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Given an ideal I generated by hq,...,hy € Rlzy, ..., 2]
with |V (1)| < oo
Find V (/) and the real radical ideal / (VR (7))

Ve(l):={veR"| f(v)=0Vf eI}
[(Ve(])) :=={f € Rlz] | f(v) =0Vv e Vr(I)}

=VI:={feRlz]| f*™ + s eI forsomem € N, s5.0..}
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e A semidefinite characterization of 7(Vr (/7)) [as the kernel of a
suitable positive semidefinite moment matrix]

e An algorithm for finding a (border / Grobner for any total
degree term ordering) basis of I(Vk([)), a linear basis of
R[x]/[(VR([)), and VR([)

Remarks about the method:

e real algebraic In nature: no complex roots computed

e N0 Grobner basis of I Is needed

e numerical, based on SDP

e Works if Vg (1) 1s finite (even if V' (I) Is not)

o works for I(Vr(I)NS),where S = {z | gj(x) >05=1,...,k}

e extends to the complex case: for V() and I(V (1))
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Given an ideal I C Clx| with |V ()| < oo,
find V' (7) and the radical ideal 7/(V' (7))

Let p; be the monic generator of 7 N C|x;]
(easy to find if we have a basis of C|x|/I)

Let ¢; be the square-free part of p;, ¢; = g.c.d.](?;- )

Seidenberg [1974]: I(V(1)) = T U{q1.....q.}).

Several performant methods for computing V(/); e.g. RUR
method [Rouillier], homotopy methods [Verschelde], eigenvalue

method, ...
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o Rjz] =Rlzy,..., 2y, 2% =27 25"

e Identify a polynomial p € R[z], x — p(z) = >, pax®, With Its
sequence of coefficients vec(p) := (pa)a

oy € R"™ ~n Gy 1= (Ua)oz

Thus: p(v) = vec(p)! ¢,

o NP = {a e N"[Ja] = 30 < 1}

oT, =1{2%|ac N}, T,; :={2%|acN}}
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y € RN ~s 1M/ (y) matrix indexed by N

M(y)las = Yars (o, B8 € N?)

Fact: If M(y) = 0, then KerM (y) Is a real radical ideal in R |x]

Notation: Say that "p € KerM (y)" if vec(p) € KerM (y)

Sketch of proof: Use identity:
vec(f)T M (y)vec(gh) = vec(fg)T M (y)vec(h) Vf,g,h € R[z]

p? € KerM (y) = 0 = vec(1)? M (y)vec(p?) = vec(p)? M (y)vec(p)
= p € KerM (y)
p°™m + > .97 € KerM(y) = p™ € KerM (y) = p € KerM (y)
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Fact: If y has a representing measure y, I.e.,
Yo = [2%dp(z) (o € N")

and p Is positive, then A (y) = 0 and supp(p) C V(KerM(y))

Proof: vec(p)! M (y)vec(p) = D 0.3 PaPpYa+p =
> g Paps [ 2P du(x) = [ p(a)*du(z) > 0

Say that p i1s r-atomic if |supp(u)| = r,
.e., = > \idy, for some v; € R, \; > 0.

Then, M(y) = >_1_; Mi¢¢l has rank 7.
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Thm CF1 [Curto-Fialkow 1996]: M (y) = 0, rankM (y) < oo
< y has a finitely atomic positive representing measure u

Sketch of proof [La 2005]:

o J := KerM(y) is real radical ideal = V' (J) C R™

e 3 C T, basis of column space of M (y) <= B basis of R[x|/J
Hence: |V (J)| = dimR[z]/J = rankM (y) < oo

e p, (v € V(J)) interpolation polynomials ~~ basis of R[x]|/J

o M(y) = ZUEV(J) YeC(Pv)TM(y)VeC(pv)/Cvcg

-~

Ay >0
Hence: u = ZUEV(J) Ay 0y IS @ representing measure for v,

with supp(p) = V(J) and rank M (y) = |V (J)]
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T = (hy,... ¢y)with [V(I)| < oo
K:={y e RV | M(y) = 0, M(hjy) =0(j =1,...,m)}

setting hy := M(y)vec(h), 1.e., (hy)a = D5 hsYarp

Theorem 1:

e K =cone((, | ve Vr(l))

o [(Vr(I)) C KerM(y) forall y € K, with equality
Iff rank M (y) Is maximum (= |Vr(1)|), 1.e., y € Int(K)

Proof: y€¢ K —= I C KerM(y) — V(KerM(y)) C Vg(I)

<~ I(Vr(I)) C KerM(y)
Thus: rankM (y) = [V (KerM (y)| < [Vr(I)]
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Kt = {y S RNS% ‘ Mt(y) = 07 Mt—dj (h]y) =0 (.] — 17 s 7m)}

fort > d, setting d; := |deg(h;)/2], d :== max; d;

Theorem 2: Let y € K; with rankM;(y) maximum.
Consider the conditions:

(F1) rank M,(y) = rankM,_4(y) for some d < s < ¢,
(F2) rank Mg (y) = rankM_1(y) for some 2d < s < t.
If (F1) or (F2) holds, then 7 (Vr (7)) = (KerM,(y)).

We say that ‘M, (y) Is a flat extension of M_1(y)’ when
rank M (y) = rankMs_1(y).
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Claim 1: KerM,(y) C I(Vi(I))

Pf. [Geometric property of SDP]
rank M;(y) maximum = KerM;(y) C KerM(y') Vy' € K;
— Keth( ) C ﬂvGVR(I)Keth(CU) C ](VR( ) [aS Cy € Kt]

)
AS Mt(Cv) C’U v PE Keth(Cv) — p( ) =3

Claim 2: T C (KerM,(y))
Pf: hy,..., h € KerM,(y) [by (F1), or (F2)]

Claim 3: (KerM(y)) is real radical
[see Flat extension theorem below]

I < (KerMy(y)) € I(Vr(I)) = V(KerM;(y)) = Ve(/)
— (KerM;(y)) = I(Ve(I)).
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Theorem CF2 [Curto-Fialkow 1996]:

Mg(y) = 0, rankM,(y) = rankM,_1(y)

— ¢ can be extended to § € RY" in such a way that
rank M (y) = rankM(y), M(y) = 0, KerM () = (KerMs(y)).

Property: For 5 C T, ¢

B indexes a maximum nonsingular principal submatrix of M (y)
I.e., B 1s a basis of the column space of M (y)]
<= Bis abasis of R[x]/(KerMs(y))
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Theorem 3: (F1) holds for ¢ large enough.

Claim 1: For t > 2d, KerM(y) 2 h1, ..., hm.

Claim 2: For t > tg, KerM;(y) 2 {91, ..., g%}, a Grobner basis
of I(Vr(I)) for a total-degree monomial ordering.

Pf: g?ml + o = Z}”’:l u§l>hj, where 07 5.0.5., m; € N.

Claim 3: 3¢y s.t. Vi > t1 + 1, rankMy, (y) = rank My, _4(y).

Pf: B :={by1,...,bn} Grobner basis of R[z]/I(Vx(I)) for total
deg. ordering, dg := max; deg(b;), t1 := max(d + dg, o).
Forany o € N}, write 2% = ZiN:1 Aib; + Z;‘;l ul(a)gl.

As deg(ug) < o] <t —1,2% = SN \b; € KerMy(y).

Semidefinite characterization and computation of real radical ideals — p.13



(1) One can find a basis B of R|z|/I(Vw(I)): Any basis of the
column space of M;(y)

(2) One can compute the multiplication matrices M. In
Rlz]/I(VR(1)):
My, = Mg ' Py,

e My Is the principal submatrix of M (y) indexed by B
e P,. Is the submatrix of Mg(y) with rows in B and columns in
x; B

(3) Hence one can compute V(1)

[from the eigenvalues of M, ]
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(4) When B C T, 5 Is closed under division, one can compute a
border basis of I(Vr(I)):

Set B := {b1,...,by) andM _( PN
Thatis, g;; := x;b; Zk | a bk e I(Vk(I)). Then,

Gp:={gijli=1,...,n,5=1,...,N}
IS a (border) basis of I(Vr(I)).

(5) Let B~ be the set of standard monomials of I(Vg(7)) for a
total degree term ordering. Then, 5 C T, ,

e 3 can be found by a ‘greedy sieve’ algorithm using an inde-
pedence oracle in R[x|/I(Vr(I)) [i.e., column space of M,(y)]
e (G5 Is a Grobner basis for <
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B:={by,...,bny} C T,, closed under division.
OB = U ,z;B, the border of B

G :=A{gij == zib; Zkl bk\z—l n,j=1,...,N} a
B-border prebaS|s

M; := (a,(j))j.\szl, the formal multiplication matrices

J = (G)

Theorem [e.g. Kehrein, Kreuzer, Robbiano] [Mourrain]
B is a basis of R|x|/J <= M, ..., M, pairwise commute.
In that case, & i1s a (border) basis of J.
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Lety € K; with rankM;(y) maximum, 1 < s < t.

B :={b1,...,bn} C T, s Index a maximum nonsingular
principal submatrix of M,_1(y), and 0B the border of B.

If rank M ,95(y) = rankMp(y), one can construct a 53-border
prebasis G and the formal multiplication matrices M;.

We have: J := (G) C KerMg(y) C I(Vr(I)).

Theorem: Assume B is closed and the A;’s commute.
Then B is a basis of R|x|/J, G Is a border basis of J, V' (J) 2 Vi (1),
with equality: J = I(Vg(D)) If |V (J)| = |Vg(I)| = rankMs_1(y).
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Ex. 1: I = (h:=2%+235) [d=1]

Ve(l) ={0}, V(I) = {(x1, +izy) | x1 € C}.

Mi(y) = 0, Mo(hy) = 0 = ya =0 Va # 0.

If rank M (y) 1S maximum, then y = (yo, 0, ...,0) with yg > 0.
Thus, (KerMi(y)) = (x1,z2) = I(Vr(I)).

Ex.2: [ = {(h;:=xi(2? + 1) |i=1,...,n) [d=2]

Ve(I) = {0}, [V(I)| = 3™

M3(y) = 0, Mi(hiy) = 0= yo =0 Va # 0.

If rank M (y) IS maximum, then y = (yo,0,...,0) with y5 > 0.
Thus, (KerMi(y)) = (z1,...,2n) = [(VR(])).
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How to find y € K for which rankM;(y) Is maximum ?
We use a SDP solver with the ‘extended self-dual embedding
property’; e.g., SeDuMi-1.05

Then the central path converges to a solution in the relative
Interior of the optimum face, I.e., to a solution with maximum
rank

How to compute ranks of matrices ?

We use SVVD decomposition, but this is a sensitive numerical
ISsue ...
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I = (x%xl + 3:)3? — :cg — 3:1:%, :13%:132 — 2:1:%, 2:13‘21:131 — :c:% — 2:1:‘2L + x%), d=3

order | rank sequence | extract. order accuracy comm. error
t MON/SVD MON/SVD MON/SVD
3 1359 — — —
4 12227 4(2)/3(2) 1.9717e-9/0.00013144 | 9.676e-10/3.3908e-6
5 122228 4(2)/14(2) 2.9557e-8/3.5325e-5 | 1.8781e-11/1.2291e-6
(F1) holds

Quotient linear basis: B = {1,z1}

Border basis: G = {—z1 + x2, —2z1 + x2, —271 + X1X2}

z1 = (2.126-8,1.91e-6),
x2 = (1,2).

Real solutions:
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I = (x1 +x9 —2,x123 + x2x4,x1x§ + :r;gzc?l — %,aqx% + xgaz?’), S =[-1, 1]4, d=2
order ¢ | rank sequence | extract. order accuracy comm. error
MON/SVD MON/SVD MON/SVD
2 1211 2(2)/—(—) 0.00010224/— 1.1124e-9/—
3 12218 2(2)/2(2) 1.8985e-14/5.1015e-14 | 1.2212e-15/1.4155e-15
4 122224 2(2)/2(2) 3.5527e-15/8.5487e-15 | 2.2204e-16/1.1102e-16
(F1) holds

Quotient basis: B = {1, z3}

Border basis:
G = {—1—|—X1, —xr3+X1X3, —1+X2, —xr3+X2X3, —0.33333+X§, r3+Xyq, O.33333—|—X3X4}

z1 = (1,1,—0.577,0.577)
zo = (1,1,0.577, —0.577)

Real solutions:
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e
I = (5:13? — 6:13??:132 + xlxg + 22123, —2:1:?:1:2 + 2:1:%:1:3 + 2x21x3, a:% + x% — 0.265625)
d=2>5,|Ve(l)| =8, V()| =20

order rank sequence extract. order accuracy comm. error
t MON/SVD MON/SVD MON/SVD
5 148162534 — — —
6 13915222632 — — —
7 1381012162024 3(3)/—(—) 0.12786/— 0.00019754/—
8 1488812162024 4(3)/3(3) 4.6789e-5/0.00013406 | 4.7073e-5/0.00075005

Quotient basis: B = {1, z1, z2, z3, 2%, x172, T123, T2T3 } ~ border basis G of size 10

p

x1 = (—0.515,—-0.000153, —0.0124) xz2 = (—0.502,0.119,0.0124)
_ x3 = (0.502,0.119,0.0124) x4 = (0.515, —0.000185, —0.0125)
Real solutions: <
xs = (0.262,0.444, —0.0132) xe = (—2.07e-5,0.515, —1.27e-6)
| x7 = (—0.262,0.444, —0.0132) xg = (—1.05e-5, —0.515, —7.56e-7)
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|
I = (2:13% + 2:13% + 25’3421 + 2:13% + 2x% + x% — T1,Tex5 + T5x4 + 2x4x3 + 2372 + 2221 —
To,2x6x4 + 2513 + 20422 + a:% + 2x3x1 — 3, 2x6x3 + 2512 + 20372 + 2241 —
a:4,x§ + 2xgx1 + 22511 + 20421 — X5, 226 + 25 + 224 + 223 + 222 + 1 — 1)
d=1,|Vg(l)| =12, |V(I)| = 32

order | rank sequence | extract. order accuracy comm. error
t MON/SVD MON/SVD MON/SVD
2 1616 — — —
3 161212 —/3(3) —/1.1928e-005 | —/2.3073e-007

Real solutions:

(0.277,0.226,0.162, 0.0858, 0.0115, —0.124) (0.59,0.0422, 0.327, —0.0642, —0.0874, —0.0132)
(1, —2.8e-7,4.7e-7,8.81e-7, —2.79e-6, —3.69¢e-6)  (0.239, 0.0608, —0.0622, —0.0233, 0.186, 0.219)
(0.441, 0.151, 0.0225, 0.219, 0.0935, —0.207) (0.726, —0.0503, 0.122,0.164, 0.11, —0.208)

(0.462, 0.309, 0.0553, —0.102, —0.0844,0.0917)  (0.292, —0.101, 0.181, —0.0591,0.193, 0.141)
(0.753,0.0532,0.191, —0.114, —0.146, 0.139) (0.409, —0.0732,0.0657, —0.127,0.252,0.178)
(0.68,0.266, —0.154,0.0323, 0.0897, —0.0735) (0.136, 0.0428,0.0417,0.0404, 0.0964, 0.211)
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I =(z?+z2+x3+ 1,21 +25+x3+ 1,21 +x2 + 25+ 1), 7 solutions, 1 real solution (mult. 2)

order rank sequence extract. order accuracy comm. error
t ME(y), M2C(y) | MON/SVD MON/SVD MON/SVD

3 | (1477),(2777) | 3(3)/3(3) | 0.0005719/0.00022538 | 0.00041241/0.00043871

Quotient basis: B = {1, x1,x2, 3,122,123, T2x3 } ~~ border basis G of size 10

Complex solutions (with monomial basis B)

(21 = (—1—8.15e-115, —1 + 4.37e-114, —1 — 4.24e-127) =~ (—1,—1,—1)

ro = (—1.16e-5 + 1.414,0.999 — 1.414,0.000654 + 1.417) =~ (/2,1 — \/_z V/24)

r3 = (—4.8e-5 — 1.414,1 + 1.414,0.000147 — 1.414) (—v/2i, 1 4+ /2, —/2i)
§ x4 = (—9.92e-7 4+ 1.414,0.000713 + 1.413,0.999 — 1.417) ~ (v/2i,/2i,1 — /24)

Q

rs = (—3.98¢-5 — 1.414,0.000146 — 1.414,1 + 1.414) ~ (—/2i, —/2i,1 + /29)
re = (14 1.4143, —0.000149 — 1.414, —0.000145 — 1.413) =~ (1 + /24, —/2i, —/21)
| 27 = (1 — 1.414,0.000103 + 1.414,0.000104 + 1.417) ~ (1 — V/2i,/2i,1/24)
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complex example continued

Complex solutions (with SVD quotient basis):

[ z1 = (—1—2.51e-114, —1 — 9.85e-114, —1 — 5.99e-11i) ~ (—1,—1,—1)

ro = (—1.73e-5+ 1.414,1 — 1.414, —1.29e-5 + 1.411) ~ (V2i,1 —/2i,1/20)

r3 = (—3.78e-5 — 1.414, 1 + 1.414, —8.52e-5 — 1.417) =~ (—+/2i,1 + /24, —/29)

{ x4 = (—2.83e-5+ 1.414,4.23e-5 + 1.414, 1 — 1.414) ~ (v2i,v2i,1 — 1/29)
rs = (—4e-5 — 1.414,3.88e-5 — 1.414, 1 + 1.411) ~ (—V/2i, —/2i,1 + /29)
re = (1 + 1.413, —0.000191 — 1.414,6.2e-5 — 1.411) ~ (1 4+ V24, —/2i, —/24)

x7 = (1 — 1.414,—4.61e-5 + 1.414,0.000104 + 1.414) ~ (1 — V2i,/2i,/20)
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