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Abstract. An interesting situation occurs when the linearized dynamics of
the shape of a formally stable Hamiltonian relative equilibrium at nongeneric
momentum 1:1 resonates with a frequency of the relative equilibrium’s gen-
erator. In this case some of the shape variables couple to the group variables
to first order in the momentum perturbation, and the first order perturbation
theory implies that the relative equilibrium slowly changes orientation in the
same way that a charged partigléh magnetic momemnhoves on a sphere
under the influence of a radial magnetic monopole. In the course of showing
this a normal form is constructed for linearizations of relative equilibria and
for Hamiltonians near group orbits of relative equilibria.

1 Introduction

Suppose we are given a symplectic manifgRlw) and a compact Lie group
G acting freely and symplectically oR with Ad*-equivariant momentum
mappingJ : P — g*. Let the Lie algebra ofr beg andH : P — R be a
G-invariant Hamiltonian. Let us fix our attention on a specific relative equi-
librium p., with generatog,, so that the integral curve of the Hamiltonian
vector fieldX i atp. isexp(&ct)pe. LetJ(pe) = pe, letG,,, be the isotropy
group of. under the coadjoint action @¥ on g*, and letg,,. be the Lie
algebra ofG,,. For more information on these basic definitions, see, for
example, Abraham and Marsden [1978], Marsden [1992], or Marsden and
Ratiu [1994].

Suppose thatr = SO(3), although the results of this article are much
more general than that. Since the action is free, a neighborhood of the group
orbit Gp. may be (with respect to the left action) equivariantly projected to
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SO(3) itself. Let us realizesO(3) as the unit circle bundle of the 2-sphere

in R3, arranging that the orbitcp(£t)p. be projected to the the unit circle in
the tangent space of the vertical veckofThe system, when at the relative
equilibrium p., and when viewed through this projection, appears merely
as a point, say, rotating uniformly on the unit circle in the tangent space
of S? atk, and the other relative equilibrigo., g € SO(3), appear as this
same motion but reoriented by the rotatiprsuppose. is formally stable,

and suppose the system is then perturbed from the relative equilipgiufn

e 7 0 then the motion of the system is bound to remain regf{.R)pe,

as shown in Patrick [1992] (extensions to the nonfree case may be found
in Ortega and Ratiu [1999] and Lerman and Singer [1997]). The perturbation
affects the motion of the poirf® by superimposing on its original motion
some small vibration; however the motion Bf does not ever carry that
point far from its original circular path.

The situation is different when, = 0, for thenG,,, = SO(3), and un-
der perturbation the system is bound only to remain G&ar The effect is
that, after a perturbation from , the pointP still moves nearly circularly in
tangent spaces ¢, but the base point of the tangent space slowly changes
location onS?. In fact, as shown in Patrick [1995], the base pdinhoves
as a point charge under the influence of a radial magnetic monopole. This
result is obtained by constructing coordinates which make an open neigh-
borhood ofGp, in P into an open neighborhood & (7*SO(3)) x {p.}
inT*SO(3) x P,,, whereP,, = J ' (u.)/G,, is the symplectic reduced
spacep. € P, is the equilibrium of the reduced space corresponding,to
andZ(T*S0O(3)) is the zero section df*SO. In the new coordinates, to
first order in the momentum perturbation, the “group variable§™i8O(3)
and the “reduced variables” i, become decoupled; truncating the higher
order interaction terms gives a new Hamiltonian systefa$iO(3) x P,
called thedrift system. The drift system has an addition&ll normal form
symmetry. The Hamiltonian system for the slow motion of the base point
B is obtained from the drift system by ignoring the variablesfgn and
reducing the resulting Hamiltonian @i SO(3) by the normal form sym-
metry. The approximating, truncated Hamiltonian of the drift system may
be obtained merely by calculating the nilpotent part of the linearization of
the vector fieldXn, (p) = Xu(p) —&ep atpe, whereSp = (£) p(p) denotes
the infinitesimal generator @f atp..

Actually, the results in Patrick [1995] depend on a nonresonance con-
dition that the frequenci£.| cannot equal any linearized frequency of the
reduced system ai.. This article considers the problem of constructing a
Hamiltonian system for the motion of the base pdin the case where
there is such d:1 group-reduced resonance. The main result of this article
is that, in the presence of resonance, some of the reduced and group variables
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couple to first order in the momentum perturbation, with the resultfhat
moves as a charged partickéth magnetic momerdn a sphere under the
influence of a radial magnetic monopole. However, this “particle” regularly
exchanges its charge with its magnetic moment.

The construction of the Hamiltonian system which models the motion
of Binthe 1:1 resonant case generalizes and parallels the nonresonant case.
In the course of the construction the linearization¥of, atp. is putinto
a certain block normal form through a Witt or Moncreif decomposition of
the tangent spacg,, P. The objective of this normal form is the separation
of the group and reduced motions and it is not the full normal form of the
linearization as a infinitesimal symplectic operator. The linear normal form
is then extended to a neighborhood of the group aihit using the the
isotropic embedding/equivariant Darboux theorem. These normal forms—
for linearizations of relative equilibria and for Hamiltonian systems near
group orbits of relative equilibria—are the second main contribution of this
article. In Patrick and Roberts [1999] these normal forms have been used to
study the structure of the set of relative equilibria.

A new aspect that is absent in the nonresonant case but emerges in the
resonant case is the appearancegzfimye group. There istoo much freedom
inherent in the normal forms to exactly fit the needs of first order agreement
between the original and drift systems. This slack is taken up by the group
(R, +) and presents itself as an inherent freedom in the choice of the normal
forms. Thisgauge freedorsan be used to simplify the drift system, a motif
which is quite useful in this work.

The Hamiltonian system modeling the motionis approximate since
it is the result of a truncation, so there arises the question of how well this
model Hamiltonian reflects the behavior of the real one. To check this |
have numerically simulated the system of two (identical) axially symmetric
rods which are joined by a frictionless ball-and-socket joint, but otherwise
move freely (Patrick [1989, 1991]). The relative equilibria of this system
correspond to motions such that the two rods spin on their axes while other-
wise maintaining constant mutual orientations, while the whole assemblage
rotates about some fixed axis. There exist, due to the system’s multiple rotat-
ing parts, relative equilibria which are formally stable and which have zero
(hence nongeneric) total-angular-momentum. In fact there is a continuum
of relative equilibria with zero total-angular-momentum, and it happens that
parameters may be chosen so that there are relative equilibria at zero total-
angular-momentum and at the 1.1 group-reduced resonance. The third main
contribution of this article is the actual calculation of the drift system for
the coupled rod system near one such relative equilibria, and the verification
of the drift approximation by comparison of simulations of the coupled rod
system itself and certain predictions of its drift system.
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Here is an overview of this work. | begin in Sect. 2.1 with an analysis
of the linearizationl X, _(pe) of Xu,_ atpe, by splitting the linearization
into semisimple and nilpotent partéX , (pe) = Sy, + Ny, . The key tool
in the analysis is a certain Moncrief or Witt decompositioY pfP:

Ty P = Weed @ (8. @ g5.) @ Tpu, (Gac).

Whereas this decomposition is obtained in Patrick [1995] for the nonreso-
nant case with the aid of the generalized eigenspacéXgf_(p.), and so
wasd X p,_(pe)-invariant, here the decomposition is oifly, -invariant. Us-

ing this decomposition, the nilpotent pay}, acquires a block form which
gives rise to certain operators:

NZ gl =8, NY :TpPu = g, NpPigh — Tp P,

In the nonresonant casé>’ = 0 and N> = 0 necessarily. | expose, in
Sect. 2.2, the special propertles of these operators, the most notable of which
are thatN2? is symmetric,N,? and N>! are dual, and that these operators
have certain commutation relations with operatatg andcoade, .

Next, in Sect. 3, | focus on the case where the reduced and group spectra
have intersectiof+i\,, }, a purely imaginary eigenvalue and its conjugate,
each of which occur with multiplicity 1 in both the reduced and group spec-
trum. The generalized eigenspace of the reduced linearization corresponding
to {£i\,. } is symplectic and has dimension 2, and so is linearly symplec-
tomorphic to(R? = {1, 22}, dz1 A dx2), and the operatal?2! is zero on
the sum of the complimentary generalized eigenspaces. Consequently, the
splitting of 7}, P refines and the operatcbfgj may be replaced by another
operatorN2!! : R? — g,,,. After this simplification, the splitting of},, P
and the isotropic embedding theorem (Marsden [1981],Weinstein [1977])
together give a map which transforms the Hamiltorfifrto first order near
G pe, to the Hamiltonian

1 -
Hasie(, 0g) = (97 g, &) + 5Ny (g, 0g) + (g7 g, Ny a)

near{0} x Z(T*G,,) in the phase spade* x T*G,,., whereZ(T*G,,,)
denotes the zero section. In addition to the expected invariance under the
left action of G .., Hqir is invariant under a diagonal action of the toral
subgroup generated lgy; this is the normal form symmetry.

In Sect 4 | further assume thét is the largest compact continuous sym-
metry group for an ordinary mechanical system, nansély3) x (S*)". Af-
ter various manipulations, including an Abelian reduction, the drift Hamil-
tonian becomes

1 1
Havige = 511 (m?+m?) + 5127r32 + k(m121 + T2x2) + a3
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on the phase spad®’ x T*SO(3) = {(z, A4, n)}. Herel; and I, come

from N22, k, a single coupling constant, is all that remains\gf'!, a is

a constant and there are two possibilities: the relative equmbrlum can be
either a “+” type or a “" type. In this context the gauge freedom has the
effect of makingl; arbitrary and interest is focused on the dynamics near
toxz = 0, # = 0. The HamiltonianH ;s is defined on a phase space of
dimensior8 and has symmetr§O(3) x S', and so defines a system which

is completely integrable. Although a complete analysis in the general case
seems difficult, | analyze this system in Sect. 4.1, where | show that the
system has, for example, some singular reduced phase spaces and spectrally
unstable relative equilibria with homoclinic connections. It is in Sect. 4.2
that | show that the drift system reduced by the normal form symmetry can
be cast as a charged particle with magnetic moment moving on the sphere
while under the influence of a magnetic monopole.

Finally, in Sect. 5, I numerically investigate the dynamics of the coupled
rod system near one particular resonant relative equilibrium and compare
this dynamics with that of the drift system. | explore three distinct regions
of phase space: 1) within zero total-angular-momentum, 2) near a stable
relative equilibria of the drift system, and 3) near a spectrally unstable rela-
tive equilibrium at a singularity of the drift system. The comparison of the
two systems is hampered by the implicit nature of the coordinates relating
them, but in the first two comparisons agreement between the two systems is
obtained uneventfully. However, the singular points of the third comparison
involve an unexpectegconstuction phase jumihe situation is delicate and
small perturbations are required to elicit quantitative agreement between the
two systems. Nevertheless it becomes clear that many elements of the dy-
namics of the coupled rod system near the resonant relative equilibrium are
indeed captured by the drift system.

2 The linearization

Here are the basic notations:

1. p. is arelative equilibriumg, is the generator gf., and the momentum
of pe is pe = J(pe).

2. G, is the isotropy group ofi. under the coadjoint action @f on g*,
andg,, is the Lie algebra ofy,,. CoAd, = (Ad,-1)*, g € G, and
coade = —(adg)*, € € g.

3. H¢, = H — Jg,, so thatH, has a critical point ap.. The Hessian of
H, atp,. will be denoted byl*He, (p.) and the linearization ok ;7. at
pe Will be denotedi Xy, (pe)-

4. Without loss of generality, since everything is local neapt@nd p,
is regular, the Marsden-Weinstein symplectic reduced spége w,,, )
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exists; letr,, : J~'(u.) — P, be the projection. The reduced sys-
tem has this phase space with Hamiltonfd)), defined byH,, 7, =
H|J Y (ue). Also, p. = m,, (pe), and the linearization of the reduced
system ap. is denoted by/ Xy, (p.). Suppose thai. is regular, which
means{p, # 0 for all £ € g.

5. Thereduced spectrum is the spectrum of the linearizatiohX y,,_ (p.)
at p. of the reduced system. Thyeoup spectrum is the the spectrum of

ade, : g — g).

Let dXu,, (pe) = Np, + Sp, be the Jordan decomposition @X . _(pe)
into its semisimple pai§,, and nilpotent parv,.. The aim of this section is
an analysis ofi X, (p.), focusing on its nilpotent parY,, . Do notassume
that the reduced spectrum and the group spectrum are disjoint.

2.1 The splitting off},. P

I begin by deriving a“Moncreif” splitting (Marsden [1981]) @}, P whichis
slightly weaker than its analogue in Patrick [1995], in that the “reduced” part
(belowW.q) of the splitting is not (and cannot, in general) be constructed
to bed X He (pe) invariant. The details are similar to those in Patrick [1995];

I will not belabor them here. The subspdee dJ(p.) is Sy, -invariant, so
one can choose a$}, -invariant subspact/.q such that

ker dJ(pe) = Wied ® 9p.De-

The subspacél;.q is symplectic, and'r,,, |Wieq : Wiea — T, P, iS @
linear symplectomorphism. Choose Ad-invariant complement to g, ,
so that

g=bdg,..

The subspacép, is symplectic, andy,, C (Wiea € bpe)*+ as ans,, -
invariantLagrangiansubspace. Choose &h_-invariant Lagrangian com-
plement Z to g,,. in (W;ea @ bpe)“+, giving theS,, -invariant splitting

(1) TpeP = Wiea © IpePe © Z & bpe.

As already statechE is a symplectomorphism betweh.q and7}, P,
Also, dJ(pe) is a linear isomorphism betweehandgy, , and a symplecto-
morphism betweebp,. and the tangent spa@g, (G'r.) atue to the coadjoint

1 Sinces,, is semisimple, everg,. -invariant Lagrangian subspace hasSap-invariant
Lagrangian complement. This is a general fact; the proof is a simple modification of the
argument found at the bottom of page 401 of Patrick [1995].
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orbitG're.. Thus (1) becomes, through these identifications$fheanvariant
splitting,

(2) TpeP = TﬁeP,Ue @ gH«e @ gZLe @ T E(G/'I’e)'

With respect to the decomposition (2), &Y, (pe), Sp., andNN,, have
blocks[A#/], [S%], and[N,?], respectively; the block form af(p. ) becomes

3 w(pe) = 8 —1d
0

wherew,,, is the reduced symplectic form @f,, andw,, is the Kostant-
Souriau form onG .. In (1), the subspaces,, pe, bp., andker dJ(p.) =
Wied ® g, pe aredX g, (pe)-invariant, and hence aré, -invariant, and this

implies certain of thet’/ and N/ vanish. Using the identities (Proposition 5
of Patrick [1995])

X, (pe) = — coade, dJ(pe)
dX g, (pe)n(pe) = —(ade, n)p(pe), neEQ

to calculate the diagonal blocks @y, (p.), the Jordan decomposition
becomes

[dXpq, (Do) 0 AB 0
A%l —ade, A% 0
dXng, (pe) = 0 0" adf 0
0 0 0 ad
S0 0 0 Nyl 0 N0
| 0s20 0 NUNZ NP 0
_008330+00N§§0
[0 0 0 S% 0 0 0 NM

=
®

SinceS,, andNV,, commute, so dé'! andN,!, andS'! is semisimple and
N, ! is nilpotent since5,, andN,, are. ThusdXy, (p.) = S™ + N)!is
the Jordan decomposition of of the reduced linearizatiS,,_ (p.), which
is semisimple, since. is formally stable. Consequentl§!! = dXy,_(pe)
andN,! = 0. Similarly, N2> = N33 = N4 = 0, and

S = —ade,, S¥ =(ade)*, S* = (ade,)"
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Thus,
dXHMe(pe) 0 0 0
0 —ad 0 0
4 S, = Le
() be 0 0 (adeg)* O
0 0 0 (ade,)”
and
0 ONz}fO
NQI 0 N23 0
5 N — DPe Pe
©)) Pe 00 0 0
0 0 0O

As will be seen immediately below, a large amount of information can be
discerned from structure @, andsS,, visible in (4) and (5).

2.2 Properties ofV,,, and its subblocks

Directly from (5),(N,.)? = 0so thatlV,,, has nilpotent order at most 3. This
upper bound on the nilpotent order occurs becdusg, (pe) is semisimple
when suitably restricted and projected to the summands of (1), savfhat
must “transport” between those summands. Moreover, the “direction” of this
transport is “one way”, sincker d.J (p.) andg,,. p. are invariant subspaces,
and the “transport” stops 8}, p., on whichN,, is zero:

(6) Image N,, C kerdJ(pe),
Ny, (ker dJ(pe)) C Gu.Pe;
(7) Npe ‘g#epe = 0

When iteratively acted upon hy,, , a vector can make just 2 stops before
annihilation:ker d.J(p.) andg,, p.; hence the nilpotent order d¥,, is a
most 3.

By (7),
ker T}, 7, = gpu.De C ker(Npe\ ker dJ(pe)),
SON2! : Tp, P, — g is the unique linear map such that

N e e
ket d.J (pe) —Fs Guope — 207"

GMe

(8) Tpeﬂ—#e

21
Npe

T5. Py,
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Since this diagram does not depend on choices made in the construction
of the splitting (1), neither doe¥'>!. Also, N! may be calculated merely

by reference to the diagram; it is not necessary to calculate all summands
of (1). Similarly, by (6), and since, by (5),

kel“ dJ(pe) g ker(TWHnge)7

N3 : gt — Tp, P, is the unique linear map such that

di(pe) .
T, P~ g - g

Np

e

Y

ker d.J (p)

13
Npe

Tpeﬂ-uc

Y

P

T He

DPe
Sinced Xy, _(pe) is infinitesimally symplectic, so i8/,, , so that

) (Npe)tw(pe) + w(pe)Np. =0,

and inserting (3) and (5) into (9) gives

(10) N2t = —(N3)*wh

23 23
e (Npe )* = Np? ’

SoN? is symmetric, and in a certain sen&.® andN2! are dual. Similarly,
usmg (4) and (5) to write out what it means 8y, andN to commute,

(11) dXn,, (Pe)N,> = —N,? coade,,
(12) NZdX g, (pe) = —ade, N21,
(13) ade, N2* = N3 coade, .

These properties will yield the importambrmal form symmetrgf the drift
system.

Temporarily lepr, be the projection onto the second factokafd.J (p.)
= Wred © GpeDe- Then

ker (dJ(pe)Kmed + [’pe)WL) = Gu.Pe & ker(pr2 Ny |(Wred + bpe)” )a
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SON23 : g, x g, — Ris the unique bilinear from such that

dJ(pE) *
(I/V;ed + bpe)wL - gue
NPe
Y
(14) ker d.J(pe) (v3sy
pPro
Gpe

Thus, N?* may be calculated without calculating the Lagrangian comple-
mentZ of (1).

However,Ngf doesdepend on the particular choice Bf..4, even if
Wed is an .Sy, -invariant complement o, p. in ker dJ(p.). To see this
dependence, choose a linear mép Weq — g,., Which commutes with
Sp., and then choose a néii..q where

(15) red = {w + (Aw)pe | w € Wiea }-

Also, choose a map : b — g, which intertwines the adjoint action and
then choose a net by

(16) b'={n+Bn|neb}.

Givenv € g, , the process of calculatingV2>')’v, given by the analog
of (14) for the new choices, is

1. pickz’ € (W, + b'p.)*+ such thadJ (p. )2’ = v;

2. calculateN,, z/;

3. projectN,, z' to g, .p. = g, using the splitting oker d.J(p.) defined
by W24, with result(N23")v.

It is straightforward from (3), (15), and (16), that
(Woea +6'pe) " = {wh A net@dpned,, B'u|f€gu,neg), },
so givenv € g;, , let

/
z

wﬁeA*V D0DVD (:)ﬁeB*V.

Then
Np.2' = Np3v @ (N2wh A+ (NE)Yv) @060
=NV O AN v @00
21, 8 g% 13 23\b
+0& (N, w, A'v— AN,v + (N;”)’v) @00,
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which by (15) is the appropriate decompositiom\gf z’. Thus, using (10),

an = NGl A — AN (N
= (N2 A" + AN + (N2

This freedom to adjus‘tf]i3 by adjustingi;.q will give the importangauge
freedomof the drift system.

This gauge freedom can be encoded as a group, as follows. Temporarily
setE,, = Tp. Py, X gu. < @), X T3, Gy, and fix one particular splitting
of type (1), giving a symplectomorphism, sgy : T,,, P — E,,_. GivenA :
Wiea = 9u. @andB : b — g, asabove, there is another symplectomorphism
¢ap : 1T, P — E,, and hence a uniqud 4 g in the symplectic group
Sp(E,, ) such that

T, P
fo/ YLX,B
Epe
A,B

Epe A 7

Conversely A is determined byA 4 g, since ifx € T;, P,., £ € g,., and
w € Weq is such thatyy(w) = z, then

App(®) = paB(w) = dap(w+ (Aw)p. — (Aw)pe)
=Ty, (w+ (Aw)pe) & (—Aw) =z ® (—Aw).
Similarly B is determined by\ 4 g, so the pair$ A, B) have a natural group

structure given by the injectiof4, B) — ¢4 g, and a simple calculation
gives

GA+ A B+B' = QABO YA B

Thus, at this level, thgauge grougs the additive Abelian group of pairs
(A, B) such thatd commutes withS,,, and B commutes withade, .

3 The simplest resonant case

All the above has been established without any particular presumption on
the way that the group and reduced spectra intersect. There are some apriori
features of the spectra: the spectra are purely imaginary (or zero) and are
invariant under change of sign. Singeis presumed to be formally stable,
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zero cannot occur in the reduced spectrum, and hence not in the intersec-
tion of the spectra. Thus, the followingsonance condition is the simplest
possible case beyond an empty intersection:

The intersection of the spectrumzaf,, and the spectrum of
dXn,, (pe)is{£ily, }, Ap. > 0,and each of the eigenvalues
+i),, occur in each of these operators with multiplicity one.

While many of the results below remain true or have analogues in a more re-
laxed environment, for simplicity, this resonance condition will be assumed
for the remainder of this article.

3.1 The linearization

Given the resonance assumption, it is natural to consider certain spectral
splittings of the factors};.q andg,, in (2). In particular, IetWré01 be the
generalized eigenspacebi),, fordXy, (pe), andW?, be the sum of the

other generalized eigenspaces, so tig}, is two dimensional, symplectic,
and there is the symplectic splitting

(18) Tp. P, = Witq ® Wiy

Similarly, Ietg,ﬂe be the generalized eigenspacetaf,,, for the linear map
adg,, andgge be the sum of the other generalized eigenspac@esie two
dimensional, and

(19) G =8, D, -

Of course, there is also then the dual splittirfjg = g% & g.*.
So we have a refinement of the splitting (2) into “nonresonant” (with
superscript 0) and “resonant” (superscript 1, dimension 2) parts:

(20) T, P =Wl ® Wiq @ gu ® g, ® T (Gpae)
= Wlg & Wiag ® g0, @9, ® g © gk @ Ty, (Gpe)-

As one might expectN,? andN2! localize to the resonant parts:

(21) Wq C ker N7, Image N)' C g, .
(22) gge C ker Ngj, Image NI}S’ c WL,

Indeed, to show the first of (21), it suffices to find a subspaceﬂgg'y
of ker dJ (p.) such that

(23) Tpeﬂ-ﬂe W/;‘gél = M/;"gd and Npe |m2(/1 = O



Dynamics near relative equilibria 759

The result then follows by using’?; to reverse the vertical arrow of (8).

The first of (23) can be assured by settmi('i to be the sum of the of
nonresonant (i.e. nati), ) generalized eigenspaces @k, (pe), and

the second of (23) follows sinc#?) is dXp,, (pe)-invariant and that

dXp,, (pe) |W;gé is semisimple. For the second of (21),. maps theti\,,
generalized eigenspace @Ky, (p.) to itself, sinced Xy, (p.) does that.
Thus the image ofV,, is contained in the intersection of that generalized
eigenspace witlg,,. p., which is exactlmiepe. From (21) one gets (22) by
using the duality (10) betweeN?2! and N}?.

With respect to (20), and in view of (5), (21) and (22), the linear map
N, has the form

[0 0 0 0 0]
0 0 ON?O
Np. = |ONZ0 N2 0O
000000
[0 0 0 0 0

where N = N2 W1, and whereN,3! is N} regarded as a map into
W.L,. Let the quadratic Hamiltonian for the infinitesimally linear msip,
be H,;. With respect to (20), the array féf,; is

[0 0 0 0 07" [w)(@) O 0 0 0
0 0 0NBLO 0w, (Pe) 0 0 0
0N 0 NP O 0 0 01d o0
000 00 0 0 —ldo 0
000 0 0] | © 0 0 0 d(pe) ]
[0 0 0 0 0]
0 0 0 (NZ1)*0
=10 0 0 0 0},
0 (NpH)wp (p) 0 NZ 0
L0 0 0 0 0]

Wherewie (p.) denotes the symplectic form " ;, i = 1, 2. Using (13),
and the fact that the projections from the splittirjg = gf;; @ g}jg are certain
polynomials incoade, , the bilinear formNIi‘;3 block diagonalizes over that
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splitting. Denote the blocks by 2% and N2*!. Then, using the variables

(2, 1) = (2, 1%, 1) € Wigq X gl = Wga X g X 8,5,

we have

1
Hyn = N2 (1) + (p, N2 )

Pe
(24) 2 .
= SN 1)+ NG (s ) + (et N ).

I now construct the normal form symmetry fl;;,. LetT¢, be the closure
of exp(R&.), soTg, is Abelian, is generically a maximal torus 6f,., and
T¢, naturally acts on both,,. andg;, , with invariant subspaceg, andg;; ,

i = 1,2. By (13), N2? is T, -invariant, and so (24) is invariant undé,
restricted to the:? variables alone. After this, it is the last two terms of (24)
that will dictate its further symmetries. No#! also actéong,, by

0
exp(6”)n = exp <)\€e> n, 0€cR,
Pe

which is merely a renormalization of the actioriGf ong}te, and by duality
there is a corresponding action 6t on g, - Also there is the following
symplectic action o' on W ;:

(25) exp(6™)z = exp <)\0dXHHe (;56)) z, 6O€eR.

Pe

By (11) and (12) N,;?! and N!! reverse-intertwine the tws" actions, so
that

(exp(0") ™', N2 exp(0")z) = (exp(0") ™' !, exp(0”) T N2Mz)
= <M1’ ).
Consequently, theormal form symmetry will be T¢, x S* where the first

factor acts on thg” variables via the coadjoint action and the second factor
acts by

a- (‘Tnu’l) = (ailxa au)a a= exp(e/\).

The normal form symmetry restricts the quadratic Hamiltoniap,
as follows. There is a basis of the linear sp#ig, = {(z1,22) € R?} so
that the symplectic form idz! A dz? and theS! action onWW.!, is either
(exp(6"),z) — exp(6")z or (exp(6"),z) — exp(—6")z (i.e. counter-
clockwise or clockwise rotation). Using thel-invariant metric ofy, choose

0-1

2 . AN
Defined” = (1 0

) so thatS* = SO(2) andexp is the usual matrix exponential.
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a orthonormal basis for the spagg , so thatg), = {(m1,m) € R*} and
the 5* action ong},_ is a rotation in the opposite sense as fleaction on
W,ea. The mapN 1! is highly restricted: since it reverse-intertwines these
two reverseS! actions, there is a such that

o11 _ |10 o11 _ |0 —1
(26) N, —I<L|:01:| or N, —I€|:10:|.
Equation (26) defines, so that the map/2!! has the effect of giving rise to
this single “coupling constant” and one of the two possible choices in (26).
Without loss of generality, by the symplectic isomorphisfas, z2) —
(—z1,—z2) and (z1,22) — (—z2,21) on W, , k > 0 and the sec-

ond choice in (26) may be discarded, respectively. Then, sifjceis S'-
symmetric, a constarft may be obtained fronV 3! such that

(27) Hpy = %Ngfo(uo,ﬂo) + %h(mQ + m9?) + k(ma1 + maxa).
According to the above convention§2!! reverse intertwines reverse-
senseés! actions on théxz 1, z2) variables and thér; , 72 ) variables, and the
second action has the same sense as the actiah ofConsequentiythere
are two distinct possibilitiesthe S action on the(x1, z2) variables can
be counterclockwise or clockwise. To avoid unnecessary signs that would
otherwise appear later, | will redefine thé actions in the following way: if
the S! action on thex1, z2) variables is clockwise then reverse it, and both
actions are then counterclockwise and$fection on thér , mo) variables
is in the same sense as the actiondf . If on the other hand th&" action
on the(z, z2) variables is counterclockwise then the action of(thg m2)
variables is clockwise, and is to be reversed, so that it has the opposite
sense to the action ofd.,. Thus, by these conventions, both actions are
counterclockwiselN 2! is intertwining, and the distinctness of the two cases
appears as one of two possibilities: theaction on thg(r, m) variables
might be in the same sense as the actionlef (I call this the “+-” case, and
it occurs when the original action on tle;, z5) variables is clockwise) or
the opposite sense as the actiondf, (the “—" case, occurring when the
original action on théz,, x2) variables is counterclockwise). Although it
may appear that same-sense vs. opposite-sense with respégt twlds
some significance, similar to, for example, the difference betwekn a
and1 : —1 resonance as in Kummer [1976, 1978], this is not so: changing
the the symplectic formx; A dxo to dzs A dxy will exchange my %" and
“—" cases. These two cases are qualitatively identical and the subsequent
theory is ambidextrous with respect to them.
Now | will determine the effect on (27) of choosing various subspaces
Wiea, Or equivalently, various operatatsscommuting withS,, in (15). With
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respect to the decompositions (18) and (19dtave the block form

1411 1112
A= |:A21 A22:|-

To determine whicbl commute withS,, , note thats,,, has a block diagonal
form on W2, & W, @ gi @ g, since (18) and (19) are generalized
eigenspace decompositions fgy, ; let the blocks bes!19, 11/ 6220 and
S22l s0AS = S A becomes

All A12 SllO 0 5220 0 All A12
(28) A21 A22 0 Slll = 0 5221 A21 A22

When multiplied, the top left blocks of (28) giva!! S0 = §220 A1
which is possible only ifA!! is zero, sinces''? and.S?2° have no common
spectrum, and similarlyl!? = 0 and A%?! = 0. However,S'!'! and $??!
both have spectrurf=)\. }, so one cannot concludé®? = 0, but only that
A2SHL = 6221 422 Since 51! is exactly the linearizatiod Xy, (pe)
restricted tol¥.!;, which by (25) defined thé&" action on¥.!,, which is

counterclockwise or clockwise, we have
gL _ v/ e [_01 (ﬂ .

SinceS**! is —ade, ong,,_, andad, generates thé" action of opposite
sense to that generated BY'!, we have

s e[ 0],
-10
By letting

A22 B all CL12
- a21 a22 )

A228511 — §221 A22 hecomes!? = —a?! anda!! = ¢?2. By (26) and the
duality (10),

0 0
NI = 0 k
Pe )
o[ 5h)

so that

0 0
(NQ2) A*+ AN = |~ [2a'? 0 ,
0 —r 0 2a'?
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so by (17), the Hamiltonian generated by the new choicB/gf has the
same form as (27) but witli; replaced byl; + 2xa'?. Thus,the entire
effect of the freedom to chooBgé,q is exactly that the constadi may be
arbitrarily manipulated, as long as # 0. The effective action of the gauge
group as it acts on the normal form is isomorphic to the additive group of
real numbers.

3.2 The normal form

The splitting of7},, P and subsequent analysis of the linearizatiah,, (pe)
amounts to the construction of a normal form for linearizations of rela-
tive equilibria. When equivariantly moved through, p., this normal form
can be combined with the equivariant isotropic embedding theorem (Mars-
den [1981],Weinstein [1977]), to provide@,, -equivariant normal form
for the entire Hamiltonian system ne@y,, p.. | now construct this normal
form, closely following Patrick [1995].

Let P be the symplectic manifold

P=W2 x Wl x T*G,, x G,

(¢]

and define
Pe=080B 0g B Ue.

Let the group’,,, actonP by left translation on the third factor. At the zero
section of ™G, , there is the splitting of the tangent space/tt,,, into
vertical and horizontal parts, and hence

(29) Tp P = Wiq © Weq @ gy ® 8, ® Ty (Gpac)-
Together, (20) and (29) yield a linear symplectomorphism betWgeR

and T}, P, which extends by~,..-equivariance to a vector bundle isomor-
phism, sayA’ : TP|(G,.p) — TP|(G,.p.), which is symplectic on
each fiber. The equivariant isotropic embedding theorem then extgiids
an equivariant symplectomorphisrhfrom a neighborhood of:,, p. to a
neighborhood of7,,, p. The relationship betweed’ andAis A’ = T'A on
the domain ofA’.

The linearizationd X y,_(p.) is in a sense a first order approximation
of Xp,, atp., and the quadratic Hamiltonian associated/ 10y, (pe) IS
a second order approximation iy, atp.. Together with the map, this
yields a second order approximation to the Hamiltodi&in a neighborhood
of G, pe. Indeed, let/¢ be the momentum mapping for the left action of
right translationgg, k) — hg~!, so that

jE(Oég) = _<aga Xf(g)>a
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where X is the left invariant vector field generated §yThen

(30) H Hnll - (er - red) + Hred + HI‘Sd + Hrmd7

where

1. Hyy : W, x T*G,, — Ris the extension of (24) t&*G,,. by left
invariance,

2. H red V[/;ed - Ri IS d2HHe (pe)‘ red’ - 1v>2|

3. Hisa : Gue = RbBY Hysq(gpie) = —(gte, &), and
4. dHyma = 0 andd?Hypg = 00N G, e

Items (1)—(3) are definitions, while the content is in item (4), which follows
since the two Hamiltonians

f{; Hnil - (jfe - red) + H ed + Hrsd

both have relative equilibria @t and have been manipulated to have matched
linearizations (and consequently matched Hessians) at each poiptaf.

The point is that a second order approximatiorffanay be obtained by
dropping the remainder terid,,,q of (30).

Now, considet as defined by (30). The second term (the one grouped
within brackets) generates the one parameter group of symplectomorphisms
generated by, through the action (31). Therefore, the first teffy; and
the second term Poisson commute. Obviously, then, the first four terms
of (30) pairwise Poisson commute. The effect of the teri is merely to
generate the flow of the right invariant vector field generateg.bgind this
corresponds to the “fast” evolution of the relative equilibriggnwhile the
flows of the termsHOd and H,sq cannot cause evolution alorg,. p.. So
the slow evolution neat,,. p. is to first order dictated by the flow df.,;.

As for the symmetries aoff, since the Hamiltoniad/ is G invariant and
A'is G, -equivariant, the Hamiltonian (30) &, -invariant, including the
remainder term. Also, whefl,; is extended to be a left invariant function
of W} ea X TG, , invariance under the normal form action given by (16)
becomes right invariance, i.e., for tl§¢ part, invariance under the action

(31) a-(z,0q4) = (a 'z, (TRy)*ay),

whereR denotes right translation @, , and the functiong{’. ; and H,q

are also invariant under (31). However this normal form symmetry does
not in general extend to the remainder teffy.q. The action (31) is coun-
terclockwise or clockwise diagonal rotation on the varialles w») and
(z1,x2) in away that is a sense-preserving renormalization of the coadjoint
action ofexp(R&.) on (71, 72). Since (31) is the action of the Abelia,
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this action can be reversed and thus assumed to be counterclockwise; how-
ever, if this is done then the resulting action may acquire@fipositesense
to the coadjoint action afxp(R&.) on (71, 72).

In concept the magpl is like a coordinate system ne@t,, p.; it is only
that its range is a manifold rather than an open subset of Euclidean space.
Through its dependence on the splittinglf P, A depends on the choice
of W,.q, so the effect of varyingl;.q like varying a coordinate system near
G..pe. Thus, the freedom to vaiyq is like a gauge freedom. | will call
a particular choice ofV,.q a choice of gauge, and say that, in view of
Sect. (3.1), the gauge groupgfis (R, +). As shown in Sect. (3.1), varying
Wieq itself is a linear process, the effect of which éh; is easily found
and described. Yet, through the isotropic embedding theatedepends on
W;ed In @ nontrivial way.

This ability to cause very nontrivial “coordinate changes” while eas-
ily calculating the concomitant effect af,,; will enter powerfully in the
subsequent analysis. Particularly, one can imagine choosing a gauge that
“simplifies” H,;;, making the analysis off,;; tractable and yielding infor-
mation about the flow of the original Hamiltonian system n@gyp.. On
the other hand, a simpld,; will in general be nongeneric, so that higher
order terms inH,,,q might destroy whatever delicate nongeneric structures
arise fromH,;;. In that case, one can focus on the identification and pertur-
bation of these nongeneric structures, which will occupy smaller regions of
phase space as ones attention is restricted more neaxly, Q.

Summary: The phase spaég,i;; on which some Hamiltonial 4.
approximates to first order the evolution of the system, when that system is
perturbed fromp,, is

2 *
Pdrift =R*xT Guev

_ 1 _
Hdrift(l‘, ag) — < 1Oég,fe> + 5N5§(Oég, Oég) + <g 10497 Np2811x>

The equations of motion for this systeare

dg dr dx

-149 _ _ _ arl3t
FTERGET = coadgp T, = Ve .
where

Q=&+ (N®)r+ N2y,

3 For a Hamiltonian system on the cotangent bundle of a Lie gi@upf the form

ag = 1/2h(ay, ag) + (ag, X) Whereh is a left invariant metric oG and X is a left
invariant vector field o7, one has the equations of motion

_1@ = {2 dr = —coadgp .

Q=h'r+X(), 7=g 'a, g i
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Thereis asplittingy,,, = {(m1,m2) € R?}&{u°} such thatH 4,i¢, becomes,
after Poisson reduction by left translation Gf,, ,

1 1
Hagity = (1°, &) + §N5§0(MO, n0) + 511(7&2 +m2%)

(32) +r(mx1 + T2X2).

Here N2V is a constant quadratic form, anid andx are constants, and all

of these are calculable from the nilpotent part of the linearization of the rela-
tive equilibrium. The Hamiltonian (32) is invariant under counterclockwise
diagonal rotation on the variablegr;, m2) and (z1, z2) and the coadjoint
action of T, on the variableg.’. The gauge group of the approximation is
(R, +), and the effect of the gauge freedom is to exactly to undeterfine

4 The mechanical case

Here | consider the special caSe= SO(3) x (S!)". Standard identifica-
tions giveg = R? x R” = g*. In order that the momentum be nongeneric,
assume that th80O(3) part of the momentum is zero. Reorient the system
(i.e. left translate it) so thag}Le = {(m1,m2,0)} C so(3). Since the action

of adg, fixes gie, the SO(3) part of . is either parallel or antiparallel to to
k € so(3), wherek = (0,0, 1). | drop the first term of (32), since the back-
ground motion of the relative equilibriupy. itself will not be of interest,
after which (32) becomes

1 1
Havity = 511 (m1? + m?) + 5127T32 + k(a1 + T212)
n n
+ 73 Z a;p; + Z aijPiPyj
i=1 ij=1
where the variable labeling is
(7r1;7r257r37p17 cee apn) € g* = Rg X Rna

anda; anda;; are constants.

The whole of(S')" is ignorable; an Abelian reduction yields the phase
space and Hamiltonian (which by abuse of notation will have the same
names)

P = R? x T*SO(3)
= {((l’l,l‘Q) S RQ,A € 50(3), (7‘1’1,7‘1’2,773) S R3)}

1 1
(33) Haviy = 511(7T12 + m?) + 5-727732 + k(mixy + mox2) + ams,
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wherea is constant. The normal form symmetry is counterclockwise di-
agonal action o' on the variablegx, z2), (71, 72), and the momentum
mapping for the normal form symmetry is

1
J" = —5(3312 —|—l‘22) — T3

An easy verification (see the footnote on page 765) gives the equations of
motion for (33) as

™1 I7T27T3—K,.’I}27T3+G7T2
d T2 —I7T17T3+:‘€.%'17T3—CL7T1
(34) % T3 = /i(ﬂ'lxg — 7T2$1) s
1 KT
i) —RT1
and
dA L + kxy A
(35) ATV = | 1o + K ,

dt s+ a

wherel = I, — I; and as usual, for € R?,

0 —v3 o2
o = v3 0 —ol
2 ol 0

To obtain a first impression of (33) one can contrast it with the nonreso-
nant case. On the one hand, the phase spage of (33) has dimension 8;
the symmetry group iSO(3) x S*. Hence, the Marsden-Weinstein reduced
systems are integrable, since they have dimertsioh— 2 = 2, and energy
is a conserved quantity. We shall see that homoclinic connections appear in
the reduced spaces of (33), which are spheres in general, and that singular
reduced spaces (pinched spheres) also occur for some momentum values. On
the other hand, theonresonantase (obtained from (33) by setting= 0
and dropping the variables andxs) has the same symmetry group but di-
mension 6 phase spadeis integrable by its symmetry group alone, without
the use of energy. Dynamically, the nonresonant case is simpler, since every
motion is a relative equilibrium and the compact symmetry group rules out
homoclinic connections.



768 G.W. Patrick

4.1 Full reduction

The Poisson manifol&? x R? = {(z, 7)} may be reduced by th&! normal

form symmetry by use of the Hopf variables (see, for example, Cushman
and Bates [1997], page 14; also page 407 has a summary of references about
singular reduction):

w = 2(:13171’2 — 13271'1), Wy = 2(%17‘(’1 + Igﬂ'g),
— 2 2 2 2 — 2 2 2 2
w3 = (21 + 22%) — (M~ + m27), wy = (217 + 22%) + (m* + ™).

This map is a quotient map for ti# normal form symmetry and it has the
semialgebraic image given by the subseR6f= {(w1, ws, w3, wy, 73)}
satisfying

w12 +'UJ22 —i—w32 —w42 =0, wyg>0.

The symplectic reduced spaces are the level sets of the two Cagiraind
Jj2 given by

1
1 3
(36) j1=(m? 4+ m? 4 ms?)z = <7T32+2(w4—’w3)> ,
. 7gnf 1 2 2 1
@7 j=J :—5(361 +$2)—7Ts:—1(w3+w4)—ﬁ3-

Givenyj; andjs, (36) and (37) can be used to eliminateandw,, thereby ob-
taining the symplectic reduced spaces as the subsBsef{ (wy, ws, 73)}
given by

(38) w12 + w22 = 8(7‘(’32 — j12)(ﬂ'3 +j2)
(39) wy = (j1% — 2ja2) — (w3® + 2m3) > 0.

Various symplectic reduced spaces are obtained by fixing various values

of j; andjs , but the values of; andjs, are not arbitrary, sincg > 0 and

‘ 1 ‘ 1 .

ji=(m2+m?+m2)2 > —m3=jp+ 5(3:12 + 29%) > jo.
Moreover, the singularities in the symplectic reduced spaces occur where
x1 = x9 = m = my = 0, and herej; = |r3| = +j». Equation (38) has
solutions only over the intervals where the cubic on the right hand side is
nonnegative, and moreover, by (37),> —j». Putting all this together gives
the bifurcation diagram shown in Fig. (1). As shown there, the symplectic

1
reduced spaces are the surfaces of revolutiof86f;* — j12) (w3 + j2)) 2
over thefinite interval where the cubic is positive. Thus, these spaces are
points, spheres, or, in the case that= —j;, they are topological spheres
with one conical singularity.
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2

2

/—\

4

3

—Jj2 =j1 T3

—J1 <J2 = J1
U "

—J2 /
73

—=J
J
7‘7'1 K_\
vjl "

Fig. 1 The bifurcation diagram for the symplectic reduced spaces. Clockwise from the top,
the reduced spaces are points, spheres, pinched spheres, again spheres and finally points.
The finite intervals where the cubic is positive is the thicker black line onrthexis.

One verifies that Inequality (39) is respected by showing that the concave down quadratic
wy = —(m32 +2m3) — j12 + 242 is positive on those intervals by checking the it is positive

at the various endpoints of the intervals.

—J1
J2 /
j1
-J
—J1

In passing, | note that the symplectic volumes of thg = j; > 0
reduced phase spaces are infinite, and of course the infinity is concentrated at
the singularity. In fact, by regarding two functiofi&w, , w2) andg(ws, ws)
as functions on one of those reduced phase spaces, lifting those functions to
the Poisson phase spafer, 7)} = R? x so0(3), and then calculating the
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Poisson bracket, one verifies that

{f, g} = —4(m3? + 2jom3 + 71°) < of Og of dg ) |

GZUQ 8’LU1 - 8w1 8w2

Consequently, the symplectic form on the reduced spaces in the coordinates
(wl, QUQ) is

1
4(m32 + 2joms + j12)

Wji 5o = dwy N dws.

Switching to polar coordinates; = r cos § andws = rsin ¢, the symplec-
tic volume of a small circle of radiusabout the origin is

§ §
T 7T T
AE27r/ : : dr:/ ——dr
’ o 4(ms? 4 2jom3 + j7) 2 Jo (m3—j1)?
and upon substituting
r? = 8(ms® — j1?) (w3 — j1) = 8(ms + j1) (w3 — j1)?

that symplectic volume becomes

., .
A5:47r/ TSN g
0 T

Since the numerator tends2¢; asr becomes small4; is infinite.
The Hamiltonian (33) on the reduced spaces is, with the aid of the Hopf
variables and (36),

1 1 K
Harige = 111(’11)4 —ws) + 51'27T32 + 5 W2 + ams

= %Iﬂ'gQ + g'UJQ + amy + %Ilj12

Obviously this expression is simplified ff = I, since thenl = I, —
I; = 0. This choice ofl; gives the first part of (33) the same form as the
kinetic energy of a spherical ball moving in 3-space, so | call this choice the
spherical gauge.

In the spherical gauge the flow lines of the reduced systems are trivial to
determine: they are the intersection of the plang®)w, +aws = constant
with the surfaces of revolution in Fig. (4.1). In the case of a nonsingular
reduced space of nonzero dimension the flow is that is that of the flow on a
2-sphere with two stable equilibrium points. For the singular reduced spaces
—j2 = j1 > 0 the type of flow depends on whether or not the plane cuts
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through the cone at they = j; singularity ofws? = 8(m3 + j1) (73 — j1).
That cone is

1
wo| = 4+/71(j1 — 73 & M3 =j1 — ———=|wa|,
sl = 4/ — ) Sl

and so there is an unstable equilibrium at the singularity if the ki@ ) w, +
ams = aj; passes through that cone, which is whénc< 4x25;, and a stable
equilibrium otherwise. The former case is the flow on a 2-sphere with two
stable equilibrium points and a single homoclinic connection to a singular
point, while in the latter case this flow has two stable equilibrium points,
one of which resides at a singularity.

For the remainder of this section | will assume the spherical gauge.

The equilibria of (34) correspond to relative equilibria for just the ac-
tion of SO(3), since the spacf(w, x)} is the Poisson phase spaceffis;
reduced by the&sO(3) action. These have a greater significance than rela-
tive equilibria which also use th&' normal form symmetry, since the full
unapproximated Hamiltonian has ti$&)(3) symmetry but it is only the
truncated approximation which has t§€(3) symmetryand the normal
form symmetry. As well, it is expedient to separate the equilibria of (34) at
the outset of the analysis. Setting the right side of (34) to zero immediately
givesm; = mo = 0 and thenz;mg = xom3 = 0, SO there are the following
solutions:

(40) r=0, ©m=0
(41) r=0, m=m=0, @w#0
(42) z#0, =0

The set of relative equilibria given by (42) contains relative equilibria equiv-
alentunder thé! normal form symmetry. ThEO(3) generator correspond-

ing to (42) is, by substitution into (35)xx1, kx2,0). The zero section of
T*S0O(3) (i.e. the setr = 0) corresponds to perturbations of the original
relative equilibriunmp, such that theperturbationhas zero total angular mo-
mentum, and in the nonresonant case such perturbations would imply no
drift and no drift has been numerically observed for such. For the resonant
case, however, one expects regular rotation around thg @xisxzs, 0),
which is perpendicular to the generatpr Nonzerox corresponds to some
“reduced excitation”. Consequentlgt zero total angular momentum the
system drifts so that the generator of the relative equilibrium moves along
a fixed great circle at a rate dictated by a reduced excitation.

The relative equilibria (42) are the relative equilibria with nongeneric
momentdor the systen33). Consequently, the methods of Patrick [1995]
might be applied to them: the drifting relative equilibria could themselves
drift. 1 will not, however, pursue this aspect here.
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To obtain a list of nonequivalent relative equilibria (i.e. a list of relative
equilibria, no two of which are in the samy@ (3) x ST orbit), assumel = Id
and discard Equation (35), and, using ffenormal form symmetry, assume
mo = 0 andw; > 0, and whenr; = 0 assume that, = 0. Equating the
first of (34) with theS" infinitesimal generator of, <€ R gives

—RKX2Ts + ams —S8eT2
RX1T3 — ATy SeT1
(43) /1(71'11'2 — 7r2x1) = 0
KT —Sel2
—RT Sel1

Puttingmy = 0 into the fourth component givesx, = 0. Now s, = 0
corresponds to th8O(3) relative equilibria (40)—(42), and in (40) and (41),
we havezs = 0, while in (42) we can assume, = 0 andx; > 0 by
the normal form symmetry. So i, = 0 then we assume, = 0, while if

se # 0thenxzy = 0 anyway bys.xo = 0. Puttingze = m = 0 into (43)
then gives

—KT = SeX1, KX1T3 — QM| = SeT1,

and these equations are easily solved to obtain the following list of nonequiv-
alent relative equilibria:

(44) m=m=x1=x2=0,m = (a+sc)k, 13 €R;
m(axy — K71) K1
s) TPTRTOmE T Tl
Ne = kx1i+ (a + s )k, m € R,z > 0.

Here theSO(3) generators). of these relative equilibria have been deter-
mined by comparison of (35) and the infinitesimal generator ofSth¢3)
action of Py, at the relative equilibrium. In (44). ands, are not unique
due to the presence of isotropy in the phase sgagg. For later use, the
characteristic polynomials of the linearizations of these relative equilibria
are, respectively,

p1 = 2?(2” + [nel?)

X (a:4 + (a® 4 2as. + 252 — 2m3K?) 2>

+ (s2 + ase + m3K?)?)
and
1
p2 = x—IQ:p4(x2 + |ne|2)(a:12x2 + &2zt + (azy — 2/<m1)2).

For an understanding of the relative equilibria and the flow in general it
is important to understand which relative equilibria reside on which reduced
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spaces. For (44),; = |r3| andjo = 73, so forms < 0 one hasj; = ja,
which corresponds to pointlike reduced spaces, whilerfor- 0 one has

j1 = —7j2, which corresponds to the singular reduced spaces, and the relative
equilibria occupy the singularities. As for (45), substitut{dg) into j; and

j2 and eliminatingr; gives

(46) (321* + 8jozr? + 4jp2 — 451 %) 2K?
+ 4a2x12(:§12 + 2j2 — 2j1)(CL‘12 + 2j2 + 2j1) =0

so it is a matter of solving this quartic im? for its positive roots. The
pointlike reduced spaces correspondingte= 0 are occupied by the rela-
tive equilibria of (45) after puttingr; = 0, corresponding to the solutions

j1 =0, 1 = \/—2]'2 of (46)

4.2 Partial reduction by the normal form symmetry

In this section | symplectically reduce the Hamiltonian system by the normal
form symmetry ata value, sayofthe momentum mapping'. My objective
is an interpretation of the reduced system via the equations of motion on the
reduced space.

Use the notation? = z;2 + z12. Theo-level of the momentum map™
is

M3 = —0 —
2

Below, whenz appears in the context of a vectorli, it is as(z1, 22, 0).
The map

(47) (A, z) = (y,a,2) = (Ak, A(1 — (7 - k)k), Az)

is a projection of the phase spafeSO(3) x R? to the Whitney direct sum
T*S? @ T'S?. The restriction of this map to thelevel set of /™ is clearly

a quotient map for the normal form action, and thus the symplectic reduced
space isT*S% @ T'S%. The action ofSO(3) onT*S? @ T'S? becomes

A (y,a,2) = (Ay, Aa, Az)

To find the reduced vector field @f, o, z) € T*S? ©T'S?, first evaluate
the original Hamiltonian vector field, namely

Q=nLn+I((7-k)+ a)k, A_l%:QA,
(48) dl:irzw><(2+ak, d—x::'c:ffikxw

dt dt
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at the point

(49) 7=A"ta— (a + ;#) k, z=A!z

where A is chosen so thatlk = y, and then apply the derivative of (47),
which is
TV (A, x, 2,7, 1)
4 U (Aexp(2°t), T + ti, x + ti)
dt |,—o
=A-(2xk,2x (7—(r-kk)+7— (7-kk,&+ 2 xz).
Thus it is a matter of substituting (48) and (49) into (50). Without care the

calculation can be onerous; however, it is straightforward, and yields the
equations of motion

(50) =

d
(51) =l = (ha+r2) xy,
da
(52) i —m3(lioe + Kkz) Xy + Kz X «
d
(53) di’i = (ka — (Iams +a)z) x y + L X z,

wherers stands for—(o + |2|?/2). To these equations must be added the
constraintdy| = 1,a-y =0andz -y = 0.

| want to impose the viewpoint that there is a “particle”yahaving
directionz. To do this, | use (51) to replacewith dy/dt in (52) and (53)
while writing equation (52) as a second order equationy.in also use
the standard Levi-Cevita connection §f for the time derivatives. Thus,
Equation (52) becomes

d%y dy da dz

SJ hat-4 L2242

gz~ (et Rz) x gt < Vat +Hdt> Y
= (ha+k2) x (ha+ kz) xy)

+ hms(Lia + kz) — /-@(/soz — (Iamg + a)z)
2

dy
B i T -
L Yy + i3y X I

K dy
—R<Il <y X dt—/iz> - (Igﬂg—i—@):;) ,

and similarly with Equation (53), so that
V3y  Ii’m3 — K dy (Ii2 ) B

(54)

= X — — + I
a2 I, Y a + K T + o3 +a

Vz Kk dy K2
55 —_— == —+ I .
(55) at I dt <11+ 2”‘”’*“)””
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Some aspects of the particle become apparent by replaaiith dy /dt
in the total energy and angular momentum. Using (49), the total energy is

1 1
H= §\a|2+—7r32+a7r3—|—/<cz-a

2
1 1, K2,
(56) = 2—Il|I1a+/<az\+§773 +am3 — EM
1 dy 1 [K? g 2 n K20
il a o
“on |dt| Tap \n T L’

so the internal energy of the particle is

1 K2 2
B = E (Il +IQ7T3+Q> .

The total angular momentum, or th&)(3)-momentum-mapping is, us-
ing (49),

1 dy kK
(57) J=Ar=a —m3k = —y i I—lz — T3y,
and below | replace with the tangent to the sphere part of the angular
momentum, which by (57) is

while the total angular momentum attributed to the particle mustbesy.
By the first terms of both (56) and (57), the particle should be viewed as
having masd /1.

From Jackson [1975] the classical nonrelativistic equations of motion
on |y| = 1 of a particle of massn, charge@, and gyromagnetic ratid’,
and magnetic momemh = I'L, are

2
(58) m% - %B xv+V(m-B)— (V-B)m,
(59) %:I—I—FLXB,

wherec is the velocity of light andv is the particle’s velocity. Her& is

compensates for the inductive forces that would, ware be constant, be

required to maintain the constant current that generatéself. One can fit

equations (54) and (55) to these equations as follows. If one takesy,

comparison of the first terms of (55) and (59) gives the inductive term
k2 dy

60 T=___-7
(60) T
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while the second term of (55) matches the second term of (59) if the gyro-
magnetic ratio is

T 2 2
(61) F:12<H+12773+a>.

K Il
Matching the second term of (54) with the third term of (58) impliess
k2 /31 times the left side of (61). So choose a gauge so fhat x2/3.
Then matching the first term of (54) with the first term of (58) yields

Finally, | note that the inductive term (60) is exactly what is required to
balance the rate of change of internal energy with the work done on the
particle through its magnetic moment via the last term of (54).

5 Example: Two coupled rods

In this section | illustrate and verify the above theory using numerical sim-
ulations of the system of two axially symmetric rods which are joined by a
frictionless ball-and-socket joint. In the center of mass frame this system can
be cast as a geodesic flow with configuration sps0¢3)? = {(A;, 42)}
and kinetic energy metric
1 N
L=>[2t 2t JA) |5}
;Lo ) | 1]
whered = [AY] = A;' A, £21 andf2, are body referenced (left translation)
angular velocities, and

1 0 0-B8A%22 pBA% 0]
0 1 0 pBAZ_—_pgAll 0

0 0 o O 0 O

J(A) = _ﬁAQQ ﬁAlQ 0 1 0 0
BA% —pAT 0 0 1 0

0 0O 0 O 0 «

Here0 < a < 2—23is a parameter which increases with the diameter of the
rods and) < g < 1 is a parameter which measures the degree of coupling
between the rodsj is zero if the joint lies at the mutual centers of mass of
the rods. The continuous symmetry group of this systefi$3) x (S1)2,
which acts on the configuration spas@(3)? by

(B, 01, 92) . (Al, AQ) == (BA1 exp(—&lkA), BAQ exp(—HQk/\)) .
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All relative equilibria for this system are explicitly known, as are their
formal stability; a complete list can be found in Patrick [1991]. The relative
equilibria of interest here are the phase space p@ldt@xp(@jA), 2, (22)
parameterized by, t2, 0 € R such that, # 0,t2 # 0,0 < 0 < 7, where

1 = tii— K120k, 0 = toi + K121k

and where

itz _ (t1c080 —t2)(Btr — 1)
LA oty sin 6

The corresponding generatdi®, o1, o2) € so(3) x R? are given by

t1t00 tot10 . tlcose_tz
g1 :Kfll_Qa , 09 = _/f12_1a,Q:t11 W

By calculating the linearizations, one sees thata 1:1 group reduced resonance
with zero total-angular-momentum can be arranged by setting

2t1to 4 2, 2 2 4
5:m> 3t1" + 117ty (4cos™ 0 — 10) + 3ty" =0,

and for the work presented in this section | have chosen to perturb the
particular relative equilibrium obtained by setting

1+5
2

(62) Hzg,tlzl,m:

Bl

1
7a_§7ﬁ_

5.1 Calculations for the coupled rod system

To compare the dynamics of the drift system to the dynamics of the coupled
rod system near the relative equilibrium (62), it is necessary to calculate the
splitting (1) or (2) in this special case. Here is one general way, inspired by
the proof of Theorem 3.1.19 of Abraham and Marsden [1978]:

(a) Calculate the semisimple péff, and the nilpotent pav,, of the lin-
earizationd X, (pe)-

(b) SinceS,, is semisimple it has a basis of eigenvectors, some complex and
some real, and the complex eigenvectors may be grouped into complex
conjugate pairs. Taking the real and imaginary parts of one eigenvector
in each pair, and then including the real eigenvectors yields a Basis
T, P in which S, is skew symmetric
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(c) Let the matrix ofw(p.) with respect to the basi8 be —1/. SinceS is
infinitesimally symplectic and skew,= S'W + WS = —SW + WS,
s0.S andW commute. By going to a basis of eigenvectors of the positive
matrix —¥2, find a symmetric, positive square-roBtof —1¥/2 such
that B and.S commute, and sef = W B~!. Using the basi#, regard
J as its corresponding operator @p, P, and regard5 as the bilinear
form onT,,, P corresponding tdz, y) — z'By. Then

w(pe)(v,w) = B(Jv,w), J? = —Id,

andJ commutes withS,,_ .

(d) SetZ = J(gu.), S0 Z is a S, invariant Lagrangian complement to
Ou. In g, © Z. Choose amd-invariant complement to g,,., and set
Wied = (8u.pe ® Z @ bp.)“+. ThenW,.q is symplectic,S,, invari-
ant and is contained iker d.J(p.), sinceW,eq C gp?*. The subspace
W,ea cOmplementsy,,, in ker dJ(p.) sinceg,, C Wr‘gj and W.q is
symplectic.

In the case of two coupled rods, further refinement of the splittind;of

to resonant and nonresonant parts is not necessary, since the reduced spaces
for zero total-angular-momentum are two dimensional; there is no “nonres-
onant” part of the phase space. Final adjustments to achieve the spherical
gauge are easily arranged using (15) and (17). The end result of all this is a
basis of the tangent space at the relative equilibrium which reflects the split-
ting (2), a basis of the Lie algebra(3) x R3, reflecting the splitting (19)

into resonant and nonresonant parts, the information

(63) k= 9115064, I = I, = 4.321619,

and the information that (62) is a+" type relative equilibrium.

Further to calculating the splitting (1) or (2), means must be found to
translate initial conditions of the drift system to perturbations (i.e. initial
conditions near (62)) of the coupled rod system. For this a map was used,
say¥, of the tangent spacg,_ P into phase spacg such thatl}, ¥ is the
identity atp.. The map/ only injected initial conditions of the drift system
into perturbations of (62) to first order; actual correspondence could not be
easily achieved due to the implicit nature of the coordinates provided by the
isotropic embedding theorem. Moreové&rdid not match the momentum of
the drift system exactly to a momentum perturbation of the actual system,
while practice indicated that an exact match of these momenta is important.
For the comparisons just below, given an initial condition of the drift system
with a particular momentum, an initial condition of the coupled rod system
with matching momentum was obtainedvasf another nearby initial con-
dition of the drift system. That nearby initial condition of the drift system
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0.035

Rate

Perturbation 0.04

Fig. 2 Perturbations within zero-total-angular momentlueft. the paths traced out b,
resulting fromé initial conditions within zero total-angular-momentuRight the rotation
rates ofr vs. the magnitude of the perturbatif|.

was obtained by a slight (second order) iterative refinement of the original
initial condition of the drift system.

By the conventions of Sect. 4, and since the relative equilibrium (62)
is of “+” type, the vector(my, w2, m3) = k is parallel to the normalized
rotation vectok, of the coupled rod system. Also, the quantitye SO(3)
of the drift system corresponds to the drifted orientation of the coupled rod
system. Thus, the quanti§k of the drift system corresponds to the drifting
rotation vector of the coupled rod system. Now, the rotation vector of the
relative equilibrium (62) is a constant linear sum of the locations of the rods,
exactly because the rods when in the relative equilibrium rotate around that
vector: if one defines

1

sin 6

(tlAlk — tQAQk)

T =

thent = &, at the relative equilibrium (62) and also at any reorientation
of (62). Thus, for a perturbation of (62) approximates the drifting rotation
vector and the prediction of the preceding theory is that

T

~ Ak.

7__
7|

The numerical verifications | have undertaken consist of predictions of the
drift system for the motion ofitk and the comparison of these predictions
with evolution of the the unit vectatr calculated via a symplectic integration

of the coupled rod system. The particular algorithm used was a (implicit)
Riemannian leapfrog algorithm (Leimkuhler and Patrick [1996]).
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5.2 Numerical results

5.2.1 First comparison: zero total-angular-momentumy the results in
Sect. (4.1), the part of the drift phase space corresponding to perturbations
with zero total-angular-momentum is occupiedd®y (3) relative equilibria,
and the motion ofAk from initial conditionw = 0 andzx arbitrary is that

of uniform rotation at angular frequeneyz| along a great circle through
k and perpendicular tzr1, z2,0). Translated to the coupled rod system,
the prediction is that undergoes regular rotation in a great circle through
7(0), the particular great circle regularly rotating ass rotated. The left

of Fig. (2) shows the motion of asz is varied from0 to 0 through57 /6
radians by increments af/6, so the coupled rod system conforms to this
prediction. As the magnitude afis varied the great circles should be traced
out at an angular rotation ratéz|, sox can be determined by plotting that
rotation rate againstz|; this is done on the right of Fig. (2). The rotation
rates fit well to the curve

Rate= .9284|z| + .7750|z|?,

so from the simulation is .9284, which is1.8% off the calculated value of
9115064 already displayed in (63).

5.2.2 Second comparison: a stable relative equilibrium of the drift system
For another comparison, | examined the coupled rod system for perturbations
of (62) corresponding to being near one of the stable relative equilibria in
the list (45). For perturbations of (62) corresponding to the values

(64) T = .001, T = .04

in (45) the predictions of the drift system are thahoves as small periodic
oscillation of the full reduction of the drift system superimposed on the peri-
odic motionexp(n/'t)k, wheren, is theSO(3) generator in the list (45). The

two predicted frequencies are the linearized frequency of the correspond-
ing equilibrium on the reduced space of the drift system and the rotation
frequency ofr., which are by substitution of (64) into (45) and/or (46),
respectively,

(65) 04477, .05837.

Again by substitution of (64) into (45), the motion okhould be such that
its projection onto the unit vectoy. /|| is near—.5300.

Figure (3) shows the results of a simulation of the coupled rod system for
the perturbation of (62) corresponding to the values (64). In the simulation
the normalized rotation vectarmoved on the unit sphere as shown in the
top left of the Figure; the sense of the rotation is clockwise as seen from
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0.6
Height
0.4
0 Time 1000
2+
4+
-6+
-8+
-101
12
0 A B C 5

Power Freq. Freq. z1 z1 =23 \ Power Freq. Freq.z 2z =23
1195 .04449 044+ 1 O Of 8766 .2266 226 O 1 1
2935 .05791 05 O 1 O] 8848 .1822 .1822 -1 1 1
3.485 .01342 .01342 -1 1 8874 .1549 1553 1 -1 1
4871 1024 102 1 1 0] 8893 .1607 .16 1 2 O
5812 1687 168 O O 1| 103 .1296 .1292 -1 3 O
6.146 .1239 1243 -1 O 1058 1741 178 0 3 O
6.485 .07133 .07133 -1 2 1063 2711 27 1 1 1
6.817 1162 118 0 2 0] 1225 .2401 .2401 -1 2 1
7102 2132 213 1 O 1] 1236 .2846 288 O 2 1
8.24 .06596 .06634 -1 -1 1291 3371 3% 0 0 2
8.742 1104 1108 0 -1 1298 2926 293 -1 0 2

Fig. 3 Some results of the simulation of the coupled rod system for a perturbation corre-
sponding to a elliptic relative equilibrium of the drift systefiop left the evolution of the
rotation vector projected onto the unit sphéli@p right the time evolution of the height cor-
responding to the top lefMiddle: the power spectrum of a signal derived from the drifting
motion; note the vertical logarithmic scalottom tablethe peaks in the power spectrum,
sorted by power. The second column tabulates the frequencies of the peaks and the third col-
umn tabulates the harmonigesA + Z> B + Z3C of the frequencies!, B andC indicated

on the frequency axis of the power spectrum.
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the top, so that). is pointing down and away from you as you look upon
the Figure. The height of the rotation vector has been graphed in the top
right of Fig. (3), and is visibly quasiperiodic with about two frequencies.
The measured average height of the motion wa%0, compared with the
prediction of.5300. In the middle of Fig. (3) is the power spectrum of one of
the horizontal components of As is shown in the table immediately below
the power spectrum, the power spectrum is consistent with the 3 fundamental
angular frequencies

(66) 04449, .05791, .1687,

all other peaks being harmonics of these. The first two of these are by far
the largest peaks (note the vertical logarithmic scale in the power spectrum)
and they agree with the the predicted frequencies (65). The third observed
frequency in (66) corresponds to a far less prominent peak and is likely a
frequency associated to the higher order terms that have been truncated in
the drift approximation.

To give an idea of the speed of the drift, on the short simulation cor-
responding to the top left and right of Fig. (3), the system rotated about
300 times whiler rotated about 7 times. Thus the drift was about 50 times
slower than the original relative equilibrium. Due to this, these kinds of sim-
ulations can be long time: over the duration of the simulation that generated
the power spectrum in Fig. (2) the rods rotated about 10,000 times.

5.2.3 Third comparison: a singularity-induced phase jumfs shown in
Sect. (4.2), the singularities of thej; = j, reduced phase spaces of the drift
system are occupied by an unstable equilibria correspondifi@{8) rela-
tive equilibria of the drift system. A single homoclinic orbit, tracing out the
intersection of each reduced space with the ptage= 0, emanates from
every such equilibrium. These homaoclinic orbits are interesting features of
the drift system, in part because they provide an opportunity to investigate
dynamics near singularities of reduced spaces. | will show here that, due to
the singularity of the reduced space, the drift system suffers a jump in its
reconstruction phase as initial conditions traverse the homoclinic orbits, and
(numerically) that this feature of the drift system persists to the coupled rod
system. The reconstruction phase jump shows the presence of Hamiltonian
monodromy in the completely integrable drift system; for more information
on Hamiltonian monodromy see Cushman and Bates [1997], page 175, the
summary on page 403 of the same reference, as well as Bates [1991].

So choosg; small and consider perturbations of the relative equilibrium

=41k, x=0, A=Id,
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where by abuse of notatigin serves as the constant value of the Casimir (36)
of the same name. This relative equilibrium corresponds to the equilibrium

(67) wy =we =0, w3=7

on theSO(3) x S! reduced space. Near (67) the motion on the reduced
space of the drift system is periodic along the intersection ofuthe=

h plane whereh is small: for a long time the system remains near the
singularity, and then moves off, passes near= j; and then returns to
the singularity, similar to, for example, the motion of an inverted pendulum.
One S! reconstruction gives the motion on the phase sgdeer)} and,
since the motion is periodic on thH&0(3) x S reduced space, there is a
well definedS! reconstruction phase. On the phase spa¢ér, =)}, the only
points on the level sets gf andj, that map to (67) are

(68) T=jhk, x=0,

sincerrs = j; = —js implies by (36) and (37) that; = 1o = 1 = 22 = 0.
Thus, when th&O(3) x S! reduced system is near (67), the reduced system
with phase spac§(z, )} is near (68). AnSO(3) reconstruction gives the
motion on the phase spafex 7%S0(3) = {(z, A, )}, starting, say, at

A = |d. By conservation of the momentuth = A, the variableA is
nearly a rotation about whenever the reduced system is near (68). Thus,
the motion of the pointdk on the unit sphere is thifor a long time Ak
remains neatk, then moves off, passes neak, and then returns near to

k. This motion repeats but rotated (with respect to the previous excursion
fromk) by a excursion-independent angle ab&ufThis rotation is what |
mean by theO(3) reconstruction phase shift of the motion.

By simulation of the coupled rod system | have verified that the gross
details of the motion ofik in the drift system also occur in the coupled rod
system (see the left of Fig. (4)). This situation is robust; no particular care
is required, in choosing the coupled rod system’s initial conditions to evoke
these kinds of motions. The robust nature under addition of higher order
terms of the homoclinic orbit is expected through averaging theorems such
as the one in Guchenheimer and Holmes [1983], page 168.

It is the behavior of the reconstruction phase of the drift system near
to = = 0 that is relevant for predictions of the motion of the coupled rod
system near to its resonant relative equilibrium. One way to examine this
behavior is to numerically integrate initial conditions of the drift system that
are reconstructions of initial conditions starting at a small circle surrounding
the singularity of thesO(3) x S! reduced space. For ti## reconstruction
phase shift the result is a constant phase shiftof2 with a jump of 7
as the homoclinic orbit is traversed. The corresponding phase shifk of
in fact becomes undefined as the perturbation vanishes. The reason for this
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Fig. 4 Left: the motion ofF for a perturbation corresponding to being near the homoclinic
orbit of the reduced space of the drift system. The ve€tdregins near the top of the
sphere and moves off to the left, comes around the sphere, makes an appraxignate,

then moves away from you, and goes around the sphere @9aithe right the SO(3)
reconstruction phase of the coupled rod system as initial conditions are rotated around the
singularity of the reduced phase space of the drift system.

is that the equation of motion fot, namely Equation (35), becomes, near
to (68), the equation

% = (Lj1 + a)k",

while A(t)k is not exactlyk due the the presence of the perturbation itself.
Consequently thdk picks up arotation of angular frequengyj; +a during

its long visit of (68). As the perturbation vanishes this long visit becomes
an eternity and this undefines t8¢)(3) reconstruction phase shift as an
asymptotic effect. However, viewed from a frame that corotates with the
same angular frequency, namelyj; + a, one can expect a well defined
phase shift. | have numerically verified this: from the corotating frame the
SO(3) reconstruction phase shift of the drift system is neatly/2 with

a jump ofr as the homaoclinic orbit is traversed. This compares favorably
with the SO(3) reconstruction phase shift of the coupled rod system shown
in right of Fig. (4).

Finally, so that the comparison of these phases of the drift system and the
coupled rod system are not entirely numerical, | give a calculation showing
that, asymptotically as the homoclinic orbit is approached, these phases
arise mostly from the singularity of the reduced space.Jheconstruction
phase of the drift system may be calculated by a slight modification (to allow
reparameterization) of the usual reconstruction method found in Abraham
and Marsden [1978]: Generally, suppd$és a Hamiltonian on a symplectic
phase spac® and that a curve,(s) is a reparameterization an evolution
c,.(t) on some Marsden-Weinstien reduced phase space J ! (1)/G,..
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Choose a curvé(s) € J~!(u) such that = m, od, wherer,, : J () —
P, isthe quotient projection. Then there is a unique smooth ci(Bjec g,,
and a unique smooth functiarts) such that

(69) Xu(d(s)) = &(s)p(s) + a(s)d'(s).

By differentiation, the curve(s(t))d(s(t)) satisfies Hamilton's equations
on P if

_1d 1 dt 1
10— k() o=

ds  a(s) ds  a(s)
Perfectly obvious generalizations holddfis just al-manifold in.J~!(x)
covering the image af,. Particularly, by setting» = 0, d can be the subset
of Py defined by

. h —wq
(70) W%—FT(%:]%, 7T2:0, xr1 = Tm, Xro = H,
(71) wi +h?* = 8(m3 — j}) (73 — ),

in which case one calculates using (34), (69), (70) and (71) that

(72) 9 S —hms 7 dm __hw
drs (12 — m32)w dt 2
wheref is theS! reconstruction phase as the counterclockwise angle of the
vector (1 (t), m2(t)) from them, = 0 axis.
Letri(h) < ro(h) < r3(h) be the roots of the cubi®(ms — j1)%(r3 +
41) — h?. By standard perturbation arguments

1

=—j h? + O(h?),

1 ]1+32j12 + ( )

j ! h+ O(h?)

Ty = - = P
2= N 4
1

rs = j1 + ——h + O(h?).

3=t (h?)

The S reconstruction phase over the cuwg+ h? = 8(72 — j2) (3 — j1)
is calculated as follows. Let the reduced system statit;at 0, 73 = 79
at timet = tog, move tow; = 0, 73 = r1 attimet = t; and then complete
its periodic orbit by moving back ta; = 0, m3 = ry at timet,. Then the
contribution of (72) to phase shift over the inter\@l, ¢1] is

o dg m3(t1) dé dt " de
¢( ) ¢( 0) /to dt w3 (to) dt dms ’ r2 dms ’
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where the positive square root must be used when solving-fan (71),
sincews must immediately decrease after time- ¢, and by the second
of (72),w; is positive over the intervaiy, t1]. The contribution of (72) over
the interval(ty, t2] is identical (use the negative root here). Thus, the total
phase shifty = ¢(t2) — ¢(t9) over the loop as the loop approaches the
homoclinic orbit throughh > 0 is

(73)

= -2 1li
¢ hi%l*' r (j12 - 7T32>\/8(7T?, —r1)(re — m3)(r3 — 73)

"2 —h7T3

dms.

For smallh the integrand of (73) is small away from its two singularities
atms = r; andws = ro. | begin with the left singularity ats = 71, so |
calculate

0 _
¢1 = hm h7T3

dms.
h—0t r1 (j12—7T32)\/(7T3—7’1)(7’2—7T3)(7“3—7T3) 3

Elementary estimates show that zero error is made-as0 by the replace-
ment of

3

(j1 — m3)\/ (w3 — r2) (w3 — 13)

with its limit ash — 0 of its evaluation atr3 = 1, which is

hm " = _jl = ;1
h=0t (j1 —r1)y/(r2 —r1)(rs — 1) 20(V271)*  4i

Thus

—h [ -1

= lim . dms

¢1 h—0t 4j1\/§ r (]1 + ’/T3)V7T3 -7

h 2 Vs =\ [

= lim — = arctan (M>

h—0+ 451v/8 V/j1 + 11 Vi +11 ) |pyer,
h 2 7

418 [hE_ 2
Jl\f 25,

_ﬂ'
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The right singularity of (73) arises corresponds to the singularity of the
reduced spaces of the drift system, and it gives a phase shift of

) "2 —hms
¢o = lim — dms
h—0t Jo (]1 —7T32)\/8(7T3—7’1)(7’2—71'3)(7’3—71'3)
= — lim - 73
V8 h—0+ (j1 4+ r2)\/r2 — 11
T2 1
X lim - dms
h=0t Jo - (j1 —m3)/(ra — m3)(r3 — 73)

h_n lim !

V8 2j1v/2j1 =0+ \ \/(rs — j1)(j1 — 2)

o apctan [ L3201 — r2 - r3) + 2rars — ji(r2 + 13)
2 \/(rs — j1)(j1 — r2)(r2 — m3)(r3 — m3)

7T3 :7'2 )
w3=0

ki -1 —w
\/§2jl 2]1m 2

7

=7

so that the phase shift as the homoclinic orbit is approached through positive
his

5"
The same calculation fdr negative giveg); = —7/2 and¢s = /4 for a
total phase shift o = 7 /2.

™ 7T) ™

¢:—2(¢1+¢2):—2(§—1
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