CYLINDERS WITH COMPACT CROSS-SECTION AND THE
STRIP CONJECTURE

M. MARSHALL

1. INTRODUCTION

The proof of the strip conjecture given just recently in [7] (see Theorem 3.1
below for a statement of the result) is best understood as a refinement of a proof of
a general result for cylinders with compact cross-section (see Theorem 2.2 below).
We elaborate on this statement. We give a detailed proof of Theorem 2.2 and we
sketch a proof of Theorem 3.1. For a full proof of Theorem 3.1, we refer the reader
to [7]. It should be noted that our proof of Theorem 2.2 is not the original proof
given in [10, Th. 3], but rather it is a modification of an argument given even earlier
in [3, Th. 5.1].

The content of this paper was presented in a series of two lectures in Séminaire
de Structures Algébriques Ordonnées, Université Paris VI et VII in June 2008. The
author wishes to thank the organizers F. Delon, M. Dickmann and D. Gondard for
being allowed the opportunity to speak in the seminar and also to contribute to
these seminar proceedings. It is hoped the paper serves some useful purpose in
clarifying the proof of the strip conjecture in [7] and its relationship to [3, Th. 5.1]
and [10, Th. 3].

2. CYLINDERS WITH COMPACT CROSS-SECTION

In this section * = & = (#1,...,%,), an n-tuple of variables, and y is a single
variable. We begin by recalling Schmiidgen’s famous Positivstellensatz, which we
refer to also as Schmiidgen’s Theorem:

Theorem 2.1. [18, Cor. 3] Suppose g1, ...,9s € R[z] and K := {p € R" | g:(p) >
0,s = 1,...,s} is compact. Then ¥V f € Rlz], f > 0 on K = f belongs to the
preordering of R[z] generated by ¢1,...,9s-

Schmiidgen’s Theorem extends as follows:

Theorem 2.2. [10, Th. 3] Suppose g1,...,9s € Rlz], K :={p € R" | g;(p) > 0,i =
1,...,s8} is compact, f = f(z,y) = Z?io a;(z)yt € Rla,y], aza >0 on K, f >0
on K x R. Then f belongs to the preordering of Rlx,y] generated by g1,...,gs.

We recall the terminology: A preordering of a ring A (commutative with 1) is
a subset T of A satisfying T +T C T, TT C T and f2 € TV f € A. Y A2
denotes the set of all (finite) sums of squares of elements of A, the unique smallest
preordering of A. The preordering of A generated by g1,...,9s € A consists of all
sums Y, 059, 0; € Y. A%, g' :==g1" ... g%, i:= (i1,...,is) running through the set

{0,1}*.
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In this section we give a proof of Theorem 2.2. Although Theorem 2.2 is first
stated and proved in [10, Th. 3], it can also be deduced by a modification of the
argument in [3, Th. 5.1]. This is what we do here.

Proof. If d = 0 the result is immediate from Schmiidgen’s Theorem, so we assume
d>1. Let F(z,y,z):= Z?ioa (z)yz2d1,

Claim 1. If x € K and y,z € R, (y,2) # (0,0), then F(z,y,z) > 0.

Proof. If z =0 then y # 0 and F(z,y, z) = agq(x)y*? > 0. If 2 # 0 the F(x,y,2) =
22 f(x,2) > 0. U

Claim 2. 3 a real number € > 0 such that f(z,y) > ¢(1+y*)9 on K x R.
Proof. Let € > 0 be the minimum value of F'(z,y, z) on the compact set
K xS :={(z,y,2) |z € K,y,z e R,y> +2* =1}.
Yy 1 1 _ —_
Then, forany z € K,y € R, (=, T m) € KxS"and f(z,y) = F(x,y,1) =
Flz, =, ——2—)1+y*)? > 1+ ¢y O
(l‘, 1+y2’ /1+y2)( +y ) — 6( +y )

Set

21 filay) = flay) — e +y*)% (so fzy) = filzy) +e(l+y°)9).
Replacing € by +, N > 1, we can assume fi(z,y) > 0 on K x R and fi(z,y) =
Z?io bi(z)y" with bag(x) > 0 on K.

Claim 3. fi(z,y) = p1(x,y)?+p2(x,y)? where p1, pa are polynomials in y of degree
< d with coefficients continuous functions from K to R.

Here, fi(z,y) = p1(x,y)?+p2(z,y)? is to be viewed, in the obvious way, as an equa-
tion in the polynomial ring C'(K)[y], where C(K) denotes the ring of all continuous
functions from K to R.

Proof. For each z € K, fi(z,y) = baq(z) Hfil(y — t;(x)) with ¢;(x) € C. The
unordered set of roots {t1(x),...,t2q(x)} varies continuously with = [5, page 3],
ti(z) = ri(x) + s(z)V/—1, ri(w ) ( ) € R. There are no real roots, so s;(z) # 0.
Reindexing, we can assume s;(z) > 0 for ¢ = 1,...,d and s;yq(x) = —s;(x),
i=1,...,d. Let p(x,y) WHZ 1 ( (x)). The coefficients of p(z,y) are

complex—valued continuous functions of x, p p1+p2v—1,p=p1 —pav—1, p1,p2
have coefficients which are real-valued continuous functions of x, and f; = pp =

pi +p3. 0

We now use the Stone-Weierstrass Approximation Theorem to approximate the
coefficients of p; and ps closely by polynomials to obtain

2d

(2:2) h=ad+a+) al@y

=0
where ¢1, g2 are polynomials in y of degree < d with coeflicients in R[], ¢;(z) € Rx]
and |¢;(z)| < 2e on K for i = 0,...,2d.
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Claim 4. 2e=+¢;(x) lies in the preordering of R[z] generated by g1, ..., g, for each
i=0,....2d.

Proof. Since %e £ ¢i(z) > 0 on K this is immediate by Schmiidgen’s Theorem. O

Now let
s1(z,y) = qi(z,9)* + g2(z,y)?,
9 2d
sa(a,y) = Sy +3y7 + 0+ 3y P 20 4 > i)y
=0

2 _
s3(x,y) = e[(1+y%)" — 5(2+y+3y2 +yd 3yt 2 22,

Using (2.1) and (2.2), we see that f = s1+ s2+ s3. Let T denote the preordering of
R[x,y] generated by g1,...,9gs. It remains to show s1, 9,83 € T. Clearly s; € T.

Claim 5. s, € T.

Proof. 2ey’ + c¢i(x)y’ = [2€ + ci(x)]y’ and Z€+ c;(x) € T by Claim 4. Thus
2 . .

(2.3) gusyz + ¢;(z)y* €T, for i even.

For i odd, say i = 2m + 1, use Claim 4 to deduce

Sy + P+ @)+ 17 = Feta@)y+1? T,

)
202 e )? = [Pe — ()
g€y —ala)y” =[ze—ci(a)ly” €T, and
2
—e—ci(z) €T.

5
Adding, we see that

2 2
ge[(y + 12+ + 1)+ a@)|(y+1) -y —1] = ge[2y2 +2y42] + ¢i(x)2y € T.

Dividing by 2 and multiplying by y?™, this yields

2 o A

(2.4) ge(y“rl +yt +y ) +ei(2)y' €T, for i odd.

Adding together the various terms of type (2.3) and (2.4), as ¢ =0,--- ,2d, we see
that s € T'. Il

Claim 6. s3 € T.

Proof. This follows from the identities
2 .
(T4 y")" = 2@ +y+3y" +57 43y 4y + 2
1
=4y sy ey )

8 -
— @yt ) = (™)

d—1
1 _ d\ 8, 4
:g(l+y2+~-~+y2d -y + (('>——)y2,
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using the fact that 0 < i < d = <Lj) > %. O

Finally, combining Claim 5 and Claim 6, f = s1 + so +s3 € T. O

Schmiidgen’s Theorem yields a solution to the moment problem in the compact
case. In an analogous way, Theorem 2.2 yields a solution to the moment problem
for cylinders with compact cross-section:

Corollary 2.3. [3, Th. 5.1] Suppose ¢1,...,9s € Rlz], K := {p € R" | gi(p) >
0,i=1,...,s} is compact and T is the preordering of R[x,y] generated by g1, . .., gs.
Suppose L : R[z,y] — R is linear, L >0 on T. Then 3 a positive Borel measure
on K xR such thatV f € Rlz,y] L(f) = | fdu. In other words, SMP holds for T.

Proof. By Haviland’s Theorem, e.g., see [6, Th. 3.1.2], it suffices to show that V
fEeR[z,y], f >00n K xR = L(f) > 0. Suppose f € Rlz,y], f > 0on K xR. Let
g(z,y) = f(z,y) + e(1 +y*)¢, € > 0, where 2d > the degree of f as a polynomial
in y. Then g > 0 on K x R and the leading coefficient of g is > 0 on K so, by
Theorem 2.2, g € T. Then L(g) > 0. Since g = f + ¢(1 +3?)% and L is linear,
L(g) = L(f + e(1 + y»)9)) = L(f) + eL((1 + y?)?). Letting ¢ — 0 we see that
L(f) > 0. O

The proof of Corollary 2.3 shows a bit more than what is stated: T actually
satisfies the somewhat stronger ‘double dagger’ condition. See [3, Th. 5.1]. See
[19] and [4] for other extensions of the result.

3. THE STRIP CONJECTURE

The object of this section is to sketch a proof of the following result, called the
strip conjecture, which is a refinement of a special case of Theorem 2.2. See [7] for
the complete proof.

Theorem 3.1. Let z,y be variables, f = f(x,y) € Rlz,y], f > 0 on [0,1] x R.
Then f lies in the preordering of R[x,y] generated by x and 1 — x. In other words,
the preordering of R[x,y] generated by x and 1 — x is saturated.

The strip conjecture seems to have been considered first in [3] and [12]. In [12],
the authors claimed to know a proof of the conjecture, but this claim was later
withdrawn. See also [10] and [11] for work related to the conjecture.

Note: Consider the identities

l=z+(1-ux),
r=x?+2(1 - 1),
l—rz=x2(1—2)+(1—2)% and
r(l—2z) =221 —2)+2(1 -z
The 2nd and 3rd identity show that the preordering generated by = and 1 — =z
coincides with the preordering generated by (1 —x). The 1st and 4th identity show
that elements in this preordering are also expressible in the form az + 3(1 — z),
where « and (§ are sums of squares.
In [2] Hilbert showed that there are polynomials f(z,y) € Rlz,y] (necessarily

of degree > 6) which are non-negative on all of R?, but are not expressible as a
sum of squares in R[x,y]. The best-known example is the polynomial f(z,y) =
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1 — 32%y? + 2%y? + 2%y* [8]. This shows that the preordering > R[x,y]? is not
saturated.

In fact, before Theorem 3.1 was proved, the only example of a finitely gener-
ated saturated preordering in the 2-dimensional non-compact case was the rather
artificial example given in [17, Rem. 3.14] (the preordering of R[xz,y] generated by
2,1 —x,y and 1 — zy). It is hoped that the ideas used in the proof of Theorem 3.1
will yield additional examples of this sort in the future.

See [1] and [17] for examples of finitely generated saturated preorderings in the
2-dimensional compact case. See [3], [9], [14] and [15] for 1-dimensional examples.
By [14, Prop. 6.1], a finitely generated preordering of the polynomial ring R[z] :=
R[x1,...,2,] cannot be saturated if the dimension of the associated semialgebraic
set is 3 or more. By [16, Th. 5.4], the same holds in dimension 2 if the preordering
in question is stable, i.e., in dimension 2, saturation and stability are mutually
exclusive.

Just as the proof of Theorem 2.2 requires Schmiidgen’s Theorem, the proof of
Theorem 3.1 requires the following result:

Lemma 3.2. Suppose [ = f(x) € Rlz], f > 0 on [0,1]. Then f lies in the
preordering of R[z] generated by x and 1 — x. In other words, the preordering of
R[x] generated by x and 1 — x is saturated.

In fact, Lemma 3.2 is well-known, e.g., it is a special case of [3, Th 2.2]. But,
anyway, here is the proof:

Proof. Let T := the preordering of R[z]| generated by x and 1 — 2. We may assume
f # 0. Induct on the degree of f. If f is constant it is clear. Suppose now that f
has a real root r.

Case 1. 0 <7 < 1. Then f = (x —7)%g, g > 0 on [0,1]. Then (z —r)? € T and
g € T (by induction), so f = (x —r)?g € T.

Case 2. r <0. Thenr =—a,a>0,and f = (x—r)g = (x+a)g, g > 0on [0,1].
Thenx+ac€TandgeT,so f=(x+a)geT.

Case3. r>1. Thenr=14a,a>0,and f=(r—z)g=[a+ (1 —2)]g,g >0
on [0,1]. Thena+ (1—z) €T and geT,so0 feT.

In the remaining case f has a complex root r = a+bv/—1, a,b € R, b # 0. Then
f=@—-r)(z-7)g=[z—-a)*+b%g, g >0o0n0,1]. Then (z —a)? +b?> € T and
geT,so feT. O

Proof of Theorem 3.1. Let f € R[z,y], f > 0 on [0,1] x R. We may assume f # 0.

Then f has even degree, 2d say, as a polynomial in y, f = f(z,y) = E?io a;(z)yt,

and agq(x) > 0 on [0,1]. If d = 0 the result follows from Lemma 3.2, so we assume
d > 1. (Remark: The case d = 1 is already highly non-trivial.) Let T be the
preordering of Rz, y] generated by = and 1 — x.

Claim 1. Suppose b € R[z], b > 0 on [0, 1], and b = £1 times a product of linear
factors of the form  —r, r € [0,1]. Then bf € T = f € T.

Proof. By induction on the degree of b (as a polynomial in ). Let bf = o+7z(1—x),
o, T sums of squares in Rz, y]. Suppose x — r, r € [0,1] is a factor of b.

Case 1: 0 <7 < 1. Then b= b(z — )%, 0 =5 (x — )%, 7 = 7(x — r)? where 7,7
are sums of squares, and bf =& + 7z(l —2) € T.

Case 2: 7 = 0. Then b = bz, 0 = Gz where 7 is a sum of squares, and
bf =5z +7(1—x)€T.
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Case 3: r = 1. Similar to Case 2. O
Claim 2. We can assume agq(x) > 0 on [0,1].

Proof. Factor asq as asq =aa, a,a € Rlz], @ > 0 on [0,1], @ is £1 times a product
of linear factors x —r, r € [0,1]. Define g € R[x,y] by g(x,y) = a*¢~1 f(x, 2). Then
g > 0on [0,1] x R and the leading coeflicient of g is @. Suppose the result is true
for g, i.e., g € T. Say g(z,y) = a(z,y) + B(z,y)z(1 — x), a, f sums of squares.
Then @24~ f(z,y) = g(z,ay) = a(z,ay) + B(x,ay)z(1 — z) € T. Now apply Claim
ltoget feT. O

Claim 3. We can assume f is square free.

Proof. Suppose f = g?h. Use the fact that g # 0 = the set {(a,b) € [0,1] x R |
g(a,b) # 0} is dense in the strip to get that A > 0 on the strip. To show f € T' it
suffices to show h € T. O

Claim 4. We can assume f has only finitely many zeros in the strip.

Proof. We know x 1 f (because x t azq) and similarly 1 — = { f, so f has only
finitely many zeros on the boundary of the strip. If f has infinitely many zeros
in the interior then some irreducible factor p of f has infinitely many zeros in the
interior. Then, using Bezout’s Theorem, e.g., see [6, Lem. 9.4.1], p has a non-
singular zero in the interior which is not a zero of any other irreducible factor of f.
Then f changes sign at this non-singular zero, contradicting our assumption that
f >0 on the strip. O

If f is square-free, then no irreducible factor of f can change sign in the interior
of the strip, so each irreducible factor has constant sign on the strip. Replacing p
by —p if necessary, for each irreducible factor p, we may assume each irreducible
factor of f is > 0 on the strip. In this way we are reduced further, to the case
where f itself is irreducible. But this does not seem to help us much in the proof.

The idea of the proof is as follows: If aag > 0 on [0,1] and f has no zeros in
[0,1] x R then, by the proof of Theorem 2.2, 3 a real number e¢ > 0 such that
f(z,y) > e(1+y*)9 on [0,1] x R. In the general case, such a real number € cannot
possibly exist. The idea is to replace € by a suitable polynomial e(x).

Lemma 3.3. Assume f(x,y) = E?io a;(z)y' € Rlz,y], f >0 0n[0,1]xR, azqg >0

on [0,1] and f(x,y) has only finitely many zeros in [0,1] x R. Then 3 a polynomial
e(x) € Rz, e(x) > 0 on [0,1], f(x,y) > e(z)(1+y*)¢ on [0,1] xR and, ¥V = € [0, 1],
e(x) =0 iff 3y € R such that f(x,y) =0.

Proof. See [7]. The proof requires some understanding of the complex analytic
branches of the curve f = 0; see [13, Sect. 12.3], for instance. O

We show that a suitably modified version of the argument in Theorem 2.2 carries
through, with e replaced by €(z). Fix ¢(z) as in Lemma 3.3 and define f;(z,y) by

(3.1)  fi(z,y) = flz,y) — e(@)(1 + %) (0 f(z,y) = filz,y) + e(x) (1 +5?)7).

Replacing e(x) by 65\‘?), N > 1 we can assume the leading coefficient of fi(z,y) is

> 0 on [0,1]. At this point, the argument becomes a bit technical: it is necessary
to take pains to ensure that the continuous functions considered are analytic at the
points where ¢(z) = 0.
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Lemma 3.4. f1(z,y) = X, [pio(@. 9)? + pit (2,9)%2 + pialz, ) (1 = 2)] for some
k > 1 where each p;j(x,y) is a polynomial of degree < d in y whose coefficients are
real valued continuous functions of x, for x € [0,1], which are analytic at each of
the finitely many zeros of e(x) in [0, 1].

Proof. See [7]. Again, the proof requires some understanding of the complex ana-
lytic branches of the curve f = 0. 0

We also need a refinement of the Weierstrass Approximation Theorem:

Lemma 3.5. Suppose ¢, : [0,1] — R are continuous functions, ¢(x) < p(x) V

€ [0,1], ¢(a) = ¥(a) for only finitely many a € [0,1], and ¢ and ¥ are analytic
at each a € [0,1] such that ¢(a) = ¢ (a). Then 3 a polynomial p € Rx] such that
b(x) < pl(z) < P(x) ¥ 2 € [0,1],

Proof. Induct on the number of points a € [0, 1] satisfying ¢(a) = ¥ (a). If there

are no such points, existence of p(x) follows from the standard Weierstrass Ap-

proximation Theorem. Suppose a € [0,1] is such that ¢(a) = ¢(a). Let k be

the vanishing order of ¢» — ¢ at a. If @ € (0,1) then k is even. In this case,
)

¢(x) = f(z) + (z — )1 (2), P(x) = f(2) + (z — a)*¢n(x), where f(z) € Rlz],

¢1(x), Y1 (x) are analytic at a, and ¢1(a) < ¥1(a). Extend ¢1, 1 to continuous func-
tions ¢1,v1 : [0,1] — R by defining ¢ (x) = ((? afscx), P1(x) = % for = # a.

Then ¢1(x) < ¢1(z) for all z € [0,1], and, V b € [O 1], ¢1(b) = ¥1(b) iff ¢(b) = ¢ (b)
and b # a. By induction we have p;(z) € R[z] such that ¢1(x) < p1(z) < ¢1(x) on
[0,1]. Take p(z) = f(z) + (x — a)*pi(z). The case where a = 0 and the case where
a = 1 are dealt with in a similar fashion. O

We use Lemma 3.5 to approximate the coefficients of the p;;(x,y) closely by
polynomials to obtain

k 2d
(3.2)  filz,y) = Z[Qio(x, Y)? + qin(2,9)°7 + qizo (2, y)*(1 — )] Z
i=1 =0
where the ¢;; are polynomials in z,y of degree < d iny, ¢;(z) € R[z], |¢;(z)| < 2e()
n [0,1]. Combining equations (3.1) and (3.2), f decomposes as f = s1 + s2 + s3
where
k
Sl(xa y) = Z[on(% y)2 + (I11($7 y)2£L' + in(xa y)2(1 - CL‘)],
i=1
2 2 .
s2(2,y) = Ze(@)(2+y+ 397+ 9 430 o+ 2 + > i)y
i=0

2 _
s3(x,y) == e(x)[(1+y*)* - 5(2+y+3y2 +yd 3yt 2 22,

Arguing as in the proof of Theorem 2.2, but with Schmiidgen’s Theorem replaced
by Lemma 3.2, we see that s1,s2,s3 € T,s0 f €T. (]
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