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Two Axially Symmetric Coupled Rigid Bodies:
Relative Equilibria, Stability, Bifurcations,
and a Momentum Preserving Symplectic Integrator

by
George Patrick

Abstract

The dynamics of two rigid bodies coupled by an ideal spherically symmetric joint is studied.
Except for preliminary material, attention is restricted to the case of two identical bodies
with two equal moments of inertia and joined along their axes of symmetry. The system
admits the symmetry group SO(3) x (S5')%. All relative equilibria are explicitly computed.
The nonlinear stability of all these relative equilibria is determined after a study of nonlinear
stability of relative equilibria in general. The bifurcations (as momentum is varied) of the
relative equilibria are determined.

The construction of symplectic integration algorithms using generating functions
of type 11is discussed. Without the assumption of constant kinetic energy metric, expansions
of the generating function of type 1 for the flow of a simple mechanical system are found.
The order of the integration algorithm constructed from a given expansion is determined
in terms of the order of the expansion itself. Simple methods of constructing invariant
generating functions are presented—they result in momentum preserving algorithms. The
use of these ideas is illustrated by the construction of a momentum preserving symplectic
integrator for two identical axially symmetric rigid bodies coupled by an ideal spherically
symmetric joint.
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Introduction

Just as deduction should be supplemented by intuition, so the tmpulse to progressive
generalization must be tempered and balanced by respect and love for colorful detail.
The individual problem should not be degraded to the rank of special illustration of lofty
general theories. In fact, general theories emerge from consideration of the specific,
and they are meaningless if they do notl serve to clarify and order the more particu-
lar substance below. The interplay between generality and individuality, deduction and
construction, logic and imagination—this is the profound essence of live mathematics.
Any one or the other of these aspects of mathematics can be at the center of a given
achievement. In a far reaching development all of them will be involved. Generally
speaking, such a development will start from the “concrete” ground, then discard ballast
by abstraction and rise to the lofty layers of thin air where navigation and observation
are easy; after this flight comes the crucial test of landing and reaching specific goals in
the newly surveyed low plains of individual “realily”. In brief, the flight into abstract
generality must start from and reiurn to the concreie and specific.

—Richard Courant

The system of a single rigid body in absence of external forces has often been a paradigm
of a finite dimensional Hamiltonian system with symmetry [1][3][10][13][29]. In modern
language, the configuration space for this system is the smooth manifold SO(3), each element
of which gives the configuration of the body by reference to some fixed configuration. The
directional isotropy of space implies that the system admits the symmetry group SO(3),
which acts on the configuration space of this example by left multiplication [1]. In the generic
case, where all three principle moments of inertia are different, the results of applying to this
example methods in the theory of Hamiltonian systems with symmetry are an indication of
what can be achieved by such an exercise:

1. The symmetry implies the existence of other descendant conservative systems having
smaller dimension and less symmetry, one for each value of the angular momentum,
and each being completely integrable. The phase spaces of these reduced systems
are spheres, excepting the case arising from zero total angular momentum, where the
phase space is a point [1].

2. If the body’s motion is just that of simple rotation about an axis fixed in space, then
that axis must coincide with one of the principle axes of inertia. Conversely, arbitrary
rates of rotation about the principle axes of inertia are dynamic evolutions of the
system. These simple motions correspond to fixed points on the reduced spaces, and
there are six such on each reduced space associated to a nonzero value of angular
momentum [1].



3. The motions of rotating about the longest and shortest axes are stable, while those of
rotating about the intermediate axis are not stable, in the sense that small perturba-
tions of former result in motions of the body that are close to rotations about those
axes, whereas perturbing the latter will result in some tumbling behavior [10].

So much for the single rigid body—reduced systems of lower dimension can be found ex-
plicitly, special solutions (relative equilibria) associated to the symmetry group exist and
can be explicitly computed, the nonlinear stability of those solutions can be determined,
and these solutions do not bifurcate as angular momentum is varied. So as an example, this
system has shortcomings, traceable to two sources: the group of symmetries is rather small,
as is the dimension of the configuration space. And this problem is only made more acute
by moving to the more symmetric cases in which two of the principle moments of inertia are
equal, since although the symmetry becomes greater, all the reduced phase spaces in that
case become points. The subject of Hamiltonian systems with symmetry is a powerful blend
of group theory and symplectic geometry, a sophisticated machine which easily overruns the
example that is a single rigid body moving in the absence of external forces.

Of course, there are many examples of Hamiltonian systems with symmetry: the
Lagrange top with its (5!)? symmetry, systems of planar coupled rigid bodies, multibody
gravitational systems, as well as several infinite dimensional examples, just to name a few.
But still there is a need for a moderately complex mechanical system with a large symmetry
group. So, in 1988, Grossman, Krishnaprasad and Marsden, after being encouraged by
success the planar situation, considered the problem of two rigid bodies moving in three
dimensional space and coupled by an ideal splerical joint [8]. They generated the basic
physical system by first showing that the configuration space for this example is SO(3)2,
and second deriving the Hamiltonian and Lagrangian functions. This system, like that of
the single rigid body, has no potential, and so is just a geodesic flow, and spatial isotropy
implies an SO(3) symmetry on its phase space SO(3)? by diagonal left multiplication.

If a single rigid body is too simple to stretch the theory of Hamiltonian systems
with symmetry, the generic case of two coupled rigid bodies, with unequal principle moments
of inertia and joined at odd places, is probably too hard an example for that purpose. This
thesis is entirely concerned with the following special case: the case of identical bodies, with
two equal moments of incrtia, and joined along their axes of symmetry. At a single stroke
this assumption achieves two things: a reduction of algebraic complexity of the problem,
and an enlargement of the symmetry group from SO(3) to SO(3) x (§!)2. The system
that results is complex enough to provide and arena for the exploration of the theory
of Hamiltonian systems with symmetry, yet not so complex as to unduly task current
technology of computerized symbolic manipulation.

We begin then, in chapter (1), by recalling the Grossman, Krishnaprasad and
Marsden results in a way adapted to our pervasive assumption of axial symmetry. At
this point, a fruit of acquiring a larger symmetry group is apparent: In thinking about
a particular configuration where the symmetry axes of the bodies are collinear, you will
realize that same configuration can be achieved by rotating the entire system by some
amount (corresponding to the action of an element of SO(3)), and then separately turning
each body back by the same amount (corresponding to the action of some element in the
diagonal of S x S1). This is emblematic of a fact about the symmetry of this system: some



points of phase space have nontrivial isotropy. Points of isotropy are interesting because
they represent singularities in the reduced phase spaces [2], and thus places where standard
methods of analysis fail. Thus, our system forms a test case for the situation where isotropy
exists.

After these preliminaries, we next find all of the relative equilibria. Following
a typical pattern, the analysis of course locates the obvious relative equilibria, where the
bodies are rotating on their fixed axes of symmetry, and locates as well as a plethora of other
more or less complicated motions. The relative equilibria are parameterized by R>—for a
given element of R? there is one relative equilibrium (these parameters have no independent
significance.) The finding of these relative equilibria provides a lesson in the uses of the
abstract: conceivably, relative equilibria can be found by employing the ansatz t — exp(ét)p,
where £ is in the Lie algebra of the group of symmetries and p is a point in phase space,
but it is much easier to use the general principle of symmetric criticality [13] to find them.
Throughout this thesis, abstract results, although usually very simple when viewed on their
own, enter powerfully into the analysis as guides through fairly complicated calculations,
by organizing those calculations, and by suggesting simpler routes that could not be easily
seen amongst the morass of detail and computer output.

In the literature, verifying the nonlinear stability of relative equilibria is equated
with establishing the Liapunov stability of the corresponding fixed point of the flow on the
reduced phase space [10][13][29]. A defect of this approach is the absence of a fundamental
interpretation of nonlinear stability in terms of the dynamics on the original phases spaces.
Thinking about the motion of a single rigid body rotating about its longest or shortest
principle axis of inertia, then perturbing this motion in such a way that the body ounly
rotates more quickly, you can see there results two orbits in phase space that gradually
separate from one another. But notice that, after arbitrary time, the endpoints of these two
orbits can be brought together by multiplying by an element in the group of rotations about
that axis, and that this group is the isotropy group of the angular momentum vector. That
this is a common situation is the content of the first theorem of the thesis, which may be
viewed as a dynamical interpretation of the assertion of Liapunov stability on the reduced
space. This theorem is then used to establish stability results for the relative equilibria
when isotropy is not involved. When isotropy is involved, it comes in two forms: isotropy of
configurations and the more fundamental isotropy of points in phase space. In both cases,
we make progress by establishing results that justify restriction to a subgroup that acts
locally freely.

Next we consider the problem of counting the number of relative equilibria on each
reduced space. Since all of the relative equilibria are known, in the sense that they have
been parameterized, this problem can be reduced to counting the number of parameters
whose associated relative equilibria have a given value of momentum. This is a classical
bifurcation problem, but the algebraic complexity of the more complicated relative equilibria
gives some difficulty. Nevertheless, we we conclude the analysis of the relative equilibria
by solving this problem, and there results a rather complete picture of the bifurcation of
relative equilibria as momentum is varied.

When investigating the phase portrait of a complicated Hamiltonian system with
symmetry, like the system of two coupled rigid bodies, a numerical integrator is of obvious



utility. Recently, attention has been attracted towards the class of symplectic integra-
tors [6]. These algorithms are discrete flows obtained by iterating a symplectic mapping
of phase space that approximates the exact time flow for small time, and appear to better
preserve behaviors intimately associated with the conservative nature of these systems([6].
One method to construct the symplectic time step map is by generating it using an approx-
imation to the generating function of type 1 for the actual flow. Showing that a certain
order algorithm results from a given order approximation to that function is the first sub-
ject of chapter (3), an issue which is complicated by the fact that generating functions of
type 1 must have singularities at zero time if they are to generate maps close to the identity
when time is close to zero. The current literature on symplectic integration algorithms
does not include expansions of the generating function of type 1 when the kinetic energy
is nontrivial, an obvious defect when dealing with geodesic flows. We compute expansions
sufficient to construct symplectic integration algorithms for simple mechanical systems with
nontrivial kinetic energy metric up to order three, thus extending some results of Channell

and Scovel [6].

Now, the Noether theorem, by combining symmetry and symplectic geometry, as-
sociates conserved quantities to symmetries [1]. So if a symplectic integration method is
chosen that also respects the symmetry, then there is hope that it will conserve momentum.
By an observation of Ge and Marsden [7], this is in fact the case: if a generating function of
type 1 is used to construct a symplectic integration algorithm, and if the generating func-
tion is invariant under the group of symmetries, then the resulting algorithm will conserve
momentum. Unfortunately, while the exact generating function of the time evolution of a
system will be invariant, approximations to that function need not be. We consider two
methods for constructing invariant approximations: the use of a coordinate system adapted
to the given group action and the modifying of an approximation that is not invariant using
a section to the group action. At points with isotropy, sections are unavailable, and if ap-
propriate coordinates are also unavailable due to complications with the symmetry group,
then we have to accept that some of the momenta will not be conserved by the algorithm
nearby to some points of phase space. After these generalities, this thesis is closed by briefly
describing how these ideas have been used to construct a numerical integrator for the system
of two axially symmetric coupled rigid bodies that conserves all the momenta to machine
precision in one open subset of phase space, and similarly conserves all momenta but one
in another open subset, these two open subsets covering the entire phase space.

In as far a possible, the thesis adheres to the notation of [1]. All momentum maps
are Ad* equivariant, and all vectors are represented as column vectors. A Ilamiltonian
system with symmetry is denoted by (P,w, H,G,J), where P is a smooth manifold, w is a
symplectic form, G is a Lie group acting on P, H is a G invariant Hamiltonian function on P,
and J is an Ad* equivariant momentum mapping; if the momentum map J is not needed,
it is simply omitted from this quintuple. A simple mechanical system with symmetry is
denoted by (@,G,V), where Q is a Riemannian manifold, G is a Lie group acting on @,
and V is a G invariant potential function. The co-adjoint action of a Lie group on its
Lie algebra is denoted by CoAd. The relation = denotes equality up to a well known and

obvious identification. The reference system is straightforward: a reference number of the
form (n) refers to an equation in the chapter in which the reference occurs, while references



across chapters are prefixed by the chapter number, like (c.n). An external reference appears
as [n], and may be found in the bibliography. If an external reference to a specific page p is
required, it appears as [n : p].






Chapter 1

Two Coupled Rigid Bodies

For conservative physical systems, the Lagrangian description of the system is
fundamental. We begin by recalling this description in the case of the free motion of two
rigid bodies coupled by an ideal spherical joint, as derived in [8].

The first element of a Lagrangian description is the configuration space. To derive
the configuration space of the system of two coupled rigid bodies, fix an inertial frame, and
let p; and py be two distributions of order zero and compact support on R?, representing
the densities of the two bodies in some reference configuration. Without loss of generality,
assume that the spherical joint in this configuration is located at the origin. Then take as
configuration space the manifold SO(3)? x R*: a point ¢ € R® on body i € {1,2} in the
reference configuration has position A;q 4 w in the configuration (A, Ag, w).

The second element of a Lagrangian description is the Lagrangian function. For
this, consider the state described by the tangent vector (A, w,Ai,w). The kinetic energy
of this state is easily computed:

KB < [+ P da+ 5 [Viag + ufpa(a) do

= 5 [ (al + 2Aig- 4 1) pa() g+ (1 2)

= %/ (trace((A1q)(A19)") + 241g - + [1[2) pr(q) dg + (1 = 2)

= —;—trace (Al [/qqtm(Q) dQJ /ht) + A [/qm(q) qu X

5| [om@aa 1+ 2,
Let m; be the mass and d; be the center of mass of body ¢ in the reference configuration:

me = [ pi(a)d,
di & E/qm(Q) dg,

and let m = m; + mo be the total mass of the system. Also, let I; be the coefficient of
inertia matrix of body 7 in the reference configuration, but with respect to the center of



mass, instead of the origin:
L% [ da- d)pila)dg
= / [qqt ~diq' — qdi* + didit] pi(q) dq
= /qqtpi(fJ) dg — mydid;’".
By direct substitution, then,
KE = %tra,ce(/llflfilt) + %tra,ce(Agnggt) + TQ—llAldllz + %‘Azdg'z
+ (myAydy + madady) - + %lwp-

The kinetic energy is manifestly quadratic in the velocities and the potential energy is zero,
so this function is also the total energy and the Lagrangian.

Of course, just as in the case of a single rigid body, the translational parts of
this physical system can be separated from its other parts. Indeed, the group R® acts
on configuration space by addition to the variable w, and this action lifts to an action
on velocity phase space (also addition to w) under which the total energy F is invariant.
Standard symplectic reduction applies, and in this case offers no difficulty. Equivalently,
one may assume that the total linear momentum is zero, and then use the fact that the
center of mass of the system is stationary to eliminate w and w. Proceeding with the latter,
note that the center of mass in the configuration (A;, w) has position

mq(Ardy + w) + mo(Aady + w)
my + My
miAidy + maAads
+ w

m

This is constant, so that

_ _m1A1d1 + mayAad,

m

and the Lagrangian becomes

L

1 . . 1 . . . .
§trace(A1I1 Alt) + §tl‘ace(A212A2t) + %\Aldllz + %‘Azdzp
1 . .
— —|m1dids + maAady|?
2m
1 . . 1 . . . .
= §trace(A1I1A1t) + —Q—trace(AQIQAgt) + %lAldl - A2d2|2,

where € = mymo/m is the reduced mass. Thus, the basic system consists of this Lagrangian
on the configuration space SO(3)%.

Since the configuration space is SO(3)2, and since much of the symmetry group
will be a subgroup of SO(3)*, the Lie group SO(3) will be ubiquitous. Let us recall the
basic facts which identify the Lie algebra, tangent bundle, and cotangent bundle of this Lie



group. By viewing SO(3) as a submanifold of R? and linearizing the equation BB! = 1d,
the Lie algebra 50(3) of SO(3) is the set of pairs (Id, B) where B is antisymmetric, with Lie
bracket [(Id, 4;), (Id, A3)] = (Id, A1 A2 — A2A1). If a € R3, define the maps

0 -a a? 0 -a a? v
def def
a = a® 0 -—a! |, a@ 0 -—d = q,
—a? 1 0 —a? al 0

and note the following useful identities: if b € R® and B € SO(3) then
("o — b a’) = (a"0) = —(b"a)" = (a x b)",
Ba"B' = (Ba)".
The first of these identities justifies the identification of s0(3) with the Lie algebra of R®

having Lie bracket the vector cross product, so that (Id, A) = AV, while the second shows
that, through this identification, the adjoint action becomes

Adpa = Ba,

where a € 50(3) = R3. Then TSO(3) is identified with SO(3) x R® by left translation, so
that 4
(A4,Q) = = Aexp(tQh).
di t=0
The cotangent bundle T*SO(3) is identified with SO(3) x R® as well by the decree that
(A4, 7),(A,Q))=7-Q VQ R,

an equation that defines how (A,7) € T;*SO(3) acts on (A4,Q) € T4SO(3). In fact, this is
the identification of T*SO(3) by left translation, provided that so(3)* is identified with R®
by the same decree without the base point A. Since the standard inner product of R is
SO(3) invariant, the co-adjoint action becomes

CoAdprm = B,
where 7 € s50(3)* = RS,
This said, the Lagrangian L becomes a function on SO(3)% x (R*®)? through this

space’s identification with T'SO(3)2. For the explicit expression, label the elements of
S0(3)% x (R%)? by (4;,€;), so Q; = (A;*4;)Y, and compute as follows:

I = %trace(filllfilt) + %trace(/lzfz/izt) + gl/lldl — Agdy®
= %trace(AltAlllAltAl) + %trace(AfA?bAztA?)
+ %|A1A11A1d1 — Ay Ayt Agdy|?
= %trace(ﬂ-{‘[l(ﬂl’\)t) + %trace(ﬂg’\fg(ﬂg’\)t) + 514101~ 4,05 df?

1 1
= §trace(—(ﬂl’\)2]1) + §trace(—(92’\)2fg) + glAldlAQl — A2d2A92|2.
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Concerning the first two terms, temporarily suppress the index 1 or 2 and verify directly
the identity (2")? = QQf — |Q]?1d, so that

trace(—(Q")*1) trace(|Q|*] — QQ'T)
Q' trace(1)Q — Q'IQ
Q! (trace(I)ld — 1)

= QJQ,

where J is the moment of inertia matrix,
122 + 133 _112 _113
J € trace(/)ld — I = (A CLNTY S (5
_131 _132 111 + 122
Thus,
[P 1 € 2
L = 591 J]Ql-f-gQQ J292+§|A1(d1 XQ])—Az(d2X92)|
1 1 €
= §QltJ191 + §taJ292 + 3 (Qlt(dlA)tdlAQI

— 2A1(dy x Q1) - Ag(dy x Q) + ta(dz")’dg"ﬂg)
= %Qlt [Jl - e(dl’\)2] Q + %ta [Jz - é(dzA)2] 2,
— €Ay (dy X Q) - Aa(da X Q).
Letting A = A,'Ay, J; = J; — (d;")?, and

def jl €d1AAd2A
J(A) - I: €d2AAtd1A j2 ]

one obtains

1 ~ 1 ~
L = §QltJ191 + §QQtJ292 — €A1(d1 X Ql) . A2(d2 X Qz)

L:%[Qlt W}J(A)[g;}

The following completely trivial lemma is useful in proving proposition (1) below
and for further reference:

Lemma 1. Let SO(3)* act on SO(3)? by

(By, Bz, By, Ba) - (A1, A2) E (B1 Ay By, By Ay By).
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Then the lifts of this action to TSO(3)? and T*SO(3)? are

i) -
i) (Aim) = (Bid;

xm'

(Bs, (A;, Q) = (B:AiBY, B:%),
(B,', B,-t,Bnr ,

i)

o)

respectively.

Proof. For the first statement,

d .

E O(Bi,B,') . (Ai exp(tQiA))
t=

(B; A; B;t, B;A; Q" B;")

(B; A; B, (B:Q"B;Y)Y)

(B; A; B, B;Q,),

(Bi, Bi) - (A, %)

He= 1l

Il

and for the second statement, if the €2; are arbitrary,

(B, B0) - (Aiymi), (BiA: B, ) = {(Aiym), (Bi, Bi)™' - (Bi A B, )
<(Ai77ri)7(Ai7BitQi)>
= - Bthl + 7o - BQtQQ
= {((B;Ai B, Bimy), (B: A: B, Biw)),

and the result follows. O

Of course, the symmetries of the Lagrangian for two coupled rigid bodies are of intense
interest. The following proposition, the proof of which is routine, summarizes the situation.

Proposition 1. L is invariant under the lift of the action of SO(3) on configuration space
given by
B (A1, Ay) ¥ (BA;, BA,).

Furthermore, there are additional symmetries for special parameter values, as follows:

1. If ey € R® is a unit vector, d; = lie;, and exp(tey™), = Iy exp(te}) for all t € R,
then L is invariant under the lift of the action of SO(3) x St on configuration space
given by

(B,61)- (A1, Ag) € (BA; exp(=61e1™), BAy).

The analogous statement with the indez 1 instead of 2 is also true.

2. If for both i € {1,2}, e; € R® are unit vectors, d; = l;e;, and exp(tel)I; = I; exp(te;")
for all t € R, then L is invariant under the lift of the action of SO(3) x (51)2 on
configuration space given by

(B,61,6y) - (A1, A2) & (BA; exp(—681e1"), BAy exp(—6ze,™)).
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3. If 1 = I, and dy = dj, then L is invariant under the lift of the action of the involution
of configuration space given by

(A1, A2) = (A2, Ay).

4. If dy = 0 or dy = 0, then L is invariant under the lift of the action of SO(3)? on
configuration space given by

(By, By) - (A1, A2) = (B1 A1, BoAy).

5. Ifdy = 0 and I is a constant multiple of the identity, then L is invariant under the
lift of the action of SO(3) on SO(3)? given by

B (A1, A3) € (A1BY, A3).
The analogous statement with the indez 1 instead of 2 is also true.

Remark. Further to item (5), if d; = 0, then the Lagrangian may be written
1 . . 1 . .
L= gtrace(AlflAtl) + Etrace(Ag(Ig + Edgdgt)Aé),

so the system evolves as two uncoupled rigid bodies, even if dy # 0. If one thinks of two rods
with the joint at the end of one rod and the center of mass of the other, this is somewhat
counter intuitive, but it is a direct consequence of the Lagrangian formulation of the system.
Since the single rigid body is so well understood, the case of d; = 0 or dy = 0 will not be
seriously considered in this thesis.

Remark. In item (1), considering the transformation rule for coefficient of inertia matrices,
€1 is obviously an axis of symmetry of body 1. Thus, this is the case of a rigid body coupled
along an axis of symmetry. As a matter of terminology, items (1) and (2) will be referred
to as the Sl-symmetric and (§1)%-symmetric cases, respectively, while the case where no
material symmetry is to be assumed will be referred to as the SO(3)-symmetric case. A
body giving rise to an S! symmetry as above will be called axially symmetric.

Remark. Without thought, one might expect additional symmetry when one of the bodies
is spherically symmetric, but the hoped for SO(3) symmetry is broken to S* by the axis
connecting the body to the joint, whenever the joint is not at that body’s center of mass.

Recall that, in the context of a Hamiltonian system with symmetry, a relative
equilibrium is a point of phase space which evolves along a one parameter orbit of the
attendant Lie group. In the case of a Lagrangian system of kinetic plus potential type, the
following theorem, called the principle of symmetric criticality is useful in determining the
relative equilibria. For an elegant proof, see [13].

Theorem 1. Let (Q,G,V) be a simple mechanical system with symmetry. For &, € g, define
the function Vg, by

Veula) = V(o) - 5ol

Then vy, is a relative equilibrium with evolution t v exp(t€.) - vy, if and only if vy, = £.(q.)

and dVe (g.) =0
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The Lagrangian system for two coupled rigid bodies, in its variously symmetric
cases, is ready for an application of the principle of symmetric criticality. Without further
assumption, it appears difficult to obtain a full and explicit solution to the resulting equa-
tions, and indeed the finding of such solutions is the object of a numerical study in [30].
There is one interesting fact, though, that is generally true: in a state of relative equilibrium,
the rotation axis and the axes from the joints to the centers of mass are coplanar. This was
first noticed in the §! x S'-symmetric case in [15] and proved in the SO(3)-symmetric case
in [30].

Proposition 2. Regardless of the symmetry, a relative equilibrium satisfies the equations

Q x (AIJIQI + €((Ardy) - Q)Agdg) =0, (1a)
@ x (42020 + €((A2dy) - Q) Ardy ) = 0, (1b)
Q- (Aldl X A2d2) = 0, (].C)

for some Q € R®. Thus Q, Aidy, and Aydy are coplanar. Furthermore, the relative equilibria
are ezactly the (A;, ;) such that there exist Q@ and o; satisfying equations (1a)~(1c) together
with one of the pairs of equations

Ql = Ath, QQ = AQtQ7 (23)
Ql = Ath — 01€1, QQ = AQtQ, (2b)
Q= A1'Q - o161, Q2= A2'Q — 0ge,, (2¢)

in the SO(3), S1, and (51)2-symmetric cases respectively.

Proof. In the (51)2-symmetric case, the infinitesimal generator corresponding to (2, 0y, 02)
in the Lie algebra of SO(3) x (S1)? is

d
—|  (exp(tQ")A; exp(—toe™))
dt t=0

(QAAI — O’lAlelA, QAAQ - U2A2€2A)
((AthAAl - 0'161/\)\/, (A2tQAA2 — 0'262/\)\/)
(Ath — 01€1, AQtQ - 0'262), (3)

(£, 0:)(4s)

(l

and in the less symmetric cases the infinitesimal generator is this with one or both of the o;
set to zero. Thus, the last part of the proposition (i.e. concerning equations (2a)-(2c)) is
exactly the condition V,, = &(g.) in theorem (1).

It is left to verify that the equations (1a)-(1c) are equivalent to the vanishing of
dVq, dViq ;) or dV(q ., +,), as the case may be. Taking up the latter case, and since the
potential is zero, Viq,, »,) is the negative of half of the result of substituting (2c) into L.
Then one can compute the derivative of this function using

d
dV(Q,ol ,02)(‘41’ AQ)(wlv w2) = a t_OV(Q,ol,(m) (Al exp(twl/\)v A; exp(twg/\))
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This differentiation is most easily accomplished using the chain rule: set

Q= (4A; exp(tw/\))tﬂ — o€,

note that

et d

Q, =7 Qi(t) = —w;MA;Q = —w; X A Q,

t=0

and note also that

) d
< A;exp(tw;™)(d; x Q) = — (A; exp(tw;")d;) x (Q — 0;A; exp(tw;")e;)
dt t=0 dt t=0
d
= —| (Ajexp(tw™)d;) x Q
dt]i=o

= (A,'w,'/\di) x
= (A,-w,- X A,‘d,‘) x 2.

Then, remembering that the Q; now depend on ¢,

=2dV(q,0,,0,)(A1, A2) (w1, w2)

d

dt

d

dt

< d
t —_— —

Ql Jlﬂl (6 dt o

—wy X Ath . lel - e(Alwl X Aldl) x Q- (Agdg) x Q+ (1 Ad 2)

—wi - Ath X jlﬂl — €A1’U)1 X Aldl - % ((Agdg) X Q) + (1 —r 2)

—Ajwy -2 X Aljlﬂl —eAjwy - A1dy X (Q X ((Agdg) X Q)) + (1 — 2)

—Avwr - [Q X ALiQ + eArdr x (2 x ((Azdz) x )] + (1 = 2)

—Aywr - [ x AL + €(Ards - (Azdy) x Q)R — (Aydy - Q) Azdz x ] + (1 = 2)

—A1w1 . [Q X (Aljlﬂl + G(Aldl . Q)Agdg) + G(Q . Aldl X Agdg)Q] + (1 — 2)

ViQ,01,00) (A1 exp(tun ), Ag exp(two"))
t=0

1 ~ 1 -
(§QltJlQl + ‘Q“QQtJQQQ — €A1(d1 X Ql) . Ag(dg X QQ))
t=0

A] eXp(twlA)(dl X Ql)) . Ag(dg X Qg) + (1 —r 2)

Setting wy = 0 shows that the term enclosed in square brackets vanishes, and then since the
two vectors therein are linearly independent, they vanish separately, giving (1a) and (1c).
Setting wy = 0 gives (1b), so the proof in the (S1)%-symmetric case is complete.

The proof in the less symmetric cases is similar, except that (2a) and (2b) are

substituted into L instead of (2c). This is equivalent to setting one or both of the o; to

zero in

the proof of the (.S1)%-symmetric case, so one again obtains (1a)—(1c), since those

equations do not depend on the ¢;. O

We consider next some generalities concerning Poisson reduction of cotangent bun-

dles, with an eye towards reducing the system of two coupled rigid bodies by the action

of SO(3

). Let @ be a free left action of a Lie group G on a configuration manifold @, so &
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also acts freely on T'Q and T*Q by gv, = T®,v, and gag = T*®,—10,. Let L:TQ — R
be some ¢ invariant Lagrangian and suppose that the quotient manifolds 7 : T7Q — TQ/G
and 7 : T*Q — T*Q/G exist. Then the Legendre transformation is equivariant:

4
di t=0
d
= = t_OL(TQg(vq + T, —1wy))

d
= a t:OL(vq + tT¢g—1 wq)
= (FL(vg), T®,-1wy)

= <9FL(”q)> wq)»

<FL(9”4)’ wq) = L(T®gv, + twy)

and hence induces a smooth map FL : TQ/G — T*Q/G. Suppose this map is a diffeomor-
phism. Then FL:TQ — T*Q is a diffeomorphism (this is a general property when passing
to the quotient by a free action), so L is hyperregular. Under these conditions, then, T'Q is
a symplectic manifold, T7Q /G and T*Q /G are Poisson manifolds and FL : TQ/G — T*Q/G

is a Poisson diffeomorphism. In addition, the energy function is G invariant:

E(gv,) = <FL(qu),qu> — L{gv,) = <FL(vq)vvq> — L(v,g) = E(vy),

as is the Hamiltonian H = E o FL™', so these functions induce functions £ : TQ/G — R
and H : T*Q/G — R. To summarize: if FL is a diffeomorphism, then FL is hyperregular,
and one has the following commutative diagram of Poisson maps and {unctions:

FL™!

'E/ TQ — T*Q \H
R T 7 R
N /
TQ/G T'Q/G

For the system of two coupled rigid bodies, the following result of Krishnaprasad
and Marsden [11] may be used to compute the Poisson bracket on the reduced phase

space T*SO(3)?/S0(3):

Proposition 3. Let G be a Lie group and consider the lift to T*G? of the left diagonal action
of G on G*. Then this action is symplectic, and the map

N:T*GP = g x G, Mpg,vn) = (T*Lgpg, T*Lpvy, g~ 'h)

is a quotient map. Suppose f is a function on g?> x G and let p = (p,v,g) € g> x G, use
the identification of g** with g to recognize that di f(p) € g and dyf(p) € g, and note
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that d3 f(p) € T*G. Then the Poisson bracket on g? x G induced by \ is

{1, 2X() = —(u,[d1fi(p),dr fo(P)]) = (v, [d2f1(p), d2f2(P)])
~(d3 f1(p), T Rydy f2(p) — T L,yd, fo(p))
+{ds fa(p), TRydy f1(p) — TL,d2f1(p))-
Applying this reduction theorem to the momentum phase space of two coupled

rigid bodies yields the reduced phase space (s0(3)* ) x SO(3), which is identified with (R3)%x
SO(3). The quotient map is then

7: T*SO(3)? — (R*)? x SO(3), (pa,,vay) = (TLapia,,TLava,, A1 As).

Now the trivialization T*SO(3) 2 SO(3) xs0(3)* by left translation may be used to write the
Poisson bracket on (R?)? x SO(3) in matrix form. Let f and h be two functions on (R%)?2 x
SO(3), and temporarily write p = (n;, A). Then one computes as follows:

{/,h}(p) = —(m1,[d1f(p),dih(p)]) — (72, [d2f(p), d2h(P)])
= (d3f(p), TRad1h(p) — TLadh(p))
+ (d3h(p), TRad1 f(p) — T Lad2f(p))
= —(m,[di f(p), drh(p)]) — (m2,[d2f(p), d2h(p)])
—{dsf(p), TLaAd g4—1d1h(p) — T L ad2h(p))
+ (d3h(A), TLaAds-1d; f(p) — TLad, f(p))
= -1 (d1f(p) x dih(p)) — 72 (d2f(p) x d2h(p))
~dsf(p)- (A" d1h(p) — d2h(p))
+ d3h(p) - (A7'd1 f(p) — d2f(p))
= dif(p)- (m x dih(p)) +d2f(p) - (T2 X d2h(p))
—daf(p)- A'dyh(p) + dsf(p) - d2h(p)
+ dsh(p) - A'dy f(p) — dsh(p) - d f(p)
= dyf(p)'mi"dih(p) + do f(p)'ma"dh(p)
—d3f(p)tA'dih(p) + d3 f(p)'d2h(p)
+d1 f(p)' Adsh(p) - d2 f(p)'d3h(p)
= df(p)' N(ry, o, A)dh(p),

where II is the 9 x 9 matrix

71'1/\ 0 A
H(?Tl,’/l'g,/-l) = 0 71'2/\ —1Id
—-At 1d 0

This completes the computation of the Poisson bracket on the Poisson reduced phase
space (R%)? x SO(3).

As an application of this form, the IIamiltonian vector field of a function f may
be computed as follows: if h is an arbitrary function, then

dh(p) X ;(p) = {h, f}(p) = dh(p)'L(p)d f(p),
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so that

X 1(p) = (p)df(p)-
For yet another application, the symplectic leaves of the reduced phase space are easily
determined: By simple row and column operations, the rank of Il{7;, 72, A) is found to be 8
if 1, + Amg #£ 0 and 6 otherwise:

71'1/\ 0 A 71'1/\ 0 A
0 71'2/\ -1d — 7T2AAt 0 —Id —
—At 1Id 0 0 Id 0
N+ Amr A 0 A (my+ Am)® 0 0
0 0 —-Id | — 0 Id 0
0 Id 0 0 0 Id

The momentum map for the SO(3) action on momentum phase space is A;m; + Apmg, so a
Casimir for the reduced phase space is ¢; = |71 4 Amq|%. Indeed, this can be verified directly
by computing that
T+ Amy
dey(my,m2, A) = Almy+ 7y |,
—(Atﬂ'l) X o
and then X, = 0 by matrix multiplication with II. As the level sets of ¢; arc connected
imbedded submanifolds which are everywhere the same dimension as the rank of II, the
level sets of ¢; are exactly the symplectic leaves of the reduced phase space.
In a similar way, the map

7:TSO(3)% — (R*)? x SO(3), (A, A;) — ((AlA1)Y, A1t 4y)
may be used to identify the quotient 7.S0(3)?/S0(3) with (R®)? x SO(3), and so induces

the maps
E:(R*)?x SO(3) - R, FL:(R%*?x SO(3) — (R*)? x SO(3),
which are easily calculated: note that 7(Id, A, ;" AQx") = (Q,Q2, 4), so
E(Q:, A) = E(Id, A, 0", AQN),  FL(Q:, A) = FL(Id, A, Q,, AQ,).

For the computation of E, use any of the forms for the total energy in terms of the an-
gular velocities, and for FL, since FL is fiber preserving, there exist 7,7, € R® such
that FL(Id, A, Qq, AQy) = (71, T*L g4-172). Then for arbitrary wy, wy € R3

[wlt wf][;;} = mp-wp+ T we
= (FL(Id,A,Ql,AQQ),(Id,A,wl,Aw2)>
d
= - L(Id, A, Ql + twl,AQg + tAUJQ)
dt t=0
_ d 1 t t t t Ql + twy
= il [ Qb+ tw b Qot + twsy ]J(A) O + 1w

= [wlt wgt]J(A)[g;},
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so that
FL(R4, 0, A) = (J(A) [ g; } ,A) .

Suppose J(A) is invertible for all A € SO(3); for example, J; and J, positive definite will
imply this. Then FL is a diffeomorphism,

FL = (my, 7, A) = (J(A)-1 [ :; } ,A) :

and

}_I(ﬂ'laﬂ'?’A) = 1(71'1371'27‘4)

[ al) e [3])

mat | J(A)~? [m ]

il
= N = by
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Chapter 2

Axially Symmetric Identical
Bodies

The compact expressions obtained for the Lagrangian of two coupled rigid bodies
hide some complexity. Indeed, even after we observe that the matrices J; may be assumed
diagonal by choice of the reference configuration, there remain 12 parameters. Worse yet,
computations involving the evolution vector fields necessitate the computation of J(A)™*
and its derivatives. The subject of this chapter is the case of maximal symmetry which
is still nontrivial: the (5')%.-symmetric case where the bodies are identical. Specifically,
assume the following:

e 1 =L Y1, Iis diagonal, and I'! = 122,
o d; = dy & k.

This is the general identical body (S!)?-symmetric case, since one may always arrange the
initial configuration so that the axes of the bodies are along k.
We begin by consolidating the parameters in the Lagrangian. Define

1 0 0
def 27!t def €l? > def
a2111_+_[33_+_€l27 /82111_+_133_+_€l2’ J = 010 (1)

0 0 «a

Then,

1 - 1 ~
L=(" 4% 4 a?) (§Qlﬂml F 20470, — Bk x ©1) - Aok x m)) ,
and

J(A) = (I + 1P+ d?) ( J Bl AR ) .

Bk ALRN J
The nonzero multiplier of L and J(A) merely reparameterizes evolution curves, and so may

be discarded for the purpose of analyzing the dynamics. Thus, the number of paranieters
in the Lagrangian is reduced to two, just « and 3.
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Not every choice of « and 3 corresponds to a physically reasonable Lagrangian,
which we take to be a Lagrangian obtained from parameters in the set

PSE (I 13,ed?) | 1M > 0,1 > 0,e? >0}
The equations (1) defining @ and 3 map PS onto the triangular set
PS" = {(a,8) |2 > 0,8> 0,0 +28< 2},
Indeed, 0 < @ <2 and 0 < # <1 are obvious, and a small amount of algebra shows
"2 - a-2p) = [*a,
s02—a—28>0or I'' = 0. In the latter case, o = 0, so
2-a-28=21-8)>0

as well, which shows that equations (1) map PS into PS’. They also map onto PS’: a right
inverse is

_a—. el? = L’ 733
2 —a- 25 2— - 23
2—-a-20=0: M=qa, d?=2-0a, I*=0.

2—a-28#0: I'"= =1,

In addition to these constraints on « and (3, the determinant of the matrix J(A) is
det J(A) = a? BH(1 - (A,

so FL is a diffeomorphism only for a # 0 and 3 # 1. In this chapter, then,

1 ~ 1 ~
= §QltJQI + §QgtJQZ — ﬁAl(k X Ql) . Ag(k X QQ)

J Bk AkN
a>0, >0, a+28<2

Some intuition on the meaning of a and § may be obtained by examining the
boundary of the set PS’:

e a=0,8=1. Then I'' = I®3 = 0, so this is the case of two point masses coupled by
massless rods.

e a=0,8#1. Then I'' = 0 while I*® # 0. Both bodies are rods with zero diameter.

e a+28=2,a#0. Then I>® = 0 while /' # 0. Both bodies are two disks of zero
thickness coupled by massless rods through the centers of the disks.

e 3 =10. Then €/? = 0; the spherical joint lies at the center of mass, so no torque is
exerted by the joint, and the bodies are uncoupled.

Owing to these observations, § will be called the coupling constant.
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Relative Equilibria

Our first task will be to find the relative equilibria in the (S1)2-symmetric, identical
body case by solving equations of proposition (1.2). Let us say that two relative equilibria
are equivalent if they lie in the same group orbit. Searching for the relative equilibria on a
set which intersects each group orbit only once is an efficient way to prevent consideration of
different relative equilibria that are equivalent. Thus, the following proposition is relevant;
the idea is that the group action can be used to represent a point in phase space by just a
joint angle plus velocities, as long as the bodies are not overlapped or opposed, in which case
some velocities belong to the same orbit. To avoid indices upon indices in large expressions,

write
U1 wq
def def
0 = v2 1, 2y = ()
U3 w3

Proposition 1.

1. Let M be the union of the disjoint subsets of phase space T SO(3)?

My def (Id, exp(637), @1, Q2) | 0<@<m},

My ¥ {(1d,1d,9Q,,95) | v1 > 0,0, =0},

My € {(1d,1d,Q1,Q2) | 1 = vy = 0,w; > 0,wy =0},

Mgy & { (1d,1d, 24, 9Q) | v = vg = wy = wy = 0},

My = { (1d,exp(r3"), Q1, Q) | v1 > 0,02 =0},

Mo ™ { (14, exp(r3"), 1, D) | 01 = 2 = 0,0y > 0, = 0},
Moz = { (Id, exp(73"), 1, Q) | o1 = vy = wy =wy =0 }.

Then M intersects each SO(3) x (S1)? orbit ezactly once.
2. Let M’ be the union of the disjoint subsets of configuration space SO(3)?
ML= (1d, exp(85™)) |0<f<n},

M= { (1d,1d) },
My = { (1d, exp(r5")) }.

Then M’ intersects each SO(3) x (S')? orbit ezactly once.

Proof. First, each orbit intersects M at least once: from lemma (1.1), the SO(3) x (S1)? ac-
tion is

(B,61,02) - (Ai, ) = (BA; exp(—0;k"™), exp(6:k™)(Y;).

Parameterize A,'A, by Euler angles ¢, ¢q, ¢3:

A1 Ay = exp(¢1k”) exp(¢25") exp(gsk”).
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Then
(exp(—p1k™)Art, =1, ¢3) - (Ai, Qi) = (Id, exp(h25"), exp(—d1k™)Qy, exp(d3k™)Qy),

so if ¢y # 0 and ¢ # 7 then the orbit of (A;, §2;) meets My, while otherwise this shows Ay =
Ay = Id or Ay = Id and Ay = exp(wj”) without loss of generality. These two cases are
similar, so assume the former. Note that, for arbitrary 4,

(exp(857),8,6) - (1d,1d, Q;) = (Id,1d, exp(8k™)S),

and that exp(8k™) is the rotation of angle § about k. Thus, if Q; is not parallel to k, then
there is a 8 so that the projection of exp(8k™); on the z,7 plane is aligned with Z, and
then the orbit of (Id,Id, Q;) meets M;. Similarly, if £ is parallel to k but 2 is not, then
the orbit meets Myy. Finally, if Q; and 2, are both parallel to k, then (4;,Q;) is already
in ]Vflll-

To show that each orbit meets M only once, note that the functions

Ark - Azk,  vi2 v, w4 wy?

are SO(3) x (51)% invariant and have distinct values on the M,,. Thercfore, the sets SO(3) x
(51)? . M, are disjoint, and one is reduced to showing that the orbit of a point in one of
the M, meets that same set only once. For the set My, suppose 0 < # < m, and that for
some 0 < 8 < 7 and Q; € R3,

(Ba 017 02) ) (Id> eXp(@jA), Qi)
= (Bexp(—6,k"), Bexp(63")exp(—02k"), exp(6;k")S;)
= (Id,exp(85"), ).

Then, by comparing the first components, B = exp(61k"), so the second components give
exp(8;1k”) exp(63") exp(—02k") = exp(65"),

which are two Euler angle representations of an element of SO(3) that is not a rotation
about k. Thus, exp(8;k") = Id and = 8, and the proof for the set My is complete. The
remaining M,, are even easier to deal with, the proof amounting just to the observation that
if one of the Q; is not parallel to k, then the rotation about k that aligns the projection of
that ; in the ¢, 5 plane with z is unique.

The second statement of the proposition is proved similarly. O

Concerning the proof of lemma (1), an attentive reader may have noticed that some points of
phase space and some configurations admit nontrivial isotropy by the action of SO(3)x(5')2.
It is vital to recognize the symmetry of points in phase space and coufiguration space:
Symmetric points of phase space are exactly the places that the constant levels of momentum
mappings cease to be locally Euclidean, and reduction fails to be well defined [2]. The
cotangent bundle reduction theorem [1] fails precisely at symmetric points of configuration
space, a fact which complicates the determination of the nonlinear stability of relative
equilibria overtop of symmetric configurations. Near symmetric configurations, the absence
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of a section to the group action prevents simple-minded approaches to obtaining group
invariant generating functions, and this in turn bears on the construction of momentum
preserving symplectic integrators. The following proposition identifies these interesting
points; the proof is an easy exercise in the use of Euler angles.
Proposition 2.
1. The set of points of phase space T'SO(3)? with nontrivial isotropy is the SO(3) x
(51)2 orbit of the set M1 U Maqgy. The isotropy group of an element in My is
Gy { (exp(9k™), —6,~0) | # € R} S,
while the isotropy group of an element in Myos s

G, ¥ { (exp(6k™),8,-8) | 6 € R} St.

2. The set of points of configuration space SO(3)? with nontrivial isotropy is the SO(3) x
(S1)2 orbit of the set My U M!,. The isotropy group of an element in M’ is G;.

The next proposition explicitly gives all the relative equilibria in A, and hence, by SO(3) x
(S1)? translation, all relative equilibria on the phase space T.SO(3)2.
Proposition 3. For typographical convenience, define the coefficient

(tatat der (L1 C08ts — 12)(Bta —vt1)
i N oty sin t3 '

Then for every triple t1,t2,t3 € R, the point (Id,exp(83), 01, Q2) calculated in the following
list is a relative equilibrium:

0=0,Q =t1k,Q =tk (2a)
0 =m,0 =t1k,Q =tk (2b)
0=0,Q =ti+tk,Qy=01; 0<ty (2¢)
=m0 =t1+tk,Q=-Q; 0< 1 (2d)
0 =1t3, 0 =t1k,Qy=tk; 0<tz < (2e)
0 =1t3, 0 =110 — 61120k, Qy = tor + K28k 1) £ 0,1, #0,0<t3 <1 (2f)
B=0,0=1t3,Q =t1k,Qy =ty(asintzr —costz k); l #0,0<t3< 7 (2g)
B=0,0=13,9 =t;(asintzt + costzk),Qy =tok; t1 #0,0< t3< 7 (2h)

No two distinct relative equilibria in this list are equivalent.

Proof. When restricted to M, and in the symmetric case being considered, the equa-
tions (1.1a)—(1.1c) and (1.2¢) of proposition (1.2) become

Qx (JQ + Bk Q) Ask) =0, (32)
Qx (4279 + F((Ak) - Q)k) =0, (3b)
Q- (kx Azk) =0, (3¢)

Ql = Q — O’]k, ( )

Q2 = 42'Q — 02k (3e)
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The task is to find all (A;,€;) € M such that there exist Q and o; with (3a)—(3e) satisfied.

There are three distinct cases:
Case 1. (A4;,Q;) € Mp. Then equation (3c) is
Q-kxexp(6jN)k=Q-7sin6 =0,

so (3c¢) is equivalent to Q-3 = 0, since sinf # 0 on My. By (3d) and (3e), it follows that
Vg = Wwg = 0:

’UQ:]"Ql:]"(Q—O'lk):O,
wy =3 Q=7 (exp(—=07")Q2—02k)=Q -5 =0.

Eliminating © from (3d) and (3e) yields A,Q5 — Q) = o1k — 03 A2k; that is

wy cos B + wzsin @ — vy ~0ogsin 8
0 = 0 ,
—wy sin @ + w3 cosf — v3 01 — O9cosl

which may be solved for o7 and o5:

V1 cos 0 — wn

g1 = —v3 s

sin 8
v; — wy cos f

gy = —w3 + -
sin €

By (3d), then,

vy cos f — w;

Q:QI+UIk:U1i+ k

sin 0

There remain equations (3a) and (3b). Notice that both vectors in the cross product in (3a)
are orthogonal to 7, so only the 3 component of that product can be nonzero. This compo-
nent is easily computed:

0 1 0

m 0 kQ
v+ B(k-Q)sind 0 avs+ B(k-Q)cosb

7 x (JU + B(k-Q)Agk)

= —avivs— (k-Q)(Bvicosf — v, — B(k-Q)sinb)
(v1 cos @ — wy )(Bwy — 1)
sin

= —avv3 — s

which shows equation (3a) may be replaced by

B (v1 cos 8 — wy)(fw; — 'Ul). (4)

asin 8

U103 =

Similarly, one uses (3e) and A," times (3b) to replace (3b) by

(wy cos 8 — vy )(Poy — wl)_ (5)

wyws = .
asin 6
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If 8 # 0, then (4) and (5) imply that v; = 0 if and only if wy; = 0. Thus, if 3 # 0, there are
two subcases: v1 = wy = 0, so (4) and (5) are satisfied for arbitrary vz and ws, and there
results (2e), or v1 # 0 and wy # 0, so (4) and (5) may be divided by v; and w; respectively,
and there results (2f). If 3 = 0 then one has these solutions, as well as two other subcases:
vy = 0 and wy # 0 or v; # 0 and wy = 0. For the former, (4) is satisfied and (5) yields

wy cos @

w3 = .
asind’

and so there results (2g). Similarly, the latter subcase results in (2h).

Case 2. (A;, Q) € My UMy U Mip;. Then equation (3c) is satisfied, since A, = Id. By
subtracting (3d) and (3e), and by observing that v, = 0 by definition of the M, (3d)
and (3e) may be replaced by

’01:’[01291, 1)3:93—-0'1, U)3IQB-—O'2. (6)
Thus, as in case (1), there remain (3a) and (3b), and only the j component of (3a) is

nonzero. Its value is, using (3d) to write Q in terms of ; and oy,

0 1 0
vy O v3 + 01 = v(va3(l — a = )+ a1(1 ~- B3)),
v 0 avs+ B(vs+ o1)

and similarly with (3b). Thus, (3a) and (3b) may be replaced by
vi(vs(1 —a=B)+ai(1-5)) =0, (7)
wy(ws(l —a = B) 4 g2(1 - 8)) = 0. (8)

Now from (6), either v; = w; = 0 or v; # 0 and w; # 0. The most general solution to the
former results in (2a), since (7) and (8) are satisfied, and (6) may be satisfied with arbitrary

vy and w3 by setting Q3 = 0, 01 = —v3 and 0, = —ws. The latter results in (2c¢): divide
(7) and (8) by v; and wy respectively and subtract the results to obtain

(1 =a—pB)(vs—ws3)+ (1-pB)(01—02)=0. 9)
Then by (6), v — w3 = —(oy — 02), so (9) gives a(vs — w3) = 0, which implies v = w3

and 01 = o2. Thus, the most general solution is obtained by choosing vs = w3 arbitrarily,
setting

01 =09 = ————7V
and then from (6)
av
Q3 = 01 + V3 = 3 .

Case 3. (A;, %) € My U Myy U Mago. In a way similar to case (2), equations (3a)—(3e) may
be replaced with the following analogues of (6), (7) and (8):
vlz_wlzﬂlv ’U3:Q:3_0'17 w3:_93_027
vi(v3(l =+ B)+o1(1+8)) =0,
wy(w3(1l — a4+ B) + oo(1+ B)) = 0.
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Then v; = w; = 0 gives the solution Q3 = 0,0, = —v3,09 = —ws, resulting in (2b), while
v1 # 0 and w; # 0 gives

87

145

a—p-1
1+p

01 = —02 = s, Q% = U3,

resulting in (2d). O

Remark. In [15] one finds an identical list with (2g) and (2h) omitted. That error is not
serious, for the 8 = 0 case is SO(3)? x (S')%-symmetric, so it would be unwise to deal with
(2g) and (2h) with the less symmetric SO(3) x (51)? techniques.

Remark. Let us call a relative equilibrium regular if its isotropy is discrete, otherwise it will
be degenerate, and call it symmetric if it has nontrivial isotropy. From proposition (2) it is
evident that the set of points of phase space which admit nontrivial continuous isotropy is
exactly the set of degenerate relative equilibria (2a) and (2b).

Interpreting these relative equilibria is not difficult. In the course of proving proposition (3),
at least one triple ,0; has been constructed for each relative equilibrium (A;, Q;). By
theorem (1.1), the Lie algebra elements 2, o; give the motion, which may be visualized by
thinking of Q as the axis of overall rotation with angular velocity ||, and o; as the spins
of the bodies. These important parameters are listed in the next proposition:

Proposition 4. In correspondence with the list of relative equilibria (2a)-(2h), the Lie algebra
elements ), 0; are

Ulz—tl,UQI—tQ,Q:O (103)
01:—t1,0'2:——t2,Q:0 (10b)
(a + /B - 1)t2 . at2
o1 = 03 =5 1t T (10c)
(a - ﬂ - 1)t2 . atg
g1 (o)} 1T /6 12+ 1+ ﬂ ( )
01 = —t1,09 = —13,02 =10 (106)
. ticosty — g
g1 = K,il_fgts,()'g = —K,?_tgs,ﬂ = tl’L Tk (].Of)
01 = —1t; —aty, 00 = (1 — a)tycosts, Q) = atk (10g)
01 = ~(1 - a)tycosts, o0 = —ty + aty,Q = aty exp(tzj )k (10h)

For rough intuition, the relative equilibria are as follows:

o Classes (10a),(10b) and (10e). The angle that the bodies make with the joint is arbi-
trary, they are both spinning, and there is no overall rotation.

o Class (10c). The bodies are aligned on top of one another, with identical spin, so they
rotate together as a unit, and the entire ensemble is rotating about some azis which is
tilted with respect to the body azes.
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o Class (10d). The bodies are aligned opposed to one another, with opposite spin, so
that they rotate together as a unit, and the entire ensemble is rotating about some azis
which is tilted with respect to the body azxes.

o Class (10f). The joint angle is arbitrary, the bodies are spinning, and there is some
overall rotation depending on the spin and the joint angle.

o Classes (10g) and (10h). Recall that a single azially symmetric rigid bodies’ general
motion consists of spinning while the symmetry azis precesses about some line in
space. The relative equilibria in the classes (10g) and (10h) consist of setting one of
the bodies in this state and the other body with arbitrary spin and azis of symmetry
along the precession axis of the first body.

Stability

Before considering the stability of the equilibria, we embark on a theoretical ex-
cursion. First, the meaning of stability itself: orbital stability of relative equilibria in
Hamiltonian systems with symmetry cannot be expected—loosely speaking, the motion
close to a relative equilibrium tends to drift in the direction of the isotropy group of the
momentum. The following is a weaker notion:

Definition 1. Let (P,w, H,G) be a Hamiltonian system with symmetry and let G' be a sub-
group of G. Then a relative equilibrium z. is called G'-stable, or stable modulo G',if for
all G' invariant open neighborhoods V of G'- z., there is an open neighborhood U C V of z.
which is invariant under the Hamiltonian evolution.

To avoid redundantly specifying the subgroup G’, we adopt the convention that a relative
equilibrium with momentum g is stable if it is G, stable. Also, if G’ is compact, then any
open neighborhood of G’ - z, contains a GG’ invariant open neighborhood of G’ - z. (use the
tube lemma of elementary topology [14]), so that in definition (1) the phrase “G’ invariant
open neighborhoods V” may be replaced with “open neighborhoods V7 in that case.

In the process of determining the stability of relative equilibria, the following easy
lemma is often useful:

Lemma 1. Let A and B be bilinear forms on a finite dimensional vector space. Suppose that
A s positive semidefinite and that B is positive definite on ker A. Then there ezists an
r > 0 such that A + €¢B is positive definite for all € € (0,r).

Proof. Let the vector space be E, let |-| be a norm on E, and write £ = E’ @ ker A. Then
A is positive definite on E’, so there is a constant ¢; > 0 such that

A(.’l?l,.’lfl) > Cl'$1|2 Vo, € E'.
Also choose M > 0 and ¢ > 0 so that

B(zg,12) > ca|z2|? Vg € ker A,
|B(z,y)| < Mlz|ly] Va,ye L.
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Then if z; € E' and z € ker A4,
(A + €B)(.T1 + T2, + .’L'Q) = A(.’El,.’l,'l) + €B(.’171,.’L‘1) + 26B(.’L‘1,$2) + €B(.’172,(L‘2)
c1lz1|? — eM|zy|? — 2eM|zy||z2] + €colzo)?

= (- eM)|z1|2 — 2eM|z1||z2] + ec2|z2|2.

v

Viewed as a quadratic polynomial in |z1] and |z;|, the discriminant of the last expression is
4 M? — 4(c1 — €M )ecy
= —4de(ereg — eM(M + ¢3)),

which is negative as long as € < ¢;eo/M(M + ¢;). O

Remark. The following alternative proof was suggested by Alan Weinstein: use bilinearity
to reduce the domains to a unit sphere in . Then use this fact: on a compact space S,
if f; + S — R is continuous and nonnegative and f; : § — R is continuous and positive
on f{1(0), then f; + €f2 is positive for all sufficiently small positive e.

The next result, inspired by the energy momentum method [13], gives sufficient conditions
for a relative equilibrium to be stable.

Theorem 1. Let (P,w, H,G,J) be a Hamiltonian system with symmetry. Suppose z. is a
regular relative equilibrium with evolution t — exp(&.t) - z., J(2e) = e, the action of G,
on P is proper, and g admits an inner product invariant under the Ad action of G, .
Then d(H — J¢,)(ze) = 0, and z. is stable if it is formally stable; that is, if d*(H — J¢, )(z.) |
T.,J 7 (i) is positive or negative definite on some (and hence any) complement to g, - z.
in Ty, J 7 (pe)-

Proof. That d(H — J¢,)(2ze) = 0 is a trivial computation using Xy (z.) = €.(z.). It is also
easy to see that the kernel of d*(H — J¢,)(ze) | T..J " (pe) contains g, - ze: if 7 € g,
and v € T,,J " (ue), then

d*(H — Je (7)) (n(ze),v) = d(i,d(H = Jg,))(2e)v
d{Je., Jn}
= dJ[ge,n](Ze)”
= 0.

Thus if d*(H — J¢,)(2.) is definite on one complement to g, - z. in T, J~!(p.), then it is
definite on any such complement.

Now for the proof that z. is stable. Obviously, the positive definite case may be
assumed without loss of generality. The proof is obtained by modifying I — J¢,, thereby
constructing a G, invariant function f in an open neighborhood of G, -z which has G/, -z,
as a manifold of critical points and positive definite Hessian in directions complementary
to G, -ze. The Morse lemma is then used on a submanifold tangent to these complementary
directions, and the proof is completed by establishing control on the time evolution of the
function f.

Since the action of GG, on P is proper, it admits a relatively compact slice at z;
that is, there is a submanifold § containing z. with compact closure and a map x from an
open neighborhood U,, of z. in G, - 2. to G,, such that:
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o If g2. = 2. then ¢S5 = 5.
e If gSNS #0 then gz, = z..

e The map x satisfies the following: x(z.) = Id, x(u)ze = u for all u € U,, and the map
U,, x§ — P by (u,z) — x(u) -z is a diffecomorphism from U, x S to some open
neighborhood of z..

Indeed, S may be constructed as follows: the isotropy group I,, of 2. in G, - z. is compact
since the G, action on P is proper. Thus, there is a Riemannian metric on P such that
the I, action is isometric. Then 5 can be set the the image under the metric exponential
map of a sufficiently small ball in the orthogonal complement of g, - z. (it is the second
property requires the assumption that the action is proper.)

Note that G, -5 is an open neighborhood of G, -z.. Construct 7 : G,-S — G, -z
by the requirement

m(g9z) = gz. Vze€ S,9€G,,.

The map 7 is well defined since if gz = ¢’z’ then (¢ 1¢’S)NS # 0, so g71¢’z. = z. and
hence gz, = ¢'z.. Also, 7 is smooth since, by the definition of a slice, it is locally just a
projection. Now every point in Gu.-zeisa regular relative equilibrium, so there is a smooth
function ¥ : G,, — g such that Xz (u) = ¥(u)(u); that is, the evolution of u € G,,, - z
is ¢+ exp(¥(u)t)u. It is immediate from this definition that ¥(gz) = Ad,¥(z) for all g €

G .; thus the map ¥ ¥ o 1 has this property too, since 7 intertwines the action of Gy,

To summarize, we have constructed a map ¥ : G, - § — g such that
U(gz) = Ady,¥(z) Vg € G, (11)
and
U(z) =&, Imagel =G, &, peo¥ = (pe.&e). (12)

Consider the function f; = H — Jy + (pte, &) — H(z.). First, f, is G,,, invariant:
if g € G, then

filgz) - fi(z) = (J(gz), ¥(g2)) — (J(2), ¥(x))
= (CoAdyJ(z),Ad,¥(z)) — (J(z),¥(z))

Also, d fi(z.) = 0: let ¢(t) be a curve at z. tangent to v € T,_ P. Then

dfi(ze)v = dH(ze)v—%tzou(c(t)),‘l!(c(t)))

dH(ze)v — (dJ(ze)v, ¥(2c)) — %‘t20<lte, T (c(t)))

1l

(fre, &)

t=0

[ (2o = d (0] —
= 0.

Il
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Additionally, define the function f; = |J — p.|?, where the norm is obtained from the
CoAd invariant inner product induced from the hypothesized Ad invariant inner product
on g. Obviously, f, shares with f; the properties that it is G, invariant and has zero
derivative at z,. Now let Y be a complement to T, J~(u.) in 15, 95; that is, suppose

def

T8 =T, SNT.,J ()@Y = ZaY.

Then Z is a complement to g, - ze in T;,J~1(y.) and one computes that f; and H — Je,
differ be a constant on S, so by hypothesis d*( f1]5)(z.) is positive definite on Z. Moreover,
d*( f2|5)(ze) is positive semidefinite and has kernel Z. Thus, by lemma (1), thereis an a € R
such that f = af; + fo has d*(f|S)(2.) positive definite.

Then, given a G, invariant neighborhood V of G, - 2z, one can use the Morse
lemma, and perhaps shrink ., to find an € > 0 such that f > 0 on S and
f70,9nscv, (13)
Clp(f10,)n S) C S. (14)
Concerning the time evolution of f, there is the following estimate: if F} is the Hamiltonian
flow, if z € 5, and if Fy(z) € G, - S, then
FF(2) = f(2) = Ju(F(2)) - Ju(z)
= (J(Fi(2)), ¥ (F(2))) - (J(2), ¥(2))
= (J(2) = pe; ¥ (Fi(2)) = ¥(2)) + (e, Y (Fu(2))) — (pre, ¥(2))
= (J(2) = e, Y (Fi(2)) — ¥(2)),
since the evaluation of p on the image of ¥ is (u,,&.). Thus,
0< f(Fi(2) < f(2)+[(J(2) = pe, ¥ (Fi(2)) = ¥(2))]
F(Z)+|7(2) = el (W (E(2))] + |¥(2)])
= J(2) + 20|l (2) — pel (15)

By continuity of f and J, there is some neighborhood S/ C § of z. such that ]f(z)| < €/2
and |J(z) — pe| < €/4]€| on §’. The proof will be complete if it is shown that

IA

Fi(8)C fY0,nG,, -5 < A, (16)

for then U = U, Fi(G,. - S') C A C V, by (13) and G,,, invariance of everything in sight,
and U is invariant under the Hamiltonian flow. To show (16), suppose it is false for some
positive t. Then for some z € §’,

ty Esup{t|F(z)e A Vs<t} < oo

Obviously, uy ! Fi,(z) ¢ A; otherwise, since A is open, Fi(z) would be contained in A
for a time longer than ty. On the other hand, uy € ClpA, since t; is the smallest time of
escape from A. Thus, there are sequences z; € S and g; € G, such that g;2; — uy. Since
S is relatively compact, one may assume z; — z € ClpS, and then since &, acts properly,
some subsequence of g; converges, so one may assume g; — ¢ € G,,. Using (15), f(z) < ¢,
and then using (14) gives z € S. Thus, uy = gz € A, a contradiction. The proof that (16)
is true for ¢ negative is similar. O
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Remark. The conclusion that d(H — J¢,)(z.), and the definition of formal stability are, of
course, not predicated on the assumption that G, acts properly or on the existence of an
Ad invariant inner product.

Remark. At a regular relative equilibrium, the Marsden-Weinstein reduction is well defined,
at least locally, and z. passes to an equilibrium there. Formal stability is equivalent to the
Hessian of the reduced Hamiltonian being positive or negative definite at that equilibrium:
to see this simply use a small section to the G, action through z, and within J='(p.)/G,.
as an open neighborhood of the equilibrium in the reduced space.

Remark. The same conclusion follows if the hypotheses are verified with the Hamiltonian H
replaced by any G, invariant conserved quantity with the same derivative as H at the
relative equilibrium.

When applied to simple mechanical systems with symmetry, theorem (1) is quite inefficient,
since it fails to recognize a fact known a priori: that the kinetic energy is positive. Account-
ing for this reduces the size of the Hessian to be considered by a factor of two when the
symmetry group is Abelian, though somewhat less when it is not. In a further refinement
known as block diagonalization, part of the Hessian may be related to a new Lagrangian
system obtained from the original one by “locking” the “internal” degrees of freedom. This
last nuance is not very helpful for the system of two coupled rigid bodies, but is provided
here for its intrinsic interest.

Consider, then, the simple mechanical system with symmetry (Q,G,V). Recall
the following basic notations [1]:

o Let A ={qeQ|&w &4q)is not injective }; A will be called the set of symmetric
configurations. Then A is closed and G invariant, and so @ \ A is a G invariant open
submanifold of Q.

e Given p € g*, define the one form 3, on Q \ A by

Busn(q)) = (u,m)  Vneg,
</Bu7vq> li_ifo V’Uq J_gq

Although defined differently, this one form corresponds the the one form «,, of [1:343].
The one form j, is G, invariant.

o The locked inertia tensor I is the () dependent bilinear form on g given by

I(q)(ms 1) = {m(q), m2(4))-
For ¢ ¢ A, I(q) is an inner product.
e Given p, the effective, or amended potential is the smooth function V, : Q \ A —= R
|2

. 1 1
Vi Ly §|ﬁu =V + §|[L’§(q).

From G, invariance of 3, and V, it follows that V), is G, invariant.
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Having dealt with this elementary jargon, the cotangent bundle reduction theorem
may now be used to replace the function H — J¢, with V,,_, when considering the stability
of a relative equilibrium whose base point does not lie in the set A.

Theorem 2. Let z, € T*Q with base point g ¢ A and momentum y.. Then z. is a relative
equilibrium if and only if z. = B,.(q.) and dV, (¢.) = 0. If z. is a relative equilibrium
[and dim Q = dim G] then z. is formally stable if and only if d*V,, (z.) is positive definite
[definite], on one (and hence any) complement to g, - qe n Ty Q.

Proof. For the sake of clarity, the proof will be presented under the additional hypotheses
that the quotient /G, exists and that p. is a regular value of J; if not, then ¢. ¢
A validates the use of local analogues to both Q/G,, and to the constructions below.

Recall the cotangent bundle reduction theorem: Denoting the annihilator of a
vector subspace by ©, there is a vector bundle map ¥ : g,, - Q° — T*(Q/G,.) defined by
the equation

(U(ag), Tmvg) = (ag, vy),

where 7 : @ — @Q/G,, is the projection. This ¥ is a linear isometry on each fiber,
by definition of the metric on the fibers of the bundle T%Q/G,.). The fiber transla-
tion a, — ag — B,.(q) is a bijection between J~ (i) and g - Q°, which is a subbundle
of g,..-Q°. Composing this fiber translation with ¥ establishes a quotient map for the G, ac-
tion on J~!(y.), and hence identifies the reduced space J~*(u.)/G,, with a subbundle P
of THQ/G,.). Note that the fibers of P have dimension zero if and only if dim Q@ = dim G.

If oy € J7'(u.), then o, — 8,.(q) is the orthogonal projection of a; on g - Q°,

and 8,..(¢) € (g-Q1)° = (g-Q°)*, so

H(ag) = %|aq|2+V(q)
= 510y = Bul@P + 5180 (@ + V(0)
- %l‘l’(aq - ﬂue(‘I))lz + Vi (9).

From this, the Hamiltonian on P becomes (&q — 1ag? + Vue((j)) |P, where V,, is the
function on THQ/G,.) induced by V,_ . Thus, 2z is a relative equilibrium if and only
if U(z, ~ Bu.(g)) = 0 is an equilibrium of the reduced dynamics, that is, if and only
if ¥(2e —B,.(q)) = 0 and G, = 7(q.) is a critical point of V,_, and then z, is formally stable
if and only if d?V,,_(q.) is positive definite [definite if the fibers of P have dimension zero].
The statements in the theorem now follow from the fact that ¥ has trivial kernel and that
V... is G, invariant. O

Given ¢q € A, define the locked system at g as follows: immerse G'in @ by ¢(¢) = g¢
and consider the system constrained to the submanifold ¢(G). The Lagrangian becomes

IL(TLy) = L(T:TL,y)
1
= SIT®Tenl* +V(gge)
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= Sin(ao)l*+ V(a)

= LT+ Vi),

Apply theorem (2) to this new mechanical system; call the corresponding one form and
amended potential 3,, and V, respectively. Since ¢ is an isometric immersion which inter-
twines left multiplication and ®, and since g-@ is ¢ invariant, it follows that ﬁue =4*0,. and
hence Vue = ¢*V,,. Thus, if ¢. is a critical point for V,,_, then Id is a critical point for V,

and if d?V,,,(q.) is deﬁmte, then so is d2V,,,(Id). This proves the following proposition:

Proposition 5. A relative equilibrium for the original system is a relative equilibrium for the
system locked at the equilibrium configuration. If the locked system is not formally stable at
the relative equilibrium, then neither is the relative equilibrium of the original system.

Remark. This innocuous result gives an interesting insight: consider any system of two or
more rigid bodies coupled by any joints whatever and in a state of relative equilibrium
corresponding to the spatial action of SO(3). Then the locked system is exactly the me-
chanical system of a single rigid body obtained by fixing the joint degrees of freedom, and
the motion must be a rotation about a principle axis of inertia thereby obtained; moreover,
this rotation must be about the shortest principle axis of inertia for the relative equilibrium
to be formally stable.

Now suppose the relative equilibrium for the locked system is formally stable. If dim @ =
dim G then this is equivalent to formal stability of the original system, and the sub-
space VinT below is trivial. Otherwise, choose a subspace Z; complementary to g,, in g, and
set Vrig = 71 - qe Choose a complement Zo to Ty (G, - ¢e) in quQ which contains Vgriqg.
Then d?V, (2) and V,,, = *V,,, so

VinT = {U € 74 l dQVue(qe)(U,w) =0 Vwe& Vrig }

complements VRrig in Z;. Note that VinT is a complement to T, (G - ¢.). This discussion
thus proves the following proposition:

Proposition 6. Let the locked system be formally stable at the relative equilibrium. Then
there is a subspace ViNT complementary to T, (G - q.) such that the original system is stable
at the relative equilibrium if and only if d*V,,, (q.)|VINT is positive definite.

Remark. Since the derivative of the potential in the direction of the group action is zcro,
dQVue(qe)(v,n(qe)) has an expression solely in term of derivatives of the locked inertia
tensor [29]. Thus, proposition (6) can acquire practical use, in that information about VinT
may be obtained without first computing the full Hessian d?V;,

Remark. The cotangent bundle reduction theorem also specifies the symplectic form as
being the canonical symplectic form on T*(Q/G,,) plus a “magnetic” term [1]. Morcover,
the decomposition (after fiber translation by a,, ) into vertical and horizontal components,
refined by the split into Vit and Vmig, may be lifted to give a basis of T,, T*Q. These
ideas pursued result in a basis at z, in which both the Ilessian d®H, and the canonical
symplectic form on T*Q have a remarkably simple structure [29].
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Figure 1: The zero sets of p®

This much theory is sufficient to determine the stability of the relative equilibria (2e)
and (2f). The proof in the case of class (2f) relies on information about a certain poly-
nomial, which we collect in a separate lemma:

Lemma 2.

1. For 0 < B < 1, the quadratic $2* — 22+ 3 has ezactly two roots—namely {, and 1/(,,
where
p

I+ /1-5

a¥
4

2. For 0 < 3 < 1, the cubic
nE (2 - B%)2° -3822 4382 -1
has ezactly one root, say (o, and furthermore,

0<Gi<B <<, (17)

3. If 8 =0, the polynomial

pR(z,t) = =221 = (B2 — 224 P)? - 282(27 — 282+ 1)
+ B25 — 4822°% + (4 + 38%) 821 — 2(1 + 35%)2°
+ (4 +358%)32% — 45%2 + 8.

is zero exactly on the linest = 1 and 2 = 0. When 8 # 0 andt € (—1,1), p?(z,t) is
strictly positive for all z € (=00, (3)U(1/(2,00). Moreover, the set of zeros (z,t) of p®
with z € [(2,1/(2) is a continuous one dimensional submanifold Zg that is accurately
represented in figure (1), in that:

o 23 is entirely contained in the rectangle [(2,1/(2) X (=1, 1] and meets the boundary
of this rectangle ezactly at the points (1,1), ((2,(2) and (1/(2,(2).
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o 23 meets each vertical line above the interval ((2,1/(3) exactly twice.

e Zj contains the point (1,(38 —1)/(8+1)).

Proof. This proof is supported by the MAPLE symbolic manipulator through [26]. The first
statement and the fact that {; < J are grade school verifications. For the second statement,
the derivative of the polynomial p; is a quadratic in z with discriminant —368%(1 — §?),
so p; has exactly one root, say (2, and since the leading coefficient of p; is positive, p; is
negative to the left and positive to the right of {;, so the evaluation p1(1) = 2(1 — 5%) > 0
shows (3 < 1. Also, the evaluation p;(8) = —G(1 — 3?)? shows 3 < (.

Now the proof that p2(z,t) > 0 for t € (—1,1) and z € (—00,(2) U (1/{s,00) is
immediate from the following two observations:

e p®(2,t) > 0 for z € (—00,(1JU[1/(1,00) and t € (—1,1): Indeed, for 322 -2z +3 >0
(that is for z € (—00,(1)U(1/(1,00)), p® is a concave down quadratic polynomial in ¢
and

p2(2,1) =z - 1322 - 282+ 1)? > 0,
p2(z,—1) = Bz + 1)}z - 262+ 1)2 > 0,

so p®(2,t) > 0 for z in the union of these two open intervals. Moreover, by substitut-
ing 8 = 2¢/(1+ ¢?) into p?,

2G(1 = -2Gt+1
P (G t) = Gt (/1) = u %l)wgéf)f% Wrl)

as required.

o p2(2,t) # 0 for z € (¢1,¢2) U (1/{2,1/¢1) and ¢ € (—1,1): The discriminant of the
quadratic p® is 42°(z — 8)(8z — 1)p1(2)p1(1/z), and this is nonnegative exactly on the
intervals (—oc, 8], [¢2,1/(] and [1/8,0), so p® has no zeros over the intervals (3, (2)
and (1/(3,1/8). Moreover, by solving the quadratic, the zero set of p® over ({1, ]
is the union of the graphs of two continuous functions, both graphs containing the
point z = 8, t = 1/, since

p2(8,t) = B(1 - 5*)(1 - Bt),
and furthermore, since
p2(2,1) = Bz ~ 1)*(2* = 202+ 1)?,

the zero set of pA never crosses the line ¢t = 1 on the interval ({;,3]. Therefore,
p®(2,t) does not vanish for z € ((1,] and t € (=1,1), and similarly with the inter-
val [1/8,1/(;). Therefore, p®(z,t) does not vanish for z € ((1,(2) and t € (—1,1),
since the interval ((i,(2) is the union of the two intervals ({1,0] and (8,(,), and
similarly with the interval (1/(,,1/(1), as required.
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As the discriminant of the quadratic p® is nonnegative on the interval [(y, 1/(s]
and zero only at 2 = (3 or z = 1/(3, the set Z3 is the union of the graphs of two continuous
functions which are smooth on ({2,1/{z) and meet exactly once at z = (3 and z = 1/(s.
Therefore, Zg is a continuous one dimensional submanifold, and moreover Zz meets each
vertical line over ({2, 1/(z) exactly twice and meets each of the vertical lines z = (3 and z =
1/(, exactly once; these lines meet Zg at their respective z values and ¢t = (; since

pA(2,2) = =(1 = 2%)(1 = B2)pa(2) and p2(z,1/2) = 2°(1 = 2%)(z ~ B)p(1/2).

That Z3 contains the points (1,1) and (1, (38—1)/(8+1)) is simply a matter of substituting
these values in p® and verifying that the result is zero.
To complete the proof, it remains to be shown that Z3 is below the line ¢t = 1

and above the line t = —1. For the former, note that Z3 is topologically a circle, and so
Z3\ {(1,1)} is connected and does not meet the line ¢ = 1. For the latter, note that the
connected set Zg never meets the line t = —1, since

p2(z,—1) = Bz + 1)(2? — 282 + 1),
which is not zero on the interval [(2,1/(;]. O

Proposition 7.
1. The relative equilibria (2e) are formally stable if and only if t1 # 0 and t; # 0.

2. The relative equilibria (2f) are formally stable if and only if 8 # 0 and Bt;? — 2tyt2 +
Btz* > 0.

Proof. With the the standard basis of so(3) x R2, and left translating vectors on the con-
figuration space SO(3)? to the identity, equation (1.3) shows that the map taking elements
of 50(3) x R? to infinitesimal generators of the SO(3) x (51)? action may be represented by
the 6 x 5, SO(3)? dependent matrix

(18)

a| AP -k 0
IGN(AlvAz)d:{[A;t 0 —k}'

Then the locked inertia tensor is the 5 x 5, SO(3)? dependent matrix
I(Al, Ag) = IGN(AI, Ag)tJ(Al_lAg)IGN(Al, Ag),

and the amended potential is

1 _
V. = -Q—petI(Al,Ag) Lie.

Use the standard basis {e)} of 50(3)? = RS to form the 6-vector of 5 x 5 matrices I’ by

, d
Ik(Ala A?) = d_t I((Ala A?) ' exp(tek/\)),

t=0
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and the 6 x 6 array of 5 X 5 matrices I"”

d
I{(Ay, Ag) =

= - I.((Ay, A2) - exp(te;™)).

t=0

Then noting that pe = I(ge)&., the Hessian of the amended potential at the relative equi-
librium is

_ - 1 _ _
([@Vin@)],, = p T T e = S T T e

1
= &ULTL - §Ikl”)£e-

Theorem (2} and proposition (6) then suggest that the Hessian of V,,, be computed
on a basis of g - ¢. extended to a basis of T;,, ) in a way such that the first dim G, vectors
span g, - ge. The the Hessian will be zero in the first dim G, rows and columns, and have
a middle 2 x 2 submatrix that is the Hessian for the locked system. In the case at hand,
this basis in constructed as follows: First,

1 0 0 0 0]
0 1 0 0 0
. 0 0 1 -1 0
AVY —
IGN(1d, exp(t35")) = costs 0 sints 0 0]’
0 1 0 0 0
| —sints3 0 costs 0 -1 ]
so that a quick look at the columns of IGN shows that the vector
t
(010000 (19)

complements g - g, regardless of anything else, hence this vector may always be used as the
last vector of the basis. If all of the first three components of u. are zero (that is, if the
total angular momentum is zero),then G,, is the full symmetry group SO(3) x (S1)?, so
one need only look at the Hessian restricted to the subspace spanned by (19). Otherwise,
a basis of g,,, is

[0 001 o]t,
[0 000 1]t,
[Nel pe® pe® 0 O]t- (20)

In fact, the second component of u. is zero, because at a relative equilibrium the body axes
and the total rotation vector are co-planar, so the two vectors

[ —n 0wt 0 0],

[0 100 0],
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complete the basis of the vectors (20) to a basis of g. Then multiplying this basis of g
by I(q.) gives a basis of g - g which forms the first 5 vectors of the basis of T, Q. As it
turns out, the Hessian achieves the form

'000000}

000 O 0 0

000 0 0 0

000 R 0 0 |’ (21)
0 0 0 0 K% hS

[ 0 0 0 0 R AO6 |

so necessary and sufficient conditions for formal stability are
R >0, R >0, A= RPRS —(h56)? 0. (22)

Set in this way, the computation has been performed by the MAPLE symbolic ma-
nipulator [4]. For the class (2e) relative equilibria [20], total angular momentum at the
relative equilibria is zero if and only if £, = ¢ = 0, in which case the relative equilibrium is
not formally stable, since the Hessian is zero. Otherwise, these relative equilibria are stable,
since

o a*(th2 4 201t5 costy + 152)°

K =
1 — Bcosts ’
155 _ g2t 211tz + b5
-5
DL
(1-5%)

For the class (2f) relative equilibria [21], set z = ¢;/t; and ¢ = cos(t3), so z # 0
and -1 < ¢ < 1, and then it is required to show that these relative equilibria are stable if
and only if

B#0, p22-224082>0. (23)

The magnitude of the total angular momentum is

122(B22 — 22 + B)2(2% — 22t + 1)
(1—12)22 ’

which is zero if and only if 822 — 22 + 8 = 0, and the Hessian on the span of the single
vector (19) at ¢; and 1/(; is
Aty(¢F - 1)
(L=22) (¢ + 1)
and 1/(? respectively, so the relative equilibria (2f) are stable when the total angular mo-

mentum is zero. Note that 822 — 224+ 8 # 0,as 3 = 0 and 822 — 22+ 8 = 0 simultancously
is impossible, since z # 0.
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When the total angular momentum is non-zero (that is, when 322 — 2z + 38 # 0),

one has
paa _ B2 (B2% = 22+ p)°(27 — 22t +1)°
= z4(1—t2)2(1—ﬂt) )
135 — 26,2 (322 = 22+ B) 4
= z2(1 _ t2)(1 _ 132) )2
_ 44 (B22 =224 ) A
A= 22(1 _ t2)2(1 _ 162)1) 9
where

PP (2,t) T =221 Nt 4 B2t — (1438722 + 6822~ (14+38%)2+ 8,  (24)

and p® is as in lemma (2). The factor (32%2—22+ )3 of h** shows that (23) are necessary for
formal stability. The conditions (23) are also sufficient for formal stability: assuming (23)
obviously gives h** > 0, and further, h°® > 0 and A > 0 for —1 < ¢t < 1 if and only if
p%® > 0and p® > 0for —1 <t < 1. Now p® > 0 for —1 < ¢ < 1 by lemma (2), and p*® is a
linear polynomial in ¢ with negative slope so it suffices to show that the quartic in 2

p(2,1) = B2 — (14+36%)2° + 2(6% + 38 - 1)2* — (14 38%)2 + 8
is positive off the interval [(},1/(,]. Indeed, p®3(z,1) = 22p°3(2z + 1/2), where
7°°(z) E Bz? — (1+ 3%z +2(8% + 26 - 1),

so it is enough to check that p°*(0,1) > 0 and p°° is positive on the union of inter-
vals (—o0, —2]U[2/8, o), since {; + 1/{; = 2/B. But this is immediate, since p*3(0,1) = 3,
and $°° is a concave up quadratic polynomial, and

2

ﬁ(l—ﬂ)2(1+ﬂ)-

P°(-2)=86(14+8) >0, p°(0)=(B+1)*-2<0, 5°°(2/B8)
O

Remark. Conditions (23) admit the following interpretation: let §; be the angle from the
axis of overall rotation 2 to the axis of body ¢, measured in the same sense (for example,
as right handed rotations about the cross product of the axis of body 1 and Q). Then,
from (2f), and since the axis of body 1 is along k, while that of body 2 is along exp(¢35"),

sin 6 7-Qxk _ b

= - — = — = 2.
sinfy  j-Q xexp(tzg") 2

Then (23) become 8 # 0 and
in 8 in6 14 +/1—-p32
kAN b or =l + 5 , (25)
sinf, 14 /1- /2 sin @y I}

inequalities which bound the bodies away from the overlapped configuration characterized

by 01 = 02.
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While still regular, the classes (2¢) and (2d) reside at the symmetric overlapped or
opposed configurations respectively; that is these relative equilibria have base points in the
set A. Thus, theorem (2) is not directly applicable, although theorem (1) could be used.
Since they are regular, the total angular momentum is not along the bodies’ mutual axes
of symmetry, so GG,,, will in fact act freely on configuration space in these cases. This raises
the possibility of using (2) with the action of G, instead of the entire group. Since the
level set of the momentum map for the smaller group action contains that of the larger one,
the notion of formal stability is stronger in the former situation than in the latter; that is,
the test for formal stability associated to the G, action is not necessarily sharp. In fact,
this is not a problem for the system of two coupled rigid bodies, because of the following
proposition:

Proposition 8.

1. Let (P,w,H,G,J) be a Hamiltonian system with symmetry and let z, be a regular
relative equilibrium with evolution t — exp(&.t) and momentum p.. If z. is formally
stable for the G, action, then it is formally stable for the G action. If z. if formally
stable for the G action, with positive [negative] definite Hessian at z., and if the
symmetric bilinear form

(771’ 772) = <Nea [771> [gea 772]])

is positive [negative] definite on one (and hence any) complement to g,,, then z. is
formally stable for the G, action.

2. More specifically, suppose (Q,H,G) is a simple mechanical system with symmetry,
G = S0(3)" x A where n > 0 and A is Abelian, and dim Q # dimG. Then z is
formally stable for the G action if and only if it is formally stable for the G, action.

Proof. Note that
gu.={neg|pe ker(ad,*) }.

A momentum map for the G, action is J = 1* o J where ¢ : gu. — @ is the inclusion
and J(ze) = pe|gu. = fie. Also, the two augmented Hamiltonians H — Jg, and H — Jg, are
the same, since & € g,, by CoAd equivariance and conservation of momentum. Clearly,
there is no loss of generality in assuming the positive definite case.

Suppose z is formally stable for the action of G ... Then d*Hy, is positive definite
on a complement S C T, J '(ji.) to the G, action. Since J~'(u.) C J (&), SN
T,.J " '(pe) is a complement to the G, action in T,,J~'(g.), so z. is formally stable for
the action of G.

Now suppose z. is stable for the action of G. Again, there is a complement S C
T..J '(u.) to the G,, action on which d*H (2.) is positive definite. Take any comple-
ment Z to g,, in g and let 7' = Z - z.. The proof is completed as follows:

¢ SOT® gy, 2e = To, J ' (jic): First note SNT = 0: if n € Z and n(z.) € S then

d
= — t)ze
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d
= 2| CoAd(exp(nt), se)
dat t=0

= a*d:/lea
so n = 0 since ZNg, = 0. Obviously, §Ng,, -2z =0and T'Ng,, -2, = 0, so the following
dimension count proves this item:
dm(SOT D g, -2) = [dimP —dimG —dimG,,]
+ [dim G -~ dim G, ] + dim G,
= dim P —dim G,
= dim T, J ' (jic).

o H;, block diagonalizes on S® T: Let n € Z and v € §. Then

d*He (z0)(n(e),v) = (d(i,dHg,),v)
= (d(i,(dH — dJe,)),v)

= —{(d(i,dJ¢,),v)

<deeJ? (€),v)

since v € ker dJ(e).

o d%H(e) is positive definite on T: From the expression for d®Hy,(z.) just computed,

d*He (ze)(m(ze),m2(2e)) = —igpdJfe, (ze)
<ﬂe’[772a[£e’771]]>5

which is positive definite by hypothesis.

For the sake of clarity, we show the second statement in the case n = 1 and A4
trivial; the proof of the general case is not more difficult. If . = 0 then there is nothing to
prove, since G = G,,. If p. # 0, then £ # 0 since pe = I(zc)&., and £ = tu. since & € g,,. .
Moreover, t > 0 since

t|£e|§qe = tEe ' Ee = <:u'ev£e>]qe = |:u'|%qe'

Then the bilinear form above, evaluated on the orthogonal complement to £, with respect
the R® inner product, not the I(g.) inner product, is

(m,m2) — t&- (m x (€ X m2))
= t(|&|*m - m — (m - E)(m2 - &)
= tlé*n - o,

which is positive definite. O

With this addition to the theory, the stability of the class (2¢) and (2d) relative equilibria
may now be determined.
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Proposition 9. The class (2c) relative equilibria are not formally stable. The class (2d)
relative equilibria are formally stable.

Proof. The total angular momentum of a relative equilibrium in (2d) is easily computed as

2[(1+ﬁ)t1 0 aty ],

which is nonzero, and so the group G, is the product of rotations about this axis and the
two copies of S! from the axial symmetry. This fact observed, the argument is analogous
to the proof of proposition (7), except that the smaller group is used. To summarize [19],
the matrix IGN is computed by replacing the first 3 columns of (18) with the infinitesimal
generator of (Q,0,0) (here Q refers to (10d)):

A -k 0
IGN(A,, Ag) = [ A0 0 —k } . (26)
Then the Hessian must be computed on a basis of T, () whose first 3 vectors are the

3 columns of IGN evaluated at ¢.. Since this evaluation is

[ 4 0 0]
0 0 0
Ottg

-1 0
145
-1 0 0|’
0 0 0
atg
- 0 -1
| 1+8 i

such a basis may be formed from these 3 column vectors and the vectors

[100100],
[010000]t,
[000010]t

With this choice of basis, the Hessian again takes the form (21), and so (22) are again
necessary and sufficient conditions for formal stability. In the case at hand,
8a2[3t22
Wt = 8617 + ———,
Bty i+ A7
2(1 4 38)t,?
%% = 2(1 4 8)t,% + a(*?,
(14t + )
A 4((L+ B)%1%2 + o223 (1 + B)%t12 + 222 Bt2%)
(1+8)? '

Since all of these are obviously positive, this completes the proof of the formal stability of
the class (2d) relative equilibria.
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The proof that the class (2c) relative equilibria are not formally stable proceeds
analogously [18]. There the corresponding basis of infinitesimal vector fields is completed
to a basis of 7;,,() by the inclusion of the three vectors

[100—100]t,
[010000]t,

[000010]t,

and the Hessian again takes the form (21), but

8(12[%22

44 _ 2
S

which is negative. O

Degenerate relative equilibria can sometimes be viewed as being regular with respect to a
subgroup of the full symmetry group, but a naive application of the methods discussed thus
far using such a subgroup is likely to fail, in that the Hessians involved will normally be
semidefinite. However, the existence of additional symmetries beyond the chosen subgroup
implies the existence of additional conserved quantities. These conserved quantities can
then be used to augment the usual Liapunov function, and this can sometimes lead to
a resolution of the nonlinear stability question. In fact, such an argument usually gives
stronger stability than might otherwise be expected, since that stability will refer a priori
to some particular subgroup of the full symmetry group.

Theorem 3. In the context of theorem (2), let G' be another Lie group with isometric action
on Q which commutes with the action of G and is such that V is G' invariant. Let F be
the projection onto g’ of the isotropy algebra of z. for the product action of G x G', so that
F= {n €g'|3Ine gsuch that n(z.) = 7'(z) }.
For 7 € ¢', define the function
fo(@) = (Bue(a)7'(q))-

Extend a basis n) of F' to a basis of g’ using vectors n}l, € ¢/, and consider the function

f d:efzalfnl’ + me(fn;{l - fni{l(%))27
i m

where a; € R and b, € R. Then df(q.) = 0. Moreover, suppose that d*V,, (q.) is positive
semidefinite on a complement S to g,, - q.. Then z. is G, stable if there exist a; and by,
such that d*f(q.)|S is positive definite on ker d*V,,(q.)|S.
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Proof. By linearity and elementary differentiation, showing df,(z.) = 0 for o' € F is
sufficient to show d f(z.) = 0. Suppose, then, that 7’ € F' and choose 5 € g such that

n(ze) + 1'(2e) = 0. (27)
Note that

@ ¥ (Bu,n@)+7(9)
= <,ue, 77>+<ﬂue’ 7/(‘])>
= <,U«e,7]>+fn’(Q),

so showing df,/(g.) = 0 is equivalent to showing df(g.) = 0. Using (27) and the identity
Lxa=dixa+1xda,

df(ge) = (LnBu.+ LyBu)(a)
= Lnﬂue(qe)’

since §,, is easily seen to be G’ invariant. As §,, is G, invariant, df(ge) = 0 will follow
if 7 € g,.. But this is also a consequence of (27):
d

coadnypte =

dt

COAdexp(m),Ue

t=0

_ I(exp(nt)z)

t=

dt

dt
= 0,

OJ (exp(n't)ze)

i=

since J is G’ invariant.
For the proof of G, stability, by theorem (1), it suffices to show that the G, in-

variant conserved quantity

C=He +e (Z alJm’ + me(Jn#, - Jn%(ze))2>
l m

is formally stable at z, for some € (by abuse of notation, the momentum mapping for both
the G and G’ actions have been designated by J). As in the proof of theorem (2), the
cotangent bundle reduction theorem may be used to realize the reduced space J~'(.)/G,.
as a subbundle of T*(Q/G,,), and then the function C induced on P by C has positive
definite Hessian at g,: To compute C, note that G’ acts on Q/G,, and hence gives a
momentum mapping J for the canonical symplectic structure on T*(Q/Guc) as usual. This
is not the function induced on P by J,, for 5’ € g’—trivial diagram chasing shows that
function is j,,/ + fn:, where fn: is the function on Q/G,, induced by f,. Thus C is the
restriction to P of the function

ﬁ&e + € {Zal(Jm' + fm') + me(jn% + fn#l - fn%(qe))z}

l

= He +e {f+ [Z ardyr + D b (T 4+ 200 (Jo, = fn#l((le)))}} (28)
] m
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Lapsing briefly to canonical coordinates on T¥Q/G,.), if X* are functions repre-
senting a vector field on Q /G, , then two derivatives with respect to ¢* of the function pp X*
at pr = 0 gives zero. This idea pursued shows the the Hessian of the square bracketed part
of (28), when restricted to the subspace tangent to the zero section of T%Q/G,,), is zero
at the equilibrium 0z,. Thus the Hessian of the curly bracketed part of the right side of
equation (28) evaluated on this horizontal subspace is exactly d? f(0;,). By hypothesis, this
is positive definite on ker dzﬁge(Oq—e), so an application of lemma (1) completes the proof. O

With this last addition to the theory, we can finally deal with the stability of last of the
relative equilibria, that is degenerate classes (2a) and (2b).

Proposition 10.

1. The class (2a) relative equilibria are {1d} x (51)? stable if t, +t2 # 0, t; # 0, and t3 # 0.

2. The class (2b) relative equilibria are {Id} x (51)? stable if t; —ty # 0, t; # 0, and t3 #
0.

Proof. Obviously, both classes (2a) and (2b) are relative equilibria for the subgroup {Id} X
(S")? of the full symmetry group SO(3) x (5*)%. The proof is obtained by using theorem (3),
with

G = {Id} x ($1)?,

G' = 50(3) x {Id} x {1d}.

An application of theorem (2) with the action of G is trivial. Indeed, the ma-
trix IGN is the 6 x 2 matrix found by deleting the first 3 columns of (18). Since

[ 1 0 0 —BA?2  BATY 0]
0 1 0 pBAY B4 0
0 0 a 0 0 0
J(A) = —ﬂA22 ﬂA12 0 1 0 0 (29)
BAY gAY 0 0 1 0
L0 0 0 0 0 a |

is the metric tensor at A = A;'A,, the locked inertia tensor is o times the 2 X 2 identity
matrix, so the amended potential is constant and d*V,,,(¢.) = 0.
Now a basis for g - g. is the span of the vectors

[001000]t,

[000001]t,

and these vectors are orthogonal in the kinetic energy metric to the vectors

[100000]t,
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o001 00],
[010000],
[0000 1 0],

as simple multiplication with J(A) shows. Since for both classes

_ ty
He = & ty |’

the above orthogonal decomposition shows that

Q
ﬁw-[gi]:aUAh-k+hQTk)

By proposition (2), the infinitesimal algebras of the product action for the class (2a) and (2b)
relative equilibria are the spaces spanned by the single vectors
t
[00 10 -1 1],
t
[00 101 1],

respectively, so that in either case the subspace F' is just the space spanned by the single
vector k. Then using 2 and j for the 7!/, the function f (for both classes) is

2
f(A1, Ag) = Gla(t1A133 + t2A233) + a? Zbi(tlAliB + t2A213)2,

=1
and obviously there is no loss of generality here if o and a; are set to unity.
For the class (2a), the Hessian of the function f is the 4 X 4 matrix

t1(2b2t1 — 1) ngtltg 0 0
ngtltg tg(?bgtg - 1) 0 0
0 0 t1(2byty — 1) 2b1t1ts
0 0 2b1t1t2 to(2b1ty — 1)

Since the two 2 x 2 blocks in this matrix are identical up to interchange of by with bq, it
suffices to show that the upper block is positive or negative definite for some b, if t; +t2 # 0,
ty # 0, and t2 # 0. But this is trivial: the determinant of this upper block is —2bot1t2(¢1 +
t2) + 1 which is positive for arbitrarily large positive or negative by, depending on the sign
of the nonzero coefficient of by, and the upper diagonal element is nonzero as long as by is
chosen not equal to 1/2t;.

For the class (2b) relative equilibria, the Hessian of f is

tl(2b2t1 — 1) 2botqts 0 0
2bst119 t2(2b2t2 + 1) 0 0
0 0 tl(letl — 1) —2b1t114 ’
0 0 —2bit1to tg(?bltg + 1)

and so the proof in this case is entirely similar to the case (2a). O
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The following theorem summarizes the relative equilibria and their stability:

Theorem 4. The base integral curves of all relative equilibria for two azially symmetric,
identical bodies are the (S1)? x SO(3) translates of the curves in configuration space SO(3)?

t — (exp(tQ") exp(to k™), exp(tQ") exp(t33”) exp(ta2k™)),

where the total rotation Q and spins a; are given by (2a)-2h) in conjunction with (10a)-
(10h). In this state of motion, the azis of total rotation and the body azes are coplanar. A
relative equilibria is stable if either of the following hold:

o The total rotation is zero, the total angular momentum is nonzero, and no body has
zero spin.

o The bodies are bounded away from the overlap configuration by (25) and the joint is
not at the bodies centers of mass (that is § # 0).

The stability is modulo the product of the group of rotations about the axis of the total angular
momentum and the material symmetry group, except if the bodies are rotating about their
common axis of symmetry in the opposed or overlapped configurations, in which case the
stability is modulo the group of material symmetries.

Bifurcations

Typically, in mechanical systems where symmetry is absent, equilibria are isolated
and of finite number. For example, the 7 dimensional manifold My of proposition (1) can
serve as an open subset of the Poisson reduced phase space for the system of axially sym-
metric coupled rigid bodies; a generic symplectic leaf of the reduced space has dimension 4,
while the classes of relative equilibria (2e) and (2f) have dimension 3, so transversal inter-
section at isolated points is expected. Thus, there is the following basic question about
the bifurcation of relative equilibria as the values of the momentum changes: how many
equilibria are on each symplectic reduced phase space? The definition of this question is
not affected by singularities in the reduced phase space if we agree to count, on constant
levels of the momentum map, equivalence classes of relative equilibria on the original phase
space. We continue the analysis of the relative equilibria of two coupled rigid bodies by
providing the following answer to this question:

Definition 2. If (P,w, H,G,J) is a Hamiltonian system with symmetry and p € g*, denote
by #(p) the number of equivalence classes of relative equilibria with momentum p.

Theorem 5. Let (u, p1, p2) € 50(3)* x R?. Then the cardinal number #(u, py, 2) may be
found as follows:

o If p = 0 then #(p,pr,p2) = 1 if (p1,p2) # (0,0) and #(p, py, p2) is infinite
if (g1, p2) = (0,0).

o If u# 0 and B = 0 then locate the point (u;,u2) € R? in figure (2).
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o If u#0 and B # 0 then locate the point (u, uz) € R? in figure (3).

Remark. In the 3 # 0 case, the boundary of the innermost region (with count 6) is the union
of a curve pg (with endpoints included) and the reflection of this same curve about the
line u; = po. The qualitative features of this curve are well represented in the diagram and
are described in proposition (20). This innermost region monotonely approaches the square
containing the points (1/2,1/2) and (-1/2,-1/2) as § — 0, and monotonely approaches
the origin as g — 1.

Remark. Each of the diagrams depicts the entire plane R%, so one may consider the radial
scale to be such that the outer bounding circle in each of the diagrams is at infinity.

Remark. As indicated, each of the diagrams is symmetric about the two lines ;1 = o
and py = —po.

The proof of theorem (5) consists of a tedious plethora of easy lemmas and propositions,
the first of which provide two general principles which will simplify the counting chore:

Proposition 11. Let (P,w, H,G,J) be a Hamiltonian system with symmetry. If § CTQ in-
tersects each group orbit ezactly once, then #(u) is the cardinality of the set of relalive
equilibria in S with momenta in the co-adjoint orbit of .

Proof. Let S’ be the set of relative equilibria in § with momentum in the co-adjoint orbit
of u and let T be the set of equivalence classes of relative equilibria with momentum u.
For z € §’, choose one g, € G such that CoAd,, J(z) = p; then the map z — [g,z] is a
bijection from S’ to 7. O

Proposition 12. Let (Q,G,V) be a simple mechanical system with symmetry. If V = 0,
and 0 # r € R, then [v] — [rv] is a bijection between those equivalence classes of relative
equilibria with momentum y and those with momentum ru, and in particular, #(p) =

#(rp).

Proof. By the principle of symmetric criticality (1.1), the map v — rv takes relative equi-
libria to relative equilibria, and this map passes to equivalence classes of relative equilibria
since the action of GG is linear in the fibers of T'Q); the resulting map is a bijection since its
inverse is similarly generated by the map v +— v/r. O

Returning now to the less general context of two coupled rigid bodies, the next proposition
rephrases the problem of determining #(u, i1, £2) in terms of the list of relative equilibria
provided by proposition (3):

Proposition 13. #(p, i1, 2) is ezactly the cardinality of the set of relative equilibria in the
list of proposition (3) such that

pr = aus, pg = aws, |p| = c(vy, v, wr,ws,8), (30)
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where

def

c(vy, v2, Wy, wo,0) = [(1 — 28 cosf + ﬁ2)(v12 +w,?) + o?(vs? + w32)
+ 2(8%cos B — 28 + cos 8)vywy + 20 v3ws cos b

=

+ 2a(viws — wyvs + Prrvs — fwiws) sin 0] .

Proof. Let J!, J2, and J be the projections of the momentum map onto the factors
of 50(3)* x R?; a straight forward calculation [27] shows that the function c is just |.J!| re-
stricted to M, and of course J? = aws and J3 = aws. The result now follows from
proposition (11), since two elements (u, p1, 2) and (¢, 1, p2') of 50(3) x R? are in the
same SO(3) x (51)? co-adjoint orbit if and only if gy = p1/, p2 = p2’ and |p| = |¢/]. O

Remark. If My is regarded as a Poisson reduced phase space, then the function ¢ together
with the functions avs and aws are three Casimirs whose mutual constant level sets are the
symplectic leaves of Mg.

Simple substitution [28] computes the values of the map defined by (30) on the lists of
relative equilibria in proposition (3), and for convenience these values are collected here:

Proposition 14. In correspondence with the list of relative equilibria (2a)-(2h), the evalua-
tions of the map (30) on the relative equilibria are

(tl,tg) — O{tl,atz,alt] + t2| (313)
(tl,tg) — atl,atg,a|t1 — t2| (31b)
(t1,12) = aty,aty, 2/(1 - B2)1,% + a?ty? (31c)
(t1,12) = alz, —atz, 2/(1 - B2)1s? + a?ty? (31d)
(t1,12,13) = aty, aty, /112 + 2t1to costy + 152 (31e)
(t1,t2,13) — —arhitzts gylatits [502° = 2415 + ﬁt22|\/t12 + 20tz cosly + 1o (31f)
152 1 ’ 1 ’ [tltglsintg
(tl,t2,t3) = atl, —atq cos t3, a|t1 - t2| (31g)
(t1,12,13) — aty costs, atz, alty + to] (31h)

Now only the class (2f) when p # 0 gives trouble; the others are easily analyzed by directly
solving for the ¢;,t2,t3 from the equations resulting from setting the values of the maps in

(313)—(31h) to (/1‘17/1'27 |,U.|)
Proposition 15.

1. From the class (2a), there is ezactly one relative equilibrium satisfying equations (30)
if 1+ p2 = tlp|, and no such relative equilibria otherwise. For the class (2b), the
analogous statement holds if puy + po = x|p| is replaced by py — po = |-

2. From the class (2c), there is ezactly 1 relative equilibrium satisfying equations (30) if
1 = p2 and |p| = |pe| < |u|/2, and no such relative equilibria otherwise. For the
class (2d), the analogous statement holds if pu; = ps is replaced by p1 = —po.
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3. From the class (2e), and when p # 0, there is exactly one relative equilibrium salisfying
equations (30) if either

lr + pa| < || and |py = pa| > [p (32)

or
lr + p2| > |ul and | — p2| < |p (33)

and four infinite sets of relative equilibria (wherein one body is spinning about its azis
of symmetry and the other body is stationary) satisfying (30) if

i =xlpl and pp =0  or  pr=%[u| and p =0, (34)
and no such relative equilibria otherwise.

4. From the class (2e), and when p = 0, there is an infinite set of relative equilibria
(wherein both bodies are stationary) satisfying equations (30) if p1 = 0 and puy = 0,
and no such relative equilibria otherwise.

5. From the class (2f), and when p = 0, there is ezactly 1 relative equilibrium satisfying
equations (30) if B # 0 and py # tp, and no such relative equilibria otherwise.

6. From the class (2g) and (2h), so f = 0 necessarily, and when p # 0, there are ezactly
4 relative equilibria satisfying equations (30) if |p1| + 12| < |p|, and ezactly 1 such
relative equilibrium if £y + po = || and 1| + |p2| > |pl|, and ezactly 2 such relative
equilibria otherwise.

7. From the class (2g) and (2h), so 8 = 0 necessarily, and when p = 0, there are no
relative equilibria satisfying equations (30) iof u1 = +pg and ezactly 1 such relative
equilibrium otherwise.

Proof. Most of this is easy enough that it needs no elaboration; for example to prove
statements (3) and (4), it is required to find all (¢, t,,¢) € R? x (—1,1) such that (31e) has
value (p1, pi2, |#4]). Substituting ¢ = p1 /e and t; = pg/a into the third component of (31e),
and then isolating ¢ &' cos {3, one obtains

2uipat = |pl* = m? — 2. (35)

Suppose |u| # 0. Then if g3 = 0 then pup; = +|u| and ¢ is arbitrary, and the evaluation
of (31e) on any of the infinity of points (0, £|u|,t) yields (0, u2, |1]), and similarly if gz = 0.
On the other hand, if yq # 0 and p2 # 0, then equation (35) provides a unique solution for
t € (=1,1)if and only if

R e Ul s
2p pro

an inequality which is easily seen to be equivalent to the “or” of the two inequalities (32)
and (33). Finally, when p = 0, (31e) implies that t; = ¢t = 0, since ¢t € (—=1,1), and then
the map (35) simply becomes (0,0,¢) — (0,0,0). O

<1,

3
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By proposition (12), # (g, p1,p2) = #(rp,rpy,rpe) for any 7 # 0, so we may
assume that |p| = 1 when considering the class (2f) (or any other class) relative equilibria,
as long as p # 0. The result is that the problem of counting the class (2f) relative equilibria
is reduced to the problem of counting pre-images of a point under a map from an open
subset of the plane to the plane. Generally, let us denote by #.5 the cardinality of a set §.

Proposition 16. Define the sets

— def
Do —dgf—O0,0)X (-1,1) and Do = D(;UDO+,
D = (0,00) x (=1,1)
and the sets
D7 = (-00,0) x (—1,1)
DF¥0,6) x (-1,1
+0€lef (0,G1) x (=1, 1) and Dg «f DE U DE— U DEO U DE+,
D" = (G, 1/¢) x (=1,1)
DIt £ (1/¢1,00) x (~1,1)

i

and define the map Vs : Dg — R? by
1

(822 =224 P)V22 -2zt + 1

Then from the class (2f) equilibria there are ezactly

#(Y[ D) (1, p2) + #(¥| D) (—p1, —pt2) (36)

Up(z,t) & ((zt = 1)(B = 2),2(z — )(Bz — 1))

relative equilibria satisfying equations (30).

Proof. Since t; # 0 and t2 # 0 in (31f), and since t3 € (0,7), it is permissible to change
dependent variables in (31f) to (z,t,1,), where z =, /t; and t = cos t3. Then, after trivial
rearrangements, the problem is to count all z # 0 and |t| < 1 such that
Sh(t=D)(B-2) -t 0Fz-1)
2 ,———1—t2 = M1, /—1—t2 = M2,
|t2]|822 — 22 + BIV22 + 22t +1

1.
|z[v1 — ¢2
Solving for ¢, these equations are equivalent to
t|z|V1 —t?
t? = |Z| ’ (37)
822 — 2z + B|Vz% + 22t + 1
—sgntysgn(z(B2%2 — 22+ B))¥p(2,t) = (1, 12). (38)

Then (36) holds if p; # 0 or pg # 0, since there is exactly one solution of (37) and (38) for
each (z,t) such that ¥p(z,t) = (p1,p2) and exactly one solution of (37) and (38) for each
(z,t) such that Ug(z,t) = (—p1, —2), as follows:
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o If W(z,t) = (p1,p2), then if 2(8z — 22 + B) > 0, use the negative option in (37) to
obtain {3 < 0 and the positive option otherwise.

o If U(z,t) = (—p1,—p2), then if 2(B82 — 22+ 3) > 0, use the positive option in (37) to
obtain ¢5 > 0 and the negative option otherwise.

Finally, (36) holds if pq = pg = 0 as well, since then the factor sgnty is irrelevant in (38)
and either sign in (37) may be used, so there are two solutions for each (z,t) such that

Vs(z,t) = (g1, p2), since p # 0 and 2z # 0. O

Since explicitly computing the (z,t) which map under ¥g to (u1, p2) seems difficult, we are
forced to provide minor extensions to the global implicit function theorem as it is described,
for example, in [5]. In particular, when finding the image of some map, we need to pay
careful attention to where the boundary of the domain maps to, as well as to the critical
values.

Definition 3. If X and Y are first countable topological spaces and f : A — Y is continuous,
define
E'f S {7111_{130 f(zn) |2y — zand z ¢ IntA },

aff' & { x | f is not locally invertible at z € IntA },

and also define oy = f~1(3Z}), &} = f(o}) and £y = ¥, U E].
The following lemma will reduce some results considered below to those in [5].

Lemma 3. If A C X is relatively compact, then f:IntA\ oy — Y \ £y is proper.

Proof. Let K C Y \ £y be compact, and suppose f~'(K) is not compact. Then some
subsequence z,, € A\ o has no subsequence converging in A\ oy, while the sequence f(z,) €
I does have a convergent subsequence, as does the sequence z,, regarded as a sequence
in X. Thus, one may assume that z, — =z ¢ A\ oy and f(z,) — y € K. If z ¢ IntA4,
then y € Eff by the definition of E}, a contradiction, so x € oy necessarily. Then since
f is continuous, f(z) =y, soy € f(o5) C Xy, and y € K \ Xy, also a contradiction. Thus
f71(K) is compact, so f: A\ oy — Y \ I} is proper. O

Proposition 17. Suppose X and Y are first countable topological spaces, A C X 1is relatively
compact and f : A — Y is continuous. Then # [ 1(y) is finite and constant on any
connected component of Y \ Xy.

Proof. By proposition (3.4) of [5] and lemma (3), f~'(y) N (A\oy) is finite and constant on
connected components of Y\ ¥;. The proof is completed by noting that since f(oy) C Xy,
if y €Y \ Iy then f7(y) N (A\of) = f"(y). O

Remark. The restriction that A be relatively compact is not burdensome; if not, then re-
place X with some compactification of X.
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P2

Figure 4: This graph has 6 critical points, so it cannot be the graph of p,.

Proposition 18. Suppose X and Y are first countable topological spaces, A C X is relatively
compact and f : A — Y is continuous. IfY \ Xy is simply connected and X \ o is connected,
then f is a homeomorphism from A\ oy to Y \ Ly.

Proof. Using theorem (3.5) of [5] the proof is identical to that of proposition (17). O

At the lowest level, the analysis of the map Vg will be reduced to the analysis of the roots
of various multivariate polynomials of moderate degree. The next lemma is a result of this
type and will be used in proposition (19).

Lemma 4. For 0 < 3 < 1, the polynomial

pa(2) = b(5b% —1)2% — 6b*(3 4+ b%)2° + 3b(11 + 96%)2* — 4(4 + 150% 4+ b*)23
+ 3b(11 4 9b6%)2* — 6b%(3 + b%)z + b(56% — 1)

is strictly negative on the two open intervals ((1,0) and (1/5,1/(1).

Proof. Since the set of roots of p; are invariant under the map z — 1/z, p; has a root in one
of the intervals if and only if it has a root in the other. So suppose p; has a root z € ({1, ).
Note that

pa(—1) = 16(1+ %) > 0
B%pa(1/8) = pa(B) = —B(1 - ) <0

C 1 —C 2\6
mG) = 6m(1/6) = -2 <o,
and furthermore,
py(B) =0, p3(B)=-308(1-p5%)° <0, (39)

s0 pg has a relative maximum at z = . Thus, the graph of py is accurately represented
in figure (4), so, the nontrivial polynomial p; has degree at most 5 and also has at least 6
critical points, a contradiction. O
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By proposition (17), to count the number of elements in # f~!(y) it is enough to consider
one y in each connected component of Y \ ¥y. For the map Vg, the following will suffice:

Proposition 19.
1. If 3 =0 and py + py = £1 then #(¥g|Dg) = 0.

2. If B#0, and if py £ pz = 11, then #(Vg|Dg)~ (1, 12) = 0, except in the following
cases:
)7 (s p2) = Lif oy + p2 = —1 and =1 < puy.
o #(VslDp) (o p2) =1 if g1+ p2 = +1 and 0 < py.
)7 (s p2) =1 if p — pg = +1 and py & (0, 1).
)

Moreover, if Vg(z,t) = (p1,p2) and py £ pp = *1, then z is in one of the open

intervals (¢, ) or (1/(1,1/8).
et | 1-0
Tmax = 2(1+ﬁ)
Then if B # 0 and p1 = po,

3. Define
i #(\I’ﬁ|D;O) =11ifp1 = p2 and iy ¢ (_TmaX/\/z Tmax/ﬂ)f
4 #(W5|D;O) =2 Zf,ufl = M2 and M € (_Tmax/ﬁ, Tmax/\/i)-

Proof. This proof is supported by the MAPLE symbolic manipulator [22]. Consider first the
case of p1 + g2 = 1, an equation which is equivalent to the equation (p; + p2)2 -1 = 0.
Substituting (p1, p2) = ¥a(2,t) in the latter yields the following linear equation in ¢:

pa(t) £ 214 B)%(z - 1)%t 4 282" - (3% - 26+ 3)2°
—2(B* 48+ 1)22 — (362 -26+3)2+23
= 0 (40)

The value at z = 1is —8(1 — 8)?, so there is no solution when z = 1. Assuming z # 1,
p2(t) is a line with nonzero slope which has the evaluations

pa(=1) = 2(1 + 2)*(z — B)(Bz - 1),
pa(1) = 2(2% — 282 + 1)(8 — 22 + B=7).
Thus (40) has exactly one solution for t € (-~1,1) if and only if p3(~1) and p3(1) have

opposite sign, which is never if 3 = 0 and exactly when z is in one of the open intervals ({1, 3)
or (1/¢1,1/8) in the case that g # 0.
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When 8 # 0 and z is in one of those two open intervals, one obtains, after solv-
ing (40) for ¢t and substituting the result into (u1, u2) = ¥s(z,1),

_ sen(l — 2)(z — B)(262° — 3(1 + B%)2* 4 682 — (14 §*))

- (22 = (1 = p2)(82? - 22 + B) ’

1y = SE(L= (A= 2)(L+ %)z — 652" + 3(1 + %)z — 26)
: (22 = (1 = p2)(82? - 22+ f) ’

and so p1 + pz = sgn(1l — z). The derivative of (41) with respect to z is

(41)

(42)

sgn(l — 2)pa(2)
(1= 22)2(1 = §2)(B22 — 2z + B)’

which is never zero by lemma (4), and furthermore (41) evaluated at # and ¢; is 0 and oo
respectively. Thus, (41) maps the interval (8, (;) bijectively to the interval (0,00) so (41)
and (42) together map the first interval bijectively to the line p; + g2 = 1 where 0 < p;.
Similarly the interval (1/¢y,1/0) is mapped bijectively to the part of line p; + po = —1
where —p; < —1. Thus there is exactly one solution to the equation Vg(z,t) = (p1,p2)
on the line pq + 2 = —1 where —1 < g1 < oo and one solution on the line p; + p2 = 1
where 0 < py < 00, as required. The case p; — pg = *1 is similar, resulting in exactly one
solution to the equation ¥g(z,t) = (p1,p2) on the line puy — 2 = 1 where py ¢ (0,1), two
solutions on the same line if g3 € (0,1), and exactly no solutions for any (u1,p2) on the
line p1 — pp = —1.

Finally, to compute #(\Pg|DEO) along the line pu; = po, note that py; = po is
equivalent to

—(142)(B2 = 1+ B—(1—B))z+8) = 0.

Since z = —1 is inconsistent with (z,t) € D}P this is equivalent to
2 p—
po B -+ B+ 0 (43)
(1-78)z

It is easily verified that (43) yields ¢t € (—1,1) if and only if z € ((1,1) or z € (1,1/(1).
Substituting (43) into the first component of ¥4 gives

— aon(s — (Bz = 1)(z - B)
1 = —sgn( 1)(ﬂ*?2+ﬂ22)\/w (44)

and the derivative of (44) is zero only at z = £1. Then by checking endpoints, one ver-
ifies that (44) maps the interval ((1,1) bijectively to the interval (—7p.c/v/2,00) and the
interval (1,1/¢;) bijectively to the interval (—oo, rmax/v'2). Therefore, the points on the
line pq = po with uy € (—rmax/ﬂ, rmax/ﬂ) have two pre-images under ¥g|Dg, and the
others only one, as required. O

The following lemma is needed in proposition (20), but is placed here because it illustrates
a technique that can be used to show that two multivariate polynomials do not have a
common zero, a problem that will occur in lemma (6). From here on our dealings with the
map Vs are supported by the MAPLE symbolic manipulator through [23].
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Lemma 5. If0 < 8 < 1, the polynomial

pa(2) = B((1 - B2 —2)25 +128%2° - 38(B* + 682 + 3)2* + 4(58 + 457 + 1)23
- 36(6" + 667 + 3)2* + 126%2 + B((1 - 5%)* - 2) (45)

is strictly positive on the interval [(2,1/(2], where (2 is the single real root of the polyno-
mial py, as in lemma (2).

Proof. One easily checks that

;13”4 = B((1 = A7) — 2)a® + 12877 + 205" — 86> + 4 (46)

where £ = z+ 1/z. Now the cubic (46) has exactly one root in the interval (2, 00): Indeed,
the derivative of (46) is a concave down quadratic polynomial with vertical axis

18
IR

which is easily checked to be in the interval (0,2), and the evaluation of (46) at z = 2
is strictly negative. Therefore, py has at most two roots on the interval (0, 0), since the
function z — 2z + 1/z takes this interval at most two to one to the interval [2,00). Then
since

z (47)

pa(1) = 4(1 = B)° > 0, pa(B) = Bpa(1/B) = —B(L - §)* <0, (48)

it is obvious that ps has exactly two roots in the interval (5,1/03).

Therefore, if ps((3) > 0, then ps will have one root in the interval (8,¢z) and
one root in the interval (1/{2,1/8), and hence no roots in [{2,1/{s], as required. For the
moment, assume that ps(¢z) # 0 for all 0 < § < 1. Then since (; is a smooth function
of G, pa((2) is either strictly positive or strictly negative for all 0 < 3 < 1, so it is enough
to check that ps((z) > 0 for one specific 3, say § = 1/2. But simple evaluation shows that
if 3 =1/2 then " 2

P3/4) = —52: <0, pa(3/4) = 1310772 > 0. (49)
Thus, if § = 1/2 then 3/4 < (, from the first evaluation, so if ps((2) < 0 then there would
be one root of py in the interval (3/4,(z) and another in (3,3/4), a contradiction. Thus,
pa(C2) > 0 at B = 1/2, and hence for all g, as required.

It remains to be seen that ps({z) # 0; that is that p; and ps have no common
root. One general way to establish necessary conditions under which two such multivariate
polynomials a; and a; have a common root is as follows: suppose the leading coefficient
of a; cannot be zero. Then if a; and a, have a common zero, so do a; and a3, where a3 is
the remainder of the division of a; into a,, regarding a; and a, as polynomials in just one of
the indeterminants. If the leading coefficient of a2 might be zero, then this same argument
applies after deleting the leading coefficient of a;. Iterating this argument yields a list of
sets of polynomials in one less indeterminant, one set of which must have a common zero
if a; and a; have a common zero. When applied to polynomials in one indeterminant, this
argument amounts to the Euclidean algorithm for the computation of the greatest common
divisor and the assertion that two relatively prime polynomials cannot have a common root.
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Applied to the polynomials p; and p4, the above procedure produces the following
list of polynomials in 3, brought to you almost unedited for your viewing enjoyment:

{2~ B%#0,38(8° + 198 + 2052 — 16)(1 — 8*)* # 0,
8(8° +26* + 1767 + 4)(B% — 2)* # 0,(B° + 198* + 208% — 16)*(1 — B*)°B =0}
{2-5%=10,38#0,9(8+ 1)(8 - 1)(36° — 165° + 298" — 225° 4 4) # 0,
(—5264(% 4 244845 + 72966 — 566803° + 742735°% — 510 + 2683843"2
+ 432 — 6804313 =0}
{2-8%=0,38=0,36%#0,7296'0 — 17013% + 12423° — 4584* + 618° -1 =0}
{2-4°=0,3=0,382=0,3=0}
{2-8%=0,38+#0,9(1—- B%)(38° - 164° + 295" — 223 + 4) = 0,
B(915* — 5682 + 98° + 8 — 5453%) = 0 }
{2- % #0,38(8% + 198" + 2057 — 16)(1 — #%)* =0,
68%(=1+58%)(B% + 4)(1 — %) # 0,20196'% + 331755 — 2687845'2 — 6179043'°
+ 94380843% — 53900843° + 291843* 4 38912432 + 5%° ~ 284358 + 8192 =0}
{2- 5% #0,38(8° + 198" + 2082 - 16)(1 - 5%)® = 0,
66%(—1 4 56%)(8% +4)(1 - 5%)° = 0,8(8° — 178* — 165> — 16)(1 - $°)* = 0}
{2- 8% #0,38(8° + 198" + 2057 — 16)(1 — 8%)° # 0,
8(° + 26" +178% + 4)(8% - 2)* = 0,165(1 + 5%)(B” + 5)(8° — 2)" = 0}
The first of these sets of equations is manifestly inconsistent, while the equations in the
second, third, fourth, fifth and eighth set cannot all vanish, since § # /2, and in the sixth
and the seventh, one may compute that two equations in each are relatively prime. Thus,

none of the sets of equations have a common root for 0 < 5 < 1, so p; and ps do not have
a common root, as required. O

n

To compute #lI’El(pl,pg) for (py,pu2) € Vs also seems difficult. Fortunately, the bifur-
cations that occur at these points can be completely analyzed by the following results of
H. Whitney [31]:

Definition 4. Let f : U C R? — R? be C*®. Then a point p = (z,y) is good if p is not a
critical point of f or if dJs(p) = 0, where Js ' det Df, and f is called good if every point
of U is good . A good critical point p is a fold point if J¢(p) # 0, where

J¢(p) = Df(p) [ _gjﬁgz ] :

and is a cusp point if it is not a fold point and jf(p) # 0, where

Jy(0) ™ Diy(p) [ Ry ] .

The map f is called excellent if it is good and if every critical point is either a fold point or
a cusp point.
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Theorem 6. Suppose f : U C R2 — R? is C™ and p € U is a fold point [respectively cusp
point]. Then f is locally conjugate by local C* diffeomorphisms to the map (z,y) — (22, y)
[respectively (z,y) — (zy — 23,y)/.

We now turn to the problem of determining the critical points and critical values of the
map ¥g.

Lemma 6.

1. The set of critical points of the map ¥ 3|Dg is ezactly the zero set of the polynomial p»
of lemma (2). Thus, there are no critical points if § = 0, and if B # 0 the critical
points form one of the curves in figure (1).

2. The map Yg|Dg is excellent for all0 < § < 1, and if § # 0 then all critical points are
fold points, except z =1, t = (36— 1)/(B + 1), which is a cusp point having critical
value

1-5

H1 = —p2 = — 1+ 5

N | =

3. If 3 # 0 and (z,t) € Dg is a critical point with (1, pt2) = Yz(z,t) on the line through
the origin with slope m, then z € [(2,1/(2) and

m? = — p(2)(Bz = 1)°
pi(1/2)(z = B)P2%

(50)

and also
P e i+ pa®
-1
= T pG gy P8 - 28 - D)2 12

— 3B(B* + 66 + 3)z" + 4(58* + 487 + 1)2°
—3B(B* + 647 +3)2" + 12872 + B(B* — 262 - 1)).  (51)

where the polynomial py and its single real root (; are as in lemma (2). Conversely,
for any m # 1, there is exactly one z € [(2,1/(2), say zm g, satisfying (50), and if one
sets
Bz3 5 — 21 s —mzmp+m

7ﬂ vﬁ ’B /B Zf m # _1

={ Zmp(Bemps —mzmg+mB—1) (52)
36-1 .

ifm=-—1

tm,B

g+1

then t,, 3 € (—1,1), and (zm g, tm 3) is a critical point of Uz with Wg(z,, g,tm,8) on
the line through the origin with slope m. Moreover, the map (m,f3) — 2z, 3 is C*
away from m = —1, and if m? < 1 is fized, then

mi = (572 +O8) (53)
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Proof. The determinant of the derivative of Wg at (z,t) is

zp®(z,1)
(22 = 22t + 1)%(B2? — 22+ B)’

which vanishes exactly when p® vanishes. This completes the proof of the first statement.

If 3 = 0, then ¥z is obviously excellent, since it has no critical points by lemma (2),
and because the third statement refers only to the case 8 # 0, one may assume § # 0 in
the remainder of the proof. To show that every critical point is good, one is required to
calculate the derivative of Jy, and show that it is not zero at any critical point. In fact,
the partial derivative of ¥ 3 with respect to ¢ is

dJy,
dt

J‘yﬁ(z,t) = —

= [B(8%-3)z" +2(38% + 1)2° — 68(1 + 5%)z* +2(38° + 1)z

+ ﬂ(ﬂz - 3)] 2t + (2% — 45225 + ﬂ(2ﬂ2 + 5)24
—4(1 + 223 + B(26% 4 5)2% — 48%2 + 8. (54)

Now if at some critical point (z,t) both the coefficient of ¢ in (54) vanished and (54) itself
vanished, then Jy, would not depend on ¢ at that z. Since Jy, is zero at any critical point,
this would imply that Jy, vanish for some z and all ¢ € (—1,1), contradicting lemma (2).
Thus the coefficient of ¢ in (54) does not vanish, so (54) may be solved for ¢ as a function
of z. The result of putting that solution into p® yields just three possibilities: z = 1, z = (o,
orz=1/C. If z=1,then t = (35 —-1)/(8+ 1), and the value of (54) at this critical point
is not zero by direct substitution. If z = (; then ¢t = 2 necessarily, and putting ¢ = 2 into
the partial derivative of Jy, with respect to z implies that

B2(B* = 2)2° + 48(~1 4 26%)2° — (145" — 58 — 4)2" — 86(1 - §)2°
+B2(98° — 4)2% —48(~1+28%)2 + % = 0.

Thus, this polynomial and p; have a common root, namely (>, and now a proof similar to
that used in lemma (5) shows this is impossible. The case of z = 1/(; is similar, and these
arguments show that Vg is good. That z=1and ¢t = (34 —-1)/(8+ 1) is a cusp point with
the indicated critical value is simply a matter of substitution into Jg and Jg. The proof
that every other critical point is a fold point can be accomplished by yet more applications
of the method of lemma (5) to the various polynomials obtained by computing j\pﬁ.

For the third statement, suppose (2,t) is a critical point and (p1, p2) = ¥g(z,1) is
on the line with slope m. Then

(Bz —mz+mpB ~ 1)zt — (82° — 22 — mz + mB) _

0= p2 —mpug = 0, 55
H2 H2 (B2 =224 B)V22 -2zt + 1 (55)
which implies one of the following cases:
e Equation (55) may be solved for ¢t. Then
t_ﬁz3—z2—mz+mﬁ (56)

2Bz~ mz4+mB—1)

and substituting this value of ¢ into p®, and solving the resulting linear equation in
m? and r?, yields (50) and (51).
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e 2=1,m=-1,t € (-1,1). Then substituting 2 = 1 into the left side of (50) and m =
—1 into the right shows (50). Similarly, since (z,t) is a zero of p®, t = (38— 1)(B+1)
by lemma (2), and (51) follows by direct evaluation of the left and the right side.

e z2=-1,m=1,t € (-1,1). Since (z,t) is a critical point, {; < z < 1/(, and as
z = —1 is not in this interval by lemma (2), this case is impossible.

e =1/, m=0,te(-1,1). As 1/8 & [(2,1/(2] this case is also impossible.

Therefore (50) and (51) hold in any case, as required.
For the converse statement, the derivative of the left side of (50) is

dm? _ 6B(Bz - 1)*(2* — 1)’(1 - B)*(z* - 282+ 1)
dz 2°p(1/2)(z = B)*

which is zero on the interval [(2,1/(2) only at z = 1, and since evaluating the left side
of (50) at 2 = (3 and z = 1 yields 0 and 1 respectively, and since the limit of the left side
of (50) as z approaches 1/(; from the right is oo, it follows that the right side of (50) maps
the interval [(2,1/(2) bijectively to the interval [0,00). Therefore, for any m, and so for
any m # —1, there is exactly one z, say zm g, satisfying (50), as required. For later use,
note that this argument also implies that {; < 2z, 3 < 1 if m? < 1.

Now assume m # x1. Suppose the denominator of the fraction in the m # —1 case
of (52) is zero at zy, 3. Then

(57)

1—mpg
Zm,p = s
L /B_m

since 2, 0 and G # 1. As 2z, g satisfies (50), substituting (58) into (50) yields
N # Ve > g Yy

(58)

m?(1 — m?)(Bm* - 2m + )

2m3 — 3m28 + =0

If m = 0 then (58) shows z = 1/, contradicting z € [(1,1/(1), so one must have Sm? —2m +
B = 0. But then m = {; or m = 1/(y, and (58) shows z = 1/m by putting 8 = 2m/(1+m?),
so z = () or z = 1/(y, also contradicting z € [(2,1/(2). Therefore, the case m # —1 in (52)
may be used to compute ¢t by evaluation at z = 2,, g, the result being, say ¢,, g. Since (50)
was obtained by substituting (56) into p® = 0, the resulting (zm s,tm g) is a zero of p®, so
tm, € (—1,1) and (2m 3, tm,g) is a critical point of ¥z. Furthermore, as (55) is equivalent
to pg — mpuy = 0, the (u1, po) obtained by computing ¥s(2p, g, tm ) is on the line through
the origin with slope m. Also, if m = —1 then (50) is equivalent to

B(z* —1)°(1 - B*)° _
2p(1/2)(z — B)°
so that z, 3 = 1. Thus computing ¢ by the m = —1 case of (52) yields a t,, 5 such that

(2m,B8,tm,p) is a critical point of ¥z and t € (—1,1), as required.
To see (53), note first that (50) may be rewritten as a polynomial equation in z,

0,

namely

m?23py(1/2)(z = B)® + py(2)(Bz — 1)° = 0. (59)
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Figure 5: The curves of critical values.

Now 2, is a solution to (59), and for |m| < 1, zmpg — 0 as § — 0. Indeed, if not
then 0 < z,3 < 1 since |m?| < 1. Thus, there is some sequence B, — 0 such that z,, g, —
Zn > 0 as n — oo, and so z = Z,, § = 0 is a solution to (59). But if 8 = 0 then (59)
becomes 2m?2z® = 0, so %, = 0, a contradiction. Now the derivative of (59) with respect
tofat f=0,2z=01is —1, so the implicit function theorem implies that (59) may be solved
uniquely for § as a € function of z and m near z = 0. Then by substitution of § as a
power series in z into (59) and after equating coefficients, it is easy to obtain

B =2(1-m?23 + 0%,

and then (53) follows easily.
Finally, the derivative of (50) with respect to z is (57), and this is not zero un-
less 2 = 1, 50 2z, g is C™ in m and B away from m = ~1. O

Proposition 20. The set of critical values of ¥ is a continuous curve in the (u1, pt2) plane.
That curve is accurately represented by figure (5), in that:

1. The curve of critical values meets each radial line ezactly once, except jt; = pg, and
therefore defines a curve in polar coordinates r = pg(8), 0 € (w /4,57 /4). Moreover,
the curve of critical values lies above the line j11 = po, so that pg > 0.

2. The function p(8) is C* in 8 except at 8 = 3w /4, where the curve pg is tangent to
the line py = —po. The function 8 — pp(8) is C* for all 6.

3. The curve r = pg(d) is symmetric about the line yy = —pq, the portion of the curve
with 8 € (w/4,37/4) is symmetric about the vertical azis, and the portion of the curve
with 6 € (3n/4,57/4) is symmetric about the horizontal azis.

4. The radius pg decreases monotonely as 0 increases on the interval (7 /4,7 /2) and
increases monotonely as 8§ increases on the interval (/2,37 /4).
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5. The curve of critical values of ¥ is entirely contained in the circle of radius rmax

centered at the origin, where
r def 1-p
V4 8)

Moreover, the endpoints of the curve pg are § = /4 or 0 = 57 /4 and 1 = T, , and the
curve approaches these endpoints tangentially to the line 1 = po, and p(0) < Tmax
with the single exception of § = 3w /4.

6. For fized 8, the image of 0 < § < 1 under pg(0) is the open radial line segment joining
the boundary of the triangle

{ (1, (p2) | I1] < 1/2, |pal < 1/2, pa > 1} (60)

to the origin, and furthermore, the radius pg decreases monotonely as 3 increases on
the interval (0,1). The curve of critical values of U shrinks monotonely to the origin
as (3 increases to 1, approaches the boundary of (60) as 3 decreases to 0, and the set
of curves of critical values fills up the triangle (60) as B varies over the interval (0,1),
as shown in figure (5).

Proof. Just by the definition of ¥g, the critical point ({2, 1/(2) has critical value on the
vertical line g1 = 0. Moreover, given m # 1, the critical point (2, g, tm g) from lemma (50)
gives one critical point with critical value on the line with slope m. Thus, there is at least
one critical value on every radial line that is not p; = py; it must be shown that there
is exactly one. If (z,t) is a critical point on the line with slope m = 0, then z, 53 = (
from (51), while if (z,¢) is on the vertical line, then z = 1/(s, since all other choices of z
give a finite slope by (51). As there is exactly one critical point on the vertical lines above (3
and 1/¢, by lemma (2), the proof is complete for the special case of horizontal and vertical
lines. Now suppose m # 0 and suppose there is another such critical value, say ¥s(2,t), on
the radial line with slope m. Then Z = z,, g, since Z and 2, g both satisfy (51). Similarly,
(2—m,8,t—m,p) 18 another critical point, and z,, g3 = z_, g. Since these three critical points
are distinct, there are three distinct critical points above the vertical line z = z,3, a
contradiction. Therefore, the curve of critical values meets each radial line except u; = p2
exactly once.

Since the curve of critical values is the image under ¥g of the continuous curve
of critical points, the curve of critical values is a continuous curve that never meets the
line p; = g2, and therefore is on one side of this line or the other. As the image of the
critical point (1,(38 — 1)/(8 + 1)) is in the upper half of the line, so the entire curve of
critical values is in the upper half of this line as well. This completes the proof of item (1).

If 8 # /2, then the value of pg(#) may be calculated as follows: set m = tané,
solve (50) for z,, 3 and calculate pg(#) = /7 by putting z,, g into the left side of (51).
Thus, the function (8,8) — pp(8) is C™ except at § = 37 /4 and § = 7/2. Moreover the
three symmetry statements of item (3) are seen now to be consequences of the following
symmetries of the two equations (50) and (51) respectively: 1) If z is replaced by 1/z and
m is replaced by 1/m in (50) and (51) then the same equations result. 2) If m is replaced
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by —m in (50) and (51) then the same equations result. The special case pg(0) = op(7/2)
of item (3) follows since pg is continuous, thus completing the proof of item (3). By the
local representation of a cusp point in theorem (6), the curve of critical values is tangent at
# = 37 /4 to some line segment, and by symmetry this line must be the radial line § = 37 /4.
By symmetry, the function (6,8) — 0(6) is C* at 8 = 7/2, since it is C* at § = 0,
and furthermore, pg(37/4) = Tmax, 50 B +— pg(37/4) is C*. This completes the proof of
item (2).

For item (4), by symmetry there is no loss in generality if 8 is restricted to the
interval (7/4,37/2), an interval over which 2z, € (1,1/(z) if m = tané. By implicit
differentiation, one calculates

dog _ os(1+m?) 25(2 = B)'p(1/2)*((1 + 5%)2% — 4Bz + 1 + %) (61)
g omo (1=2)(1- (B - 1B - 22+ B2

which is strictly negative for z € (1,1/(2). Thus ps(#) monotonely decreases as 6 increases
on the interval (7 /4,37 /2), as required.

Item (4) shows that ps achieves its maximum rpayx at the cusp § = 37 /4. Since
the curve approaches the line # = 37/4 tangentially, it approaches its endpoints at § = 7 /4
and 6 = 57/4 tangentially as well, by symmetry. This completes the proof of item (5).

By implicit differentiation,

dos _ 2z 5~ 2B2ms + 1)pa(2m,p)
oB (1_ﬁ2)2(ﬂ_22m,6+ﬂ272n15)47

which is strictly negative by lemma (5). Thus, the value pg(#) decreases monotonely as
increases to 1 for 8 # 3/n/4 and 8 # w/2. The case § = 7/2 follows by symmetry, and the
case 6 = 37 /4 is immediate, since p3(37/4) = Pmax-

As the curve is contained in the circle of radius ryax, and this radius tends to 0
as 0 tends to 1, one endpoint of the radial line segment r = pg(f) is at the origin. To
show that the other end is on the boundary of the stated triangle, first fix |#| < 7/4, so
that |m| < 1, where m = tan#, and note that a point (r,8) in polar coordinates is on one
of the lines py; = £1/2 if and only if

47 — (1 + m*) = 0. (62)

Then using the estimate (53) of lemma (6), and substituting this estimate, (50) and (51)
into (62), one computes that the limit as 8 tends to zero of (62) with gg replacing r is zero.
Thus, the other endpoint of the radial line segment r = pg(6) is on one of the lines p; =
+1/2. By symmetry, the same statement is true if |#| > 7/4 and the line gy = £1/2 is
replaced by the line g2 = £1/2. The remaining case of § = 37/4 is immediate since rpax
has the value 1/4/2 when 8 = 0. O

The analysis of the set of critical points thusly complete, we turn to the points of Xy,
obtained from the boundary of the set Dg.

Proposition 21. Define open sets E , EO+ and, for p # 0, E5, Eg~, Ego, Eg+, as in
figure (21). Then E(IlﬁlD C OF, where D is one of the open sets Dy, D{, Dy, Dg_, DEO,
D;+ and E is the corresponding open set Ej, Ef, E;, E;7, E;O, E;+.



Figure 6:

The open sets Eg, Ef ,E7, Ef ™, E;O,E;+.

65



66

Proof. Consider first the statement El\DlD_ C OFy . Note that
o]

Vo(z,t) = (2t = 1,2 —1), (63)

1
2vz2 — 22t + 1

and regard DJ as a subset of [—00,0] X R, so that Dy is relatively compact. Suppose that
(Zn,tn) — (2,t) € [-00,0] x R where (z,t) ¢ Dy and that Wg(z,,t,) — (g1, p2) as n — oo.
Then there are three cases:

¢ (2n,1,) has limit on one of the lines t = 1, ¢t = —1, or z = 0, and this limit is
not the point (—1,—1): Then since (63) serves to extend ¥o|Dg to the continuous
function ¥y, the domain of which is on an open set containing these lines and ex-
cluding the point (—1,—1), one may compute (u1,p2) by finding the limit of the
sequence ¥o(z,,t,) as n — oo. Putting t = 1,t = —1, and z = 0 in (63), one
computes that (p, p2) is

—(1,1)/2, sen(z+1)(-1,1)/2, {-=(1,1)/2][t] <1}

respectively. This completes that proofin this case, since all these points are contained
in the set 9] .

o (zn,t,) has limit (—oo,t), where |t| < 1. Then

tn — 1/zn,t —tn/2n)

1
lim Uy(z,,t,) = lim Zn(
n——00 n——c0 2|2,|\/2% — 22ptn + 1
(—1/2,1/2),

points which are contained in the set 9E; .
o (2n,t,) — (—=1,—1): Then

Zntn — 1

Zn — 1
= lim , = lim -__* ,
I e o = Tontn 1 1 1 T et 20— 2oty + 1

and so

1 |Zntn — 1 4 2n — ty|
+ = -l
[pr + pal 2n——c0 2\/22 — 22,1, + 1
1 . |z — 1|1+ t,.]
= — lim
2n—-00 2\/22 — 2z,t, + 1
: |1+ ta )1/2
= I 1+1t,
n—»IPOO (Zn2(1 — tn2) + (1 — Zntn)2 +

Vvi+t,

n—=00 |z, |(1 ~ t5)
= 0,
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SO {1 = —jig. Moreover,

. |1 - zntnl
= = lim
M 20 -+ (1= k)
=1 i |20 — L
2no-oo \/(Zn — )2+ (1-12)

so (1, 42) is contained in the line segment joining (1/2,—1/2) to (—1/2,1/2), and
this line segment is contained in the set 0E; .

IA

1
2

IN
BN =

H2

bl

/

Therefore, (p1,12) € OEF in any case, as required. The proof of the statement E\DIDJ, -
o]

OE{ is similar.
When § # 0, note that

\I’ﬁ(zvt) = m<ﬂ - z,z(ﬂz - 1))\1’0(2,t),

where the multiplication is componentwise. Thus, if (z,,t,) — (=1, —1) and Yo(zs,1,) —
(1, 442) as n — oo, then using the results just obtained for ¥y,

(#1, —#1)

2
(/‘17/‘2) = <522_22+5>
= (/1’17—/1’1),

z=—1,t=-1

points which are all contained in the set E;. The case where (zn,t,) — (1,1) is similar,
and the cases arising from (z,,t,) approaching other boundary points over which ¥z has a
continuous extension or from z, — +o0o are similar to these same cases when 8 = 0. O

The following then completes our analysis of the map ¥, and therefore completes the proof
of theorem (5).

Proposition 22,
1. The map ¥ is a diffeomorphism from D§ [respectively D] to Ey [respectively EF].

2. When B # 0, the map Vg is a diffeomorphism from Eg [respectively E;{_, E;{Jr] to
Dy [respectively D;;_, D;Jr].

3. When B # 0, the cardinal number #(‘115|D;0)‘1(u1,,u2) may be found by locating the
point (py, p2) in figure (7).

Proof. For the first statement, by lemma (6), the map ¥, has no critical points, and so is
a local diffeomorphism. Thus, by proposition (21),

Yy, = E(I,O = GEE,

and so by proposition (17) and proposition (19), #(Vo|Dg ) 1, p2) = 0 if (ug, pu2) ¢
CIE; . Then regarding ¥o|E as a map into CIE], one sees that proposition (18) can be
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Figure 7: #(‘I’g|DEO)_1(u1,u2) for g #0.

applied to conclude that ¥g is a diffeomorphism from Dy to Ej . This argument also suffices
for the proof in the case that D and EF replaces Dy and Ej, as well as for the entire
proof of the second statement.
For the third statement, putting proposition (20) with proposition (21), one ob-
tains
quﬁ = BEE;O U Imagepg,

and then proposition (19) determines the quantity #(‘I’gIDE;O)_l(,ul, i2) everywhere except
on the curve gg and in the open region, say FE,,, bounded by the curve g5 and the line
joining this curve’s two endpoints. Let (u1,p2) be a point on the curve pg which is not
the cusp on the curve pg. Then (puq,p9) is the image of exactly one critical point, and
Wg is locally conjugate to the map (z,y) — (22,y), by theorem (6). It follows that the
the quantity #(\Ilﬁ|DEO)_l(u1,u2) must increase or decrease by 1 exactly at (y,p2) and
must increase or decrease by 2 as (up,pu2) enters Eys. Since this quantity is 1 on the
region adjoining F,, and obviously must be positive, it cannot decrease by 2, so then
#(‘I’g|DEO)“1(pl,u2) =3 in E,, and #(‘I’g|DEO)“1(u1,u2) = 2 at a point on gg and not
at the cusp point of this curve. A similar argument, using of course the different local
representation, determines that #(‘I’gIDEO)‘l(M,pg) = 1if (p1,p2) is exactly the cusp of
the curve gg. O
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Chapter 3

A Momentum Preserving
Symplectic Integrator

When investigating the phase portrait of a complicated Hamiltonian system with
symmetry, like the system of two coupled rigid bodies, a numerical integrator is of obvious
utility. Recently, attention has been attracted towards the class of symplectic integrators,
which are algorithms that are discrete flows obtained by iterating a symplectic mapping
of phase space that approximates the exact time-At flow for small At. (See [6] and the
references therein.) In the context of a simple mechanical system with symmetry (Q,G,V),
one way to construct such an algorithm is as follows: A function f on Q? generates a
symplectic map a; — aq of T*Q by first solving for ¢; from the equation

a; = _dlf(QI"h), (1)

where a7 has base point ¢;, and then setting

a2 :d2f(Q1,Q2)- (2)

Furthermore, a classical result [3] states that this procedure generates the Hamiltonian
evolution if f is taken to be the function S; defined by

Suar, ) / L(g,q) dt, (3)

where the integration is performed along the evolution curve v joining ¢; to ¢o in time t. A
function §; which agrees with §; to arbitrarily high orders may be found from equation (3)
by using the Lagrangian vector field to generate Taylor expansions of the evolution; the
discrete flow which constitutes the algorithm is obtained by choosing ¢ small and then by
using equations (1) and (2) with f = §, (equation (1) is solved numerically.) Tt is an
observation of Ge and Marsden [7] that if f is invariant under the diagonal action of G
on 2%, then the symplectic map generated by f preserves the momentum map J, and so
if §; is G invariant then the algorithm generated by S, will be symplectic and momentum
preserving. This chapter gives an exposition of the theory behind these ideas and outlines
a practical application to the system of two coupled rigid bodies.
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We begin by showing that equations (1) and (2) do indeed generate momentum
preserving symplectic maps when the generating function is invariant. Here and below, since
it is clear from context, we avoid pedantically specifying which action of GG is intended, be it
the usual lifts of the action on Q to T'Q) and T*Q, the diagonal action on ()2, or the actions
on the products of these spaces with R obtained by the product of the action on the space
and the trivial action on R.

Proposition 1. Suppose ¥ : U C T*Q — T*Q admits an invariant function f with domain
containing the set

{(5(e), 750 ¥(a)) |a€ U}
such that for all a € U,
a=—di f(7j(a),7] 0 ¥(a), V(a)=dyf(5j(a),15 0¥ (), (4)

where 15 : T*Q — Q is the canonical projection. Then V is symplectic and J oWV = J.

Proof. Given (4), and using the definition of the canonical one form 6y, a simple calculation
shows that
U0 — b = d (a — f(1)(a),7; 0 ¥(a))).

Taking the exterior derivative of this expression shows that ¥ is symplectic. That Jgo¥ = J;¢
for £ € g follows from differentiating the equation

(75 (a), 75 0 ¥(a)) = f(exp(t€) - 75 (a), exp(tE) - 75 0 ¥(a))
with respect to ¢t at t = 0.0

Remark. If ¥ is the unique map that satisfies equations (4), then it is similarly easy to show
that ¥ is G equivariant.

Remark. In coordinates ¢,' for the first factor of Q2 and ¢, for the second, and letting the
corresponding conjugate coordinates be p'; and p?; respectively, equations (4) become the
familiar

1 of

p‘i:_aqli

o af . .
1 7 2,: _ 2 Y,
(ql y 42 )7 D aqzz(ql ,(IZ)

Given a particular approximation S; to S, we are interested in determining the
order with which the corresponding symplectic maps agree at t = 0, since this order will
determine the order of the symplectic integrator constructed by S,. However, as t — 0 with
¢1 and ¢ fixed, the Lagrangian evolution curve joining ¢; to g2 in time t (if such a curve
exists) must start at ¢; with arbitrarily high initial velocity, so the generating function S;
defined by equation (3) has a singularity at ¢t = 0; for precise work, an exact determination
of this singularity is necessary. For example, in the case of a single free particle, where
Q = R and V = 0, it is trivial to verify that S; = (¢ ~ ¢q0)?/2t, so t5; is a C* function
on Q? x R. This 1/t behavior as t — 0 is generally true. The idea of the proof is as follows:
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Let F; be the flow of the Lagrangian vector field X z. Then the generating function S; is
the composition of the C°° function

(st [ Lo Bn)ds, ©)

and the inverse of the map
(vq’t) = (q,TJ © Ft(”'])7t)' (6)
Thus the singularity of S; at ¢t = 0 is caused by the poor behavior of the inverse of the

map (6). It turns out, though, that this inverse followed by multiplication by ¢ in its first
component—that is, the inverse of the map

(vg,8) = (4,75 © Fi(vg/1), 1), (7)

is C*°, and furthermore that the function

(vq,t)Ht/OtL(Fs(vq/t)) ds (8)

is C* as well. This displays t5; as the composition of the C* function (8) and the C*
inverse of the map (7), so tS; is C*°.
To make the above argument precise, we prove the following two lemmas:

Lemma 1. Let exp be the exponential map of the kinetic energy metric. The map = defined
by
B(og, A) 2 { (970 F(va/A)2) i A 70
(q,expvg, A) fA=0
is a C* equivariant diffeomorphism from an open neighborhood of Zrg x {0} CT'Q X R to
an open neighborhood of Ag2 x {0} C Q? x R, where Zrq 1is the zero section to TQ and
Agz s the diagonal of Q2.
Proof. For A € R, consider the Lagrangian L) defined by
e 1 f
L(vq) = §<”q’”q> - /\2V(Q), (9)

and by abuse of notation, let M, denote the scalar multiplication map on both T'Q and T*Q,
so that
My\(vq) & Avg, M)y(oy) def Aag.

Then the Lagrangian vector field X g, of Ly, which is obviously a smoothly parameterized
vector field on T'Q, is given by

ATM\X g(vg/A) ifA#0

XE,\(vq) = { XEO('Uq) fA=0 (10)

Indeed, for A = 0 this statement has no content, while otherwise one easily verifies that

MyoFL= FLoM,, FLy=FL M}6y= A,
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and thereby that M{wyr,, = Awr,. Thus, using (-,-) for the contraction of a vector field and
a one form,
(AMyx Xp,wr,) = MXg,Miwr,)
= MXEg, \wr)
= A MydE

1
= \d (vq — W(vq,vq) + V(q)>
= dE)n
and AMyx X g(v,) = AT M\ X g(v,/)), so equation (10) is verified. Now the flow F of X g,

is given by

prs = { R 1120 )

Indeed, for A = 0 this statement has no content, while otherwise

d

| APa(vg/A) = TMy(AX5(Fa(vq/}))

i (M)

A
XE, (Ft/\(vq)%

as required. Thus the map (v,,t,A) — Ft’\(vq) is well defined and C* on some open subset U
of TQ x R?, since FtA is the flow of the smoothly parameterized vector field X g,. Moreover,
TQ x R x {0} C U, since the geodesic flow F? is complete. Thus the set

U= {(vy,N) | (v5,1,\) € D}
is open and contains 7'Q x {0}, and since
E(vq7/\) = (anQ* © Fl)\(vq)7/\)’

it follows that = is well defined and C'"*° on U.
Obviously Z(04,0) = (¢, ¢,0), so that if ¢; and ¢, are the embeddings

QXR'—’Q2XR: Ll(Qat):(Q7Qat)7
QXR—-TQ xR: (q,t) =(0g,1),

P

QxR

Ny

then the diagram
U

(13

T xR
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commutes. Furthermore, T'Z is invertible at points in the image of ¢5: indeed, if w €
To,(T'Q) has horizontal and vertical components w’, wh € T,Q, then T(exp)w = w", so
that

TE(w, (0,1)) = (w*, ", (0,1)).

In this general situation, and since @ x R is paracompact, local inverses of = may be glued
together along the image of ¢1 [12:99], thereby showing that = is a diffeomorphism from an
open subset containing the image of 11 to an open subset containing the image of ¢,. O

Corrollary 1. Consider a simple mechanical system with Lagrangian evolution Iy, and let exp
denote the exponential map for the kinetic energy metric. Then, for all v, € TQ, the
Lagrangian evolution curve starting at v,/ lasts for time at least A, for X in some open
interval of 0, and

/l\i_%rg o F\(vg/A) = exp v,

Lemma 2. The function

A
S - Al/o Lo Fy(v,/A)dt if A#0,

é’l’l.]ql2 Zf )\ = U,
is well defined, invariant and C* in some neighborhood of T'Q x {0}.

Proof. Suppose A # 0, and compute as follows:
= A
S(v,\) = )\/ Lo Fy(v,/ ) dt
0
A
- )\/O (E -2V 073) 0 Fy(vg/N) dt
A
= AE(v,/)) - 2/\/ Voo Fy(vg/A) dt
0
1
- )\QE(vq//\)—Q)\Q/ Voo AFr(vg/\) dt
0
1 1
= Sl V@) =22 [ Voo B oy d
where F}' is the C* map (11) of lemma (1). O

As promised, we now combine lemma (1) and lemma (2), thereby obtaining detailed infor-
mation about the generating function S; and about the map which tells what the initial
velocity is for the evolution joining two base points in a specified time.

Theorem 1. Consider a simple mechanical system with symmetry (Q,V,G) where the La-
grangian vector field X g has flow F;,. Then there is an invariant open neighborhood U
of Ag2 x {0} C Q* x R with the following properties:
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1. There ezists a C* equivariant map A : U\Q*x {0} — T'Q such that, for (q1,q2,t) € U
with t # 0, the flow Fy starting at A(qq, q2,t) exists for time at least t and

75 0 A(q1,92,t) = q1, 150 Fyo A(q,q2,t) = ¢a.

Thus, A(q1,q2,t) gives an initial velocity at ¢, whose base integral curve is at g, after
time t.

2. The square of the distance function d(q,q2)?* of the kinetic energy metric is C* and
invariant on the invariant open neighborhood Uy of Ag2, where

def

UO = {(Q1,Q2) | (QI’Q2’3) € UfOT‘ some s € R }7

and there ezists an invariant C*® function f!: U — R such that the function

d(q1,q2)?
S(q1,q2,t) = ((112—;12)+f1(Q1>Q2»t) (12)
satisfies the equation
¢
S(Q17Q27t):/0 LOFSOA(QI»QZ’t)dS (13)

fort #0.

3. The set U is invariant under interchange of ¢1 and g2 and invariant under time

reversal, so that

(91,492,t) €U & (q2,q01,t) €U & (q1,92,-1) € U.
Moreover,
A(qlvq%t) - —A(th]% _t)’ (14)

and
S(‘ha(h,t) = 5(112, qlvt)7 S(q17q27t) = _S(Q1aQ27_t)’

and the various partial derivatives of S are

d1S =—-FLoA, d;§=FLoF,0A, %_f: EoA.
Proof. For the first statement, let
Alqr, g2, t) = m o= (o ant)

t

where = is the map defined by lemma (1) and 7 : T7Q X R — T'Q is the natural projection.
Defining

def 0o="1
S(Qlaq%t) = f7
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where S is the function defined by lemma (2), it is apparent that the proof of (12) and (13)
will be complete if

o 1
So0=Yq,q2,0) = §d(Q1,Q2)2-

Indeed, since Z is a local diffeomorphism, ¢, is contained in an open neighborhood of ¢,
on which exp, is a local diffeomorphism. By consequence d(qi,q:) = |==1(q1, g2, 0)|, since
conjugate points need not be considered, and since exp(=~'(q1, g2,0)) = g2. By intersecting
finitely many sets, one can shrink U to ensure it is invariant under ¢ < ¢ and 1 & —t,
and then from the proof of lemma (1)—take A = —1—one has Fy(vq) = —F_,(—v,), and
(14) as well as the invariance properties of S follow easily from this.

There remains the computation of the derivative of S, which seems to be most
easily accomplished in—wretch-—local coordinates. Set in local coordinates, one has

t _ :
S(qla q2, t) = /0 L(qz(qlv q2, ta 5), ('Iz(fh, q2, ta 5)) dS,
where the Lagrangian evolution is

S = (qi((h, q2, ta S)a qi(fh, q?atv 5))’

and that evolution satisfies the boundary conditions

qi(qlaq%t,O) = qliv qi(qlvq2’t’t) = qu' (15)
Thus,
s [tOLd¢ | IL I
Ogt — Jo 9¢7 9gat 047 gy’

t ' 33
_ /i(aL) 8q1+8_Laq ds
0

ds \0¢7) D'~ O’ Dgo’
_ orog [Tt ord (og oL oi
- 0¢7 Ogy' =0 o 0¢7 ds \ Oga* 0¢7 0gz*
oL 0 ' oL 0 -
= a—q'jaqzi <qj(q1’q2atat)) - a—qjaqzi <qj((haq2’t70))
0L 0 p oL 0 j
T 0§ 0y’ <q2 ) 3¢9 0qa° <ql )

oL, . ..
- 8(]1 (qQJan(QI,q%tat))v
as required (here the Euler-Lagrange equations and the boundary conditions (15) have been
used in conjunction with an integration by parts). Similarly,

a5 oL

aqli = 8(11 (q1jaqj(q1>q2at70))7
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and
8_5 _ L ta_L_(?.Qi 8_[/% S
ot = Jo 0¢2 0L 7 047 Ot
o oL g7 [*=*
_ J o3 e
= L(fh y q (ql,antat)) + 8qj ot =0

Now one cannot interchange the evaluation at s = ¢ and the derivative with respect to ¢ in
the last term, but there is the following calculation:

0 .

— - J
0 = EY (q (fh,(h,t,s) szt)
_ ¢ 9q’
T s
S= s=t

_ 0 g
= Wmﬂ (q1,92,1,1).

Thus, solving this for d¢?/0t, and recalling that the action is defined by

8L i
A= éhjiq
one obtains
o8 o
W = (L - A) (QZJ,‘]](QI,‘Jz,t’t))

= E(qT]aq](ql, q?vtat))v
as required. O

Corrollary 2. The generating function Sy defined by theorem (1) satisfies the Hamilton-Jacobi
equation

%+H0d25t =0.
Proof. From theorem (1),
%%—Hodg& = —FoA+HoFLoF,0A
= —FoA+FoF,oA
= 0.0

The generating function Sy and its approximations share some elementary prop-
erties, which for convenience we collect here in the following definition:

Definition 1. A regular type 1 generating function is a C* function f, : U\ (Q?*x {0}) — R
of the form
_ fo(fh, fh)

g g2) = —=—+ a1, a2, 1),

where U C Q2 x R is open, Uy is open and f°: Uy - R is C°, f1: U — R is C*, and
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1. dfO(q’ q) =0 fOT‘ all (qv q) € UO;
2. fY(¢,4,0)=0 for all (¢,q,0) € U,

3. the bilinear form d1d2f° on T,Q is nonsingular.
Proposition 2. The function S; defined in theorem (1) is a regular type 1 generating function.

Proof. Using the kinetic energy Lagrangian Lo and its associated generating function §°,
one obtains

d(q1,42)* = 2t5%q1, g2, 1)

near (¢, q) for small enough ¢, and since the evolution curve for the L¢ starting at ¢ with
velocity zero remains there for all time, so A%q,q,t) = 0,, where A° refers to the La-
grangian Lo. Thus

d15%4¢,q,t) = FLo o F} 0 A%(q,4,t) = 0,

and similarly with d35°, so that if v;, v, € T,Q,

d (a1, %) — dg1,02)*) (v, v2) = 26(d1S(q, @)v1 + d259(q, q)v2)
_—

which is the first of the properties in definition (1).

This same idea also shows the third of those properties by computing the mixed
second partials of the square of the distance function: let s — ¢(s) be a curve tangent to v,
at s = 0. Then

(d187 (g, c(s)), 01)

s=0

_ L (FLo A%q, c(s), 1), 1)

Sls=0
= - <U1 ) Tqu,tU2>a

d
dleS?(q7 Q)(Ul, U2) = d_s

where the last pairing is the kinetic energy metric. By definition of A, for fixed ¢t and ¢,
the map ¢2 — A(qq, ¢2,t) is locally invertible, so T;A,; is a linear isomorphism, and thus
d1d2S¢(¢1, q2) is nonsingular.

Finally, using the function S; of lemma (2),

80,0
1 _ t\Yg>
f (qaqvo) - /l\l_% /\

A
- ;l_%/o Lo F,(0,) dt
=0

which is the last of the properties in definition (1). O
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We now prove that an invariant regular type 1 generating function defines a momentum
preserving symplectic integrator—that is, defines a symplectic, momentum preserving equiv-
ariant map on any given relatively compact open set D. One imagines, then, starting with
an initial condition in D and iterating the symplectic map for as long as the orbit thereby
generated remains in D. Of course, the existence of the symplectic integrator just amounts
to an application of the implicit function theorem, the only nuance being the avoidance of
the singularity of f; at t = 0 by solving the equation

tog = —dl(tft)(rg(al ), 75 (a2))
instead of this equation without the multiples of ¢.

Theorem 2. Let U C Q? xR be a invariant open set, f; : U\ (Q? x {0}) — R be an invariant
reqular type 1 generating function and let D C T*Q be an invariant open set with compact
closure. Then there ezists an € > 0 and a C*® map ¥ : D x (—¢,€) — T*Q such that:

1. ¥(a,0) = a for all a € D.

2. For all a € T*Q, the curve c(t) = ¥,(a) satisfies
a=—dif; (Tg(a), 75 0 c(t)), c(t)=d2f: (Tg(a), Ty O (). (16)

3. For all a € T*Q, any other curve c¢(t) which satisfies (16) and c¢(0) = « also satisfies
c(t) = Uy(a) for allt in the domain of ¢ such that (a,t) € D.

4. For allt € (—¢,¢), the map ¥y : D — T*Q is symplectic, momentum preserving and
equivariant.

5. There erists a unique C* function H : D X (—¢,¢) — R such that f and H satisfy
the Hamilton-Jacobi equation
ofy
——+ Hiodaf; = 0.
i + Hyodaf
Moreover, H; is invariant, and for all a in D, the curve t — ¥(a,t) is the integral
curve of time dependent vector field X g, starting at « at time t = 0.

Proof. The first step in the proof is to obtain local existence of the ¥; near some arbi-
trary & € D with base point §. In local coordinates, and after multiplying by ¢, the first of
equations (16) becomes the following equation for ¢;*(¢17, p';,¢):

tpli = A’ 4%, 1), (17)
where
A; = -azi(f0 +tf1). (18)
Since the bilinear form dyd; f(q, ,0) is nonsingular, the array
JA; 92 f°

(@,¢,0)

T _j,_j,O =
afhl(q 7,0) 0q1'0q?
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is nonsingular, and t = 0,q,7 = go7 = ¢’ are solutions to (17) since d f° vanishes on Age.
Thus, the implicit function theorem finds an open sets U and V of &, an € > 0, and a unique
solution ¢o*(g17,p';,t) € V of equation (17) defined on U x (—¢,¢) which is C*°. Moreover,
since ‘ .

t=0, q’=¢’

are all solutions to equation (17), it follows that qgi(qu,plj, 0)=aq'".
The projection to @ of this (local) ¥, found, the “vertical” part p%;(¢i?,p';,t)

Of ‘I"t iS af
: g, g7 (%, py, t ift#£0
P2i(Q1J,P1j,t) — aq21 (QI yq2 (fh ' P ks )) # ) (19)
Pli ift=0.

It remains to be shown that p?; so defined is C*: Indeed, since the derivative of f9 vanishes
on Ag:z, there exists a €' function a and C'* functions a;; such that

ot a) = a(g) + sa(a’, ') (&7 — 07) (" — @),
2
and since ¢'(q17,p';,0) = 1, there exists C*° functions v'(q?, p';,t) such that
@ (a7, p'y,t) = a1t + o' (@7, p',0).

Thus, by substitution into equation (19),

(20)

which is clearly C>. Thus p?; defined by (19) will be C* if the evaluation of equation (20)
at t = 0 is p!;. This evaluation is
2,j1.0_‘,kkjk108f1kk0
phila?,p 5,0) = aij(q1”, ")V (", Pk, 0) + a(hi(‘h »q17,0)
a2f0 d 21’ ol

“ o
faed aq2{q2j(q1k,q1k) dt (q1k7p1k70) + _aq21' (qlk’qlk’o), (21)

by definition of the a;; and v?. But then differentiating the equation

. fof°  oft i i ko1
tp)' = — (aqli tig (07, 2" (01" P ks 1))

at t = 0—that is differentiating equation (17) at ¢t = 0—yields

d(hi 0 1

ko k ko1 ok
70 - ; 9 70 ’
> q1 ) di (fh yD k ) (9111’ ((11 q1 )

A (
b= 092" g2 n

the right side of which is precisely the left side of equation (21), since f!(¢*,¢*,0) = 0 and
therefore

afl i i 3 afl
(ql s q1 ’O) - _6‘qgi

g (‘hk,fhk,o)
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Now let ¢(t) be another solution to (16) defined on an open interval I containing
0, and consider the set

A={telIn(-¢e) [ o) = @' (@', p i) ).

Then A is clearly a closed set of I N (—¢,€). But uniqueness of the solution ¢*(¢,?,p';,?)
found above by the implicit function theorem implies that

[75 0 c(t)] = 42" (@', B'ss t)
forallt € IN(—e¢,€) such that ¢(t) € V. This fact shows that A is an open subset of IN(—¢,¢€),
since if € A, then ¢(#) € V, so for ¢ in some neighborhood of %, ¢(t) € V and hence t € A.
Thus A = I N (—¢,¢€), and hence the curve ¢(t) and the local solution constructed above
agree on the intersection of their domains. Since D is relatively compact, it may be covered
by a finite number of such U, having associated ¢,, V,, and maps ¥°® : Uy X (—€,4,€,) — V.
The local uniqueness just shown then validates the following construction of a map ¥ :
D x (—€,¢) — R satisfying properties (1)—(4) of the theorem: let € be the minimum of

the ¢, and let ¥ be the union of the G translates of the maps ¥,.
To show property (5), note that the function

(91,92) = —ft(92,91) (22)

is also an invariant regular type 1 generating function. Then, possibly shrinking e, the
argument up to this point may be applied to (22) and thereby constructs a map ¥, :
D x (—¢€,€) — T*Q such that, for all @ € D and t € (—¢,¢€),

a = dgft(TQ* o ‘i’t(a),‘rg(a)), ‘I"t(a) = —dlft(‘rg o ‘i’t(a),rg(a)). (23)
Thus if H; and f; satisfy the Hamilton-Jacobi equation, then

Hya) = Hiodyfy (70 ¥y(a), a)
(95}
= ¥ 24
Co (75 0 by(a), ) (24)
so Il is unique, and moreover, given f;, this equation may be used to define H,.
Finally, the proof of the theorem will be complete if t — ¥,(a) is an integral curve
of Xp,. Half of this is shown in theorem (5.2.18) of [1:390]; that reference reduces one to
showing that, for all @ € D,

d

—7Fo VU

s (o) = T‘rc’; o X, oda fi(p), (25)

where p & (75(@), 75 0 ¥4(a)) for temporary convenience. To show (25), let v € T'Q have
the same base point as a, and then differentiate the equation

(@, v) = —(difi(15(a), 75 0 Uy(@)), v)

—that is, differentiate the first of equations (1)—with respect to ¢:

0 = ~(dufi(p), ) ~ (drda fi(p), (v, 75 0 We(@)), (26)
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where f/ «f 0f/0t. Also, use the identity T'7; o X g = F'H,, where F'H, is the fiber derivative
of H, to differentiate the Hamilton-Jacobi equation in the variable ¢; at p:

0 = (dif{(p),v)+ (FHod,fi(p),did2(p)v)
<d1ftl(p), U> + <d1d2(P), TTJXHt o d2ft(P)>- (27)

Subtracting (26) and (27) gives

d
did;(p)- (v, ET'; o ¥y(a) — TTQ’; oXpg, o dgft(p)) =0

for all v. This completes the proof, since d;d;f° is nonsingular on the diagonal of Q2, so
that, possibly by shrinking €, one may assume that dids f; (7} (@), 75 o ¥;(a)) is nonsingular
for allt € (—¢,¢) and a € D. O

Before proceeding to the next theorem, it may be useful to consider an example. Specifically,
the simple harmonic oscillator with Hamiltonian H < p?/2 4 ¢2/2 has flow

q(t) = qocost + O sint,
p(t) = —qosint + p°cost,

and a simple calculation gives

(¢2)? cost — 2q1q2 + (q1)? cost
2sin t ’

St(qla q?) =

Here the metric coeflicient is constant and 5; is quadratic in ¢; and ¢z, so we perform the
change of coordinates ¢ = In z to avoid specialities. Then renaming the variable z to ¢, the

Hamiltonian becomes
defl

1
H 229?40 212
2‘1P+2nq

with generating function

Ingy cost — 21In gy In go + In%g cost
2sint

Si(q1,92) =
and flow

q(t) = exp(In go cos t + qoposin t),
—1In ggsint + ggpo cost
p(t) = .
tq(t)

Now we construct an approximation S; to S; by expanding St in a Taylor series in gz, ¢ about
the point g3 = ¢1,¢ = 0, retaining terms of the form Ag*t! where k+[ < 2 and Aq ¥ ¢o— 1

. w 1 (A A tln ¢ < Aq)




82

After a small exercise in the manipulation of Taylor series [24], this approximate generating
function gives curves §(t) and p(t) such that

q(t) = q(t) + %[ll(po%)2 +31Ingo — 2]t + O(t),

_ 1
) =p(t) + 5 [(Pod0)* + 2(31ngo — 2)(Pogo)* + 31n? go — In go]t* + O(t*),
and the associated time dependent Hamiltonian is
~ 1
H,=H+ g[11p“q4 +2(31n g — 2)p*¢® — In? ¢]t2 + O(£%).

Thus, the approximate evolution generated by S is precisely a t3 perturbation of the exact
evolution, while the approximate Hamiltonian is precisely a t? perturbation of the exact
Hamiltonian. The second order agreement between p(¢) and p(¢) is really quite remarkable,
since the the coefficient of t? in j is generated in part by the coefficient of 3 in §(t), the latter
quantity over which, ostensibly, there is little control. But the degree of agreement between
the approximate and exact solutions, as well as between the Hamiltonians, is generally true,
and that is the subject of the next theorem:

Theorem 3. Let f : U\ Q% x {0} — R and f : U\ Q% x {0} — R be two functions of the

form

0
f((h»(h,t) = I'—(q—tl—,"@_) + fl((ha‘h,t),
~ ~0 ~
Flar aa,0) = 120028 g oy,

t

where U is open, fO : U — R is C* on an open subset U° C Q2, f1 : U — R is C*° and
similarly for 10 and f. Suppose that for some r > 1 the functions f° and f° have (r+1)-
contact at (q,q) for all (q,q) € U® and the functions f! and f! have r-contact at (q,q,0)
for all (q,q,0) € U. Then if f is a regular type 1 generating function, so is f, and if an
application of theorem (2) to f and f generates maps

U, : D x(~e,¢) = T*Q, ¥, :D x (—¢,¢) = THQ,
then the curves }
t— Uy(a), t— ¥Yy(a) (28)

have r-contact at t = 0 for alla € DN D. Moreover, the time dependent Hamiltonians H,
and Hy associated by theorem (2) to f and f have (r — 1)-contact at t = 0, so that

f{t = Ht + O(tr)

Proof. It is immediate that f is a regular generating function of type 1, since r > 1, so f°
and fO have 2-contact and f! and f! have 1-contact on the diagonal of Q2.

Now the proof that the “horizontal” part of the two curves (28) have r-contact
at ¢ = 0 is obtained by examining the proof of the local part of theorem (2). Indeed,
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the functions f and f have r-contact at ¢y = g2 = g, t = 0, so that the two results of
multiplying ¢ into one derivative with respect to ¢; of these two functions have r-contact
at these points as well. Therefore, the A; defined by (18) and the similarly defined A;
have r-contact at q; = ¢ = ¢, t = 0, so by implicit differentiation, the curves

t— q2 (q p]a )a t— q2i(qjaf)j,t)7 (29)

have r-contact at ¢t = 0.
The “vertical” parts of ¥,(@) and ¥;(@) may be computed by

[ )( Az(",z‘)k,t))], (30)

oot oy < L[
p 1(qk7pk7t) - aq2
[——aa(flf? (qlf,qf(qk,m,t))] . (31)

72", pr,t) =

S S =

In the same way as above, the functions

o(tf)

o o (ft)
y ]7 ]’t7 ]7 ]’t
902 (a7, q2%,t), (qi?,q%,t)—

(17, q27,t) — ——— (0’3", t)

have r-contact at ¢ = g2 = ¢, t = 0. Thus, the square bracket part of (30) and (31)
have r-contact at ¢ = 0; the division by t reduces this contact by 1, and so the curves (28)
have (r — 1)-contact at ¢ = 0. And this is where the matter would lie, were it not for the
fact that the order of contact between (30) and (31) is 7, not 7 — 1. To see this, compute
as follows: using the chain rule, and the information that the curves (29) have r-contact
at t = 0, and the fact that ¢/ and ¢f have r-contact at ¢; = ¢ = q, t = 0, one computes
that

drt! 2k - 2k -

prsy (tp (@, rot) — 1p7i(q ,pk,t))
t=0
Til r+1 ar+2(tft _ t_ft) <d_qz> zk N a2f0 dr+1q2j dr+1(‘1"2j 32)
k=0 k Otkaquk(?qg" dt a(hia(hj dtr+1 dtr+1 ’ (

where 2, is a multi-index of length r + 1 — k, and the functions on the right are evaluated
at ¢1 = g2 = ¢, t = 0. On the other hand, by the definition of the curves (29), one has

a(t It T, o
( ft)(th , 422 (T, P> 1)) — ( fz)(m],%](qk,f’k,t)) =tpr —tpr =0
dqi? oq

and differentiating this » + 1 times with respect to t yields

Tf Tl w<@>“+ il Ciaar S ey A WP
i\ k) 0tF0goqt \ dt q1'0qx7 \ dirtl dgr+r ) T

the left side of which is the right side of (32) if only ¢2* would appear wherever ¢;* does. In
fact the replacement of ¢1* with ¢,* in (33), up to an irrelevant sign change, is valid: for the
second term of (33), since f; is a regular type 1 generating function, df°(q, q) = 0, so that

80 0
a;](q ¢*) = a(f (¢",4") =0,
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and differentiating the second of these equations yields

L (rgty = Lk g,

Oq1'0gz? "’  092'0q27
The replacement of @' with g2 in the first term of (33) is accomplished a similar way, since
tf and tf have at least (r + 1)-contact at all (¢*,¢*,0), so

ar+1(f0 _ fO) i 3
Othagm (040 =0

for any multi-index zj of length r + 1 — k.

Finally, since the time dependent Hamiltonians H, and H, are defined by equa-
tion (24) with S, replaced by f; and f; respectively, it is obvious that H, and H, have (r—1)-
contact in ¢ at ¢ = 0: The argument to this point shows that the curves arising from ¥
and its ¥ counterpart have r-contact at ¢{ = 0, while the two functions H; and H, are the
compositions of these with the partial ¢ derivatives of f, and f,, which have (7 — 1)-contact
at {1 =0.0

Having determined what terms to keep in the approximation S, to S so that a given order
algorithm is generated, we may now give a formula for S, that suffices to generate algorithms
of order 1,2 and 3.
Theorem 4. In local coordinates, the expansion of Sy leading to an order 3 algorithm is
& = Ao AdAd 1+ te Ad AP Ak + L (g T Y Ad Ad Adk AL
t = o 9i;8q¢ Agq’ + 291J;kAq T AqG + 12 Gab z'jrkl +291J;kl q Aq Agq Aq
t[V+ VA "+—1—<F“V +2Vi) Ag'A
9 it q 12 g q q
3

b
— "V, Vy,
249 H vb

where the functions on the right are evaluated at q;.

Proof. The generating function 5; conveniently satisfies the equation
t
St(QhTS o Ft(v)) = / Lo Fy(v)ds
0
t
/ (E—2V)o Fy(v)ds
0

tE(v) — Q/Ot Vo Fy(v)ds (34)

(l

where this particular form has been chosen to avoid expanding the functions g;;. From the

Euler-Lagrange equations,
. . . 12
[Go R = a'+v't-5|g
3 b . . . .
—6_ [[(29 CF:zb - gvz:l:)‘/vc - gzb‘/;ab] v + (QFZngc - ab c)vavbvc] + O(t4)

[“’V + I, 0" v]
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where the functions of the right are evaluated at ¢;. Then this may be inserted into (34),
along with

1
V(g2) = V + Valg® + 5VinAg*Ag’
and
1
=y [2 RabAdTAC + ”abchaAquq +—I‘€abchququchqd
[ 20 + K/21Aq + [{ Aquq + t3ﬁ40,

and the formula for S; results from solving for the x’s by comparing coefficients of powers
of v* and ¢ [25]. O

Remark. If one uses an r-order approximation S to Sy, then theorem (3) guarantees that the
time step map of the symplectic integrator is the flow of a time dependent Hamiltonian H =
H+0O(t=!). Thus, iterating the map ¥, defined by S, is equivalent to performing a discrete
sample of the flow of the time dependent Hamiltonian obtained by restricting H to the
interval [0,¢) and then extending that to a periodic function on all of R. In this way, the
algorithm is realized as a small, high frequency perturbation of the exact system, a fact
which suggests that averaging techniques of Hamiltonian systems theory may serve as a
vehicle to prove that the approximate phase portrait retains features of the exact one.

If the local coordinates in which S; is approximated are not adapted to the action of the
symmetry group, then the group invariance property of S; may be lost in the truncation
process used to obtain the approximation S;. This is an important issue, since if S; is not
invariant, then the algorithm it produces need not be momentum preserving nor equivariant,
and the entire purpose of our development would be stymied. The following lemma shows
that this is not a problem when the action of the symmetry group is affine in the local
coordinates used to expand 5.

Lemma 3. Let U C E and V C F be open, E and F be Banach spaces, f : U* xV — R
be C°, A: E — F be linear, b € E, and suppose that
f(Aql + ba A(]2 + b7 t) = f(ql’ q2, t) (35)

for all (q1,q2,t) € U2 x V such that (Aqy + b, Aga + b,t) € U? x V. Then any function f
obtained by retaining finitely many terms in the Taylor expansion of f in the variables g3
and t about ¢ = q1, t = 0 also satisfies the invariance property (35).

Proof. Every term in the Taylor expansion is a constant multiple of a function T'(q1, ¢2,t)

of the form
T(Q17927t) =D- f((lh(h + ZaiAq7Zﬁit> »

=1 i=1
where D is the differential operator
dn+m
dary -+~ dondBy -~ By,

def

D_

’
ay=-=an=0
Br=-=Bm=0
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and the proof is completed by noting that any such function satisfies the same invariance
property as f does:

T(AQI + b, aqs + b7 t)

D-f (AQ1 +b, A +b+ ) a,-AAq,Zﬁ,-t)

=1 =1
= D- f(AQ1 +5,A lfh + ZaiAQ] + @Zﬁﬂ‘)
i=1 =1
n m
= D- f(qlaql + ZaiAq,Zﬁit)
=1 i=1

= T(q,q,t).0

Unfortunately, the act of invoking local coordinates usually complicates the ac-
tion of the symmetry group to such a degree that it is not affine (consider for example the
manifestation in Euler angle coordinates of the action of SO(3) on itself by left or right
multiplication), so a method is required that will modify the approximate generating func-
tion S; to an invariant function. Such a scheme is provided by assuming the existence of a
section to the action of the symmetry group within the domain of the coordinate chart—
that is, assuming that the coordinate chart reduces us to the configuration space U C R™
which admits a submanifold & and a C° map O : U — G such that:

1. § intersects each GG orbit in U exactly once.
2. For all z € U, ©(2) is the unique element of G such that O(z)-z € S.

Sections, for example, exist near points with nontrivial isotropy, and furthermore, it is
typically easy to find them explicitly, while isotropy at a point will typically preclude the
existence of a section through it. Given a section, an invariant approximation S, to S; may
be constructed by decreeing that

Si(q1,92) = S (0(a1) - 41, 0(q1) - 42).

Indeed, S; is invariant, since if g € G then g- ¢, and ¢ belong to the same G orbit, so that

(0(991)) - (9- @) = (0(941)9) - @1 = Oa1) - ¢
and thereby 0(gq1) = O(q1)g~!. Thus,

Si(9q1,992) = S:(0(9q1) - 901, 0(9q1) - 942) = Se(q1, @2)-

Furthermore, since S; is invariant, S't has the same order contact with S; as S; has with S;.

Since S; so constructed is invariant, the symplectic map V¥, that it generates is
equivariant, an observation that implies a fact essential to the construction of an integrator
that makes effective use of the symmetry of the system: it suffices to be able to com-
pute ¥y(a) for a € T*U with base point in S. Indeed, if a, € T*U with ¢ ¢ S, then we
may compute V(o) using the equation

Vi(ag) = G(Q)_l A ACIOE aq)-
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In practice, the initial state of the system is represented as gra,, where ¢ € S and g7 € G.

Then equations (1) and (2) with f replaced by S, are used to generate an intermediary o, &
VU,(«), where ¢’ is not necessarily in S, and then « and gr are updated by the replacements

a—0(¢) o, g7 grO(d)".

This procedure can then be iterated until o’ ¢ U, at which time a transformation must be
made to another chart.

The final theoretical element of the algorithm concerns the computation of ¥,(«,)
when ¢ € S, and here matters are expedited if we arrange that

S= {(qlv"'aqm707"'70)|q1,"',qm€R}nU.
Then the map

(q1,92) = (O(q1) - 41,0(q1) - 92) = (@17 (q1, 92), @2 (41, 42))

yields m functions ¢;” of ¢; and ¢ and n o dim Q functions ;¢ of ¢, and ¢ (here and

immediately below, Greek indices will run from 1 to m and Latin indices from 1 to n). Then
the equation (1) becomes, after multiplying by ¢,

i

tp’ =

_A(tS) dqr  A(tSy) 9’
oG dqit  9¢? Oqit’

so that the derivatives of § need only be computed at (q1,92) € S xU. Equation (2) simply
becomes .
AT
P2 = @7
since if ¢ € S, then O(¢q;) = Id.

We close this chapter by giving coordinate charts and sections that have been
used in an implementation of the above algorithm to the system of two axially symmetric
identical coupled rigid bodies. One chart is suggested by proposition (2.1): the coordinate
chart on SO(3)? implied by the map

(g%, 4% — (exp(q’k") exp(q®s") exp(q* k™), exp(q°k" ) exp(q'5") exp(¢°k™)),  (36)

where 0 < ¢! < w. Strictly speaking, this is not a chart unless the coordinates ¢2,---,¢°®

are further restricted, but looseness here has no adverse effects as long as these angles are
prevented from becoming too large by suitable addition or subtraction of multiples of 27.
The set M/, of proposition (2.1) is a section to the action of SO(3) x (§')2, which in these
coordinates becomes simply

S1 = {(¢",0,---,0)| ¢' €R}
and the map O(q') is given by first finding é;, ¢, and @3 such that

exp(¢1k”) exp(p23”) exp(hsk”) = Ayt Ay,
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where A; and A, are the first and second components of the right side of (36), and then
setting _
0(q') = (exp(—1 k™) Ar", — 1, —¢h2).

In practice, a point in SO(3)? is deemed inside this coordinate chart when its projection to
the section S; gives ¢! inside the interval (a;, ™ —a;) for some small and somewhat arbitrary
positive choice of ay < m/2. Algorithms up to order 3 constructed using this section
have been observed to have the expected momentum preserving properties of their design
purpose, in addition to the excellent long term stability inherent in symplectic integration
algorithms in general.

Charts covering the remaining part of SO(3)? must deal with the two points with
nontrivial isotropy, namely (Id,Id) and (Id,exp(73")), and so the results here are somewhat
less satisfactory. One way to proceed is to use the chart implied by the map

(q',-++,¢%) v (exp(g*i") exp(q°3") exp(q®k"), exp(q' ") exp(q®5 ") exp(d°k™)),  (37)

along with the section, to the action of SO(3) only, defined by
S: = {(¢',4%,4%,0,0,0)| ¢, ¢* ¢’ € R}

and then O(¢') = A*, where A, is the first component of the right side of (37). The
practice here is that a point in SO(3)? is deemed inside this chart when its projection to
the section S, gives g% outside the interval (—az,az) for some choice of positive az < /2.
Without the use of the section, an integrator built just using the chart defined by (37) would
preserve the moments associated to the action of (S1)?, since that action in this chart is
just translation in the variables ¢® and ¢°. Using the section destroys this affine nature in
the variable ¢® while retaining it in the variable ¢%, so an algorithm based on the use of the
section conserves all but one of the moments.

Finally, if a; + a; < 7/2, then the two charts above cover SO(3)%. Indeed, after
multiplying some matrices, one finds that the domain of the first chart is

{ (A1, A;) € SO(3)? | a1 < arccos(A;‘Asrk, k) <7 — a1},
while that of the second is
{(A1,42) € SO3)* | a1 < |arcsin(A,'Azk, k)| < 7 — a1 },

and the union of these two sets is all of SO(3)?, since the first consists of the (A, A3) €
SO(3)? such that A; 1A,k is outside a cone about the k axis having opening angle 2a,,
while the second set consists of the (A4;, A2) € SO(3)? such that A; =1 Ak is outside a cone
about the ¢ axis having opening angle 2a,.
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