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1 Introduction

In their paper [D-M-M2]|, van den Dries, Macintyre and Marker give an explicit construc-
tion of a nonarchimedean model of the theory of the reals with restricted analytic functions
and exponentiation. This model, called the logarithmic exponential power series field, lies
in a generalized power series field. They use the results of Ressayre and Mourgues about
truncation-closed embeddings to answer a problem raised by Hardy. They also show that
certain functions, including the Gamma-function and the Riemann Zeta-function, cannot
be defined using exponential function, logarithm and restricted analytic functions.

This paper answers a question raised by Angus Macintyre in a talk for the Algebraic
Model Theory Programme at the Fields Institute, November 1996. He asked whether
the results of [D-M-M2| can be deduced by a “more invariant” version of truncation.
Indeed, we derive the results of [D-M-M2] without using embeddings in the logarithmic
exponential power series field. We replace truncation results by an intrinsic property,
which is an assertion about the residue fields of arbitrary convex valuations. It is invariant
because it does not depend on an embedding in logarithmic exponential power series fields.
Our result about the residue fields is proved using some comparingly simple lemmas which
build on the “Valuation Property of restricted analytic functions” (cf. Corollary 3.7 of [D—
M-MT1]). In addition to that, we just use the knowledge of how to build up exponential
fields from subfields.

The following fact is well known: Take a real closed field L and a convex valuation
w on L (that is, its valuation ring O, is convex in L). Then the residue field Lw is a
real closed field, and it can be embedded in L in such a way that the composition of
the residue map with the embedding yields the identity on Lw. Indeed, the embedding
can be constructed by use of Hensel’s Lemma (a convex valuation on a real closed field is
always henselian), since the residue field has characteristic 0. The image under every such
embedding is a maximal subfield of O, , and conversely, every maximal subfield K of O,
is isomorphic to Lw via the residue map. Therefore, we will always write Lw = K C O,
where the equality is to be understood modulo the isomorphism induced by the residue
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map. Note that the maximal subfields of O, are characterized by the property that for
all y € O, there is a unique z € K such that w(y — z) > 0.

More generally: Take any ordered field L with convex valuation w. We denote the
real closure of L by L*. Then every embedding of Lw in L has a unique extension to an
embedding of (Lw)" in L".

In view of these facts, the following natural question arises: suppose we have additional
structure on our ordered fields, to which extent can this structure be preserved under the
embedding of the residue fields? We wish to answer this for the case where the additional
structure is given by restricted analytic functions and exponentiation.

Let F be any set of restricted analytic functions, closed under partial derivations
and containing the restricted exp and log. In [D-M-M1], van den Dries, Macintyre and
Marker have explained in detail the connection between the restricted analytic functions
and convergent power series representing them (“convergent” means “convergent near 0”).
Therefore, following [D-M-M2|, we will rather consider F as a set of convergent power
series; for instance, Frr will denote the set consisting of the power series expansions of
exp x, log(1+4 ) and H% Similarly, F,, will denote the set of all convergent power series
(in finitely many variables), thus representing all restricted analytic functions.

Let Rap exp denote the reals with all restricted analytic functions and exponentiation.
Throughout this paper, except for Section 3, we work in a model M of T}, exp, the ele-
mentary theory of Ry, cxp. We assume that M properly contains R, and take z € M to
be a positive infinite element, that is, x > R. We are interested in the smallest subfield
of M containing R(z) which is
e real closed,

e exp-closed, i.e., expa € F for every a € F,
e log-closed, i.e., loga € F' for every positive a € F,
e F-closed, i.e., closed under all functions from F.

We will denote this closure of R(z) by LExz(x). From [D-M-M1] we know that a field
L C M containing R is closed under the restricted analytic functions represented by F
if and only if for every convergent power series f(Xj,...,X,) € F and all infinitesimals
€1,...,En € L, the element f(ey,...,,) € M lies in L. (The nonzero infinitesimals are
the multiplicative inverses of the infinite elements.)

For positive infinite elements z € M, we set log” z = z and log™"! 2z = log(log™ z) for
all integers m > 0; note that every log™ z is again positive infinite. Similarly, we define
exp™ z for every z € M.

For every subfield K of O, , its multiplicative group K* is contained in the multi-
plicative group O, of all units of O,,. We will say that K is relatively exp-closed in
O if a € K and exp(a) € Oy implies that exp(a) € K. For example, R is relatively
exp-closed in O, for every convex valuation w of M. Our main theorem is:

Theorem 1.1 Let w be an arbitrary convex valuation of LE#(x), and denote its valuation
ring by O, . Then there exists a real closed subfield K C O, which is log-closed and F-
closed, relatively exp-closed in O and satisfies LEx(x)w = K. If w is not the natural
valuation, then there is some integer mg > 0 such that K can be chosen to be the uniquely
determined smallest subfield of O,, which is real closed, log- and F-closed, relatively exp-
closed in O and contains R(log™ x). If wx = 0, then we can choose my =0, so that K
contains .



After giving some preliminaries in Section 2, we will determine in Section 3 the value
groups and residue fields of F-closures of special subfields of models of T}, the elementary
theory of the reals with all restricted analytic functions. In Section 4, we build up LE#(x)
from R(z). From this construction and the results of Section 3, we derive Theorems 4.7
and 4.8, which imply Theorem 1.1.

Let H(Rupexp) denote the field of the germs at +oo of all functions on R which are
definable in R,y exp, that is, definable using restricted analytic functions and the exponen-
tial function. Denote by x the germ of the identity function. Then LFE is defined to be
the smallest subfield of H (R, exp) Which is real closed, exp- and log-closed and contains
R(z). It is the field of the germs of all compositions of semialgebraic functions, exp and
log. From [D-M-M1] it is known that H(Rapexp) is @ Hardy field and a model of T, exp-
So we can take M = H(Rapexp). With this choice, H(Runexp) is equal to LEx, (x) (cf.
Section 5 of [D-M-M1]), and the Hardy field LE is equal to LEx, .(x) (cf. Section 3 of
[D-M-M2]). In Section 5 we derive the solution of the Hardy problem from Theorem 1.1,
and prove the undefinability of certain functions, working directly in H (Rupexp). We do
not need to embed it in logarithmic exponential power series.

Note that we do not define LE#(x) to be the definable closure of R(z) inside of M.
We know from [D-M-M1] that it will coincide with the definable closure in the case of
F = Fan - But in general, it will be properly contained in the definable closure. In fact,
the compositional inverse of (log x)(log log ) appearing in the Hardy problem, is definable
over LE, but not an element of it (as is shown in [D-M-M2]). We will prove the analogue
of Theorem 1.1 for definable closures of arbitrarily large subfields of M in a subsequent
paper ([K-K3]), building on recent work of van den Dries [D].

In Section 6, we introduce an intrinsic form of power series expansions for the elements
of LEx(z). For this, we use monomials (which are obtained from elements in the image
of an arbitrary cross-section by multiplication with reals) together with coefficients from
significant residue fields LEz(z)w. From such an expansion of a function h € H(Ruy exp),
one can define the principal part of h, which turns out to carry information about the
asymptotic behaviour of the function exp h(x) (Theorem 6.4). This puts the particular
solution of the Hardy problem in a more general framework (Corollary 6.5).

We will apply the results of Section 6 in a subsequent paper ([K-K4]), where we will
refine our construction given in Section 4. With this refinement, we will be able to present
explicitly exponential integer parts of the fields LExz(x) and to discuss their irreducible
and prime elements.

Although we are explicitly treating only the case of F a set of restricted analytic
functions, Theorem 1.1 and some other results on the valuation theoretical properties of
LEx(x) hold more generally. We may replace T,, by the theory of an arbitrary poly-
nomially bounded o-minimal expansion of the reals, since L. van den Dries has shown
that the Valuation Property remains true after a certain modification (invoking the fields
of exponents). Then we may take F to be any set of definable functions for which an
analogue of our key Lemma 3.1 can be proved (and require in addition that Fpp C F).
For example, Lemma 3.1 and its proof also hold if F is a set of Gevrey functions, closed
under partial derivatives. Another interesting example is obtained if one replaces T,, by
the theory of the reals with convergent generalized power series. In [D-S], this theory
is shown to be model complete and o-minimal. Take F to be a set of generalized power



series for which the exponents of each variable form a sequence cofinal in R (indexed by
the natural numbers). Then an analogue of Lemma 3.1 can be proved if F is closed under
formal derivatives in the sense of [D—S|. Although the condition on the exponents is quite
restrictive, it holds for the presently known applications of interest. In particular, the
function ¢(—logz) = 320, 21°6™ on [0, e?] (with ¢ the Riemann zeta function) satisfies
the condition.

In a later version of this paper, we will use this more general approach to show that if
T is the theory of an o-minimal polynomially bounded expansion of the reals, then Ti,
is exponentially bounded and levelled, in the sense of [M-M].

We would like to thank Angus Macintyre for the stimulus, him and Patrick Speisegger
for several helpful discussions, and the Fields Institute for its hospitality.

2 Some preliminaries

If (K, w) is a valued field, then we write wa for the value of a« € K and wK for its value
group {wa | 0 # a € K}. Further, we write aw for the residue of a, and Kw for the
residue field. The valuation ring is denoted by O,, . For generalities on valuation theory,
see [R] or [KF].

Lemma 2.1 A wvaluation w on an ordered field K is convex (i.e., O, is convex), if and
only if the following holds for all a,b € K:

(a<b<0VO<b<a) = wa<wh.

The convex valuation rings of an ordered field are linearly ordered by inclusion. If O, ;
O, then w is said to be finer than w’. There is always a finest convex valuation, called the
natural valuation. It is characterized by the fact that its residue field is archimedean.
A valuation w on an ordered field is convex if and only if the natural valuation is finer or
equal to w. Throughout this paper, v will always denote the natural valuation,
unless stated otherwise.

If a,b are elements of an ordered group or an ordered field, then we write a < b < 0
ifa<b<0and Vn € N:a < nb. Similarly, a > b>0ifa > b >0 and Vn € N: a > nb.
We set |a| := max{a, —a}. Then the natural valuation is characterized by:

va <vb & |a| > b . (1)

Note that if R € K and a € K with va = 0, then there is some r € R such that
v(a — r) > 0. Further, wr = 0 for every r € R and every convex valuation w.

Lemma 2.2 Let v,w be arbitrary valuations on some field K. Suppose that v is finer
than w. Then for all a,b € K,

va < vb = wa < wb . (2)

In particular, wa > 0 = va > 0. Further, H, == {vz | z € K ANwz = 0} is a convex
subgroup of the value group vK of v. We have that vz € H, < z € O . There is a
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canonical isomorphism wK ~ vK/H, . Conversely, every conver subgroup of vK is of
the form H,, for some valuation w such that v finer or equal to w.

The valuation v of K induces a valuation v/w on Kw. There are canonical isomor-
phisms v/w(Kw) ~ H, and (Kw)v/w ~ Kv. If Kw is embedded in O, such that the
restriction of the residue map is the identity on Kw, then v/w = v|k, (up to equivalence).
Writing v instead of V| , we then have that v(Kw) = H,, and (Kw)v = Kwv.

We will call H,, the convex subgroup associated with w and w the valuation asso-
ciated with H, . Since the isomorphism is canonical, we will write wK = vK/H,, .

The order type of the chain of nontrivial convex subgroups of an ordered abelian group
G is called the rank of G. If finite, then the rank is not bigger than the maximal number
of rationally independent elements in G. In particular, G has finite rank if it is finitely
generated or its divisible hull is a Q-vector space of finite dimension.

From (1) and (2) it follows that for every convex valuation w,
la| < |b] = wa > wb . (3)

Lemma 2.3 Let w be any valuation on K(x; | ¢ € I; U 1) such that the values wx;,
1 € I, are rationally independent over wi , and the residues x;w, © € I, are algebraically
independent over Kw. Then the elements x;, v € Iy U Iy are algebraically independent
over K. Moreover,

wK(z; i€ LUL) = wK®@ Zwzr; and K(z;|i€ LULw = Kw(zw|i€ L) .
i€l
(4)
For the proof, see [KF| or [B], chapter VI, §10.3, Theorem 1.

Corollary 2.4 Suppose that R(x; | i € I) is an ordered field such that the values vz; ,
i € I are rationally independent. Let w be a convex valuation on R(x; | i € I). Assume
that there is a subset I, C I such that wx; = 0 for all i € I, and that the values wzx; ,
i € I'\ I, are rationally independent. Then

wR(z; |i€l) = P Zwz; and R(z; |i€Nw = R(z; |i€1,).

i€\

Proof:  For i € I, wx; = 0 implies that vx; € H, . By the foregoing lemma, vR(z; |
i € 1,) = @jey, Zvz; C H, . This proves that w is trivial on R(z; | ¢ € I,,). So we can
assume that the residue map is the identity on R(z; | i € I,,). Now apply the foregoing
lemma with K = R(z; | i € I,) (then Kw=K), I, =1\ I, and I, = . 0

A sequence of elements a, € K, v < A (A some limit ordinal), is called a pseudo
Cauchy sequence in (K, w) if w(a,—a,) < w(a, —a,) forall p,o, 7 with p <o <7 < A.
It follows from the ultrametric triangle law that w(a, — a,) = w(a, — a,4+1) whenever
v < 7 < A. The element a is called a (pseudo) limit of this pseudo Cauchy sequence if
w(a, —a) = w(a, — a,4+1) for all v < . In general, there may be several distinct limits:



Lemma 2.5 Let a be a limit of (a,),<x . Then b is also a limit of (a,),<x if and only if
w(a —b) > w(a, —ay41) for all v < .

An extension (K,w) C (L,w) of valued fields is called immediate if the canonical
embedding of wK in wL and the canonical embedding of Kw in Lw are surjective (we
then write wK = wL and Kw = Lw). The henselization of a valued field is an immediate
extension.

Lemma 2.6 Assume that (K,w) C (L,w) is immediate and that a € L'\ K. Then there
is a pseudo Cauchy sequence in (K, w) with limit a, but not having a limit in K.

The next lemma follows from the Lemma of Ostrowski (cf. [R], [KF]) and the results
of Kaplansky’s important paper [KA] (cf. also [KF]):

Lemma 2.7 Let K be any real closed field and w a convex valuation on K. Assume that
(ay)y<a is a pseudo Cauchy sequence in (K, w), not having a limit in K. Assume further
that in some extension of (K,w), there exists a limit a. Then the extension of w to K(a)
15 uniquely determined and immediate.

If (K1, w) C (Ka,w) is an immediate algebraic extension of ordered fields with convex
valuation w, then their henselizations (in a fized henselian extension field) are equal.

If the values w(a, —a,+1) are cofinal in wK, then (a,),<) is called a Cauchy sequence
in (K,w). Lemma 2.5 shows that if this sequence has a limit in K, then this limit
is uniquely determined. Indeed, if a,b € K are limits, then w(a — b) > wkK, that is,
w(a — b) = oo, or in other words, a = b. All elements in the completion of a valued
field are limits of Cauchy sequences (and in particular, the completion is an immediate
extension). Conversely:

Lemma 2.8 Let the situation be as in Lemma 2.7, with (a,),<x a Cauchy sequence. Then
there is a unique embedding of (K (a),w) over K in the completion of (K,w).

Note that if wK is archimedean, then it follows from Newton’s method together with this
lemma that the henselization of (K, w) is embeddable in the completion of (K, w). If w
and v are arbitrary valuations such that v is finer than w and Kw C K, then (K, v) is
henselian if and only if (K,w) and (Kw,v) are henselian (cf. [R] or [KF]). From these
facts, one obtains:

Lemma 2.9 Let K be an ordered field with convex valuation w. Suppose that Kw C K
and that (Kw,v) is henselian. Then the henselization of K with respect to v is equal to the
henselization of K with respect to w. If in addition wK s archimedean, this henselization
is embeddable in the completion of (K,w).

For the proof of the next lemma, see [P] or [KF].

Lemma 2.10 Let K be an ordered field with conver valuation w. Then K 1is real closed
if and only if (K, w) is henselian, wK is divisible and Kw is real closed. Further, wK* =
Q®@wK (the divisible hull of wK ), and K'w = (Kw)". If wK is divisible and Kw is real
closed, then the real closure of K is equal to the henselization of K with respect to w (and
embeddable in the completion of (K, w) if wK is archimedean).

6



If x is a positive element in the real closed field K, then it has a unique positive k-th
root, for every k € N. So if K contains the real closure of a field R(z; | i € I), with all z;
positive, then ! € K for all i € T and all ¢ € Q. This can be used to show that every real
closed field K, with its natural (or any convex) valuation v, admits a cross-section, i.e.,
an embedding 7 of the group vK in the multiplicative group K* such that vra = «a for all
a € vK. Indeed, take any maximal set X = {z; | i € I} C K such that the values vz; are
rationally independent. By the maximality of the set, together with Lemma 2.10, it follows
that vK is the divisible hull of vR(z; | i € I) = @;c; Zvx; . For every o € vR(z; | i € I)
there is a unique element « of the multiplicative group (X') generated by the z; , such that
vx = a. Consequently, there is a unique cross-section 7 of (K, v) whose image contains
X, and this image mvK is the divisible hull (X) = {[lic;, ¥ | I C I finite, ¢; € Q}
of (X). If we have fixed a cross-section 7, or a set X and take m to be the associated
cross-section, then we call R* - 7vK the set of monomials of K. Hence the monomials
are the elements of the form

d:rHa:?" with 0 #r € R, [y C [ finite, and ¢; € Q for every ¢ € I .

i€1p

Assume that M is a model of Ty, exp- (Note that it follows that R € M.) Then the
exponential exp of M is an order preserving isomorphism from the additive group of M
onto its multiplicative group of positive elements. Its inverse is the logarithm log; it is
order preserving and defined for all positive elements. Consequently, if z € M is positive
infinite, that is, z > R, then logz > log({r € R | r > 0}) = R. In other words,

v2<0Az>0 = vlogz<0Alogz>0. (5)

Further, exp satisfies the Taylor axiom scheme:
(TA) 2] <1 = Jexpz — Y0, 2| < |27 (m e N).

In order to derive a valuation theoretical property from this axiom, we need the following
simple lemma:

Lemma 2.11 Let K be an ordered field and w a convex valuation on K. Suppose that
h € K satisfies

< |rizm|  for allm €N, (6)

‘h — Z T'nZn

n=0

where rp, 1!, € R\ {0}, and z, € K are such that wz,11 > wz, . Write

m
S = Z Tnin -
n=0

Then (Spm)men s a pseudo Cauchy sequence in (K, w). Further,
w(h —Sy) = Wz = W(Smy1 — Sm) (7)

which shows that h is a limit of this sequence.



Proof:  Recall that wr =0 for 0 # r € R, and that w|a| = wa for every a in K. By (6)
and (3), we have that

/
w(h — Sm = Tm41%m+1 — Tm+2Zm+2) = w(h - Sm+2) > WTp90Zmt2 = WZmi2

> WZpm+1 = Wrm412m+1 -

By the ultrametric triangle law,

W(T g1 Zmt1 + Tmg2Zme2) = MIN{WT 1 2 g1, Wing2Zmi2} = Wng1Zmtl -

Hence, again by the ultrametric triangle law,

UJ(h - Sm) = mln{w(h - Sm — "'m+1”fm+1 — Tm+22m+2)7 w(rm+1zm+1 + Tm+22m+2)}

= Wrm+12Zm+1 = w(Sm—i-l - Sm) .

Lemma 2.12 Assume that M is a model of Ty, exp, and let w be a convexr valuation on
M. Then for every z € M,

wz>0 = wexpz=0 A wlexpz—1) =wz (8)
vz=0 = wvexpz=0. (9)

Proof: By Lemma 2.2, wz > 0 implies vz > 0, that is, z is infinitesimal. In particular,
|z| < 1, and (TA) holds. Applying (7) of Lemma 2.11 with m = 1 and z,, = 2™, we find
that w(expz — 1 — 2z) = wz? = 2wz > wz. By the ultrametric triangle law, this implies
that wexp z = w(l + 2) = wl = 0 and w(exp z — 1) = wz. This proves (8).

Now assume that vz = 0. Then there is some r € R C M such that v(z —r) > 0.
We have that expr € R, hence vexpr = 0. By (8) with w = v, vexp(z —r) = 0. Thus,
vexpz =vexprexp(z —r) =vexpr +vexp(z —r) = 0. This proves (9). O

With M as before, exp also satisfies the following growth axiom scheme (which is part
of Ressayre’s Axioms):
(GA) z>m? = expz > 2™ (meN).
From this, we derive:

Lemma 2.13 Assume that M is a model of Ty, exp. Then

v2<0ANz>0 = vexpz<vz<vlogz <0 (10)
wz=0A2>0 = wlogz>0 (11)
v2>0 & vexpz=0. (12)



Proof: Ifvz < 0and z > 0, then z > R and thus, z > m? for every m € N. So by (GA),
expz > 2™ > 0 for all m. Hence by (3), vexpz < muvz for all m, i.e., vexpz < vz < 0.
In view of (5), we can replace z by log z to get that vz < vlogz < 0. This proves (10).

Now assume that wz = 0 and z > 0. If vz < 0, then by (10), vz < vlogz < 0. If
vz > 0, then vz~' < 0 and by (10), —vz = vz7! < vlogz™' = v(—logz) = vlogz < 0.
In both cases, it follows from Lemma 2.2 that 0 = wz = wz™! < wlogz < 0, ie.,
wlogz = 0. Now let vz = 0. If vlog z < 0, then by (10), vz = vexplog z < 0 if log z > 0,
and vz = —vz™! = —vexp(—logz) > 0 if logz < 0. Hence, vlogz > 0, and again by
Lemma 2.2, wlogz > 0. This proves (11).

Implication “=" of (12) follows from (8) with w = v, together with (9). The converse
implication follows from (11), where we take w = v and replace z by exp z. ]

The valuation v is a homomorphism from the multiplicative group M~>° of positive
elements onto the value group vM. Its kernel is U~° = {z € M | vz =0 A z > 0}, the
subgroup of positive units. So v induces an isomorphism M~>°/U>? ~ vM. (3) shows
that it is order reversing. The exponential exp is an order preserving isomorphism from
the additive group of M onto the multiplicative group M>°. By (12), the preimage of
U>° under exp is precisely O, . Hence, the map z + vexp z induces an order reversing
isomorphism M /O, ~ vM of ordered abelian groups. This gives:

Lemma 2.14 If the elements a;, j € J, are rationally independent over O, in the ad-
ditive group of M, then the values vexpa;, j € J, are rationally independent in vM.
In particular, if va < 0 and B is a Q-basis of R, then the values vexpra, r € B, are
rationally independent.

For further details on the valuation theory of exponential fields, see [KS] and [K-K1].

Assume that M is a model of T,,, and take an arbitrary subfield I € M. The
real closure I of F' can be taken to lie in M since M is real closed. We denote by F®
the henselization of (F,v). It can be taken to lie in M since by Lemma 2.10, (M, v) is
henselian. For F as discussed in the introduction, we let F'/ denote the smallest subfield
of M which is F-closed. Further, we let F*¥ denote the smallest subfield of M which is F-
closed, henselian for v and contains F. Similarly, we denote by F** the smallest subfield
of M which is real closed, F-closed and contains F. We will say that F' is F-closed if
F = F7 and rF-closed if F' = ["F. Note that F¥ ¢ F" c F*7.

In [D-M-M1] it is shown that every real closed substructure of a model of Ty, is itself
a model of T, . Hence, F™= =T, . In [D-M-M1] it is also shown that T}, is o-minimal.

3 Residue fields of F-closures

Throughout this section, let M be a model of T,,, and F an arbitrary set of convergent
power series representing restricted analytic functions, closed under partial derivations,
but not necessarily containing F g.

Lemma 3.1 Let FF C M and w a convex valuation on M. Assume that Fw C F is
F-closed. Assume further that the value group wF is archimedean. Then either F7 is
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embeddable in the completion of (F,w) (and in particular, wF” = wF and F7w = Fw),
or there is some y € F7, y # 0, such that wy > wF (and in particular, wF” is not
archimedean).

Proof: By Zorn’s Lemma, we find a maximal subfield F, of F¥ containing F and
embeddable in the completion of (F,w). Suppose that F¥ is not embeddable in the
completion of (F,w). Then Fy # F7 that is, I} is not F-closed. Solet f(Xi,..., X;) € F
and a = (ai,...,a;) € FF with va; > 0 such that f(a) € F¥\ Fy. We write a; = ¢; + ¢;
with ¢; € Fow = Fw and we; > 0; let ¢ = (¢1,...,¢;). By the Taylor expansion, the
following assertions hold (they are elementary Lz-sentences and thus hold in the T,,-
model M): for all m € N,

(m,...,m) o f oV
f(ab 7ak) - Z 0XV( 1, ,Ck)*' < |€1'...'€k|m
v=(0,...,0)
(for v = (11,..., 1) € N¥, g;{ stands for %, and v! stands for 1! - ... - 1y!).
1 k

By (3) it follows that for all m € N,

(m """ m) aI/ v
w(f(al,...,ak) - > / ..,ck)g) > m(wey + ...+ wey) .

v!

Since wky is archimedean and we; > 0, the sequence m(wey + ... + weg), m € N, is
cofinal in wFy . This shows that the partial sums form a Cauchy sequence in (Fy, w), with
limit f(a). Note that since F is closed under partial derivatives and Fw is F-closed, the
coeflicients %(cl, ..., cx) liein Fw C Fy. So the partial sums are indeed elements of Fj .

Suppose that the sequence has no limit in Fy. Then we can apply Lemma 2.8 to
obtain that Fy(f(a)) is embeddable in the completion of (Fp,w) and hence also in the
completion of (F,w). But this contradicts the maximality of Fj. Hence, there is some
b € F, which is also a limit of this sequence (observe that it is not necessarily a Cauchy
sequence in (M, w)). Then by Lemma 2.5, w(f(a) — b) > wkFy. With y := f(a) — b # 0,
we have found the desired element y which satisfies wy > wF'. O

At this point, it might be helpful to give an example which shows that an element
y as in the assertion of the above lemma can indeed exist. Take L to be any T,,-model
with non-archimedean value group. Choose y,t € L such that vy > vt > 0. Then
vy > Qut = vR(¢)". Tt is well known that in general, (R(¢)")” # R(t)*. Take any
a € (ROHT\RE)". As R(t)" C (R()")T C R(t)¥, Lemma 3.2 below yields that
v(R()")” = vR(t)". Further, (R(t)")"v = R = R(t)'v. Hence also vR(t,a)" = vR(t)"
and R(t,a)"v = R(¢)'v. That is, the extension (R(¢,a)"|R(¢)",v) is immediate. Hence
by Lemma 2.6, a is a limit of a pseudo Cauchy sequence without limit in (R(¢)",v). Set
z:=a+y. Then v(z —a) = vy > vR(¢)", and Lemma 2.5 shows that z is also a limit
of this pseudo Cauchy sequence. Hence by Lemma 2.7, the extension (R(#)"(z)|R(¢)",v)
is immediate. It follows from Lemma 2.10 that also (R(%, 2)"|R(¢)",v) is immediate. On
the other hand, a € (R(t,2)")” and consequently, y € (R(t,2)")” with vy > vR(t)" =
vR(t, 2)". So (F,w) = (R(t,2)",v) is our desired example.
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The following lemma is an easy consequence of the Valuation Property of restricted
analytic functions (Corollary 3.7 of [D-M-M1]). Note that it only uses the case of the
Valuation Property where the value group changes. The immediate case of the Valuation
Property will only be needed in the proof of Lemma 5.2.

Lemma 3.2 Assume that K is an rFa,-closed subfield of M. Take x1,...,x, € M such

that the values vxy,...,vx, are rationally independent over vK. Then
oK (21, .., 20)7 = vK(21,...,2,)" = vK & P Qua; . (13)
i=1
In particular, if x1,...,x, € M are such that vxy,...,vx, are rationally independent,
then

VvR(zy, ..., 2,)T = 0R(z, ..., 2,) = P Quz; .
i=1

Proof: Suppose we have already shown (13) for F = F,, and some j < n in the
place of n. Since the vz; are rationally independent over vK, vz;1 ¢ vK @ @gzl Quz; =
vK(zy,...,2;)7™. In particular, x;,, ¢ K(x1,...,z;)”*. Corollary 3.7 of [D-M-M1]
shows that

vK (x4, ... ,xjﬂ)rfan = v ((K(l‘l, e ,:L’j)r]:‘"‘“)<l’j+1)rfan)
= v ((K(xh . ,fj)rﬁm)(xjﬂ)r)
j+1

= vK(zy,... ,xj)rf"‘“ ®Qurjp = vK @ @vai .

i=1
By induction, we obtain equation (13) for F = F,, and every n. As
K(xla s 7«rn)r - K(Il, . ,.Tn)r]: C K(x17_ . an)r]:an 7

we obtain (13) for arbitrary F and every n. O

Note that in the case of F # F,, it may not suffice to assume K real closed and F-closed.
Indeed, then it might not be closed under definable functions, in which case remark (3.9)
of [D-M-M1] cannot be applied.

Lemma 3.3 Let x; € M such that the values vx;, i € I are rationally independent.
Further, let w be any convex valuation. Assume that there is a subset I,, C I such that
wz; = 0 for all i € I, and that the values wx;, i € I\ I, are rationally independent.
Then

wR(z; i€ )7 = @ Quwz; and wR(z; |ie ) = @ Zwa;,

1€\, 1€\ I,
and
R(z; i€ )7Tw = R(x; i€ L,)” = Rz | i€ Hw)”
R(.’L‘Z ’ 1 E I)hfw = R(.%l ‘ 1€ [w)h]: = (R(.TZ ’ 1€ I)’LU)h]: .
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Proof: We set L := R(x; | i € I) and K := R(z; | ¢ € I,). By Corollary 2.4,
vL = @je; Lvz; , vK = Dy, Loz, wL = By, Zwr; and Lw = K. From Lemma 3.2
we infer that vL' = @,;c; Que; = Q ® vL and that vK™ = Dicr, Quz; = Q ® VK.
The former implies that wL'* = Q ® wL, which is our assertion on the value groups for
the rF-closure.

We prove the assertions of our lemma for the hF-closure. The proof for the residue
field of the rF-closure is analogous. If our assertions are not true, then there is some
b € L" such that wb ¢ @;cp g, Zwz; or bw ¢ K". But b is already contained in
some finitely generated subextension of L2*|R. This in turn is contained in some subfield
R(zy,...,1,)" C LM where z1,...,x, are suitably chosen from the z;’s. So we see that
it suffices to prove our lemma in the case of a finite set I = {1,...,n}.

Since v K is contained in the convex subgroup H,, associated with w, we find that also
vK7 = Q®vK C H,. That is, w is trivial on K*” and thus also on K"”. Therefore,
K" c LM w. We will show that equality holds.

First assume that wL is archimedean. Then wL'Y = Q®wL is archimedean, and so is
wLh Cc wL. Set F:= K" (z; |i € I'\1,). Then LM = K" (z; |i € I\ [,)" = F",
and by Lemma 2.3, Fw = K" and wF = wL. By Zorn’s Lemma, we find a maximal
subfield Fy of FP” containing F and embeddable in the completion of (F,w). Since
wky = wF' is archimedean and Fyw = Fw is F-closed, we can apply Lemma 3.1 to see
that Fj is F-closed. From Lemma 2.9 we infer that F{y must be equal to its henselization,
i.e., it is henselian. Therefore, Fy = F" = [ showing that wR(z; | i € ) =
wL" = wF = @cp g, Zwz; and R(z; | i € I)w = [Mw = Fw = K", (For the
rF-closure, one takes Fj to be a maximal subfield of F'7 containing F* and embeddable
in the completion of (F",w), and uses Lemma 2.10 in the place of Lemma 2.9.)

Now let wL be non-archimedean. Since it is finitely generated, it has finite rank. So
we can proceed by induction on the rank. Let H be the largest proper convex subgroup
of wL. Since H is finitely generated, we can choose ¥, ...,y, € L such that the values
wyy, ..., wy, form a set of rationally independent generators of H. We take w’ to be
a convex valuation on M whose restriction to L is the valuation associated with H.
Since wlL is finitely generated, we can choose ysi1,...,4yn € L such that the values
w'y; = wy; + H, £ < i < m, form a set of rationally independent generators of wL/H.
Then m =0+ (m —{) =dimgQ ® (wL/H) + dimgQ ® H = dimgQ ® wL = |I'\ I,| =
trdeg L| K. Since the values wyy, ..., wy,, are rationally independent over wK = {0}, the

elements yi, ...,y are algebraically independent over K. Consequently, L is algebraic
over K(y1,...,Ym). By our choice of the y;, wL = wK(y;,...,yn). By Lemma 2.3,
Lw =K = K(y1,...,ym)w. Thus, the extension is immediate. Now Lemma 2.7 shows

that K (y1, ..., ym)" = L. This implies that L™ = K(y1, ..., yn)™, K(y1,. .., ym)" = L,
and K(y1,...,ym)~ = L.

The rank of wK(y1,...,y,) = H is smaller than that of wL. Hence by induction
hypothesis,

wK(yla'”)yZ)h]: = @ Zwyl and K(yl,...,yg)h]:w = Kh]:_

1<i<e

On the other hand, the value group w' K (yi,...,ym) = wL/H is archimedean since H
was chosen to be the largest convex subgroup of wL. By our choice of the elements v; ,

12



w'y; = 0 for 1 < i </, and the values w'ysy1, ..., w'y,, are rationally independent. Thus,
we can replace w by w’ and apply the assertion of our lemma, which is already proved in
the archimedean case, to deduce that

WK, ym) = P Zw'y and K(yi,...,yn)"w = K(yi,...,y0)""

1<i<m

Since the values w'y; = wy; + H, £ < i < m, are rationally independent, the values wy;,
¢ < i < m, are rationally independent over H = @<jcp Zwy; = wK(y1,...,y)". It
follows that

wR(ajl,...,ajn)mE = wK(yl,...,ym)hjE = wK(yl,...,yg &) @ Zwy;

£<i<m
= @ Zwy; P @ Lwy; = EB Lwy; = @ Zwx;
1<i<t £<i<m 1<i<m 1€\ Iy

and that
R(zy,....z)Yw = Ky, ...,ym)w = (K(yi, ... ym)” 0w
= K(y,...,y)"w = KM = Rz, |i € L,)"

|

Let us note that the result of this lemma remains true if the henselization with respect
to v is replaced by the henselization with respect to any convex valuation. — The lemma
shows in particular that if the values vx;, ¢ € I, are rationally independent, then

oR(z; | i€ )T = PQuz; and vR(z; | i€ ) = @ Zox; . (14)

el el

Corollary 3.4 Let x; € M such that the values vx;, i € I are rationally independent.
Further, let w be any convexr valuation. Then there exist some index set J, and alge-
braically independent elements y; € R(x; |1 € I), j € Jy, , such that

R(z; i€ )7w = R(y; | j € Ju)7”

Proof: By Zorn’s Lemma, choose a maximal subset I/, C I such that the values wz; ,
i € I, , are rationally independent. We set J,, :== '\ I/,. Then for every j € .J, , there are

i1,...,4¢ € I, and n,ny, ...,y € Z such that wy; = 0 for y; := 2% - ;' - ... -2} Then
S R(:cz,y] |iel,,j€ J,) = F and thus, z; € F*. Therefore, F** = R(x; | i € I)"7.
By Lemma 3.3, F"7w =R(y; | j € J,)7. ]

For use in Sections 5 and 6, we add the following lemma:

Lemma 3.5 Let x; € M such that x; > 0 and the values vx;, © € I are rationally
independent. Further, let xg/k denote the unique positive real k-th root of x; . Then

Rz |ieD)? = |J U R@/*|iel)” (15)

IpCI finite keN
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with or
vR(z" i e ) = Pz——,
i€lp k

a finitely generated group.

Proof:  The assertion for the value group follows from (14). Let U denote the union
on the right hand side of (15). Every field in the union is henselian, so U is henselian.
The value group vU is divisible and the residue field Uv = R is real closed. Hence by
Lemma 2.10, U is real closed. By construction, U is also F-closed. Since all :L‘ll /% are in
the real closed field R(z; | i € I)'*, we find that U is contained in R(z; | # € I)*”. Since
this field is the smallest real closed and F-closed field containing R(z; | ¢ € I), it follows
that U = R(x; | i € I)'7. O

4 Closures of R(x) under F, log and exp

From now on, let M always be a model of T}, exp - We take F as before, but always assume
in addition that Fr g C F. Hence, if F is F-closed, then expe € F and log(1 +¢) € F
for every infinitesimal € in F'.

Lemma 4.1 Let K be a log- and v F-closed subfield of M, containing R. Let w be a convex
valuation of M. Assume that the residue field Kw is a subfield of O, N K, relatively
exp-closed in O) . Take any a € K such that expa ¢ K. Then wexpa is rationally
mdependent over wk .

Proof: Suppose that wexpa is not rationally independent over wkK. Since wK is
divisible by Lemma 2.10, it follows that wexpa = wb € wK for some positive b € K.
Then wP* = 0 and by Lemma 2.13, w(a — logb) = wlog(®$*) > 0. Since K is
log-closed, logh € K. Hence, there is ¢ € Kw such that w(a — logb — ¢) > 0. By
Lemma 2.12, this shows that w be;‘fpac = wexp(a — logh — ¢) = 0. In particular, we find
that wexpc = w=P* = 0, that is, expc € O, . By assumption on Kw, expc € Kw C K.

By Lemma 2.2, w(a —logh — ¢) > 0 yields that v(a — logb — ¢) > 0. Therefore,
exp(a —logb —¢) € K = K, showing that expa = exp(a —logh—c)-b-expc € K. We
conclude: if expa ¢ K, then wexp a is rationally independent over wk. O

Lemma 4.2 Assume that K = R(z; | i € I)*Y C M such that
1) the values vz;, i € I, are rationally independent,

2) foralliel, z; >0 andlogz; € K.
Then K is log-closed.

Proof:  Take b € K. There is a finite subset Iy C I and rational numbers ¢; € Q such
that vb = Y ;cp, qive; . So we can write b = [[;e;, 27 -7 (14¢) with r € R and € € K such
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that ve > 0. We have that log(1+¢) € K since K is F-closed. Moreover, logr € R C K.
Therefore,
logh = Zqilogxi + logr + log(l+¢) € K.

i€l

Lemma 4.3 Assume that K is of the form
R(x; | i € 1) log-closed, with x; > 0 and vx;, i € I, rationally independent. — (16)

Take any a € K such that expa ¢ K. Then vexpa is rationally independent over vK,
and
vK(expa)” = vK @ Quexpa . (17)

Moreover, K (expa)™ is again log-closed, and therefore of the form (16). It contains exp b
whenever b € K(expa)™” and vexpb is rationally dependent over vK (expa)™.

Proof: Applying Lemma 4.1 with w = v and Kw = R, we obtain that v exp a is rationally
independent over vK and that expb € K(expa)™” whenever b € K (expa)™ and vexpb
is rationally dependent over vK (expa)™”. Equation (17) follows from Lemma 3.3 with
w = v and I, = (. We infer from Lemma 4.2 that K(expa)™” is log-closed. a

Next, we show how to construct such log-closed fields K. From now on, we always
assume that xr € M is a positive infinite element, i.e., x > 0 and vz < 0.

Lemma 4.4 The field
R(log™ z | m > 0)*

18 log-closed. The convexr hull of its value group in vM is equal to the smallest convex
subgroup containing vr. If w is a convexr valuation such that wx = 0, then the field
R(log™ x| m > 0)*7 lies in O, .

Proof: From Lemma 2.13 we know that
ve L vlogr < ... <vlog"r < ... <0. (18)

Hence, the values vlog™ x are rationally independent. So it follows from Lemma 4.2 that
R(log™ z | m > 0)** is log-closed.

From Lemma 3.3 we infer that vR(log™ z | m > 0)7 = @,,50Qulog™ z. Now (18)
yields that this group is contained in the smallest convex subgroup H of vM which
contains vx. If w is a convex valuation such that wx = 0, then H is contained in the
convex subgroup H,, associated with w. Thus, w is trivial on R(log™ z | m > 0)*7, that
is, this field lies in O, . O

Next, we build up LEx(x) and its residue fields. Let w be a convex valuation on M
and H, its associated convex subgroup of vM. Further, let K" C O, be any field of the
form (16). For example, if wz = 0, then we can take K = R(log™ z | m > 0)~.
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Now we construct K}’ as follows. Assume that a € K}’ such that expa ¢ K{,
but vexpa € H,. Then by Lemma 4.3, K¥(expa)™” is again of the form (16), with
vK¥(expa)” = vK ® Quexpa C H,. The latter shows that it is again a subfield of
O., . We repeat this procedure until we arrive at a field K" C O,, of the form (16), which
contains exp a for every a € K’ such that expa € O;;. Then we construct K3’ from K7
in the same way as we constructed K7’ from K§ . We iterate to obtain fields KY C O,,
of the form (16). Their union

KY = UK;fCOw

neN

is rF-closed and of the form (16). It is also relatively exp-closed in Oy . To see this, let
a € KY . Then a € K}} for some n. If expa € O, , then by construction, expa € K, .
On the other hand, every other log- and rF-closed subfield of O, relatively exp-closed
in O, and containing K’ , must also contain K¥ . This proves:

Lemma 4.5 K2 is the uniquely determined smallest log- and rF-closed subfield of O, ,
relatively exp-closed in O and containing K. It is of the form (16).

We derive some further information from our construction. Take n € N.
Lemma 4.6 Ifa € K with va <0, a >0, then vloga € vK" | and vlog" a € vK{'.

Proof: ~ By the construction of KV from K’ |, there are elements a; € K |, j € J,

such that vK = vK}) | ® @;c; Quexp(a;). Hence, a € K} can be written as

a= [ expla;)¥-c-r-(1+¢)
Jj€Jo

with Jy a finite subset of J, ¢; € Q, c € K|, r € R and ¢ € K with ve > 0. Then
loga = 32, qja; + logc + logr + log(1 + ¢). Since vloga < 0 by Lemma 2.13, but
vlog(1+¢) > 0, we find that vloga = v(¥,c 5, ¢ja; +logc+logr) € vK,’ ;. By induction
it follows that vlog"a € vK{'. O

If wr = 0 and we start our construction from K@ = R(log™ z | m > 0)*, then K%
will be the uniquely determined smallest log- and rF-closed subfield of O, , relatively
exp-closed in O and containing R(z). We denote it by LE%(x).

If we choose u to be the trivial valuation on M, then O, = M and H, = vM. In this
case, LE%(x) is exp-closed and contains z. Therefore,

LE%(z) = LEx(z).
This proves:

Theorem 4.7 LEx(x) is of the form (16). The elements x; can be chosen so as to
include x and log™ x for all m € N.
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Assume that wz = 0. By our construction, LE%(x) C LEx(x). So we can rerun our
construction of LE%(z) = LE#(z) starting with K¢ = LE%(x). We note that K{ is of the
form R(x; | i € I,,)*”, where the z; , i € I, are obtained from the above construction (and
thus, their values vz; € H, are rationally independent). Since K\ C O, , we have that
K{w = K§ and that wz; = 0 for i € I,,. Suppose that while building up LE%(z) from this
field by the above construction, we have reached a field K of the form R(z; | i € I)*” with
Kw = K{, I, C I and such that the values wz;, ¢ € I\ I, , are rationally independent.
If a € K, but expa ¢ K, then Lemma 4.1 shows that wexp a is rationally independent
over wK . Therefore, the values wexpa,wx;, i € I\ I, , are rationally independent, and
Lemma 3.3 shows that

K(expa)”w = R(expa,z; |i€ 7w = R(z; |i € I,)" = KJ.

Hence, K (expa)™” is again of the same form as K. By induction, it follows that

LEr(z)w = LE¥(z) if wz =0.

In our above considerations, the only assumption on x was that it is a positive infinite
element. So we can well replace it by log™° z, for arbitrary my € N. Note that LEz(z) =
LEx(log™ z). If wlog™ x = 0, then we find that

LEr(z)w = LEZ(log™ x) . (19)

Theorem 4.8 Let w be an arbitrary convex valuation of LEx(x), different from the nat-
ural valuation. Then there is an integer mg > 0 such that wlog™® x = 0. With every such
mg , equation (19) holds. If wx = 0, then we can choose mg = 0.

Proof: Starting our above construction from K¢ = R(log™x | m > 0)*7, we can
write LE#(z) = U,eny K. Take any convex valuation w which does not coincide with
the natural valuation on LEz(z). Further, take any negative element « in its associated
convex subgroup H,,. Then there is some n € N and a positive a € K! such that o = va.
By Lemma 4.6, vlog" a € K§. Lemma 2.13 tells us that va < vlog"a < 0. On the other
hand, the values vlog™ x are not bounded away from 0 in vR(log™ z | m > 0)*%. So there
is some mg such that vlog™ a < vlog™® x < 0. Thus, o < vlog™® x < 0, which yields that
vlog™ x € H, . That is, wlog™® x = 0, and equation (19) holds. O

From this theorem together with the uniqueness of LE%(z) (which also works with
log™® x in the place of x), we obtain Theorem 1.1. Further, if 7, C F», then the smallest
log- and rF;-closed subfield of O, , relatively exp-closed in O} and containing R(z), is
contained in the smallest log- and rFs-closed subfield of O, , relatively exp-closed in O
and containing R(x). Hence:

Corollary 4.9 Suppose that Fy C Fo are sets of convergent power series, closed under
partial derivations and containing Frp. Then for every conver wvaluation w such that
wx =0,

LEZ () C LE%Z (x) .
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Finally, let us apply Lemma 4.6 to show that LEx(x) has exponential rank 1, in the
sense of [K-K2]:

Lemma 4.10 The sequence exp™x, m > 0, is cofinal in LEz(x) .

Proof:  Let a € LE#(x) be positive infinite. From Lemma 4.6 we infer that vlog" a €
vR(log™x | m > 0)*” for some n € N. By Lemma 4.4, every element o < 0 in this
value group is either archimedean equivalent to vz, or satisfies vx < a < 0. Since
vlog" a < vlog"™ a < 0 by Lemma 2.13, it follows that vz < vlog"™ a < 0. Hence by
(1), > log"*" @ and therefore, exp™*'z > a. O

5 Applications

In this section we show how our approach can be used to deduce the applications which
van den Dries, Macintyre and Marker give in their paper [D-M-M2].

We take M = H (R exp) and  to be the germ of the identity function. Recall that
this choice yields that H(Rupexp) = LE#,, () and LE = LEF, . ().

We deduce Corollary 2.10 of [D-M-M2]:

Corollary 5.1 If f : R — R is definable in Rap exp, then there are c € R and n € N such
that f(z) < exp™(z) for all z > c.

Proof: Let f € H(Runexp) denote the germ of the function f(z). By Lemma 4.10, there
is some n € N such that f < exp”z (as elements in the ordered field H (Rapexp)). Since
this says that the germ of exp” z is bigger than that of f(z), it follows that f(z) < exp™(z)
for all large enough z € R. |

From now on, we will not any more distinguish the variable x from the germ x of the
identity function. Note that if f is definable in Ry exp and g € H(Rapexp) is the germ of
the function g(x), then the element f(g) € H(Ranexp) is defined to be the germ of the
function f(g(z)); in this way, f is made into a function on H (R exp). In particular, the
element f(x) € H(Rayexp) is the germ of the function f(zx).

5.1 The Hardy problem

Take two functions f, g : R — R, definable in R,y exp. Assume that exp f(z) is asymptotic

exp f(z)
9(x)
h : (r,o0) — R for suitable r € R is the function log ¢g(z), which again is definable in

Ranexp- This means that the function f(x)—h(z) is ultimately smaller than every nonzero
constant function. Equivalently, its germ f — h in H (R, exp) is infinitesimal, or in other
words, v(f — h) > 0.

As in [D-M-M2], let the function i(x) denote the compositional inverse of the function
zlogz. Identifying i(x) with its germ, we have that i(z) € H(Rapexp). But by an
argument about Liouville extensions of the Hardy field R(z), Corollary 4.6 of [D-M-M2]

to g(z), that is, lim, = 1. This is equivalent to lim, ., f(x) — h(z) = 0, where
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shows that i(x) ¢ LE. Assume that expi(x) were asymptotic to a function g(z) which
is a composition of semialgebraic functions, exp and log. Through identification with
its germ, the latter means that g(z) € LE. Then also h(z) := logg(z) € LE, and
v(i(z) — h(x)) > 0. Further, one shows as in [D-M-M2] that there is a convergent power
series f(X,Y’) such that

x loglog = 1
i(a) = L f (B .
log x logx ' logx
Now let w be the convex valuation corresponding to the largest convex subgroup not
containing vx. It contains vlogx. We have that wz~! = —wz > 0. Further,

v(i(x)—h(x)> > vzt

T T

By Lemma 2.2 it follows that

w(?—@) > wr ™t > 0. (20)

By Corollary 4.9, LE%®, _(logx) C LE% (logz). Hence, (20) yields that the w-residues of
@ and %I) in LEY. (logx) are equal. On the other hand,

i(x) 1 <1+f <log10gx 1

T logz " logw

x log = >> € R(logz,loglogz)”™ c LEY (logz),

showing that the w-residue of @ in LEY (logx) is % Since it is also the w-residue of
h(z)

xT

, we see that
Z(gf) € LEZ (logr) C LE.

But then also i(z) € LE, a contradiction. This proves that expi(z) is not asymptotic to
any function with germ in LE.

5.2 Undefinable functions

We choose a representation H(Ray exp) = R(z; | ¢ € 1) with vz, i € I, rationally inde-
pendent, which exists by Theorem 4.7. For the applications, we will assume in addition
that x is among the x; .

Lemma 5.2 Take any positive infinitesimal element t in H(Rapexp). Suppose that the
element h € H(Ranexp) Satisfies

|h — > rpt"| < ™ for allm €N,
n=0

where T, € R, 1 > 0. Then Y00 o r, X™ converges in R near 0.
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Proof: By Lemma 2.11, A is a limit of the pseudo Cauchy sequence formed by the
partial sums S, = >, 7,t". For simplicity, we assume that r,, # 0 for all n. Otherwise,
we have to define k,, to be the n-th index k for which r; # 0; then we apply Lemma 2.11
with 2, = t* to obtain that the partial sums S,, = 3" 1, t form a pseudo Cauchy
sequence with limit A. Note that in all cases, vh = vSy = vt"® = ngvt for some ng € N.

Let H be the convex subgroup of vH (Ranexp) generated by vt, and w the convex
valuation associated with H. Then wt = 0 and wh = 0. By Theorem 1.1, we can choose
an element h, € LEY (t7') such that w(h — h,,) > 0. That is, v(h — hy) > vt =
V(Smy1 — Sm) for all m. So Lemma 2.5 shows that h,, is a limit of (S,,)m>0, too. Since
vR () = Qut (cf. Lemma 3.2), this is a Cauchy sequence in (R(t)™= v). Since Qut is
cofinal in vLE% (t~') by our choice of H, it is also a Cauchy sequence in (LE% (t71),v).
Hence, h,, is the only limit that the sequence admits in this field. If h,, € R(¢)””= then
trivially, vR(t)"*==(h,,) = Qut. Otherwise, this follows by Lemma 2.7. Thus by Corollary
3.7 of [D-M-M1], vR(hy,, t)"F> = Qut.

In view of (14), we can write vt = Y_,.; ¢;vx; with ¢; € Q, only finitely many of them
nonzero. Take iy € I with ¢;, # 0. Then by the rational independence of the values vz; ,

vt¢ > Qua; = oR(z; | i€ I\ {ig})T™ .
i€\ {io}

Sot ¢ R(x; | i€\ {ip})”. An application of the Exchange Lemma for o-minimal
theories ([P-S]) to this model of T,, shows that z;, € R(t,z; | i € I\ {ip})*” . Hence,
H(Ranexp) = R(t,x; | i € T\ {ig})7*. Moreover, the values vt,vz;, i € I\ {io}, are
rationally independent. Now choose {z1,...,zs} C {x; | i € I\ {ip}} with ¢ mini-
mal such that h, € R(t,z1,...,2,)"” ™. Suppose that £ > 0. Because of the mini-
mality of ¢, it follows from the Exchange Lemma that x, € R(hy,t,x1,..., 00 1) ™ =
R (Ao, t) 7 (21, ..., 2 1)7*. By Lemma 3.2 and what we have shown for R(h,,, t)*7=
we know that vR(h,, )7 (2, ..., 20 1) = Qut®Qua; ®...H®Quz,_;. But this group
does not contain vz, . This contradiction shows that £ = 0, i.e., h,, € R(t)"an,

Now let R(t) denote the set of convergent Puiseux series in ¢, that is, the subset of the
completion of R(t)" consisting of all series 302 rot™* whereng € Z, k € N, r,, € R, and
>0 o T X" converges near 0. Then R(t) is a real closed field such that it f(X,..., X,,)
is a power series over R converging near 0 and 1, ..., &, are infinitesimals in R(¢), then
f(e1,...,em) € R(t). This shows that R(t) is rF,,-closed. By its definition it is clear that
the rF,,-closure of R(t) in R(¢) must be equal to R(¢). By induction along the lines of
the proof of Lemma 3.1, one shows that there is a unique isomorphism R(¢)*= ~ R(t) (of
valued fields) which is the identity on R(¢). Since h,, is the limit of the Cauchy sequence
(Sim)m>0, this isomorphism sends h,, to the unique limit >>7° ,7,t", which consequently
must lie in R(¢). By definition of R(t), >°° 7, X™ must be convergent near 0. O

n=0

If a definable function f : (r, +00) — R has an asymptotic expansion f(z) ~ > 7, fn(2)
in the sense of [D-M-M2], then for some C' € R, C' > 0,

fz) - i rafa(@)| < Cful2)
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holds in H (R exp) for all m € N. Hence if f(x) ~ ¥ r,z™™, then with ¢ := 27!, it follows
from the foregoing lemma that 77" 7, X" is a convergent series. Using the asymptotic
expansions as given in [D-M-M2], it follows that the Gamma-function and the functions

z 42 Ooe*t © e*t 0 €7t z 2 r ot
/e dt,/ —dt,/ dt,/ dt . / et / e di
0 z T o t+=x o 1+uat 0 0

on (0, +o00) are not definable in Ry, exp -

Lemma 5.3 Suppose that the element h € H(Rap exp) satisfies

< rldn forallméeN, (21)

‘h - Y d,
n=0

where 0 < rl € R, and the d, are positive monomials such that the values vd,, are
strictly increasing. Then these values are contained in a finitely generated subgroup of

VH (Ran,exp)-

Proof: From Lemma 3.5 we infer that h € R(z}’* | i € I;)"= =: K for some k € N and
some finite subset I, C I, and that the value group of this field is the finitely generated
subgroup vK = @;¢;, Z5* of vH (Ran exp)- From the rational independence of the values
vr; it follows for every monomial d that vd € vK if and only if d € K.

Suppose that vd,, ¢ vK for some n € N, and take n to be the smallest integer with this
property. Then d; € K for 1 < j < n. Consequently, h —.S,,_; € K. But by Lemma 2.11,

v(h — S,_1) = vd, ¢ vK, a contradiction. O

For the application to the Riemann zeta function, we run our construction of LE£, ()
with a slight refinement. We choose a Q-basis B of R containing the Q-linearly indepen-
dent elements logp, where p runs through all primes. Starting our construction from
K¢ = R(log™x | m > mg)”=, we may first adjoin all elements exp(rz) as new z;’s.
Indeed, Lemma 2.14 shows that the values vexp(rz), r € B, are rationally independent
over vK('; therefore for all s € B, exp(sz) ¢ K¥(exp(rz) | r € B\ {s}). So we can assume
the elements exp(xlog p) to be among the z; .

The restriction ¢ of the zeta function to (1, 400) has the asymptotic expansion ((x) ~
> exp(—zlogn). Writing n =[], im. P With integers v, > 0, we obtain that

exp(—zlogn) = exp(—zlog [[ p™) =exp(—z > pylogp) = [ (exp(zlogp))™ ,

pprime pprime p prime

which is a monomial. If ¢ were definable in Ry, exp , it would thus follow from the foregoing
lemma that the values vexp(—xlogn), and in particular the values vexp(—zlogp), p
prime, lie in a finitely generated group. But this is not the case since the latter values are
rationally independent. This proves that the restriction of the zeta function to (1,400)
is not definable in Ry, exp -
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6 How small is LEs(z)?

Throughout this section, we work with a representation
LEr(z) = R(z; | i€ )" with va;, i € I, rationally independent, (22)

which exists by Theorem 4.7. Note that it follows from our construction that for any two
convex valuations w, w’,

LEs(z)w = LE®(z) € LEY (z) = LEs(z)w' if wis finer than w'. (23)

We note in advance that Lemmas 6.1 and 6.2 as well as Theorem 6.4 do not require any
further assumptions on the x; (not even that x is among them). Similarly, we only need
(23), without any further information on the structure induced on the residue fields. So
the results will hold for every field of the form (22), since for every real closed field, one
can construct embeddings of the residue fields such that (23) holds. This can be done by
transfinite induction on an arbitrary enumeration of the elements of the field. However,
it should not be overlooked that Corollaries 6.5 and 6.6 and the application to the Hardy
problem need additional assumptions on the x; and the residue fields.

Let (K, w) be a valued field and a € K. We write a =, Y00, a, if all a,, € K and
— either there is some mg such that a = >, a,, , and a, = 0 for all n > my,
— or the values wa,, form a strictly monotone cofinal sequence in wK and a is the (unique)
limit of the Cauchy sequence (31" an)m>o0 in (K, w).

Lemma 6.1 Let (K,w) be a valued field and assume that Kw C K. Further, let wK
be archimedean. Suppose that K = Kw(z; | j € J), where the values wz;, j € J, are
rationally independent. Let

D=/ H z;lj | Jo C J finite and n; € Z for every j € Jo}.

J€Jo

Take any a € K. Then there are uniquely determined elements ¢, € Kw and d,, € D such

that -
a =y Z Cnd,, .
n=0
The same holds for every element a in the henselization or the completion of (K, w).

Proof:  Let R denote the subring of K consisting of all finite sums ¢1dy +. . . +¢,,d,, with
¢; € Kw and d; € D. We show that R is w-dense in K, that is, for every a € K and every
a € wK there is ¢’ € R such that w(a — a’) > «. From the rational independence of the
values wz; it follows that every two distinct elements d,d’ € D have distinct values. On
the other hand, every a € K can be written as a quotient of two polynomials in finitely
many of the z;, and therefore also as a quotient W where dy,...,d,, € D are
distinct and d}, ..., d, € D are distinct, and b;,b; € Kw. We may assume that bd} is the
summand of least value in the denominator. We write

bld, bd,
Vidy 4 ...+ bd, = bidi(1+d) with d = 224+ L,
bidy bidy
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Note that Z—:?, . 3—; are elements of D of positive value. Hence, also wd > 0. By the
1 1

geometric expansion,

1 i :
— —dV) ) = (k+ 1Dwd
o (g~ X0Y) = (e
for every integer £ > 1. Take o € wK. Since wK is archimedean, we can choose k as big
as to obtain that (k + 1)wd > a —w(bidy + ... + bpd,,)(bd})~ . For

k
a = (bidi + ...+ bydy)(Vid) D (=d) ER,
i=0
this yields that w(a —a’) > a.

Every valued field (K, w) is w-dense in its completion (by definition). Since wk is
archimedean, then the henselization of (K, w) lies in the completion and thus, (K, w) is
also w-dense in its henselization. Since density is transitive, we find that R is also w-dense
in the henselization and in the completion of (K, w).

Every element of the ring R can be written as a sum c¢id; + ... + ¢, d,,, with distinct
d; € D, and such that wd; < wdy < ... < wd,,. Its value is equal to wd; . Therefore,
such a sum can only be equal to 0 if it is trivial. Consequently, the representation of every
element as a sum of this form is uniquely determined.

Now we choose a € wK, a > 0. Then the sequence ko, k > 0, is cofinal in the
archimedean group wK. For every k, we choose ay € R such that w(a — a;) > ka. For
K >k >0, w(apy —ax) > min{w(a — ap),w(a — ag)} > ka. Thus, the summands of
value < ka in the representations of a, and ay have to be the same. So we take ¢,d, to
be the uniquely determined n-th summand appearing in the representation of all a,, , for
m large enough. Since distinct elements of D have distinct values, d,, and thus also ¢, is
uniquely determined from the element c,d, . O

Lemma 6.2 Take h € LEx(x). Then there are convezr valuations w, w' such that:

a) the value group of (LEx(x)w',w) is archimedean,

b) he LEr(x)w'\ LEF(x)w,

c) there are monomials d, € LEr(x)w' and elements ¢, € LEx(x)w such that in
(LEF(z)w', w),

h —w Z Cndn ; (24)
n=0

d) the summands c,d, are uniquely determined,
e) the values vepd, lie in a finitely generated subgroup of vLEx(x).

Proof:  From Lemma 3.5 we infer that h € R(x;/k | i € I))" =: K for some k € N
and some finite subset [y C I. Since vK is finitely generated, it has finite rank. That
is, there are only finitely many distinct convex valuations on K. Therefore, there are
convex valuations wy, wy on LEx(x) such that the value group wo(Kwyj) is archimedean
and h € LEz(x)w], \ LEF(z)wy .

Every element in v K is the value of a monomial built up from the elements x; , i € I .
Hence, we can choose monomials z1, ..., 2z, € K such that:
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e vzy,...,vz, form a set of rationally independent generators of v(Kwy),

o wozp 11 = V21 T U(Kwy), ..., woz, = vz + v(Kwp) form a set of rationally inde-
pendent generators of wy(Kwy), and
o Wizp,i1 = V21 FU(KwW), ..., wyze = vze +v(Kwy) form a set of rationally indepen-

dent generators of w{ K.

Similarly as in the proof of Lemma 3.3, one finds that ¢ = |Iy| and that R(zy,...,z)"

= R(xi/k | i € I)". From Lemma 3.3 it follows that Kwy = R(z1,. .., 2,,)™ and Kw) =
R(z1,...,20)". Now we have that Kwy C Kwj C K. Since Kwy = K N LEx(x)wy and
Kwjy = KNLEF(x)wy, we obtain that h € Kwgy\ Kw . Since wo(Kw() = @y, < j<p, Zwoz;
is archimedean, we can apply Lemma 6.1, where we set J = {¢; + 1,..., (s}, to obtain
the unique representation (24). Here, the d,, are monomials built up from zp, 1, ..., 2,
Thus, they are also monomials built up from z;, ¢ € Iy. Note that the d,, depend on our
choice of the elements z;, j = ¢; +1,...,¢5. These in turn are uniquely determined only
up to multiplication with monomials with trivial w-value. Thus, the d,, are in general not
uniquely determined. However, the uniqueness of the summands ¢,d,, can be shown as in
the proof of the foregoing lemma. The values vc,d, lie in the value group vK, which is
finitely generated, according to Lemma 3.5.

It remains to find appropriate valuations w, w’ on LEx(x). Since h ¢ Kuwy, there
is at least one summand c¢,d, such that wyc,d, # 0. We take w to be the valuation
associated with the smallest convex subgroup H of vLE#(x) containing ve,d, . Then w
is the finest convex valuation on LExz(z) which coincides with wy on K. Similarly, the
valuation w’ associated with the largest convex subgroup H' of vLEx(x) not containing
vepd, is the coarsest convex valuation on LEgz(z) coinciding with wj on K. Finally,
w(LEg(x)w') = H/H' is archimedean. O

For each monomial d € LEx(x) we define wy to be the convex valuation associated
with the largest convex subgroup not containing vd. Then w, is the coarsest convex
valuation such that wyd # 0. The residue field LE#(z)w, can be thought of as the largest
residue field “below d”; it is the largest residue field in which the residue of either d or
d='is 0. Note that if wgd < wed’ < 0, then the largest convex subgroup not containing vd
must be equal to that not containing vd’ and therefore, wy = wy . The following theorem
is the intrinsic version of “truncation at 0”.

Theorem 6.3 Take h € LEx(x) such that vh < 0. Then there exist m € N, monomials
d, € LEr(x), elements ¢, € LEr(z)wg,, 1 <n <m, somer, € R, and h* € LEz(x) of
value vh" > 0, such that

h = codo+...+cmdm+rh+h+ with vepdy < ... < vepmd,, <0, (25)

and such that wg, d, < wg, dn+1 for alln < m. The summands c,d,, and the elements ry
and b are uniquely determined.

Proof: In the representation (24) of h given by Lemma 6.2, there are only finitely
many summands codp, . . . , Cpy A, Of value < 0. Note that the valuation w’ of that lemma
coincides with wg, . Therefore, co,...,cm, € LEr(2)wg,. Assume that wg,cm,dpm, < 0.
Then also wy,c,d, < 0 and thus, wy, = wy, for 0 < n < my. It follows that ¢, €
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LEr(x)wg, = LEF(x)w,, for 0 < n < my and wy,d, < wg,d,11 for 0 < n < m;. We
have that v(h — c1dy — ... — ¢y d, ) > 0. Consequently, there is a unique r, € R such
that h" == h—cidy — ... — Cmydm, — T has value vh'" > 0, and we are done.

Now assume that wg,cpm,dn, = 0 (note that wg,c,d,, < 0 for n < my by condition
c¢) of Lemma 6.2). It follows that ¢, d,, € LEF(x)w,,, and we apply the lemma again
to this element in the place of h. We repeat this procedure, thereby descending through
the convex valuations of LEx(x). But we are actually working with elements inside of
rF-closure of the field K which we used in the proof of Lemma 6.2. Since the value
group of K has finite rank, there are only finitely many distinct convex valuations on
K. Therefore, after a finite repetition of our procedure, we reach a convex valuation
which coincides with v on K (if the procedure doesn’t stop before). If ¢idy, . .., ¢pd,, are
the summands obtained from Lemma 6.2 at this step, then by their choice we have that
Wq,Cndy = veypd, < 0 for £ < n < m, and our procedure will stop here. Now necessarily
v(h—c1dy —. .. —cpdy,) > 0 since otherwise, we would have to obtain a further summand
from our procedure. — The uniqueness of the summands ¢, d,, follows from the uniqueness
assertion of Lemma 6.2. O

Given the representation (25) of an element h according to this theorem, the uniquely
determined finite sum
pp(h) == cidy + ... + cpdi

will be called the principal part of h; we set pp(h) := 0 if vh > 0. The principal
part is uniquely determined, once the set of monomials in LExz(z) is fixed. Note that
v(h —pp(h) —ry) > 0 with r, € R.

Theorem 6.4 Let f,g: R — R be functions, definable in Rap exp and ultimately positive.
Then f is asymptotic to rg for some positive r € R if and only if the germs log f and
log g in H(Rup exp) have the same principal part.

Proof:  We know already that f is asymptotic to rg if and only if v(log f —logrg) > 0.
This in turn is equivalent to v(log f — logg) > 0, since if the latter holds, then there is
some 7y € R such that v(log f —log g — 1) > 0, and we set r = expry. By the uniqueness
of the principal part, v(log f — logg) > 0 if and only if pp(log f) = pp(log g). o

To apply this theorem in the spirit of the Hardy problem, we take F to be any set
of restricted analytic functions, closed under partial derivations. Then by running our
construction of Section 4 simultaneously for F and F,,, we find index sets I C [ and
elements z; such that LEr(z) = R(z; | i € )™ and LEf, (v) = R(z; | i € ). So
the monomials of LE#(x) will also be monomials of LEx, (z). Moreover, we can take

LEr(z)w = LEZ(log™ z) C LEZ (log™ x) = LEF, (v)w

n

for each convex valuation w and suitable myq , according to Theorem 4.8 and Corollary 4.9.
Using principal parts determined by this choice of the z; and the residue fields, we get:

Corollary 6.5 Assume that h : R — R s definable in Rap exp. Then exp h is asymptotic
to a composition of semialgebraic functions, exp, log and restricted analytic functions in

F, if and only if pp(h) € LEf(x).
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As an example, let us reconsider the Hardy problem. Here we assume in addition that
the x; include z (cf. Theorem 4.7). We choose w as in Section 5.1. The representation of
i(x) is just i(x) = cx, where ¢ = @(1 + f) € HRapexp)w. Thus, pp(i(z)) =i(z) ¢ LE.
Hence by our corollary, expi(x) is not asymptotic to any element of LE.

Let us give a further application of Theorem 6.3. Denote by L the language of ordered
rings, enriched by symbols for the functions from F. Recall that every generalized power
series field R((G)) has a canonical cross-section, sending « € G to the element 1, € R((G))
which has a 1 at « and zeros everywhere else. (1, is the characteristic function of the
singleton {a}.)

Corollary 6.6 Take any Lr-embedding of LEx(x) in some generalized power series field
R((G)), and denote by L its image in R((G)). Assume that the restriction of the canonical
cross-section of R((G)) to vL is a cross-section w of (L,v), and that L = R(wvL)™”. Then
the nonzero elements of the support of each element in L are bounded away from 0.

Proof: For every convex valuation w with associated convex subgroup H, C G, we
have that R((G))w = R((H,)). These residue fields satisfy (23).
Let I C vL be a maximal set of rationally independent values. Set z; := 1, for

i=ca € I. Then R(z; | i € I)" = R(smvL)" and hence, R(z; | i € I)"F = R(zmvL)” = L by
hypothesis. The monomials obtained from the x; are precisely the elements of the form
r-1, with € R and a € vL. Note that if « < H,,, then for every ¢ € R((H,)), the
support of crl, is bounded away from 0 by every element § which satisfies a+H,, < 3 < 0.
For example, § = «/2 is a good choice.

Take h € L and consider the representation (25) with respect to the monomials x;
and the residue fields R((H,)). Now support(h) \ {0} is the union of the support of
cidy + . ..+ ¢md,, and the support of A", The latter is bounded away from 0 by vh". The
support of ¢id; + ... + ¢,,d,, is the union of the supports of cidy, ..., cnd,, . This union
is bounded away from 0 by %vdm. O

Note that the embeddings of H(Runexp) and of LE in the logarithmic power series field

R((t))*F given in [D-M-M2] satisfy the conditions of the corollary. (Recall that R((¢))X*
can be viewed as a subfield of a suitable power series field.)
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