
Hypergeometric and Negative Hypergeometric Distributions


HYPERGEOMETRIC and NEGATIVE HYPERGEOMETIC DISTRIBUTIONS
A. The Hypergeometric Situation:  Sampling without Replacement

In the section on Bernoulli trials [top of page 3 of those notes], it was indicated that one of the situations that results in Bernoulli trials is the case of sampling with replacement from a finite population that contains a certain proportion p of elements having a specified characteristic or attribute.  What is the situation if the sampling is done without replacement?

In that same section, it was indicated that Bernoulli trials were a reasonable approximation if the number n of elements sampled was small relative to the size N of the whole set of elements, to the number M having the specified attribute, and to the number not having the specified characteristic N - M (for example, n is not more than 10% of either M or N-M).
If sampling is done without replacement from a population of size N of which M have a specified characteristic or attribute, and hence N - M do not have the specified attribute (and, in particular, if the above 10% rule does not apply), then the appropriate probability distribution is the Hypergeometric Distribution.

Example 1:  An urn contains 4 red balls and 10 blue balls.  Five balls are drawn at random without replacement from this urn.  What is the probability that exactly two red balls are drawn?

This problem is a "combinations" problem similar to many others seen in the section on "Counting Methods".  The probability that such a selection results in 2 red balls and hence 3 blue balls is simply
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In this section the idea is to solve this and similar problems in the context of random variables.  Suppose a random variable X is defined as "the number of red balls obtained when five balls are drawn without replacement from the above urn".  The above problem then asks for the value of 
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The random variable X defined here is said to have a "Hypergeometric" distribution with parameters N = 14 (the total number of objects in the set from which balls are drawn), M = 4 (the number of those objects that have the specified attribute - being red), and n = 5 (the number of objects selected).  This can be written briefly as 
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.  The number of objects that do NOT have the specified characteristic is N - M = 10, the number of blue balls.  Note that n = 5 is much larger than each of "10% of M=4" and"10% of N-M=10" so that using the Binomial distribution as a reasonable approximation is not appropriate.
B. A Hypergeometric Experiment:  Sampling without Replacement
Suppose a set or population of objects of size N consists of M objects of one type (they each have a certain specified characteristic or attribute) and N - M objects of another type (these do NOT have the attribute).  Suppose n objects are selected either (a) one-after-another without replacement from the set of N objects, or (b) all at once - without replacement from the N objects.  If X is a random variable that counts the number of objects in the sample of size n that do have the specified characteristic, then X has the Hypergeometric distribution with parameters N, M and n -- that is, 
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The probability function of this random variable is 
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since the selection of n objects from N objects is to include x selected from the M having the specified attribute and hence n - x from the N - M objects that do not have the attribute.

What is the value space 
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 or set of possible values of this random variable?

The simplest and most common answer is the following.  If M and N - M are both larger than the number n of objects being selected, then the answer is the same as for a Binomial random variable, namely
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If M is smaller than n, then X cannot exceed M and the answer becomes
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Often these two are combined into a common form
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in which the maximum possible value is the smaller of n and N.

To confuse things even more, if both of M and N - M are small relative to n, it might be the case that n cannot be as small as zero.  The most complete statement is that x must be a positive integer at least as large as max(0, M+n-N) and no larger than min(n,M); that is,
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Comments: 


(1).  Ignoring the issue of the value space of a Hypergeometric random variable will usually not get one in trouble.  Most of the time the first expression works, sometimes the second/third must be allowed for, and rarely is it necessary to consider the fourth expression.


(2).  It may be easier to find the required probability using general knowledge of probability (e.g. solving 'combination' problems) than to try to remember formulas here.  
Example 2:  A Statistics department purchased 24 hand calculators from a dealer in order to have a supply on hand for tests for use by students who forget to bring their own.  Although the department was not aware of this, five of the calculators were defective and gave incorrect answers to calculations.  When a test is being written, students who have forgotten their own calculators are allowed to select one of the Department's (at random).

Suppose at the first test of the term, four students forgot to bring their calculators.  What is the probability that exactly one of these students selects a defective calculator?

If X1 denotes the number of students, out of 4, who select defective calculators, then 
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 (upper limit is n = 4 since, with M = 5 defective calculators available, all n = 4 students could select one) and
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Suppose, instead, that at the first test of the term six students forgot to bring their calculators.  What is the probability that exactly one of these students selects a defective calculator?

If X2 denotes the number of students, out of 6, who select defective calculators, then 
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 (upper limit is M = 5 since, with M = 5 defective calculators available, at most 5 of the n = 6 students could select defective calculators) and
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Example 3:  Quality Inspection.  Suppose in Example 2 the department wouldn't accept the shipment of 24 calculators from the dealer until it had had a chance to perform a quality inspection.  The department opted for the following inspection process.  A random sample of 4 calculators from the 24 received would be obtained and each sampled calculator tested.  If one or more of the calculators tested was defective, the shipment would be rejected.  What is the probability of rejecting the shipment if there are actually 5 defectives in it (a fact unknown to either the dealer or the department)?  If X1 is the number of defective calculators in the sample of 4 obtained, then 
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.
A critic of the above procedure argued that the chance of rejecting the shipment even though it contained 5 defectives was relatively small, namely 0.63523.  This critic suggested that the same criterion for rejection should be used but that a sample of n = 6 calculators should be obtained and tested.  What is the probability of rejecting the shipment with this procedure?  If X2 is the number of defective calculators in the sample of 6 obtained, then 
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Exercises:  Answer the following problems using random variable methods assuming that sampling is done without replacement.  Begin by giving a verbal description of a random variable and then specifying its probability distribution.  Then write the required probability in terms of the random variable, and determine its value.

(1).  A standard deck of 52 cards contains 12 Face cards.  Suppose a "Hand" of 8 cards is dealt from this deck after it has been thoroughly shuffled.  What is the probability that the Hand obtained contains equal numbers of Face and Non-Face cards?


(2).  A shipment of 50 light bulbs is received by the caretaking staff in McLean Hall.  They are advised to inspect the shipment by selecting 10 of the bulbs at random and testing them.  If more than one of the selected bulbs is defective, the shipment is to be rejected.  What is the probability that this shipment of bulbs will be rejected if there are in fact 6 defective bulbs in it?

(3).  A jury of 12 persons is to be chosen randomly from a group of 30 potential jurors that consists of 17 females and 13 males.  What is the probability that twice as many females as males are selected for the jury?


(4).  Nine ping pong balls are labeled with the integers 1, 2, 3, 4, 5, 6, 7, 8 and 9 respectively.  If three balls are selected at random from these nine, what is the probability that more even-numbered balls than odd-numbered balls are selected?
Comments:

(1).  The mean or expected value of a Hypergeometric random variable (as used in a sampling without replacement problem) is effectively the same as the mean of a Binomial random variable (used in a sampling with replacement problem).  Note that the population size is N and the number of "successes" or elements with the specified characteristic in the population is M.  In sampling with replacement, p = M/N and the mean of the Binomial is  = E[X] = np = n(M/N).  The mean of the Hypergeometric random variable 
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 is  = E[X] = n(M/N), the same value.  Here, however, expressing it in terms of p is not really appropriate since p is not one of the listed parameters of the distribution.


(2).  The variance of a Hypergeometric random variable is similar (but not equal) to that of the Binomial.  In the Binomial case, writing q = 1 - p = 1 - M/N = (N-M)/N, the variance can be written as 
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 is less than one in value and hence lowers the variance.  This effect is due to sampling without replacement rather than with replacement, and results in essence because the number of objects from which elements are drawn is reducing with each subsequent draw.


(3).  The quantity 
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 is often called the finite population correction factor.  Remember that the Binomial distribution applies when sampling from an infinite population whereas the Hypergeometric applies when sampling from a finite population.  The factor corrects for the finiteness of the population as compared to what happens with an infinite population.

C. The NEGATIVE HYPERGEOMETRIC Distribution


One can view the Binomial distribution and Hypergeometric distribution as both considering a random variable that counts the number of successes in n trials.  In the Binomial case, there are Bernoulli trials with constant probability p of success from trial to trial, with independent trials.  In the Hypergeometric case, the sampling is without replacement so that probabilities change from selection to selection and trials are dependent.

In the Bernoulli trials case, the Negative Binomial distribution is the distribution counting the number of trials required until a specified number (say k) of successes have been observed.  In the sampling without replacement case, a similar situation is to consider the number of selections required until a kth success is obtained.

Example 4:  Suppose an urn contains 4 red and 10 blue balls and that balls are drawn one after another from this urn until a red ball is obtained.  What is the probability that exactly six balls are drawn?

In order for a red ball to be first obtained on the sixth draw, the first five draws must all yield blue balls.  The sequence of outcomes must then be BBBBR.  Keeping in mind that the drawing is being done without replacement, the required probability can be obtained as
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since the first five draws can be considered in the Hypergeometric mode, and the sixth draw is then simply selecting one red ball from the total of nine (4 red + 5 blue) balls remaining.


This example is like "waiting for the first success in sampling without replacement" with success being obtaining a red ball.  Recall that in sampling with replacement the distribution analogous to this was the Geometric distribution, a special case of the Negative Binomial distribution.

Example 5:  A statistics department has purchased 24 calculators of which 4 are defective.  Calculators are selected one-after-another without replacement and tested.  What is the probability that the second calculator found to be defective is the eighth calculator selected?

In this problem, the first seven calculators selected must contain one defective calculator and six that are not defective.  Then, the next one selected (the eighth) must also be defective.  The probability of this is
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.
In the above two examples, the final selection must be a success.  The selections before this one simply involve a Hypergeometric situation involving one fewer selection than the total number and one fewer success than the number for which the procedure is waiting.

The Negative Hypergeometric Distribution

Let Y be a random variable counting the number of selections required until the kth success is obtained when sampling without replacement from a set of N objects of which M have a certain attribute (i.e. success).  Then Y is said to have a Negative Hypergeometric distribution with parameters N, M and k -- that is, 
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Comments:


(1).  In the above expression, the quantity 
[image: image32.wmf]÷

÷

ø

ö

ç

ç

è

æ

-

÷

÷

ø

ö

ç

ç

è

æ

-

-

÷

÷

ø

ö

ç

ç

è

æ

-

1

y

N

k

y

M

N

1

k

M

 is just the Hypergeometric probability 
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 (i.e. exactly k - 1 successes in the first y - 1 draws), and the second is the probability of another success on the kth  draw based on what remains of the set of objects.

(2).  Again, it might be harder to try to remember the formula for the Negative Hypergeometric probability function than to simply solve the problem based on general knowledge of probability.


(3).  The value space of this random variable is 
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(4).  The mean of this distribution is 
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Example 6:  A land developer has plans for having 86 acreages in its development south of the city.  During the development of the acreages, water testing has suggested that 12 of the sites have water problems such that the wells on these sites do not have water that meets local drinking standards.  If a potential purchaser decides to visit several of the acreage sites chosen at random from the 86, what is the probability that the third site that the purchaser visits that has such water problems is the eighth site visited?  What is the expected number of sites that this purchaser would visit so as to have found three with such water problems?

Let Y be a random variable counting the number of sites visited up to and including the third one having these water problems.  Then 
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The probability of having to visit 8 sites is
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the expected number of sites visited is
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Exercises:

(1).  A class consists of 12 male and 8 female students.  Students are chosen one-after-another without replacement at random from the class.  What is the probability that the fourth male is selected as the seventh student chosen?  How many students would one expect to have to choose in this way in order to select a fourth male student?


(2).  A small herd of cows includes 3 having a certain disease and 15 that do not.  In randomly selecting and testing cows in this herd for the disease, what is the probability that all of the diseased cows will have been selected by the eighth selection, but not before?  Suppose this process of selecting and testing cows until the third diseased one is found had to be repeated on many herds of 18 cows each of which contained 3 with the disease.  What are the mean and standard deviation of the numbers of cows that would have had to be selected in order to have selected the third cow having the disease?

(3).  A game is played as follows.  A person draws cards at random without replacement one-after-another until a second Face card is obtained.  What is the probability that the person will draw exactly 5 cards from the deck?  What is the expected number of cards that the person would have to draw?
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