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ABSTRACT. Recently Lasserre [6] gave a sufficient condition in terms of the
coefficients for a polynomial f € R[X] of degree 2d (d > 1) in n > 1 variables
to be a sum of squares of polynomials. Exploiting this result, we are able to
determine, for any polynomial f € R[X] of degree 2d whose highest degree term
is an interior point in the cone of sums of squares of forms of degree d, a real
number r such that f —r is a sum of squares of polynomials. The existence of
such a number r was proved earlier by Marshall [8], but no estimates for r were
given. We also determine a lower bound for any polynomial f whose highest
degree term is positive definite. Similar arguments are applied to results of
Fidalgo and Kovacec [2], to determine other numbers r such that f —r is a
sum of squares and other lower bounds for f.

1. INTRODUCTION

Fix a non-constant polynomial f € R[X] = R[Xq,---,X,], where n > 1 is an
integer number, and define

fe =inf{f(a) | a € R"}.
Let deg(f) = m and decompose f as f = fo+ -+ + fmn (the homogeneous decom-
position of f), where f; is a form of degree i, i = 0,...,m. A necessary condition
for f. # —oo is that f,, is positive semidefinite (so, in particular, m is even). A
sufficient condition for f, # —oo is that f,, is positive definite.

We assume from now on that deg(f) = 2d, d > 1, i.e., m = 2d. For convenience
we denote the cone of all sos’ polynomials by 5" R[X]? and the cone of all positive
semidefinite forms and sos forms of degree 2d by Pagr and Xog,. Also, by R[X]
we mean the subspace of R[X] consisting of all polynomials with degree at most k.

Define

(1) fsos =sup{r e R | f—TGZR[X]Q}.
One can prove that fs,s < fi and
(2) fsos = 1nf{£(f) ‘ te X2d}7

where xa4 is the set of all linear maps ¢ : R[X]2¢ — R such that ¢(1) = 1 and
£(p?) > 0 for all p € R[X] of degree < d. Computing f, is difficult in general, and
one of the successful approaches is to compute f5,s instead. This is accomplished
by using semidefinite programming (SDP) which is a polynomial time algorithm [5]
[9]. The equivalent definitions (1) and (2) for fs,s can be considered as two SDP
problems which are dual of each other (and the duality gap is 0 in this case).
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When is a given polynomial f € R[X] a sum of squares? One obvious necessary
condition is that f > 0 on R™, but there is a well known result due to Hilbert [3]
that, in general, for n > 3, d > 2 and (n,d) # (3,2), Pagn # X2dn. The Motzkin
polynomial s(X,Y) = 1 — 3X2Y?2 + X4Y?2 + X2Y? is a concrete example of a
polynomial which is non-negative on R? but is not a sum of squares. In this paper
we will be interested in some recent results, due to Lasserre [6] and to Fidalgo and
Kovacec [2], which give sufficient conditions on the coefficients for a polynomial to
be a sum of squares.

We denote by P;d,n and Z;d,n the interior of Psq, and X34 ,, more precisely,
the interior in the subspace of R[X] consisting of forms of degree 2d. A necessary
condition for fos # —00 is that fag € 3aqr,. A sufficient condition for fs,s # —o0
is that faq € X5,,, [8, Prop. 5.1].

Scaling X by a non-zero scalar k does not change the value of f,s. In Sections
2 and 3 we show that if foq = Y ;- ; X?? there are suitable choices for k and r such
that f(kX)—r satisfies Lasserre’s condition in [6, Th. 3] and (after homogenization)
Fidalgo-Kovacec’s condition in [2, Th. 4.3]. This allows us to determine, assuming
that faq € E;dm, two lower bounds for fs,s, which we denote by r; and rpx
respectively; see Ths. 2.3 and 3.1. Yet another lower bound for f,,s, which we
denote by rgme, is obtained by applying [2, Th. 2.3] more or less directly; see Th.
3.2. The bounds 7y, rpx and g, are not comparable; see Ex. 4.1. If we assume
only that foq € Py, ,, then it is still possible to determine lower bounds rr, rrk
and rgm,: for f,, but these may not be lower bounds fs.s; see Th. 4.3.

We introduce more notation that we will need. Let N = {0,1,2,...} be the set of
natural numbers. For X = (X1,...,X,) and a = (ay,...,a,) € N, define X :=
Xt X% and |of := a1+ - -+ ay,. Clearly, using this notation, every polynomial
[ € R[X] can be written as f(X) = > cnn fo X", where f, € Rand f, = 0, except
for finitely many «. Let Q(f) = {a € N | fo # 0} \ {0,2dey,...,2de,}, where
2d = deg(f)v € = (51'1; RS ézn)a and

1=y
‘5’”"{0 i 4

We denote fp and foqe, by fo and faq,; for short. Thus f has the form

n
(3) F=Fot+ D faX+> foaiX7"
a€Q(f) i=1
Let A(f) = {a € Q(f) | faX" is not a square in R[X]} = {a € Q(f) | either f, <
0 or «; is odd for some i € {1,...,n}}. Since our polynomial f is usually fixed, we

will often denote Q(f) and A(f) just by Q and A for short.

Let f(X,Y)=Y2f(3,...,32). From (3), it is clear that

n

FXY) = foY? + 3 fa XVl 13" oy X2
a€e) i=1

is a form of degree 2d, called the homogenization of f. We have the following
well-known result:

Proposition 1.1. f is sos if and only sz 18 $08.

Proof. See [7, Prop. 1.2.4]. O
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For a (univariate) polynomial of the form p(t) = " — 31" a;t, where each a; is

nonnegative and at least one a; is nonzero, we denote by C(p) the unique positive

root of p [10, Th. 1.1.3]. For any polynomial q(t) = Y"1 b;t?, b, # 0, the roots of

q are bounded in absolute value by C'(t" — 22:01 Ill?:;‘l t'). By convention, C(t") := 0.

There are various upper bounds for C(p) which are expressible in an elementary
way in terms of the coefficients of p, for example,

Proposition 1.2. Suppose p(t) = t" — Z?:_OI a;t', where each a; is nonnegative

and at least one a; is nonzero. Then
(1) C(p) <max{l,ap+a1+ - +an_1},
(2) C(p) < max{ag,1+ai,1+ag,...,14+an_1},
(3) C(p) < 2max{an—1a (an—Z)l/za (an—B)l/Sa ) (aO)l/n}-

Proof. Bounds (1) and (2) are due basically to Cauchy. See [1] for these bounds
and for other bounds of this sort. See [4, Ex. 4.6.2: 20] for bound (3). O

2. APPLICATION OF LASSERRE’S RESULT
Lasserre proved in [6] that for a given f € R[X] of degree 2d, if
(L) fo= X |fa| and
aEA

(L2) Tpin faai > > \fa||2%|
i=1,...,n acA
then f € > R[X]?; see [6, Th. 3.

Theorem 2.1. X% +... 4 X2 ¢ Yodn-

Th. 2.1 is proved already in [8, Prop. 5.3(2)]. We give another proof here which
is based on Lasserre’s result. Th. 2.1 can also be deduced from Fidalgo-Kovacec’s
result [2, Th. 4.3]. See Section 3 below for the statement of [2, Th. 4.3].

Proof. Let p(X) = X?¢ 4+ .- + X24 4+ h(X) where h(X) is any form of degree
2d whose coefficients have absolute value < € where € is some small positive real.
One sees that, for e sufficiently small, the polynomial ¢ € R[X7, ..., X,,_1] defined
by ¢(X1,...,Xn-1) = p(X1,..., X1, 1) satisfies (L1) and (L2) so, by Lasserre’s
result, ¢ is sos. Then, by Prop. 1.1, the homogenization of ¢ (which is p) belongs
to Egd’n. O

Remark 2.2. For any cone C in a finite dimensional real vector space V, if f € C°
and g € V then g € C° iff g — ef € C for some real € > 0.

Proof. Suppose g —ef € C. Let h € V. Since f belongs to the interior of C, there
exists some real § > 0 such that f—&—gh € C. Then g+dh = (g—ef)—&—e(f—i—gh) eC.
This proves that g belongs to the interior of C'. The other implication is clear. [

Every polynomial f of degree 2d decomposes as f = fo + f1 + -+ + faq (the
homogeneous decomposition of f) where each f; is a form of degree i. The following
theorem gives a sufficient condition for fs,s # —o0 in terms of the highest degree
form, fo4, and a concrete lower bound for fs.s:
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Theorem 2.3. If foy € Egd’n then fsos > T, where

lal o 1a — 2|
S D DA N ST S TALC S P

a€A |al<2d €A, |al<2d
and € > 0 is given such that foqg — (Y 1y X?%) € Sogn.

Note: (i) If {o € A | |a] < 2d} = 0, then k = C(t??) := 0 and rz, := fo. (ii)
Th. 2.3 proves in particular that if foq € X3, then fs o, # —o0, lLe., it provides
another proof of [8, Prop. 5.1]. (iii) If £ > k then

lo]
fom 30 MaleEAN < o 3T [fale SR = 0y
a€A,|a|<2d a€A|al<2d

In this way, by taking ¢ to be one of the upper bounds for k£ mentioned in Prop. 1.2,
we obtain a lower bound fo — ZQEA7|a|<2d |fa|e_%€|a‘ for fsos which is expressible
in an elementary way in terms of € and the coefficients f,, || < 2d. (iv) We are
assuming here that e is given. Refer to Th. 4.2 below for a method for computing
€ which applies in certain cases.

Proof. Since faq € ¥3,,,, by Th. 2.1 and Rem. 2.2, there exists € > 0 such that
foa = (X3 + -+ X24) + g for some g € $a4.,,. Scaling suitably (X; — %\/E)’ we

can assume that e = 1. Let f := f — g. Decomposing f as in equation (3) yields

(4) f=tfo+ 3 faXT4+Y X

a€Q,|a|<2d i=1

If {o € A|lal < 2d} =0, then f —r; = f — fo is sos, using equation (4) and the
definition of A, so f — rp, is also sos and the result is clear. Thus we can assume
{a € A||a| < 2d} #0, so k > 0. Scaling by X; — kX;, and rewriting condition
(L2) for the polynomial f(kX) — r, using equation (4), yields

o a
>N Ifal| |k'

a€A|al<2d

By definition of k, k% = 37, A aj<2q |fal59k!%l, so condition (L2) holds for
f(kX) — r. Rewriting (L1) for the polynomial f(kX) — r, we see that if r < rp,
then (L1) holds for f(kX) —r so f —r is sos and hence also f — r is sos. O

3. APPLICATION OF FIDALGO-KOVACEC’S RESULTS

Fidalgo and Kovacec in [2

]
(FK) r{un foai > +(35)% Z | fala®

,,,,,

proved that if f € R[X] is a form of degree 2d and

then f is a sum of squares [2, Th. 4.3]. Here, a® := af" -+ a2 (the convention
being that 00 := 1).

If f € R[X] is arbitrary of degree 2d then, rewriting (FK) for f (the homoge-
nization of f), we see that if

(FK') i;?%?ﬂ{fm,ufo} > %H(%}l)w ;A | fol®(2d — |a])2¢= 1o
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then f is sos, by Prop. 1.1. So f — r is sos as long as min;—1,... n{foa,, fo —r} >
the right side of (FK’). One can use more or less the same idea used in the proof
of Th. 2.3 to find a lower bound for fs,s using (FK’) as follows:

Theorem 3.1. If foy € E;d,n then fsos > Trr, where rpg = fo — k2 k=
O = 32 bt

T 2d(2d7i)2d’ie’ﬁ > lfale® i=1,...,2d—1
on41 2d €Al o T

and € > 0 is given as in Th. 2.3.

Note: If ¢ > k then
2d—1 2d—1

fo= D bl < fo= Y bk = fo— k" =rrk
1=1 =1

so, using Prop. 1.2 again, we get another lower bound for f expressible in an
elementary way in terms of e and the coefficients f,, |a| < 2d.

Proof. After scaling we can assume that € = 1 and fog = X2¢ + -+ + X2¢ 4 g,
where g € Xo4,. f{a € A||a] <2d} =0, thenb; =0fori=1,...2d—1, k=0
(by definition of C(t2?)), so rrx = fo. In this case the result is clear. So we can
assume {@ € A | |a| < 2d} # 0, so k > 0. Set r = rpx. Rewriting condition (FK')
for f(kX)—r, where f := f — g, yields the condition:

2d—1

(5) min{(fo — ), K21} > Z bkt

i=1
By definition of k and r, (5) holds, in fact, fo —r = k> = Zfi;l b;k*. This proves
that f — r is sos and hence also that f — r is sos. O
According to [2, Th. 2.3], a homogeneous polynomial Y 1, 3;X?% — uX®, such

that a; > 0 and B; > 0 for every ¢ = 1,...,n and p > 0 if all a; are even, is sos if
and only if

(6) il < 24]] (5) .
i=1 v

Theorem 3.2. If foq € X3, ,, then

2d a0 Tal
fsos > Tdmt ‘= fO - Z (2d - |Oé|) [(g) ((i)a|aa)‘| N

a€A,|al<2d
where t := [{a € A | |a] < 2d}| and € > 0 is given as in Th. 2.3.
Proof. Let A" = {a € A | |a| < 2d}. After scaling, we can assume that ¢ = 1. Let
F=fotY pens faX*+ X34 .+ X2 and let F(X,Y’) denote the homogenization
of f(*¥/tX) —r, where r := fy — Y acar Tas €ach 4 > 0. Then
FX,Y) = (fo—r)Y? 4+ 3 (X740 4 X274 fotlol/2Ax oy 20-lel)
N

= Z (ro Y2 + X2 ... 4 X244 f, glol/2d xay2d=|aly,
aeA’
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By (6), each term appearing in this sum will be sos if

2d—|a| o
~=2d

o] T'o 2 1\ 2
s < 2d | —2 [1(-) .
folt =t < <2d—a|) (a)

or, equivalently, if
f 2d 2d—1|a\
> (2d — o) glelge :
re > (2d |a|)[<2d> t a]

Hence if r < rgp,¢ then f — 7 is sos, so also f — r is sos. O

4. FURTHER REMARKS

(1) The lower bounds rp, rpx and gt for fses described in Ths. 2.3, 3.1 and
3.2 are not comparable.

Example 4.1.
(a) For f(X,Y) = X%+ Y% +2X32+1, we have rp, =1 —2(3)° & —24.7202,

rrg = 1— (%)6 ~ —1.0273 and rgm: = % ~ 0.8519, SO Tgm: 1s best.

(b) For f(X) = X% - X* - X2 rp = -2, rpxg ~ —3.9980 and rg,,; ~ —2.1322,
so ry, is best.

(c) For f(X,Y,Z2) = X*+Y*+Z* +aXYZ +bXY, a,b> 0, rri > Tame > 71,
so rrx is best, provided b is sufficiently small compared to a.

(2) To be able to compute 77, 7rx and rg4,: one needs to know e and the
coefficients f,, || < 2d. What can one do if € is not given, i.e., if only the
coefficients f,, || < 2d are given? The results in [2, Th. 4.3] and [6, Th. 3]
provide sufficient conditions for foq € ¥3,,, to hold and have the nice additional
property of allowing computation of e:

Theorem 4.2. Suppose € := max{ey, ez} > 0 where

) . 1, n
= fais D el s i faimSGp" 3, Iala

T a€A,|a|=2d a€A,|a|=2d
n 2d
Then faa € 354, and faqa — € ;1 X;i¢ € Yo n.

Proof. Suppose € = €. The inequality (FK) holds for the form foq — e 1 ; X729,
by definition of €2, 50 faqa—€ Y, X29 is sos and foq € 354, by Rem. 2.2. Suppose
e = €1. Consider the dehomogenization h(X1,..., Xp—1) = foa(X1,..., Xn-1,1) —
e X294 41) of fag—e >, X2%. The inequality (L1) holds for by definition
of €1. The inequality (L2) holds using
. |O‘| — On
i:1{1.}},13l—1(f2d’i_61) 2 Z |fal = Z |foc|T
a€A,|al=2d a€A,|al=2d
Thus h is sos. Rehomogenizing and applying Prop. 1.1 this implies that foq —
e X2 is sos. O

In [6, Cor. 5] it is proved that if €; > 0 then fg,s # —oo. Using Th. 4.2 we see
that this can also be deduced from Th. 2.3. We remark also that, in the statement
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of Th. 4.2, it is possible to improve slightly on the definition of ¢;. Namely, one

can take
€1 := max{e(1),...,e(n)}
where

e(i) == min{foa; — D |fal, min foaj - > fa

€A |al=2d a€A|al=2d

\a|
=

}.

This is more or less clear from the proof of Th. 4.2. If € = ¢; = €(7) just dehomog-
enize faq—€ ijl XJQd with respect to the variable X; and apply Lasserre’s [6, Th.
3] to deduce that foq —e > 7_ ) X3¢ is sos.

(3) So far we have been assuming that faq € ¥5,,, and we have used this as-
sumption to determine lower bounds for fs,s. What can one say if one assumes
only that fog € Pg;,,? Suppose € > 0 is given such that fog —e> " | X2 € Py,
One can then define rj, exactly as in Th. 2.3, but using this new ¢, i.e.,

_ Lol | o]
RS D DR T VR TR S AL S )
a€A,|al<2d a€A|al<2d
The rp, defined in this way might not be a lower bound for fs,s (it is even possible
that fsos = —00), but it will be a lower bound for f,. Similar remarks apply to the
other bounds rrx and rgmn;.

Theorem 4.3. If foq € P5,,, and € > 0 is such that faq — € S X2 € Pag then
rL, Trk and Tgme, defined as in Ths. 2.8, 8.1 and 3.2, respectively, but using this
new choice of €, are lower bounds for f on R™.

Proof. Argue as in the proof of Ths. 2.3, 3.1 and 3.2. The form g is no longer sos
but it is positive semidefinite, which is all one needs for the conclusion. ([

Note: In Th. 4.3, the largest possible choice for € is the minimum value of the

rational function foq/ > i, X?¢ on the n — l-sphere
S"ti={aeR"|a] +---+a2 =1}

(4) We know that for any p € Py, and any g € R[X]2q-1, (p + g)x # —00
and, for any p € X3, and any g € R[X]24-1, (P + 9)sos # —0c. Note that if
p € Pag,p is not positive definite then there exists 0 # a € R™ such that p(a) = 0.
Let g(X) =", a;X;. Then (p+g)(ta) = t||al]|> = —cc as t — —00, s0 (p+g)s =
—o00. Therefore for any p € 0Py (0Paq,, denotes the boundary of Py, i.e.
OPaqn, = Pagn \Pz"d’n), there exists g € R[X]24-1, such that (p 4+ g). = —oo. The
validity of the corresponding result for boundary points of 334 ,, is unknown to the
authors.

Question 4.4. Is it true that for any p € 094, there exists g € R[X]24—1 such
that (p + g)ses = —007

The answer to this question is ‘yes’ if n < 2 ord =1or (n = 3 and d = 2)
by Hilbert’s result [3]. In fact these are precisely the cases where Pog, and Yogp
coincide.
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