling given
for 7. In particular, label the vertices first and, when ambiguity arises in the
labelling of vertices, label them according to the lexicographic ordering of
their coordinates in Z2. When ambiguity arises in the labelling of branches
(i.e. two or more branches have the same labelled vertices at their ends),
label them according to the lexicographic ordering of the coordinates of the
vertex of each branch that is adjacent to its smallest end vertex.

An upper bound is obtained for g,(7) in terms of self-avoiding walks
as follows. Consider any n-edge embedding of 7. Translate the embedding
so that the first branch has its smallest (in terms of the labelling just
described) end vertex at the origin. For each branch, orient the edges of
the branch to go from its smaller to its larger end vertex. Thus each branch
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of the embedding can be viewed as a self-avoiding walk and therefore

(27) 9n (T) < Z CmyCmy  Cmy < €Kn+0(n)
{mz|zf=1 m;=n}

where m; represents the number of edges in branch 7 of 7.

A lower bound is obtained for g,(7) in terms of self-avoiding polygons
as follows. Start with any embedding of 7 in which the rightmost (maxi-
mum z-coordinate) plane of the embedding, # = k say, contains the edge
{(k,0,0),(k,1,0)}. It is always possible to find such an embedding with
an even number of edges and, if there exists an embedding of 7 with an
odd number of edges, it is also possible to find such an embedding with an
odd number of edges [3]. Let m, > 0 be an even number for which such
an me-edge embedding of 7 exists and m, be an odd number for which
such an m,-edge embedding of 7 exists. For any 2n > m, + 4, let P be a
(2n — m,)-edge self-avoiding polygon confined to W(0, o) and containing
the edge {(0,0,0),(0,1,0)}. Translate P so that (0,0,0) is translated to
(k4 1,0,0) and then concatenate P to the embedding of 7 by adding the
edges {(k,1,0),(k+ 1,1,0)} and {(k,0,0),(k+ 1,0,0)} and then deleting
the edges {(£,0,0),(k,1,0)} and {(k+1,0,0),(k+1,1,0)}. This results in
the upper bound

(2.8) P . < gan(T).

If 7 has embeddings with an odd numbers of edges, a similar concatenation
argument yields

(2.9) Pt < g2n41(7).

If 7 does not admit any odd edge embeddings (for example if 7 is the circle
or the figure eight graph (see Figure 2.1 ¢)), taking logarithms, dividing
by 2n, letting n — oo, and using Lemma 2.3 in equations (2.7) (with n
replaced by 2n) and (2.8) gives the required result where the limit is taken
only through even values. If 7 does admit odd edge embeddings, equations
(2.7), (2.8), and (2.9) lead to the required result where the limit is taken
through all values of n. O

Polymer chemists are frequently interested in the case that the branches
of a polymer all consist of the same number of monomers (i.e. the poly-
mer chains making up the branched polymer structure are monodisperse).
Thus it is useful to consider the case where the distribution of edges to the
branches of a graph embedding is fixed. Given 7 € G, let f be the number
of edges of 7. Suppose f > 2. Given a fixed labelling of the vertices and
edges of 7, we can define g,(7;(¢1, @2, ..., 7)) to be the number of embed-
dings of 7 in Z3, distinct up to translation, composed of n edges with ¢;
edges in its sth branch. The ¢; are positive integers such that ), ¢; = n
and the labelling of the branches of the embedding is determined, as de-
scribed in the proof of Lemma 2.4, by the fixed labelling of 7. The ordered
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set of numbers ¢ = (41, ¢, ..., ¢5) will be referred to as the edge distribu-
tion of the embedding. In [10], the number of uniform or monodisperse
embeddings of a graph was studied, g,;(7;(n,n,...,n)), and the following
lemma resulted.

LEMMA 2.5 (SoTEROs 1992 [10]). Given « bipartite graph T € G

(2.10) le (nf)—lloggnf(r;(n,n,...,n)):ff.

Given a graph T € Gg which is not bipartite (i.e. has at least one cycle of
odd length)

(2.11) lim (2nf) ' log gans(7; (21,20, ..., 2n)) = k.

Proof. The basic idea of the proof is to first get an upper bound on
gns(7;(n,n,...,n)) in terms of self-avoiding walks by noting that
gnf(7;(n,n,...,n)) < gns(7) and then using equation (2.7). A lower bound
for gn;(7;(n, n,...,n)) is obtained by starting with an embedding of 7 such
that:

(i) Exactly one edge of each branch of 7 lies in the rightmost plane,

z = k, of the embedding. These rightmost edges lie in the line
z=0,z=k, y>0.

(ii) The parity (even or odd) of the number of edges in a branch is the

same for all branches.

(iii) Each edge in the line z = 0, # = k is at least f edges apart from

any other edge in the line.
Then, in order to create a new embedding of 7, for each # = 1,... f, a
polygon in W(i — 1,i) is concatenated to the edge of the ith branch of 7
contained in the rightmost plane = k. This gives the lower bound

ey
ey

(2.12) Dot P s Ph < g (73 (0, m)
where (mq,ma, ..., my) is the edge distribution of the initial embedding of
7. Taking logarithms, dividing by nf, letting n go to infinity, and using
Lemma 2.3 gives the required result. O

This type of argument can also be used to obtain results about other
types of edge distributions. For example, consider the sequence of numbers
gn(T;(91(n), ..., 0p(n))) for n = 1,2,3, ..., where ¢;(n) is a postive integer
valued function of n and N = Zle éi(n). Let ¢(n) = (¢1(n), ..., 0¢(n)).
In order for gn(7;¢(n)) > 0 when 7 contains a cycle, constraints must
be placed on the parity of the components of ¢(n) to ensure that any
cycle in an embedding of 7 in Z3 consists of an even number of edges.
In particular, each embedding of a cycle must contain an even number of
odd length branches. Define the parity distribution associated with an edge
distribution ¢(n) to be the f-tuple of parities whose ith component is the
parity of ¢;(n). Suppose that gn(7;¢(n)) > 0 for n > 1 and, without loss
of generality, that the sequence {¢(n)},>1 has the property that given an
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i €{1,2, ..., f} the parity of ¢;(n) is fixed for all n > 1, i.e., the sequence of
#(n)’s has a fixed parity distribution. If the sequence does not have a fixed
parity distribution, one considers separately each subsequence of {¢(n)},>1
that does have a fixed parity distribution; there can be at most 24 such
subsequences. Further suppose that given an ¢ € {1,2,..., f} either ¢;(n) is
a constant function or a strictly increasing function of n. If ¢;(n) is strictly
increasing, we refer to the ¢th branch as growing; otherwise, the ¢th branch
is referred to as constant. An upper bound for gn(7;¢(n)) is obtained in
the same manner as in the proof of Lemma 2.4, namely, each embedding
of 7 is separated into f self-avoiding walks. To get a lower bound for
gn (7; ¢(n)) we again need to construct an appropriate embedding to which
we can concatenate polygons in wedges. Since embeddings of 7 exist with
the parity and edge distributions given by {¢(n)},>1, it should be possible
to find an embedding of 7 having ¢(1)’s parity distribution, having ¢;(1)
edges in each constant branch i, and having enough space between each
branch of the embedding so that for each growing branch it is possible to
concatenate a polygon to an edge of the branch and extend the branch so
that it has a unique edge in the rightmost plane of the embedding. In this
way one can construct an embedding of 7 with properties (i) and (iii) as in
the proof of Lemma 2.5 and with property (ii) revised as follows:

(ii*) The number of edges in branch ¢ has the same parity as ¢;(1) and

equals ¢;(1) if branch ¢ is constant.

Establishing an appropriate lower bound then follows by concatenating
polygons in wedges to the edges in the line z = 0, x = k just as in the proof
of Lemma 2.5. Thus, we obtain the following result.

LEMMA 2.6. Given 7 € G with f edges, let {¢(n)}n>1 be a sequence
of edge distributions such that for 1 <i < f, ¢i(n) is either a constant or
strictly increasing function of n. If for each subsequence of {¢(n)},>1 with
fized parity distribution an embedding of T with the properties (i), (ii*),
and (i) exists, then

(2.13) Jlim N~ oggn(r;é(n)) = x,

where N = 2{21 éi(n).
Thus the growth constant for embeddings of a graph does not depend
on the fixed edge distribution sequence given for the graph.

3. Knots in Graphs in Z3. In this section, results about knots in
graph embeddings in Z3 are discussed. Unless stated otherwise, the ter-
minology used here will be the same as that defined in Soteros, Sumners
and Whittington [3]. Any locally flat piecewise linear embedding of 7 in
3-space is said to be a knot of 7. The set of equivalence classes of knots of 7
(as defined in [3]) is denoted by K(7). For K € K(7), the crossing number
of K, C(K), is the minimum number of crossings obtainable in any knot
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diagram for any knot £ € K and we define

(3.1) Nmin(7) = Kren’é?r) C(K).

The knottedness of embeddings of a graph will be discussed in terms
of embeddings in 3-space. Thus, in order to establish a point of reference,
define K € K(7) to be unknotted if there are members of K which realize
Npin(7); in this case all members of K are said to be unknotted. Otherwise,
K € K(7) and all members of K are said to be knotted. An embedding
of 7 in Z2 will be considered knotted if as an embedding in 3-space it is
knotted.

Note that any embedding of the graph K7 in 3-space contains a knotted
cycle [12]. Although K7 is not embeddable in Z3, this example suggests the
possibity that, based on the definition above, an unknotted embedding of a
graph in Z3 may contain a cycle which is a knotted self-avoiding polygon.
It will be useful later to consider the set of graphs embeddable in Z3 for
which this is not possible. Thus, for 2 < r < 6, let G, C G, be the set
of graphs such that for 7 € G, any cycle in an unknotted embedding of
7 in Z3 is an unknotted embedding of a circle graph (i.e., an unknotted
self-avoiding polygon). Note that G contains the set of all planar graphs
in G6.

Given Lemmas 2.1-2.6, the main additional ingredient that is needed
in order to prove results about knotted embeddings of a graph 7 in Z3
is an appropriate pattern theorem. A pattern will be defined to be any
embedding of the line graph in Z3. A Kesten pattern will be defined to
be any pattern which appears at least three times in an embedding of
the line graph. Let g,(7;P) be the number of n-edge embeddings of 7
in Z3 which do not contain the pattern P; let g,(7; P) be the number of
n-edge embeddings of 7 in Z3 which contains the pattern P. Similarly, let
gn(7; é(n), P) be the number of embeddings of 7 in Z3 composed of N =
E{Il éi(n) edges, with edge distribution ¢(n) = (¢1(n), d2(n), ..., ¢5(n)),
and such that the pattern P does not appear in the embedding. A pattern
theorem due to Kesten for self-avoiding walks yields the following pattern
theorem for embeddings of the line graph.

LEMMA 3.1 (KESTEN 1963 [13]). Let P be any Kesten pattern.
(3.2) lim n~'log g, (line; P) = x(P) < .

n—oo

Combining this with Lemma 2.1 gives that

(3.3) im Sn0ineiP) o sPmen
n—oo gn(hne) n—0o0

Hence, for n sufficiently large, all but exponentially few embeddings of the
line graph contain the pattern P and

(3.4) lim n™'log g, (line; P) = &.



KNOTS IN GRAPHS IN SUBSETS OF Z?2 11

Based on equation (2.7), one can obtain an upper bound for g,(7) in
terms of g, (line) by using the fact that ¢, = 2g¢,(line). The same reasoning
allows one to obtain an upper bound for g,(7; P) in terms of g, (line; P)
and for gn(7;é(n), P) in terms of g,(line; P) and gives the following two
results.

LEMMA 3.2 (SOTEROS, SUMNERS AND WHITTINGTON 1992 [3]). Let

P be any Kesten pattern and T any graph in Gs.

(3.5) limsupn~'log g, (; P) < (P) < «.
That is, for sufficiently large n, the pattern P appears at least once in all
but exponentially few embeddings of T.

LEMMA 3.3. Let P be any Kesten pattern and T any graph in Gs.
Given any edge distribution sequence {¢(n)},>1 for which equation (2.13)
holds with N = S>7_, ¢i(n),

(3.6) limsup N~ log gn(7; 6(n), P) < (P) < &.
That is, for sufficiently large n, the pattern P appears at least once in all
but exponentially few embeddings of T when the edge distribution is fized.
A version of Lemma 3.3 for uniform embeddings of 7 was given in [5].
In order to discuss knots in embeddings of 7 in Z3, the focus is on
the pattern 79 which is formed by concatenating a sequence of ¢ tight
trefoils, T', where ¢ = [1 + M%“(T)] Figure 3.1 depicts a tight trefoil, T'; if
T appears in a self-avoiding polygon the polygon must be knotted. If 7
appears in a cycle in an embedding of 7 in Z3, then the crossing number of
the embedding is > 3¢ > Npin(7) [3] and hence the embedding is knotted.

T—O—O—O

*——o—

F1G. 3.1. A tight trefoil pattern T in Z°.

Define ¢2(7) to be the number of unknotted n-edge embeddings of 7.
Clearly if 7 has no cycles then g2(7) = g,(7). Sumners and Whittington
[1] used a concatenation argument to show that for pg = g2 (circle)

(3.7) PmPr < Prgn

and then they used Kesten’s pattern theorem to prove the following result
for unknotted self-avoiding polygons.
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LEMMA 3.4 (SUMNERS AND WHITTINGTON 1988 [1]).

(3.8) lim (2n)"'logps, = Ko < &

n—o0o

and hence the probability that an n-edge self-avoiding polygon is knotted,
Pn—Pi
Pn

, goes to unity as

(3.9) 1 — emante(n)

when n — oo, with « = kK — K.

The following theorem about the knottedness of graph embeddings in
Z3 is a consequence of Lemmas 3.2 and 3.4. Only graphs in which each
branch of the graph is contained in a cycle need be considered; that is,
graphs which have no cut edges. (A cut edge is any edge which when
removed disconnects the graph.) An important subset of the graphs with
no cut edges is the set of eulerian graphs; a graph is said to be eulerian if
there exists a closed walk on the graph which uses each edge of the graph
exactly once. Note that 7 is eulerian if and only if every vertex of 7 has
even degree. The f-graph (the graph with two vertices of degree 3 and
three edges, each going from one vertex of the graph to the other) is an
example of a graph with no cut edges that is not eulerian. The circle graph
and the figure eight graph are eulerian.

THEOREM 3.1. Suppose 7 € G has no cut edges,

(3.10) &, < lin}Linfn_1 log g2 () < limsupn~'loggl(r) < k(T?) < &k

n—oo

(where as in Lemma 2.4 the limit is taken only through values of n for
which g2(1) > 0) and hence the probability that an n-edge embedding of T
1s knotted goes to unity at least as fast as

(3.11) 1 — e~ Prte(n)
and no faster than
(3.12) 1 —emante(n)

when n — oo, with B = k — K~(Tq) and o as defined in equation (3.9).
If T is eulerian and T € G,

(3.13) lim (2n) ™! log g5,,(7) = o

n—o0

and hence the probability that an n-edge embedding of T is knotted goes to
unity as

(3.14) 1 — emanto(n)

when n — 0o.
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Proof. For any T € Gg, starting with an unknotted embedding of 7
and then concatenating an unknotted embedding of a polygon yields a new
unknotted embedding of 7. Thus following an argument similar to the one
that leads to equations (2.8) and (2.9), there exists m such that

(3.15) Pl < gi(r)

where p2%°° is the number of n-edge unknotted self-avoiding polygons in
the wedge W(0,00). Here we note that, given Lemma 3.4, Lemma 2.3
can also be proved for unknotted polygons in wedges with x replaced by
k,. Thus taking logarithms, dividing by n, and letting n go to infinity in

equation (3.15) gives
(3.16) Ko < lirr;infn_l log g7 (7)

where if 7 does not admit any odd edge embeddings then the limit is taken
only through even values of n.

In the case 7 € G has no cut edges, an upper bound on ¢g2(7) can be
obtained as in equation (2.7) except now no branch of 7 can contain the
pattern 7T9. Thus

go(1) < 2/ E gm, (line, T9) gy, (line, T%) - - - g, , (line, T'9)
{mil Y7 mi=n}
(3.17) < er(THntoln),

Equation (3.17) and equation (3.16) lead to equation (3.10). (Equation
(3.17) was first presented in [3].) The limiting behaviour of the probability
that an n-edge embedding of 7 is knotted is determined by equation (3.10)
since it implies that for sufficiently large n

(3.18) 1 — e—anto(n) M > ] _ g~ Pnto(n)
~ ga(7)

with a and 8 as defined in the statement of the theorem.

If 7 is eulerian then there exists a closed path which uses every edge of
7 exactly once. Fix such a closed path. This path can be used to decompose
an embedding of 7 into at most f rooted (or possibly multiply rooted) self-
avoiding polygons. Let f, be the number of polygons that 7 decomposes
into. For each vertex of degree 25 of 7, j roots are needed. Thus 2n4 + 3ng
roots must be distributed to the f, polygons, where n; is the number of
vertices of degree 7 in 7. An upper bound on the number of ways to root
and label the f, polygons is given by

o +2n4+3ns —1
3.19 R.(n) =2/ ("F (2n4+3n6)fp
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where n is the total number of edges in an embedding of 7. Recall that if
T € G, every cycle in an unknotted embedding of 7 is unknotted. Thus
for eulerian 7 € Gg the following upper bound for g4, (7) results

(3.20) 93,(7) < R+ (2n) > PomyPomy Doy, < €70
fmal 312, mo=n)

where we have used equation (3.7) and Lemma 3.4 for the rightmost in-
equality. This combined with equation (3.16) gives equation (3.13). 0

For any 7 € Gg let {¢(n)},>1 be an edge distribution sequence for
which equation (2.13) holds. We define a fast growing branch of 7 to be a
branch ¢ for which

T n—oo

(3.21) 1> lim # > 0.

Using this definition we obtain the following result.

THEOREM 3.2. Given 7 € Gg with f edges and at least one cycle,
if {é(n)}n>1 is an edge distribution sequence such that Lemma 2.6 holds,
such that there exists an unknotted embedding of T with edge distribution
#(1), and such that at least one branch of a cycle of T is fast growing, then

Ko < liminf N™"log g}y (7; é(n))

(3.22) < lim sup N~ log g% (75 6(n)) < x(T9) < .

n—oo

Furthermore, if all the fast growing branches of T € Gy are contained in an
eulerian subgraph (not necessarily connected) of T

(3.23) Jim N7 log g7 (73 6(n)) = ko

Proof. Let 7 be any fixed graph in G¢ and let {¢(n)},>1 be an edge
distribution sequence for which Lemma 2.6 holds. Based on the argument
that leads to equation (2.12), concatenating unknotted polygons in wedges
to an unknotted embedding of 7 with properties (i), (ii*), and (iii) results
in the lower bound

0,0,1 0,1,2 RN e o .
(3.24) Py my—mPontmy—ms  Papnym, < 9N (75 6(n))
where (mi1,ma,...,ms) is the edge distribution of the initial unknotted
embedding of 7. Taking logarithms, dividing by N, and letting n go to
infinity then gives
(3.25) ko < liminf N~ log g% (7; é(n)).
n—oo

Let ¢ be a fast growing branch contained in a cycle of 7. To obtain the

upper bound, we separate an n-edge embedding of 7 into f embeddings of
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the line graph (as in equation (3.17)) except that the i¢th branch cannot
contain the pattern 7. Thus

gh(Tié(n)) <2 wyin) We () Whipa(n) W (n)Igi(n)(line, TY)
(3.26) < eF(N=8i(n))+a(T2)i(n)+o(N)

Taking logarithms, dividing by N, and letting n go to infinity in this equa-
tion gives

(3.27) limsup N~ ! log g% (5 6(n)) < .

n—oo

Further suppose that all fast growing branches of 7 € G are contained
in an eulerian subgraph 5 of 7. Let f, be the number of polygons that
n separates into and let R, (n) be as defined in equation (3.19). Assume
that the remaining branches of 7 (i.e. those not part of n) are labelled
from 1,2,...,f’. Starting with an N-edge unknotted embedding of 7 with
edge distribution ¢(n), none of the polygons that n separates into can be
knotted hence,

gn(T;6(n)) Ry(N)27 wg,(n) - - - 1y (n)Pry Py,
(3.28) < erelN o)

IA

where m; is the number of edges of the embedding in ’s ¢th polygon and
fl
the fact that lim,, . w = 0 has been used to obtain the rightmost

inequality. Equations (3.25) and (3.28) lead to equation (3.23). O
Note that this theorem was proved for the uniform case (i.e., ¢(n) =
(n,n,...,n)) in [5]; a related theorem was proved in [3] for embeddings in

which the fraction of edges in a designated cycle was fixed rather than
the whole edge distribution being fixed. One can also use a more general
version of Kesten’s pattern theorem to prove that in the cases covered by
Theorems 3.1 and 3.2 almost all the considered embeddings of a graph 7
are highly composite knots [3,5].

In the next sections the extent to which these results hold for embed-
dings of graphs in subsets of Z3 are explored.

4. Knots in Graphs in an L-Slab. An L-slab is the sublattice of
73 induced by the vertex set {(z,y,z) € Z3|0 < z < L}. The properties
of self-avoiding walks and polygons in an L-slab have been reviewed in two
recent papers by Tesi et al [4,14]. In order to address questions about knots
in graphs in an L-slab, the same ingredients as those introduced in the last
two sections are needed, namely, a result equating the growth constant for
self-avoiding walks and self-avoiding polygons (as in Lemma 2.2), a result
for the growth constant of self-avoiding polygons in wedges (as in Lemma
2.3), and a pattern theorem for self-avoiding walks (as in Lemma 3.1). In
fact the arguments which led to the results just listed can be modified in
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a straightforward fashion to deal with self-avoiding polygons and walks in
an L-slab, L > 1.

Define p,(L) to be the number (up to translation) of n-edge self-
avoiding polygons confined to an L-slab and let ¢, (L) to be the number of
n-step self-avoiding walks confined to an L-slab. From the work of Ham-
mersley and Whittington (1985) [9] and Madras and Slade (1993) [7] we
have that

LEMMA 4.1.

(4.1) nlingo n~tlogen(L) = nlin;o(Qn)_l logpan (L) = k(L) < &
where k(L) is strictly increasing in L and limp_.o k(L) = k.

Given non-negative integers co > § > a > 0, define W(«a, 3, L) to be
the sublattice of an L-slab induced by the vertex set {(z,y,z) € Z3|az <
y<Br+a+1,0<2,0<z<L} For L>0,let p»?(L) be the number
of n-edge self-avoiding polygons confined to W(a, 8, L) and containing an
edge between (0,0,0) and (0, 1,0); similarly, let ¢*?(L) be the number of
n-step self-avoiding walks confined to W («, 3, L) and having its first step
from (0, 0,0) to (0,1,0). The wedge arguments in [10,11] are easily modified

to give:
LEMMA 4.2,
(4.2) lim (2n)"log p2f (L) = lim n~tlogc®? (L) = w(L).

n—oo n—00

Tesi et al [4,14] have proved an appropriate pattern theorem for self-
avoiding walks in an L-slab. Let Cp,, m,(L) be the set of self-avoiding walks
completely contained in Dy, m, (L) = {(z,y,2) € Z3|0 < z < my,0 <
y < ms,0 < z < L} with one endpoint at the origin and the other at
(m1,ms,0). For any my > 0 and my > 0, a Ky, m,(L) pattern is defined
to be an self-avoiding walk which appears in some element of Cp,, m,(L).
The following pattern theorem holds.

LEMMA 4.3 (TEsI et al [4,14]). For any my > 0 and ma > 0 and any
Koy m, (L) pattern P,

(4.3) nlingo n~tlogen (L, P) = k(L, P) < w(L)
where cn(L,P) is the number of n-step walks in an L-slab which do not
contain the pattern P.

Arguments such as those given in [3] can be used to show that, for
L > 2 and any graph 7 € Gg, there exists an embedding of 7 in an L-slab.
Similarly, for L = 1 and any graph 7 € G5, there exists an embedding of 7
in a 1-slab. Finally, in Soteros (1992) [10] it was shown that for L = 0 and
any planar graph 7 € (G4, there exists an embedding of 7 in the 0-slab, i.e.,
the square lattice Z2. The arguments that led to Lemma 2.4 have been
modified for an L-slab in [15] for the case L > 0 and in [10] for the case
L = 0 and used to prove the following.
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LEMMA 4.4. For L > 1 and any fized graph 7 € G

(4.4) lim n~'logg,(r, L) = k(L);

n—o0

for L =1 and any fized graph T € G5
(4.5) lim n™tloggn(r, 1) = x(1);
and for L = 0 and any planar graph 7 € G4

(4.6) lim n™'logg,(7,0) = x(0).
In all three cases the limits are taken only through values of n for which
gn(7, L) > 0.

The result, corresponding to Lemma 2.5, that uniform embeddings in
an L-slab have the same growth constant as self-avoiding walks in an L-

slab,
(4.7) lim (nf)"*loggn(7, L;(n,n,...,n)) = &(L),

was proved for L = 0 in [10] and for L > 0 in Whittington and Soteros
[15]. Similar arguments can also be used to show that, for L > 1,

(4.8) nan;O N_lloggN(T,L;qS(n)) =k(L),

where gn (7, L; ¢(n)) is the number of embeddings of 7 in an L-slab with
edge distribution ¢(n) and where the restrictions put on {¢(n)},>, are
similar to to those listed in Lemma 2.6.

Using arguments analogous to those which prove Lemma 3.2, the fol-
lowing pattern theorem holds for embeddings of graphs in an L-slab.

LEMMA 4.5. Given any my > 0 and my > 0 and any paittern P
which is an undirected version of @ Ky, m,(L) pattern, let g, (r, L; P) be
the number of n-edge embeddings of T in an L-slab (up to translation) which
do not contain the pattern P. For L > 1 and T any graph in Gs,

(4.9) limsupn~'log g,(7, L; P) < k(L; P) < k(L);

n—oo

for L =1 and 7 any graph in Gs,

(4.10) limsupn~'logg,(r,L; P) < k(L; P) < k(1).

For each L > 1 it is possible to construct a tight trefoil pattern T(L)
so that if T'(L)? appears in a cycle of an embedding, the embedding will
surely be knotted. The tight trefoil pattern 7' introduced in Figure 3.1 is
in fact suitable for all L > 1. Based on Lemma 4.3 with P an appropriate
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tight trefoil, the following result for unknotted polygons in an L-slab has
been proved.

LEMMA 4.6 (TESI et al 1994 [4]). Let p2(L) be the number (up to
translation) of n-edge unknotted self-avoiding polygons in an L-slab. Then
the limit in the following inequality exists and satisfies

(4.11) nlirr;@(?n)_l log p5, (L) = ko(L) < k(L)
for all L > 1, k,(L) is a concave function of L,

(4.12) Llln;o Ko(L) = Ko,

and

(4.13) LILH;O K(L) — ko(L) = «

where o is defined as in equation (3.9).

The numerical evidence presented in [4,14] indicates that a(L) = «(L)—
Ko(L) is a decreasing function of L and hence the probability of a polygon
being knotted increases as the height L of the slab decreases.

Using Lemma 4.6 and arguing as in the proof of Theorem 3.1, the
following theorem for knots in graphs in an L-slab results.

THEOREM 4.1. For L > 1 (L = 1), suppose 7 € Gg (Gs) has no cut
edges,

ko(L) < liminfn~tloggl(r,L) < limsupn™'logg’(r, L)
n—00 n—00

(4.14)

A

k(Te, L) < k(L)

(where the limit is taken only through values of n for which g3(r,L) > 0)
and hence the probability that an n-edge embedding of T is knotted goes to
unity at least as fast as

(4.15) 1 — ¢~ FL)nto(n)

and no faster than

(4.16) 1 — e~ aL)nto(n)

when n — oo, with B(L) = k(L) — k(T L) and o(L) = k(L) — k,(L).
If T € Go (G5) is eulerian

(4.17) nlLrI;O(Qn)_l log g5,(7) = Ko(L)

and hence the probability that an n-edge embedding of T is knotted goes to

unity as

(4.18) | _ e—aDno(n)

when n — oo.
A result analogous to Theorem 3.2 also holds for embeddings of 7 with
a fixed edge distribution sequence.
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5. Knots in Graphs in an (L, M)-Prism. An (L, M)-rectangular
prism (or tube), is defined to be the sublattice of Z3 induced by the vertex
set {(z,y,2) € Z2|0 <y < L,0 < z< M}. Let ¢,(L, M) be the number
of self-avoiding walks confined to an (L, M)-prism, let p,(L, M) be the
number (up to translation) of n-edge self-avoiding polygons confined to an
(L, M)-prism, and given a graph 7 € G, let g,(7, L, M) be the number
(up to translation) of n-edge embeddings of 7 in an (L, M)-prism.

The procedure followed in the last two sections to obtain results about
knots in graphs no longer works for embeddings of graphs in an (L, M)-
prism. In fact the procedure fails at the first step because there is no result,
such as the result in Lemma 4.1 for walks and polygons in an L-slab, which
equates the growth constants for self-avoiding walks and polygons in a
prism. Instead as the following two results indicate the number of self-
avoiding polygons in an (L, M)-prism is exponentially smaller than the
number of self-avoiding walks in an (L, M )-prism.

LEMMA 5.1 (SOTEROS AND WHITTINGTON 1989 [16]). The following
limit exits
(5.1) nlinolo n~tloge, (L, M) = k(L, M).

LEMMA 5.2 (SOTEROS AND WHITTINGTON 1989 [16]). The limit in
the following inequality exists and satisfies

(5.2) lim (2n)~ ! logpan (L, M) = k,(L, M) < k(L, M).
n—oo

A pattern theorem for self-avoiding walks in an (L, M )-prism was also
proved in [16]. Let C3(L, M) be the set of self-avoiding walks completely
contained in Dy(L, M) ={(z,y,2) € 230 <2 <b0<y<L,0<z< M}
with one endpoint at the origin and the other at (4,0,0). For any b > 0, a
K pattern is defined to be any self-avoiding walk which can occur in some
element of Cy(L, M).

LEMMA 5.3 (SOTEROS AND WHITTINGTON 1989 [16]). For any b >
0, let P be a Ky pattern, then

(5.3) nlin;o n~tlogen(L, M; P) = k(L, M; P) < (L, M).

With regards to embeddings of graphs in an (L, M )-prism, the following
results indicates that if a graph has a cut edge then its growth constant
is the same as that for self-avoiding walks, if a graph is eulerian then its
growth constant is the same as that for self-avoiding polygons, otherwise
it remains even to be proved that the growth constant exists.

LEMMA 5.4. Given a graph T € Gs such that g, (1, L, M) > 0 for some
n, if T has a cut edge

(5.4) lim n~'logg,(r, L, M) = k(L, M);
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of T is eulerian

(5.5) lim (2n)~ ' log gan(7, L, M) = r,(L, M);

n— 00

and if T is not eulerian and has no cut edges

kp(L, M) < linrgicgfn_l log gn(m, L, M) < limsupn~'log gn(7, L, M)

n—0o0

(5.6) < k(L,M).

Proof. In the case that T has a cut edge an upper bound is obtained,
just as in the proof of Lemma 2.4, by separating an embedding of 7 into
self-avoiding walks (each confined to an (L, M)-prism) to give

gn(m, L, M) < > Emy (Ly M)y (L, M) - ¢y, (L, M)
{mal 327, mi=n}
(57) < en(L,M)n+o(n).

For the lower bound an argument similar to that used in [10, Theorem 3] is
used. Fix a cut edge of 7. Obtain two rooted graphs, 7 and 7g, from 7 by
deleting the cut edge. Find an embedding of 7z (7g) in an (L, M)-prism
such that its root, the vertex which was connected to the designated cut
edge of 7, is in the rightmost (leftmost) plane of the embedding. The two
embeddings of 77 and 7 can now be concatenated together by concatenat-
ing the first vertex of an n-step unfolded walk (or bridge) to 71’s root and
then concatenating the walk’s last vertex to 7r’s root (the concatenation
of the walk to the roots is done using two short walks each with lengths
less than 2(L + 1)(M + 1)). This gives the lower bound

(5.8) (L, M) < gngm(, L, M)

where m is the number of edges of the resulting embedding that were not
initially part of the unfolded walk and cf (L, M) is the number of n-step
unfolded self-avoiding walks in an (L, M )-prism. It has been proved [17]
(see also [7, section 8.2]) that

(5.9) nli»nc}o n~tlogcl (L, M) = r(L, M).

Hence taking logarithms, dividing by n, and letting n — oo in equations
(5.7) and (5.8) gives equation (5.4).

In the case that 7 is eulerian, an argument similar to that used to
obtain equation (3.13) is used. That is, an upper bound is obtained by
separating 7 into self-avoiding polygons and a lower bound is obtained by
concatenating a polygon to an embedding of 7. Taking logarithms, dividing
by n, and letting n — oo in the resulting inequalities leads to equation (5.5).

For 7 with no cut edges and not eulerian, for example 7 a ¢ graph, a
lower bound can be obtained by concatenating a polygon to an embedding
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of 7. This leads to the left-hand side of equation (5.6). Since every branch
of 7 is contained in a cycle, no branch of 7 can contain either of the filling
patterns depicted in [16, Figure 4] (these patterns cannot appear in any
self-avoiding polygon). Thus equation (5.7) becomes

gn(t, L, M) <3 e, (L, M; Pp)ep, (L, M5 Pp) -+ e, (L, M; Pp)
(510) < e“(LyM;PTf)n+o(n)

where Pp is the appropriate filling pattern and the primed sum is over the
set {m;] Z{Il m; = n}. Equation (5.10) and Lemma 5.3 imply equation
(5.6). 0

To obtain results for embeddings of graphs with a fixed edge distribu-
tion sequence, a pattern theorem for self-avoiding polygons in an (L, M)-
prism is needed. Due to Lemma 5.2, a pattern theorem for self-avoiding
walks in a prism does not imply a pattern theorem for self-avoiding poly-
gons. Instead, a separate pattern theorem for self-avoiding polygons in an
(L, M)-prism is needed. The required pattern theorem is introduced here
and a proof is given in the next section.

Define P(L, M) to be the set of self-avoiding polygons in an (L, M)-
prism. Let Py(L, M) C P(L, M) be the set of self-avoiding polygons con-
fined to the subgraph of the prism given by the vertex set V3 = {(z,y,2) €
Z30 <z <b,0<y<L,0<2z< M}. Given any b > 0, a K; pattern is
defined to be a configuration (including occupied and unoccupied edges) of
any element of Py(L, M) in V4, with the edges in the 2 = 0 and = b planes
excluded. Given a Kj pattern P, define pn(L, M; P) to be the number (up
to translation) of n-edge polygons confined to an (L, M)-prism in which
the pattern P does not occur. The following lemmais a consequence of the
pattern theorem that is proved in the next section.

LEMMA 5.5. For any integer b > 2 and any K, pattern P,

(5.11)  lim n~'logpn(L, M; P) = k,(L, M; P) < k,(L, M).

The prism pattern theorems, Lemma 5.4 and Lemma 5.5, can be used
to investigate the growth constant for embeddings of a graph with a fixed
edge distribution sequence. Instead of exploring all possible types of graph
embeddings, the focus is on several illustrative cases to show that the
growth constant for graph embeddings in an (L, M )-prism can be highly
dependent on the structure of the graph and the restrictions put on the
edge distribution sequence. First some special graphs are defined. The
4-watermelon graph is defined to be the graph with two vertices, v; and
ve, and four edges, each of the form {vy,va}. A dumbell graph is the graph
with two vertices of degree 3 and three edges, one edge from one vertex of
the graph to the other and two loops, one from each vertex to itself. A
3-star is a graph with one vertex of degree 3, 3 vertices of degree 1, and
three edges, one from the vertex of degree 3 to each vertex of degree 1. The
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following theorem indicates that if the fast growing branches of 7 form a
chain with essentially free ends then the embeddings of 7 have the same
growth constant as self-avoiding walks; however, if instead there is a fast
growing branch in a cycle or three fast growing branches form a 3-star the
embeddings have less freedom or entropy than self-avoiding walks and the
growth constant is reduced. Furthermore, if the fast growing branches of
7 are contained in at most two loops of 7 then the embeddings of 7 have
the same growth constant as self-avoiding polygons; however, if instead
the fast growing branches are contained in at least three branches of a 4-
watermelon graph the embeddings have less freedom or entropy and the
growth constant is reduced.

LEMMA 5.6. Given L > 1, M > 1, suppose that 7 € G¢ is such that
gn(T, L, M) > 0 for some n and that {¢(n)},>1 is an edge distribution
sequence for T such that gn(m,L, M;é(n)) > 0 for alln > 1 and for each
i, ¢;(n) is either a constant or strictly increasing function of n.

First suppose T has a cut edge. Also suppose {¢(n)},>1 is such that all
the fast growing branches of T are cut edges and that when they are removed
from T, T decomposes into components each of which was connected to at
most two fast growing branches of 7. In this case

(5.12) Jim N~'loggn(r, L, M;¢(n)) = (L, M).

On the other hand, if {¢(n)}n>1 is such that either there is a fast growing
branch that is contained within a cycle or there are three or more fast
growing branches connected to one branch point, then

(5.13) limsup N~ loggn (7, L, M; ¢(n)) < &(L, M).

n—oo

Now suppose T has at least one cycle and {¢(n)}n>1 is such that all fast
growing branches are contained within an eulerian subgraph (not necessarily
connected) of 7. Then in general

(5.14) limsup N ™' log gn (7, L, M;6(n)) < kp(L, M).

n—oo

Furthermore, if {¢(n)}n>1 is such that all fast growing branches are con-
tained in either of two loops of T, then

(5.15) Jim N~ oggn(r, L, M; ¢(n)) = kp(L, M).

However, if T has a subgraph which is homeomorphic to the {-watermelon
graph and if {¢(n)},>1 is such that at least three of the watermelon branches
each contain a fast growing branch of T, then

(5.16) limsup N ™' log gn (7, L, M;6(n)) < kp(L, M).

n— oo
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Proof. Let T be any graph in G such that g,(7r, L, M) > 0 for some
n and that {¢(n)},>1 is an edge distribution sequence for 7 such that
gn(T, L, M;¢(n)) > 0 for all n > 1.

First suppose 7 has a cut edge. Since gy (7, L, M; ¢(n)) < gn(1, L, M),
equation (5.4) in Lemma 5.4 gives the upper bound

(5.17) gn (1, L, M;(n)) < eFEMIN+o(N),

Next suppose {¢(n)},>1 is such that all the fast growing branches of 7 are
cut edges and that when they are removed from 7, 7 decomposes into com-
ponents each of which was connected to at most two fast growing branches
of 7. In this case a lower bound can be obtained for gn (7, L, M; é(n)) in
terms of (L, M) as follows. Suppose 7 has f’ growing branches. Remove
each fast growing branch from 7, this results in a disconnected graph with
f' + 1 components, 71,....,Tfiy1, where by relabelling as appropriate we
can assume that the ith fast growing branch of 7 connects component 7;
to component 7,41 in 7. Then arguing as in the proof of Lemma 5.4, by
concatenating together elements of an alternating sequence of component
embeddings and unfolded walks the following lower bound is obtained

(518) CLl(n)_ml t CLf, (n)_mf, S gN(Ti LJ M’ ¢(n))

5! n
ﬂ — 1’ this

where mq, ..., my; are independent of n. Since lim,, .o
lower bound and equation (5.17) leads to equation (5.12).

Now suppose {¢(n)},>1 is such that either there is a fast growing
branch of 7 that is contained within a cycle or there are three or more fast
growing branches connected to one branch point. As noted in the proof of
Lemma 5.4, any branch of 7 which is contained in a cycle cannot contain
the filling pattern Pp. Thus if the ith branch of 7 is a fast growing branch

that is contained within a cycle

f
(T L M5 6(n)) < oL, M5 Pp) TT coy0m(L, M)
=1
(519) < e(N—¢,(n))n(L,M)+¢>,(n)n(L,M;FTF)+0(N).

Taking logarithms, dividing by N, and letting n — oo in this equation gives
equation (5.13). Similarly, if three or more branches of 7 are joined at a
single branch point then at least one of these branches cannot contain the
filling pattern Pp (if all three contained Pp then at least two of the branches
will intersect each other at a vertex other than the common branch point).
In this case, let ¢, i + 1 and i 4+ 2 be the labels of the three fast growing
branches

2

gn(T, L, M;6(n)) < D ey in)(L, M; Pr) I conmz, M)
j=0 m=1m#i+j
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(520) < e(N—(bk (n))k(L,M)+¢x(n)c(L,M;Pr)+o(N)
where k € {i,i+1,i+ 2} and lim,, . w = minp<;<a{lim, o %(n)}
Taking logarithms, dividing by N, and letting n — oo in this equation
again gives equation (5.13).

If the only fast growing branches of 7 are in an eulerian subgraph
(not necessarily connected) 7 of 7, then by separating the eulerian subraph
into f, self-avoiding polygons and the remaining branches of 7 into f’ self-
avoiding walks the following upper bound is obtained,

f! f!
gn(m, L, M;6(n)) < Ry(N) | [T couin) (L, M) | T] o, (L, M)
i=1 ji=1
(521) S 65;,(L,M)N+O(N)

where R, (N) is as defined in equation (3.19), m; is the number of edges

in n’s ith self-avoiding polygon, and the fact that lim,_ ¢’]§,n) = 0 for
i =1,..., f has been used to obtain the rightmost inequality. This leads to
equation (5.14).

If 7 is a figure eight graph, then a lower bound can be obtained for
gn(T, L, M;¢(n)) in terms of x,(L, M) by taking any two polygons with
appropriate numbers of edges and then concatenating them (using O(LM)
additonal edges) together to create an embedding of a figure eight graph.
The resulting lower bound combined with equation (5.14) leads to equation
(5.15). Furthermore, if, for example, {¢(n)},>1 is such that 7 has at most
two fast growing branches each of which forms a loop of 7 (an example
is the case that 7 is a dumbbell graph in which its cut edge is not fast
growing), then the argument just described for a figure eight graph works
in a similar way to give equation (5.15).

If 7 is a 4-watermelon graph, an upper bound for g, (7, L, M; ¢(n)) can
be obtained by separating 7 into two doubly rooted self-avoiding polygons.
There are three ways to pair off the branches of 7 to form polygons. Given
an embedding of 7 there is always at least one way to pair off the branches
so that one of the two resulting polygons does not contain the filling pattern
Py depicted in Figure 5.1 (the pattern is defined so that the branch points
of the watermelon cannot be within the pattern and so that it cannot
appear in more than two branches of the 4-watermelon graph). Given an
embedding of 7, relabel the four branches so that branch 1 and 2 are used
to form a polygon which does not contain pattern P and let this be the
last in the sequence of polygons obtained from 7. Thus,

gn (T, L, M;6(n) < N*pgyinytoun)(Ls M)Pg,(n)4ga(n) (L, M; Pp)
(5.22) < e(N=61(m)= 92(n))p (L M)+ (61 (n)+82(n))p (LM Py 4 o(N)

If at least three of the branches are fast growing then at least one of the
branches 1, 2 will be fast growing. Taking logarithms, dividing by N, letting
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n — oo in the above equation gives equation (5.16) for the case that 7is a
4-watermelon graph. This same argument works if 7 has a subgraph which
is homeomorphic to a 4-watermelon graph and {¢(n)},>1 is such that each
of three of the branches of the watermelon contain fast growing branches
of 7. There are also other types of graphs and edge distribution sequences
for which equation (5.16) will hold. O

Note that equation (5.13) was shown for ¢(n) = (n,n,...,n) (i.e. uni-
form embeddings) in [15].

Fig. 5.1. The bold pattern (either on the left or the right of the prism) is a filling
pattern Pp which cannot appear in more than two branches of a 4-watermelon graph in
a (3,3)-prism. A similar filling pattern ewists for an (L, M)-prism.

Next the probability that a graph embedding is knotted is investigated.
Define p2(L, M) to be the number (up to translation) of unknotted self-
avoiding polygons in an (L, M )-prism. Similarly, define g2(7, L, M) to be
the number (up to translation) of unknotted embeddings of 7 in an (L, M)-
prism. A tight trefoil Ky pattern is now needed. Consider 7" in Figure 3.1,
suppose the left most vertex in 7" is the origin. 71" can be made into a Ks
pattern by adding in 5 connected edges starting at (0,0, —1) and ending
at (5,0,—1) (or starting at (0, —2,0) and ending at (0,—2,5)) and such a
pattern can fit in an (L, M)-prism for L > 3, M > 2 (or L > 4,M > 1).
Using the pattern theorem for self-avoiding polygons in a prism (Lemma
5.5) and a concatenation argument, the following result can be proved for
any L and M for which a tight trefoil pattern in an (L, M)-prism exists.

LEMMA 5.7. For L and M such that the (L, M)-prism contains a tight
trefoil Ky pattern for some b > 0,

(5.23) lim n~!logp2 (L, M) = ko(L, M) < k,(L, M)

n—0oo
and hence the probability that a self-avoiding polygon in an (L, M)-prism
15 knotted goes to unity as

(524) 1— e—a(L,M)rH—o(n)
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when n — oo, with a(L, M) = k,(L, M) — k,(L, M).

It is now possible to obtain results about knots in graphs in an (L, M)-
prism using Lemma 5.7 and focussing on the cases in which the embeddings
of a graph have growth constant equal to x,(L, M).

THEOREM 5.1. Let L and M be as in Lemma 5.7 and T be an appro-
priate tight trefoil Ky pattern for some b > 0. Given eulerian 7 € Gg such
that gn (7, L, M) > 0 for some n > 0,

Ko(L, M) < liminfn~'loggl(r, L, M)
(5.25) < lirl;nsolipn_l log g2 (m, L, M) < kp(L, M;T9) < k,(L, M).

Further, given any T € Gs and an edge distribution sequence such that
equation (5.15) is true and there exists an unknotted embedding of T with
edge distribution ¢(1),

Kko(L, M)  <liminf N~logg%(r, L, M;é(n))
< limsup N ™! log gy(7, L, M;¢(n))

n—oo
(5.26) < Kp(L, M;T9) < kyp(L, M).
In both these cases the probability that an appropriate n-edge embedding of
T in an (L, M)-prism is knotted goes to unity at least as fast as
(5.27) 1 — ¢~ PLM)N+o(N)

and no faster than
(528) 1— 6—0(L,M)N+O(N)

when n — oo, with B(L, M) = k,(L, M) —r,(L, M;T?) and (L, M) as in
Lemma 5.7.
For 7 € G, these results can be strengthened to:

(5.29) lim n~'log g2(r, L, M) = ko(L, M)
for eulerian graphs and

(5.30) lim N log gy (r, L, M; é(n)) = ko(L, M)

for any T and edge distribution sequence such that equation (5.15) is true.
In both these cases the probability that an appropriate n-edge embedding of
T 18 knotted goes to unity as

(531) 1— e—a(L,M)N-I-O(N)

when n — oo.

Proof. Obtain bounds for g2 (7, L, M) and ¢% (7, L, M; ¢(n)) as in the
proofs of equations (5.5) and (5.15), except instead of obtaining bounds
in terms of arbitrary self-avoiding polygons either self-avoiding polygons
which do not contain 7'¢ or unknotted self-avoiding polygons (depending
on whether 7 € Gg — G’G orTE Gg) are used. a



KNOTS IN GRAPHS IN SUBSETS OF Z?2 27

6. A Pattern Theorem for Self-Avoiding Polygons in a (L, M)-
Prism. In this section a transfer matrix approach, the same as that used
by Alm and Janson in their study of self-avoiding walks in one-dimensional
lattices [18], is used to prove a pattern theorem for self-avoiding polygons
in a rectangular prism.

An (L, M)-prism is equivalent to Z x H(L, M), where H(L, M) is the
finite subgraph of Z? induced by the vertex set {(y,z) € Z%|0 < y <
L,0 < z < M}, and hence, in the terminology of [18], an (L, M)-prism
is a one-dimensional lattice. An (L, M)-prism can also be thought of as
an alternating sequence of hinges and sections where for any ¢ € Z the
ith hinge, H;(L, M), is defined to be the subgraph of the prism induced
by the vertex set {(i,y,2) € Z3|0 < y < L,0 < z < M} and the ith
section, S;(L, M), is defined to be the set of edges which join H;_1(L, M)
to H;(L, M) in the prism.

A self-avoiding polygon in an (L, M )-prism is said to span m sections
of the prism if the edges of the self-avoiding polygon are contained in
H; (L, M)US;(L, M)UH;(L, M)U...USi4m-1(L, MY)UH;4pm_1(L, M) for
some ¢ € Z. Clearly, given an n-edge self-avoiding polygon in an (L, M)-
prism there exists some m € {1, ..., "2;2} such that the polygon spans m
sections of the prism; define m to be the span of the given self-avoiding
polygon.

Without loss of generality, assume that the first hinge and section of
any self-avoiding polygon in an (L, M)-prism are respectively Ho(L, M)
and S1(L, M) and define the last section and hinge to be S, (L, M) and
H,, (L, M), respectively, where m is the span of the polygon. Furthermore,
for any polygon in an (L, M)-prism the edges of the polygon can be directed
and ordered in the following way: consider the vertices joined by an edge of
the polygon to the polygon’s bottom vertex (the first vertex of the polygon
in a lexicographic ordering of the coordinates of the polygon’s vertices), of
these choose the smallest (lexicographically) vertex and direct an edge from
the bottom vertex to this vertex. This edge is considered the first in the
ordering of the edges. The ordering and orientation of the remaining edges
continues in a cyclic fashion around the polygon. Given a self-avoiding
polygon in an (L, M)-prism with span m, define a pattern with span k of
the polygon to be the polygon’s configuration in a sublattice of the form
SZ(L,M) U HZ(L,M) U..u HH_k_Q(L,M) U SH_k_l(L,M) for 1 < i <
m — k 4+ 1. The polygon’s configuration in such a sublattice of the prism
consists of the sublattice, the set of directed edges of the polygon in the
sublattice, and if there are e edges of the polygon in the sublattice then
they are ordered from 1 to e according to their ordering in the polygon.
We say the pattern of span k corresponding to a polygon’s configuration
in S;(L, M)UH;(L,M)U...UH;4p—2(L, M)U S;1r—1(L, M) occurs at the
1th section of the polygon. Figure 6.1 depicts a self-avoiding polygon in a
(0,4)-prism and its associated patterns with span 2. Given k > 2, define
II(k) to be the set of distinct patterns with span k that occur in at least
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one self-avoiding polygon in an (L, M )-prism.

«~ - 2 « - 3 ~ - 4 Ej—

F1G. 6.1. (a) A self-avoiding polygon in a (0,4)-prism along with (b) its eight associated
patterns with span 2. The numbering on the sides of each pattern indicates the order in
which the separate walks making up the pattern should be traversed. Thus the pattern
occuring at section 1 of the polygon is different from the pattern occuring at section 7.

Consider 73(L, M), the set of self-avoiding polygons in an (L, M )-prism
with the following properties: the only edge in Ho(L, M) is the edge be-
tween (0,0, 0) and (0,0, 1); the only edges in S;(L, M) are the edge between
(1,0,0) and (0,0,0) and the edge between (0,0,1) and (1,0, 1); the only
edges in S, (L, M) are the edge between (m,0,0) and (m —1,0,0) and the
edge between (m — 1,0,1) and (m,0,1), for m the span of the polygon;
the only edge in H,,(L, M) is the edge between (m,0,0) and (m,0,1); and
if the edges of the polygon are oriented in a cyclic fashion starting from
(0,0,0) to (0,0,1), then the orientation of the edge in Hy, (L, M) is from
(m,0,1) to (m,0,0). Let po(L, M) be the number of such self-avoiding
polygons with n-edges.

The following result indicates that the growth constant for p,(L, M)
is the same as the growth constant for p,(L, M).

LEMMA 6.1.

(6.1) lim n~'logpn(L, M) = k,(L, M).

n— o0

Also, for any integer k > 1 and any pattern w € II(k), ™ can occur in an



KNOTS IN GRAPHS IN SUBSETS OF Z?2 29

element of P(L, M).
Proof. Clearly

(6.2) DL, M) < po(L, M).

To get a lower bound for p,(L, M), start with any n-edge polygon in an
(L, M)-prism. Orient and order the edges of the polygon in a cyclic fashion
as described previously. It is always possible to concatenate an oriented
polygon (with on the order of (2L + 2M) edges) to the first edge and
another oriented polygon (with on the order of (2L + 2M) edges) to the
last edge in the rightmost plane, so that the resulting polygon is an element
of P(L, M). Thus

(6.3) Pn(L, M) < prntoartam)(L, M)

where the function O(2L 4 2M) does not depend on n. Taking logarithms,
dividing by n, and then letting n go to infinity in equations (6.3) and (6.2)
results in equation (6.1).

Also, given a pattern w € II(k) there exists a self-avoiding polygon in
an (L, M)-prism such that 7 occurs in the self-avoiding polygon. Fix such
a self-avoiding polygon and now, as in the argument leading to the lower
bound for p,(L, M), concatenate polygons to the first and last hinge of
the initial polygon to create an element of 75(L, M). Thus an element of
7§(L, M) has been created in which the pattern 7 occurs. d

For any integer k£ > 1 and given a pattern = € II(k), define p, (N, M;7)
to be the number (up to translation) of n-edge polygons in an (L, M)-prism
that do not have 7 as a pattern. Similarly, define p,(N, M;7) to be the
number of n-edge polygons of 75(L, M) that do not have m as a pattern.
The following is a pattern theorem for self-avoiding polygons in an (L, M)-
prism.

THEOREM 6.1. For any integer k > 2 and any pattern = € I (k),

lim n™"log pa(L, M;7) = lim n™'logpn(L, M;7) = rp(L, M;7)
(6.4) < wy(L,M).

Proof. Note first that if the second limit in the above equation exists
then the arguments of Lemma 6.1 imply that
(6.5) lim n™'logp, (L, M;7) = lim n~'logp,(L, M;T).

n—oo n—oo

In particular, given the pattern m, one can always convert a polygon in an
(L, M)-prism into an element of P(L, M) by a concatenation process which
ensures that if # does not occur in the original polygon then it does not
occur in the final polygon. Thus in the remainder of the proof the focus
will be on the set of polygons in P(L, M).

Given k > 2, consider the set of all possible patterns with span £,
II(k). Each such pattern can be considered as a polygon configuration of
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S1(L, M)UH (L, M)U..UH_1(L, M)USk(L, M). Since these patterns are
contained in a finite subgraph of the lattice there is clearly a finite number
of such patterns. Order them from 1 to |II(k)|. For the ith pattern, define
e; to be the number of polygon edges contained in S;(L, M) U Hy(L, M).
We can construct a transfer matrix G(z) = (g; ;(2)) in the following way:

z° if the configuration of pattern ¢ on
Sa(L, M)U Ho(L, MU ..U Hp,_1(L, M) U Sk (L, M)
(2) = equals the configuration of pattern j on
ig\*) = Sy (L, M)U Hy(L,M)U ..U Hy_o(L, M)U Sg_1(L, M)
0 otherwise.

(6.6)

Define the pattern ¢ € II(k) to be the pattern with the following con-
figuration: the first polygon edge goes from (0,0,1) to (1,0,1), the second
edge goes from (1,0,1) to (2,0,1),..., the kth edge goes from (k — 1,0,1) to
(k,0,1), the k + 1st edge goes from (£,0,0) to (k — 1,0,0), the k& + 2nd edge
goes from (k —1,0,0) to (k—2,0,0), ..., the (2k)th edge goes from (1,0,0) to
(0,0,0). Let ¢ also represent the index of ¢ in the labelling of all patterns
in II(k).

Consider a sequence of r > 2 patterns in II(k) of the form ¢, m;,, m;,,
oy Wi, _y, ¢ such that gg:,(x) # 0, gi,_, o(2) # 0, and g4, 5,,,(x) # 0 for
2 < j <7 —2. Then this sequence defines a pattern with span r+% — 1 in
which pattern ¢ occurs at the 1st and rth section and pattern m;; occurs
at the jth section, for j = 2,...,7— 1. The number of edges in this pattern
is 2e4 + E;;% ei; +2(k — 1) where eg = 2 and the weight associated with

this pattern in (G(z)" ™14, is xe¢+zj:2 i (The notation (A); ; refers to
the ¢, jth element of matrix A.)

Any pattern with span r + k& — 1 in which ¢ occurs at the 1st and rth
section can be decomposed into a sequence of r patterns from II(k) as above.
Note that for » = 2, ..., k, the only pattern with span r + k — 1 in which
¢ occurs at the 1st and rth section is the pattern which has ¢ occuring at
each section. Also note that given r > k, a pattern with span r+ %k —1 and
2e4 + E;;é ei; +2(k — 1) edges corresponds to a self-avoiding polygon in
75(L, M) with span 7 — k + 1 and 2e4 + E;;; ei; — 2(k — 2) edges. Such a
polygon is constructed from the pattern by deleting the 2(k — 1) polygon
edges of ¢ in S1(L, M)UH(L, M)U...USk—1(L, MYUH_1(L, M), deleting
the 2(k—1) polygon edges of ¢ in H,(L, M)USy41(L, M)UH,41(L, M)U...U
Sr4k—1(L, M), and then adding edges from (k —1,0,0) to (k—1,0,1) and
from (r, 0, 1) to (r,0,0). Translating the polygon so that the vertex (k, 0, 0)
is translated to (0,0, 0) results in a self-avoiding polygon in 75(L, M) with
the properties as listed above. Figure 6.2 shows an example.

Thus the generating function F(z) =Y. _, pan(L, M)z*" satisfies the
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Fia. 6.2. A pattern (on the left) starting and ending with ¢ € I1(4) in a (0,4)-prism
along with its associated self-avoiding polygon (on the right) in P(0,4).

following:

IR = G G o = (=G D
6.7

where each non-zero term on the right hand side has a factor of z2F~
(1‘2’“_2 is the smallest power of x associated with a sequence of k correctly
connected patterns with span k). Note that

(G(;l‘)k_l(f—G(l‘))_l)qbﬁ — det(G(I) B )dets(if(;fg();gf(r) B )_ ;¢a¢).
(6.8)

Given any z > 0, it can be shown that for any pair of patterns ,j
there exists an integer m such that (G(z)™); ; > 0. (To see this, start with
a polygon in 75(L, M) in which pattern i occurs and concatenate it to a
polygon in 73(L, M) in which pattern j occurs. This yields a polygon in
7§(L, M) in which pattern ¢ occurs at some section and pattern j occurs at a

2

later section. From this obtain a sequence of m correctly connected patterns
starting with pattern ¢ and ending in pattern j.) Also, (G(2))g s = 2% > 0
for > 0. Thus for « > 0, G() is an irreducible and aperiodic matrix and
Frobenius theory [19] implies that the spectral radius, p(z), of G(z) is a
simple root of det(Al — G()), that G(x) has a strictly positive eigenvector
associated with p(z), and that p(z) is the only eigenvalue of modulus p(z).
p(0) = 0 and p(x) is an unbounded, increasing, continuous function on
[0,00), hence there exists a unique z, > 0 such that p(z,) = 1. From
equation (6.8), F'(z) has poles only when m has poles, that is,
when 1 is an eigenvalue of G(z). Thus based on the results and arguments
of [18, Lemma 9 and Theorem 3] F'(z) is analytic for |#| < #, and has one
simple pole when |z| = z,, namely, z = z,. In particular, as z — z,

(2o —2)F(x) = (20— )2 *(G(2)" (I = G(x)) g9
(6.9) — 2T G o)) T (s (CT)g > 0

where 7 and ¢7 are strictly positive eigenvectors of G(z,) associated with
p(z,) = 1 and normalized so that (Y5 = 1. Thus, there exists o > 0 such
that

(6.10) Pn(L, M) =az;" +o(z;") as n — oo
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and taking x,(L, M) = —logx, we obtain
(6.11) lim n~'logpn(L, M) = k,(L, M).

Let 7 € TI(k) be a specific pattern, 7 # ¢. Let = represent the
label of pattern = in II(k). Consider the generating function F'(z) =
> o Pon(N, M; @)z?". Then clearly

( xz(;c_B)F(*’f) = (G(2) )46+ (G ()" )g 6 = (G) THI-G(2) ™,
6.12

where G(z) is obtained from G(z) by deleting its wth row and column. The
argument goes through just as before so that there exists z, > 0 and a > 0
such that

(6.13) P (N, M;7) = az," +o(Z,") as n — oo

and the spectral radius, p(z,), of G(Z,) equals 1. Now consider the matrix
Gr(z) obtained from G(z) by replacing the wth row and column by a row
and column of zeroes. Then the spectral radius, pr (), of G(2) equals
p(z). Furthermore, Gr(z) < G(x) and at least one element of G,(x) is
strictly less than the corresponding element of G(z). Frobenius theory [19]
then implies that pr(z) < p(z) and hence for @ = z,, p(z,) < p(z,) =1
and therefore z, > x,. Thus,

(6.14) lim n~'logp,(N, M;7) = —logz, < kp(L, M).

If # = ¢, redefine ¢ so that the y-coordinate of each polygon vertex is
N instead of 0 and then a similar argument to that given above will yield
equation (6.14). 0

We note that it is possible to generalize this result to deal with other
one dimensional lattices or to deal with patterns on the scale of hinges
or sections (see [18] for such generalizations in the case of self-avoiding
walks). In a subsequent work [20], questions related to the average number
of times a particular pattern occurs in a self-avoiding polygon in a prism
will be addressed.
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