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ABSTRACT. Natural sufficient conditions for a polynomial to have a local min-
imum at a point are considered. These conditions tend to hold with probability
1. It is shown that polynomials satisfying these conditions at each minimum
point have nice presentations in terms of sums of squares. Applications are
given to optimization on a compact set and also to global optimization. In
many cases, there are degree bounds for such presentations. These bounds are
of theoretical interest, but they appear to be too large to be of much practical
use at present. In the final section, other more concrete degree bounds are
obtained which ensure at least that the feasible set of solutions is not empty.

Fix an algebraic set V in R™, where R is a real closed field. Let A denote
the coordinate ring of V, i.e.,

where Z(V') denotes the ideal of polynomials vanishing on V. The reader may
assume, for simplicity, that V' = R™, so A = R[z]. Fix a quadratic module M
in A, i.e., a subset M of A satisfying M + M C M, 1€ M, and f?°M C M
for all f € A, and let

K={peV|Vge M g(p) >0}.

We often assume, in addition, that MM C M, i.e., that M is a quadratic
preordering. One is especially interested in the case where M is finitely gen-
erated (as a quadratic module or as a quadratic preordering). In this case K
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is the basic closed semialgebraic set {p € V | g;(p) > 0,4 = 1,...,s}, where
g1,-..,gs are generators for M.

One is especially interested in the case R = R. The quadratic module M
is said to be archimedean if for each f € A there exists an integer k > 1 such
that k — f € M. Results of Putinar [14] and Jacobi [2] show that if R = R
and the quadratic module M is archimedean then, for all f € A,

f>0on K = feM.

When M is a quadratic preordering which is finitely generated, the arithmetic
hypothesis ‘M is archimedean’ is equivalent to the geometric hypothesis ‘K is
compact’ [21]. This result extends to quadratic modules in various ways [3].
In [20] Scheiderer shows that if M is archimedean,

feEM+(fY)and f>00on K = fe M.

See [9] for another proof of this. Applications of this result are given in [17]
[19] [20]. The proof of [9, Th. 2.3] shows that if R = R, V is irreducible, M
is archimedean, the zeros of f in K are non-singular points of V| and certain
‘boundary hessian conditions’ hold at each zero of f in K, then f € M + (f?)
(and consequently, if we also assume f > 0 on K, then f € M).

We prove that the above stated version of [9, Th. 2.3] continues to hold
when the hypothesis ‘R = R and M is archimedean’ is replaced by the hy-
pothesis ‘M is a finitely generated preordering’. The proof of this result is, in
fact, simpler than the proof of [9, Th. 2.3]. Using standard ideas from model
theory, this yields degree bounds for the presentation of f as an element of
M +(f?) in this case. The result has application to global optimization, yield-
ing a new class of polynomials f such that f — f, is contained in Y R[z]? + I,
where f, is the minimum value of f on R™ and [ is the gradient ideal of
f, compare to [10], and again we obtain degree bounds for the presentation.
Exploiting other degree bounds in [13] and [22], we show that if R =R, M is
a finitely generated preordering, K is compact, and f > 0 on K, then there
are degree bounds for the presentation of f as an element of M in terms of
the presentation of f as an element of M + (f?). This has application to the
optimization algorithm in [5]. We also consider the likelihood of the boundary
hessian conditions holding in case the algebraic set V' and the boundary of K
in V are sufficently well behaved. The conclusion is that, in a suitable sense,
these conditions hold with probability 1. In the final section, we determine
concrete degree bounds for the algorithms in [5] and [10], which ensure that
the feasible set of solutions obtained is not the empty set.

1. THE CONDITION f € M + (f?)
The condition f € M + (f?) does not by itself imply f > 0 on K.
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1.1 Example. If the zero set of f is disjoint from K and either M is a
finitely generated quadratic preordering, or R = R and M is a quadratic
module which is archimedean, then —1 € M + (f?) (so M + (f?) = A).

Proof. In the quadratic preordering case this follows from the Positivstel-
lensatz. In the quadratic module case it follows using [7, Cor. 3.4.4], for
example. [

If we know also that the set K is semialgebraic (which is automatically true
if M is finitely generated) and each semialgebraically connected component of
K contains a point p satisfying f(p) > 0, then f > 0 on K. This is clear from
the following observation, and is particularly striking if K is semialgebraically
connected, e.g., if K =V = R".

1.2 Remark. The condition f € M + (f?) implies the following equivalent
conditions:

(1) The closed set {p € K | f(p) > 0} is (relatively) open in K.

(2) Every zero of f in K is a local minimum of f on K.

Proof. Suppose f = o + hf?, ie., f(1—hf) =0 with c € M, h € A. Thus
f()(A =h(p)f(p)) > 0o0n K. If p € K satisfies f(p) < 0, then h(p)f(p) > 1.
Since the inequality hf > 1 defines a closed set disjoint from the zero set of
f, the result follows. O

One is interested in knowing when the converse of Remark 1.2 holds. In
view of Example 1.1, we are mainly interested in the case where the zero set
of f has non-empty intersection with K.

We fix some terminology: Given f,g1,...,9s € A, and setting K = {p € V|
gi(p) > 0,i=1,...,s}, wesay f satisfies BHC (boundary hessian conditions)
at the point p in K if p is a non-singular point of V' and there is some 0 < k < d,
where d := dim(V'), and some 1 < v; < --- < v, < s such that g,,,..., g,
are part of a system of local parameters at p, and the standard sufficient
conditions for a local minimum of f|;, at p hold, where L is the subset of V/
defined by g, (z) > 0,..., gy, (x) > 0. This means that if ¢1,...,tq4 are local
parameters at p chosen so that ¢; = g,, for ¢ < k, then, in the completion
R[[t1,...,tq]] of A at p, f decomposes as f = fo + f1 + fo + ... (where f;
is homogeneous of degree j in the variables ¢1,...,ts with coefficients in R),
fi = aity + -+ + agty with a; > 0, 9 = 1,...,k, and the quadratic form
f2(0,...,0,tk11,...,tq) is positive definite.

1.3 Theorem. For any irreducible V. C R", and any f,g1,...,9s € A =
R[V], if f satisfies BHC at each zero of f in K := {p € V | ¢:i(p) >
0,i = 1,...,s} and the quadratic module M in A generated by ¢1,...,9s
is archimedean, then f € M + (f?) (and consequently, if we also assume
f>0on K, then f € M).

Proof. This follows from the proof of [9, Th. 2.3]. O

We note also the following variant of Theorem 1.3:
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1.4 Theorem. For any real closed field R and any irreducible V. C R",
and any f,g1,...,9s € A := R[V], if f satisfies BHC at each zero of f in
K:={peV |gp)>0,i=1,...,s}, then f € M + (f?), where M denotes
the quadratic preordering in A generated by g1,...,(s.

Proof. Consider the ideal J = (M + (f?)) N —(M + (f?)). As in the proof
of [9, Th. 2.3], it suffices to show that A/J has Krull dimension < 0. For, if
this is the case, then there are just finitely many minimal prime ideals over J,
each corresponding to a zero of f in K. Using the fact that f satisfies BHC
at each zero of f in K, and [9, Lemma 2.2], we see that f € M + I* holds for
each such minimal prime I over J and each k > 1. By the Chinese Remainder
Theorem, A/J = [[; A/(I* + J) holds for k sufficiently large. As in the proof
of [9, Th. 1.3], this implies f € M + (f?). So we fix a prime ideal I of A
minimal subject to the condition I O J, and we try to prove A/I =2 R. Let L
denote the quotient field of A/I. By [9, Lemma 1.2], (M +I)N—(M+1I) =1,
so M extends naturally to a proper preordering of L. Fix an ordering < of
L non-negative on this preordering, and let R’ denote the real closure of L
at <. We claim that Z(I) (the set of real zeros of I) is the Zariski closure of
Z(I)NK. Fixany g€ A, g#0on Z(I). Then g ¢ I, so g #0in R’. Also
gi > 0in R, i =1,...,s. By the Transfer Principle, there exists p € Z(I)
such that p € K and g(p) # 0. This proves the claim. Also see Remark 3.12
in [17]. On the other hand, the BHC assumption implies that Z(f) N K is
discrete, i.e., finite. Since Z(I) C Z(f), this forces Z(I)N K to be finite. Thus
the algebraic set Z(I) = Z(I) N K is zero-dimensional. Since the prime ideal
I is real (since I = (M +1)N—(M + 1)), it follows that A/I is real and has
Krull dimension zero. By Hilbert’s Nullstellensatz, this implies A/ 2 R. O

Note: (1) There is no assumption in Th. 1.4 that K is bounded or that
f>0on K.

(2) There is no claim that Th. 1.4 holds when M is just the quadratic
module generated by g1, ...,gs. In fact, this is false in general (although it is
true if R =R and M is archimedean, or if dim(V) < 2).

1.5 Examples.

(1) Let M be the quadratic module in R[z,y, 2] generated by z, y and
(1 + 2y)(z — 22 — y?). The associated basic closed set K is defined by x > 0,
y >0, z > 22 + 3% One checks that z > 0 on K, the unique zero of
z in K occurs at (0,0,0) and z satisfies BHC at (0,0,0). We claim that
2 & M+ (2%). For suppose z = 0¢ + 012 + 02y + 03(1 +2y) (2 — 22 — y?) + hz?
with h € R[z,y, 2] and o; a sum of squares in R[z,y, z]. Setting z = 0, this
yields 0 = 5o + 717 + G2y — 73(1 + 2y)(2? + y?), where 7; := o;(x,4,0). A
standard valuation-theoretic argument shows that the quadratic module in
the function field R(z,y) generated by z,y and —(1 + xy) is proper, so this
forces ; = 0, i.e., 22 divides oy, for each 4. This, in turn, implies that 22
divides z, a contradiction.



(2) An even simpler example is obtained by looking at the quadratic module
in R[z,y, z] generated by z,y and —(1+xy). In this example, K is the empty
set and z ¢ M + (22).

An advantage of Theorem 1.4 over Theorem 1.3 is that it yields degree
bounds for presentations f = o + hf? o0 € M, h € R[V]:

1.6 Corollary. Given positive integers n,d, d, there exists a positive integer
{ such that for each real closed field R and each irreducible algebraic set V
of dimension d in R" defined by polynomial equations h; = 0, i = 1,...t,
where h; € R[z] has degree < ¢, and each basic closed set K in V defined by
polynomials inequalities g; > 0, j = 1,...,s, and each f, where f,g1,...,9s €
R[V] are represented by polynomials of degree < 8, if f satisfies BHC at each
zero of f in K, then f has a presentation f = o + hf?, where ¢ is a sum of
terms of the form w?g;, ...¢g;,, k > 0,1 <4y < --- < iy < s, where w € R[V]
is represented by a polynomial of degree < /£.

Proof. This follows using the standard ultraproduct argument. We sketch the
proof.

If the result is false then there are positive integers n, d, § such that, for each
positive integer ¢ there is a real closed field Ry, an irreducible algebraic set V,
in R} of dimension d defined by polynomial equations h;y =0, ¢ = 1,...,t,
deg(hie) < §, a basic closed semialgebraic set K, in V3 defined by polynomial
inequalities g;¢ > 0, j = 1,...,s, deg(gj¢) < d, and a polynomial f, with
deg(fe) < J, such that f, satisfies BHC at each zero of f; in K, but f; has no
presentation f; = gy + hy feQ where o, has a presentation as a sum of terms
w2gi,e - . . gie With deg(w) < £.

Consider an ultraproduct R = [[, R;/U where U is a non-principal ultrafil-
ter on N. Define h;, g;, f in R[z] in the obvious way, by patching together the
hi¢ (resp., gje, resp., fo) coefficientwise. Define V' C R™ to be the algebraic
set defined by the polynomial equations h; = 0 and K C V to be the basic
closed semialgebraic set in V' defined by the inequalities g; > 0. One checks
that V' is irreducible, dim(V') = d, every zero of f in K is a non-singular point
of V, and f satisfies BHC at each such zero. It follows from Theorem 1.4
that f has a presentation f = o + hf? with o,h € R[z], 0 a sum of terms
w2g;, ... g, Take a4, hy and the w, to be the associated elements of Ry[x],
for each £. Then the set of ¢ such that f, = oy + h,gfg and oy is the sum
of the corresponding terms w%gilg ... gine belongs to the ultrafilter ¢ (so, in
particular, there are arbitrarily large ¢ in this set). Since the w, have bounded
degree (since deg(wy) < deg(w)) this contradicts our assumptions. [

The bound implied by Corollary 1.6 is purely theoretical in nature. There
is no claim that this bound is in any sense ‘good’.

Before continuing on, we pause to consider briefly the overall relationship
between the various conditions discussed so far:

(1) f satisties BHC at each zero of f in K.
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(2) feM+(f?).
(3) The closed set {p € K | f(p) > 0} is (relatively) open in K (i.e., is a
union of connected components of K).

(4) Every zero of f in K is a local minimum of f on K.

Here, V' is assumed to be irreducible, and M is the quadratic preordering
generated by ¢g1,...,9s. By Theorem 1.4, (1) = (2). By Remark 1.2, (2) =
(3) & (4). Of course, (4) = (1) is false in general but, at the same time, it
seems clear intuitively that (4) = (1) is true ‘with high probability’.

2. APPLICATION TO GLOBAL OPTIMIZATION

Fix f € R[z] and denote by I the gradient ideal of f in R[z], i.e., the ideal
in R[x] generated by the partial derivatives %’ i=1,...,n. In[10, Th. 3.1]
it is shown that if f achieves a minimum value f, on R™ and the ideal I is
radical then f — f. € 3" R[z]?> + I. (Actually, the result in [10] is stated only
in the case R = R, but the proof which is given in [10] carries through for any
real closed R.) Using Theorem 1.4 one can show that this same conclusion
can be obtained with a somewhat different hypothesis:

2.1 Theorem. Suppose f € R[z| achieves a minimum value f, on R"™ and
2

that the matrix ( 83 Bfr' (p)) Is positive definite for each minimum point p of f
iOTj

on R". Then f — f. € Y R[z]? + I, where I denotes the gradient ideal of f
in R|x].

2.2 Examples. The polynomial f(z) = 622 + 8z% + 3% satisfies the hy-
pothesis of Theorem 2.1 but its gradient ideal is not radical. The polynomial
f(z,y) = 2 does not satisfy the hypothesis of Theorem 2.1, but its gradient
ideal is radical.

Suppose deg(f) =m, f = fo+f1+ -+ fm, fi homogeneous of degree i. As
in [8, Sect. 5], we say f is stably bounded below on R" if f remains bounded
from below on R"™ for all sufficiently small perturbations of the coefficients of
f (equivalently, if f,, is positive definite).

Later, we show that the set of polynomials stably bounded below on R"
and satisfying the hypotheses of Theorem 2.1 is open and dense in the set of
all polynomials stably bounded below on R™; see Theorem 4.4. In concrete
terms, this means that one might expect the hypothesis of Theorem 2.1 to
hold rather frequently.

Proof. Replacing f by f— f«, we reduce to the case f. = 0. Asexplained in [10,
Th. 3.3], there are (complex) algebraic sets W;, i = 0,...,t and corresponding
ideals J;, i = 0,...,t in R[z] such that W; is the set of complex zeros of .J;,
Ni_oJi =1, J; +J; = (1) for i # j (so the Chinese Remainder Theorem
applies), Wy has no real points, and W; has a real point and f is constant
on W; for i =1,...,t. We may assume f(W;) = v; with vy > -+ > 1, = 0.
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As explained in [10], there exists o; € Y R[z]? such that f = o; mod J; for
1=0,...,t—1. It remains to show the same holds for ¢ = t. By Theorem 1.4,
f=o0+hf? ie, f(1 —hf) =0, for some o € > R[z]* and some h € R|z].
Since f = 0 on Wy, f™ € J, for some positive integer m. It follows from
this that 1 — hf is a unit and a square modulo J;. Multiplying the equation
f(1 — hf) = o by the inverse of 1 — hf modulo J;, this yields o; € > R[z]?
satisfying f = oy mod J; as required. [

2.3 Remark. The proof of Theorem 2.1 shows that if f > 0 on Z(I) then
f € YR+ I+ (f% iff f € > R[z]*>+ . This is similar in form to
Scheiderer’s ‘main theorem’ in [20] (if f > 0 on K then f € M + (f?) iff
f € M), taking K = the set of real zeros of I and M = Y R[z]?> + I. But
there is no requirement here that the real closed field R be the field of real
numbers or that the basic closed set K be compact.

As in the case of Theorem 1.4, there is a result on degree bounds to ac-
company Theorem 2.1:

2.4 Corollary. Given positive integers n,d, there exists a positive integer
¢ such that, for each real closed field R and for each polynomial f € R|z]
of degree < 9, if f achieves a minimum value f, on R"™, and the matrix
(%afmj(p)) is positive definite for each minimum point p of f on R"™, then
f—fe=0+ Zz;lhi(%’:, where 0 € Y. R[z]? and h4,...,h, € R[z], have
degree bounded by /.

Proof. The proof here is even simpler than the proof of Corollary 1.6, and
will be omitted. [

We remark that since [10, Th. 3.1] is valid for any real closed field, and
since the hypothesis is expressible in terms of first order formulas, one also
has degree bounds in this case. In either case, the degree bounds are purely
theoretical in nature. If I is radical and the set of complex zeros of I is finite,
then one has concrete degree bounds as described in [11].

Example 3.4 in [10] shows that, even if f is stably bounded from below on
R™ and the set of complex zeros of the gradient ideal [ is finite, the conclusion
of Th. 2.1 (or of Th. 3.3 of [10]) does not hold in general, without some extra
hypothesis on f. At the same time, and in contrast to this, Th. 3.5 of [10]
shows that, for any f, if f is strictly positive on Z(I), then f is a sum of
squares modulo I. If f is strictly positive on the set of real zeros of I and
the set of complex zeros of I is finite then, as explained in [6, Th. 23], one
can compute degree bounds for the presentation f = ¢ mod I, ¢ a sum of
squares, using Grobner basis techniques.

We remark that the assumption that f achieves a minimum value on R™
is restrictive. The minimum value of f on Z(I) need not equal the infimum
of f on R", e.g., consider f(x,y) = 22+ (zy —1)2. In [23] it is explained how
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the algorithm in [10] can be modified to handle the case where f is bounded
from below on R™ but does not achieve a minimum value on R".

3. DEGREE BOUNDS IN THE COMPACT CASE

We assume in this section that M is the quadratic preordering generated
by g1,...,9s. We assume that R = R and that K = {p € V | gi(p) > 0,i =
1,..., s} is compact.

Scheiderer proves [18], if dim(K') > 2, there is no degree bound for the de-
gree of a presentation of an element f € M depending only onn, V', g1,...,9s
and the degree of f. Prestel proves [13, Th. 1] (also see [22, Th. 3]) that,
if f > 0 on K, then there is a degree bound for the presentation of f as an
element of M depending only on n, V, g1,...,gs, the degree of f and %,
where || f]| is the norm of f and f, is the minimum value of f on K.

We assume f > 0 on K and that f has some fixed presentation f = o+ hf?
with ¢ € M, h € A. By Scheiderer [20], this implies f € M. We establish
degree bounds for the presentation of f as an element of M in terms of the
degree of the presentation of ¢ and and the degree and the norm of f and h.
The key result is the following variant of the Basic Lemma in [4]:

3.1 Lemma. For any real N > 0, there exist elements «, 3 in the preordering
generated by N —t and § + t in the polynomial ring R[t] such that 1 = at +
B(1+t). Moreover, o and 3 can be chosen so each term in their presentations

has degree < k, where k is the least integer > 1“‘721
n(1+ﬁ)
Note: For any reasonably large N, —22— ~2In2- N ~ 1.4N.

" Tn(1+25)
Proof. Clearly 1 = (1 —7t)(1 +1t) + (=1 + (1 +¢))t for any r. Take r =
= Ei:ol(%)i, a=1—rt, 8 =—-14r(1+t), where k is the least integer

In 2
= m Note that

a:l—rt:1—rN(l—¥):1—(1—(N]\;t)k):(N]\;t)k7

so « has the required form. Also, if £ # 0, then r = 1_7‘1, o)

(1+t)(1-a) 1—(14+ta 1— (14 t)(AA)*
t o t o t ’

B=—1+r(l+t)= -1+

By [4, Th. 4.1], it suffices to show that 3 > 0 on the closed interval [—1, N].

Let v = 1 — (1 + t)(&F4)*. Clearly 4(0) = 0. The definition of k implies

'y(f%) < 0. Computing the derivative of v, we see that + is decreasing on
k—N

(—00, — 777 ] and increasing on [f%, ]. The definition of k implies k > N.

It follows that v < 0 on [—1,0] and vy > 0 on [0,N] so 3> 0on [-1,N]. O
Combining Lemma 3.1 with [22, Th. 3] yields the following;:
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3.2 Corollary. Suppose V is an algebraic set in R™, K is a compact subset
of V defined by inequalities g; > 0,4 =1,...,s, f > 0 on K, and f has a
presentation f = o + hf?, o € M, h € R[V], where M denotes the quadratic
preordering in R[V] generated by gi,...,gs. Then there exists an integer
¢ > 1 depending only on n, V, gi1,...,gs, the degree and the norm of f
and h and the degree of the presentation of o as an element of M, such
that f has a presentation as a sum of terms of the form w?g;, ...g;,, k >0,
1 <y < -+ < <s, where w € R[V] is represented by a polynomial of
degree < (0 — SF 6.

j=1"%

Proof. Write f as f = 0 + hf? = 0 + (m + h)f?> — mf? = o' — mf? where
o' =0+ (m+ h)f?. We know that m +h € M for m > 0 sufficiently large.
m and the degree of the presentation of m + h depend on n, V', g1,...,gs and
the norm and the degree of h. Similarly, N —mf € M for N > 0 sufficiently
large. Choose «, 3 in the preordering in R[mf] generated by N — mf and
% + mf, as in Lemma 3.1, so that

1 =amf+ p(1+mf).

Then
f=amf?+Bf(1+mf)=amf’+ fo'.

Since %—&—mf is > % on K, % +mf belongs to M, so this yields a presentation
of f as an element of M. The degrees of the presentations of o and § in terms
of N —mf and % + mf depend on N as in Lemma 2.1. The degree of the
presentation of  + mf is bounded using [22, Th. 3]. O

Note: One might expect to have bounds on the degree of the presentation
of o and on the degree of h using Corollary 1.6. Unfortunately, one does not
expect to have much control over the norm of h in general.

4. LIKELIHOOD OF BHC

We assume here that V' is an irreducible algebraic set in R", d := dim(V),
and K is the basic closed semialgebraic set in V' defined by g1 > 0,...,gs > 0,
g1,---,9s € R[V]. We deal with the case where the following condition holds
for each point p of K:

(*) p is a non-singular point of V' and there exist 0 < k < d and 1 <
vp < --- < v < s such that g,,,..., 9y, is part of a system of local
parameters at p and, in a neighbourhood of p in V', K is defined by
the k inequalities g,, > 0,..., gy, > 0.

Note: (*) is not a condition on K. Rather, it is a condition on the particular

presentation g1 > 0,...,gs > 0 of K.

4.1 Lemma. Suppose p € K is a non-singular point of V, uy,...,uq Is a
system of local parameters at p with u; > 0 on K, i = 1,...,¢, and f €



R[V] decomposes as f = ag + ajuy + - -+ + agus + Z?,jzl a;ju;u; + ... with
a; >0,i=1,...,¢ and Zi,j>€ aiju;u; positive definite. Suppose ti,...,tq Is
another system of local parameters at p such that K is defined locally at p
by t; >0,i=1,...,k. Then { < k and, after reindexing t,...,t; suitably,
f =bg+bity1 + -+ bpty +Zj,j=1 bijtit]‘ + ... with b; > 0,7= 1,...,6, and
Zz}j>f’ bijtit; positive definite, for some ¢ < ' < k.

Proof. Say u, = ry1t1+ -+ +ryqtq + Z?’j:l Tyijlit;+...,v=1,...,¢. Since
u, has a local minimum on K at p, r,; = 0 for ¢ > k and r,; > 0 for ¢ < k.
Reindexing t1,...,t; suitably, we can assume that, for ¢ > ¢, r,; = 0 for
each v and, for ¢ < ¢, r,; > 0 for some v and that ui,...,up,ter1,...,tq is
a system of local parameters at p. Since the hypothesis does not depend on
how u1,...,up is completed to a system of parameters at p, we can assume
u; = t; for i > £. The linear part of f (as a power series in t1,...,tq) is
bit1 + -+ + bptyr where b; = Zﬁ:l ayry; > 0,1 =1,... ,g/. Zi,j>z/ bijtitj
is the quadratic part of the power series in ty41,...,tq obtained from the
power series of f by setting t; = --- =t = 0. It is easy to see that this is
just Zi:l ay Zi,j>l’ ryijtit; + Zi7j>£/ a;jt;t;. Since ¢’ > ¢, the second term
is positive definite. >, .o, 7i5tit; is positive semidefinite for each v (since
u, has a local minimum on K at p) and a, > 0, so the first the first term is
positive semidefinite. This proves Ez > bi;tit; is positive definite. [

Denote by Py, the set of all polynomials of degree < m in n variables
r1,...,T, with coefficients in the real closed field R. This is a finite di-
mensional vector space over R and, as such, has natural euclidean topology.
The same holds true for the image of Py, ,, in R[V] under the natural map
R[z] — R[V]. For what we do here, we could work either with P, ,, or with
the image of Py, in R[V].

4.2 Lemma. If f € P, , satisfies BHC at some point p in K satisfying (*)
then, for any f € P, , sufficiently close to f and any q € K sufficiently close
to p, if f has a local minimum at ¢, then f satisfies BHC at q.

Proof. By (%) we have local parameters tq,...,t4 at p such that K is de-
fined locally at p by t; > 0,...,tx > 0, where {t1,...,tx} is some subset of
{91,---,9s}, k> 0. By Lemma 4.1, f = ap+ait1+-- '+a[tg+zzj:1 a;;tit; +

. with a; > 0,1 <1 </, Zi’j% a;jt;t; positive definite, 0 < ¢ < k.
Since g is close to p, ¢ is a non-singular point of V, 8; := ¢;(q) is close to 0,
and t7,...,t, is a system of local parameters at g, where t; :=t; — d;. Say

f=0by+bith +---+ batl, + Z?,j:l bijt;t; +.... Since f is close to f and

q is close to p, b; is close to a; and b;; is close to a;;. In particular, b; > 0
for1 <i </ and;i,pz bijtit; is positive definite. Since ¢ € K, §; > 0,
i=1,...,k. Since f has a local minimum on K at ¢, b; =0ifi >k, b; =0

forall 1 < i < k with é; > 0and b; > 0 for all 1 < ¢ < k with ; = 0.
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Reindexing ty41, ..., t; we can assume b; > 0 and §; =0 fori=1,...,¢ and
bi=0fori> ¥, ¢ <V <k Sincet, =1t € {g1,...,9s}, 1 =1,...,¢ and
> i jse bijtit} is positive definite (since £’ > £) the result is now clear. [

4.3 Lemma. Suppose f € P, , achieves its minimum on K at a point
p € K and that (%) holds at p. Then there exists g € Pa,, such that g(p) = 0,
9(q) >0 for g € K, g # p, and [ + dg satisfies BHC at p for each § > 0.

Proof. Choose a system of local parameters t1,...,tq at p so that K is defined
locally at p by ¢t; > 0,...,tx > 0, t1,...,tx € {g1,...,9s}. Since f has a
minimum at p, f = ag + a1t; + - - - + agte + Zij:l aijtit; + ... with a; > 0,
Zi,j>k ai;t;t; positive semidefinite. Choose local generators tqi1,...,t, for
the ideal Z(V') at p so that t1,...,t, is a system of local parameters at p in
R™. Making a suitable affine change in coordinates, we can assume p = 0,
t; = x;+ terms of degree > 2 for i = 1,...,n. It is easy to see that for ¢ > 0
sufficiently close to zero, the open sphere with center

(—€...,—€,0,...,0,—€,...,—¢€)
S——— N Y——
k times d—k times n—d times

and radius ey/n — d + k has empty intersection with the set K. Take g =
2€) i T T 2€) 00T+ |z, Viewed as a power series in t1,...,t4 in the

natural way, g has the form g = 2¢ Zle t; + Z?:l t2 +¢ Zgjzl t;t; for some
b;; € R (coming from the degree 2 parts of the various x; — ¢;). Since the
quadratic form )., t24+ed; >k bijtit; is positive definite for e sufficiently

close to 0, the result is clear. [

If K is bounded then every f € P, , achieves a minimum value on K.
Since we would also like to say something in the case when K is unbounded,
we must restrict a bit the sort of elements of P,, ,, that we consider, in general.
We consider the following two sets:

Bk :={f € Pm,n | 3N, e > 0 such that Yz € K, ||z|| > N = f(z) > €|z||™}
Cn. ik ={f € By, i | f satisfies BHC at each minimum of f on K}.

The set B, i consists of all f € P,, ,, which remain bounded below on K for
small perturbations of the coefficients of f. This is straightforward to check.
If K is bounded, then By, gk = Pmn. If K =V = R", then By, k consists of
all polynomials of degree m in Py, , which are stably bounded below on R"
in the sense of [8, Sect. 5] (s0 By, x = 0 if m is odd).

4.4 Theorem. The set By, ik is open in Py, . If V is irreducible and (*)
holds at each point p of K, then the set Cp, g is open in Py, ,,. If, in addition,
m > 2, then C,, i is dense in By, .

Proof. Suppose f € By, k. Thus we have N, e > 0 such that z € K, ||z|| > N
= f(z) = ellz]|™. Write f as f(z) = 3|, <,n @z where 2% := 2f" .. 20"

L,
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la| == a1 + -+ a,. Suppose g = Y box® with |by — aq| < § for each «
where § := 5B5—:. Then, for v € K, [|z[| > max{1, N},
="

Jrz o — )Y > f(x Z\b — aq| - |x?
—6Z|xa| Zf(x)—52(\év1|+"-+lfﬂn|)i

i=0

6Zn )|t > f(=x —6Zn )™
> (e — aznwnxnm = <™
2
1=0

This proves that B, i is open. Each f € B,, x achieves a minimum on K at
some point p € K (assuming K # (). The last assertion is clear from this,
using Lemma 4.3. It remains to check that C,, x is open. Fix f € Cp, k.
Replacing f by f — f. where f, := the minimum value of f on K, we may
assume f, = 0. Since f satisfies BHC at each minimum point, f has only
finitely many minimum points in K, say p1,...,pr are the minimum points.
By Lemma 4.2 we have an open ball B; about p; such t hat, for g € Py,
sufficiently close to f, g satisfies BHC at each minimum point of g in K N B;.
We also have N,e > 0 such that Vz € K, ||z|| > N = f(z) > €||z||™. We
may assume N > 1. Let B denote the closed ball centered at the origin
with radius N. Let 6 > 0 be the minimum value of f on K N (B\ U, B;).
Choose g € Py, n so close to f that g(p1) < min{e/2,/2}, g(z) > 6/2 on
KN (B\UL | B)), g(x) > (¢/2)||z|™ on K\B, and g satisfies BHC at each
minimum point of g in K N (UX_, B;). Then each minimum of g on K occurs
in some B;, so g satisfies BHC at each minimum point. [

4.5 Corollary. Suppose V is irreducible, K is bounded, and (x) holds at
each point p of K. Then the set

Con,ik = {f € Pmn | f satisfies BHC at each minimum of f on K}

is open and dense in Py, , (assuming m > 2).

4.6 Corollary. Let

B ={f € Pm.n | deg(f) = m, f is stably bounded below on R"},
Crmn ={f € Bim,n | BHC holds at each minimum point of f on R"}.

Then, Cy, », is open and dense in By, .

In view of Theorem 1.3, Corollary 4.5 says something about the likelihood
of f— f« € M holding, where f, denotes the minimum value of f on K and M
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denotes the quadratic module in R[V] generated by g1,...,gs. Of course, the
hypothesis (x) of Corollary 4.5 holds in a wide variety of cases. For example, it
holds if V = R™ and K is the closed ball defined by ||z|| < 1 or the hypercube
[—1,1]™ (with the obvious presentation).

Similarly, Corollary 4.6 says something about the likelihood of f — f, €
>" R[z]? + I holding, where I is the gradient ideal of f and £, is the minimum
value of f on R™, given that f is stably bounded below on R™.

5. BOUNDS WHICH ENSURE A NON-EMPTY FEASIBLE SET

Fix f € Rlz]. Set

fe= inf{f(p) |p € Rn}» fsos = Sup{)‘ I AER, f-Ae ZR[g]Q}

Decompose f as

f=tott fm

where f; is homogeneous of degree i, f,, # 0. Assume m > 0. A necessary
condition for f, # —oo is that (m is even and) f,,, is PSD. A sufficient condi-
tion for f, # —oo is that f is stably bounded from below on R”, i.e., that f,,
is PD. Moreover, in this situation, f achieves a minimum value on R™.

Clearly fsos < fo. If n =1, m =2, or n = 2 and m = 4 then fs,s = fs.
For all other choices of n and m there exists f such that fs,s < fi«. This was
known already to Hilbert, in 1888. One would like to know how closely fsos
approximates f, in general. As a first step one would at least like to know
when fg,s # —00, i.e, when there exists A € R such that f — X\ is a sum of
squares.

Denote by II,, ,, the set of all PSD forms of degree m in 1, ...,z, and by
Ym,n the subset of II,, ,, consisting of all elements of II,, ,, which are sums of
squares. 1l,,, and 3, ,, are closed cones in the R-vector space consisting of
all forms of degree m in the variables x1, ..., x,.

5.1 Proposition. A necessary condition for fs,s # —o0 is that f,, is a sum
of squares. A sufficient condition for fs,s # —o0 is that f,, is an interior point
of the cone ¥, ,.

5.2 Examples.

(1) The Motzkin polynomial f = 1 — 322y? + 2*y? + 2%y* satisfies f, = 0,
fsos = —00 and fs = z'y? + 2?y* € Xgo. This shows that the necessary
condition on Prop. 5.1 is not sufficient.

(2) If f = (2 —y)?, then f. = fes = 0 and fo = (z — y)? is a boundary
point of 33 5. This shows that the sufficient condition in Prop. 5.1 is not
necessary.

(3) Let f =1 —32%y? + 2%y + 2%y* + €(2® +9°), € > 0. Here, f, = e
Since fs = xty? + 2%y* + €(2% + y°) is an interior point of the cone g 2,
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fsos & —00. Observe however that fs,s — —o0 as € — 0. For, if this were not
the case, then there would be some real number N such that, for any choice
of € >0, f+ N is a sum of squares. Letting ¢ — 0, this would contradict the
conclusion in (1).

Regarding interior points of X,, ,,, we make use of the following:

5.3 Proposition.

(1) Suppose f is an interior point of ¥, ,, and g € ¥y, . Then g is an
interior point of ¥, ,, iff g — ef € ¥, , for some real € > 0.
(2) (x24---+22)™/2 and 2" + - - + 2 are interior points of %, ,,.

5.4 Remark. In[12], f. is approximated by computing fs,s in a large number
of random instances with f,, = z{* +--- + 2]". Since 27" + --- + 2] is an
interior point of ¥,,,, Prop. 5.1 explains why —oo was never obtained as
an output in these computations (but it does not explain the high degree of
accuracy that was observed, which is still a bit of a mystery).

We sketch proofs of Prop. 5.1 and Prop. 5.3:

Proof of Prop. 5.3. Let m = 2k. The proof of (1) is trivial. To show p :=
(2 + -+ + 22)* is an interior point of ¥,,, we must show that if we modify
p by terms of degree m the form bz®, with |b| sufficiently small, we remain
in ¥y, pis asum of terms ax®, where a is positive and z® is a square
(of a monomial of degree k) and, furthermore, all such terms appear in the
expansion of p. Thus the result is clear for terms of the form bz where x is
a square. If 2@ is not a square, write 2% = 2%z where 2°, 27 have degree k
and use the identity 422 = (2 £ 27)% — (228 + 227).

5.5 Lemma. z3F — o7 (30 2Dk + (X1, 22)* is a sum of squares.

Proof. Dehomogenizing, we can assume xo = 1. Let
H(it)=1

—F(l—kt)k—tk.

H (t) has minimum value 0 on the interval [0, c0), which occurs at ¢ = 1. Thus
H(t) € Y R[t]? + > R[t]*t. Substituting ¢t = 2% + - - - + 22 yields the result we
want. O

Using Lemma 5.5 and induction on n, one checks easily that z7* 4 --- +

" — €Y1 22)F is a sum of squares, where

. 1
€T D)

According to Prop. 5.3 (1), this implies that 27" 4 - - - 4+ 2] is also an interior
point of ¥, ,. O
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Proof of Prop. 5.1. The first assertion is trivial. Suppose f has degree m = 2k
and f,, is an interior point of 3,,,. For each term cz® of degree < m
appearing in f where % is not a square, write * = 2”27 where z? has
degree < k and 27 has degree < k. If 2%, 27 both have degree < k, write caz®
%l(atﬁ +27)? - %(zw + 227). If 27 has degree k, write cz® as %l(%xﬁ +
§x7)% — %l(é%mw + 6%2227) where § > 0 is close to zero. In this way, one is
reduced to the case where xz® is a square for each term cz® of degree < m
appearing in f. Write f,,, as fm, = g+ €(X i, 22)¥, g € Xy 0, € > 0. Scaling
suitably, we can assume € = 1. Lemma 5.5 implies that the polynomial

as

k—1
e DI U (T ERELNa  RRR
i=1

is a sum of squares. Taking x( to be a real number which is so large that the
coefficients of the monomials in x4, ...,x, coming from the middle term of
(1) (these are negative numbers) are < the coefficients of the corresponding
monomials appearing in f, and using the fact that (1) is a sum of squares, we
see that f — fo + 2" is a sum of squares. O

We now explain how Prop. 5.1 combines with Th. 3.12 in [15] to yield
degree bounds which ensure existence of feasible solutions for the optimization
method described in [10]. We use notation from [15]: If p is a form of (even)
degree m in n variables, with coefficients in R,

inf{p(u) | ue S}
sup{p(u) | u € SP—1}"

(p) =

5.6 Corollary. Suppose f € Rlz] is stably bounded from below on R™,

deg(f) =m >0, and r > (471?;(;)1;(11‘;) — 2™ Then there exist hy, ..., hy, €

R[z] of degree < 2r +1 and X € R such that f+ >, hi% - e Y R[z]%

Proof. Decompose p = f,, as p = p+ (> 1, #2)™/2, 5 > 0. For § close to
zero, the form p is PD. By [15, Th. 3.12], (3.1, z7)"p is a sum of squares

for r > (Z?Zg;)z(% — 2 Since €(p) — €(p) as & — 0, this proves that

>r, x?)"p is an interior point of X,,42,,, for r as in the statement of
Corollary 5.6. Combining this with the fact that the highest degree term of
% E?:l xié‘% is precisely p, we see that the highest degree term of

n

F=r+ (e -0 Y mgt

j=1 =1

is an interior point of ¥, 9, . The result follows now by applying Prop. 5.1
to the polynomial f, and taking h; = ;o ((X)_, #3)" —1). O
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One might suspect that the bound given by Cor. 5.6 is not best possible.
At the same time it is not clear, to the author at least, how one can improve
on it, in general. Of course, if p is an interior point of ¥,, ,, we can take
r=0.

If the set of complex zeros of the gradient ideal of f is finite, there is a
simpler bound:

5.7 Corollary. Assume the set of complex zeros of the gradient ideal I of f is
finite, and let e be the least even integer > m such that, for eachi =1,...,n,
x§ Is a linear combination of monomials of degree < e modulo I. Then there
exists h € I of degree e and \ € R such that f +h — X € > R[z]?.

Proof. By assumption, there exists g € R[z] of degree < e such that Y ., x5+
g € I. The highest degree term of f = f+ 3" jaf+g— L Y" xi%
is Y, x¢, which is an interior point of ¥ ,, by Prop. 5.3. The result
follows by applying Prop. 5.1 to the polynomial f, taking h = Yo aitg—
L 27-171 l’laif O

m 1= oz,

In particular cases, one can compute the integer e using Groébner basis
techniques. The bound in Cor. 5.7 may be better than the bound in [6, Th.
23] in certain cases (e.g., if f,, = Y ., 2™, then e = m) but, at the same
time, of course, the conclusion of Cor. 5.7 is considerably weaker than the
conclusion in [6, Th. 23].

We now turn our attention to the optimization method in the compact case
described in [5]. Again, we look for degree bounds which ensure the existence
of feasible solutions. We begin with the special case where the compact set in
question is the closed ball defined by the single inequality >, z? < N.

5.8 Proposition. Suppose f € R[z], deg(f) = m and N > 0. Then there
exists A € R and 0,7 € Y R[z]? such that f —A\=o+7(N =31 | z7), where
o and 7(N —Y_7_, #2) each have degree < m (resp., m+1) if m is even (resp.,
if m is odd).

Proof. Let f =" aqz®, where z¢ := z{* ...2%". The construction of \, o,
and 7 is completely algorithmic. A = —P where

Pi= 3 faa|(VR) Tt

where a runs through all indices such that z is not a perfect square and
ao # 0, or z% is a perfect square and a, < 0. Replacing the variables
T1,..%n DY Y1, ..., Yn, Where y; = %, we are reduced to proving the result
when N = 1. Clearly it suffices to the consider the case where f is itself a
monomial, say f = ax®. We can assume further that either % is a non-square

and a = +1 or x® is a square and a = —1. One makes use of the identity
n
1—a? = Zx? + (1 _ng).
i#j i=1
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To handle the case where z® is a square use the identity
20 1 2 2 1 2 2
1—uv :§(1+u)(l—v)+§(1—u)(1—|—v),

and induction on m. To reduce from the case where z® is not a square to the
case where z® is a square, use the identity

1 1 1
ltuw = i(uiv)2+§(17u2)+§(17v2),

where u and v have the same degree if m is even, and deg(u) = deg(v) + 1 if
m is odd. The details are left to the reader. [J

Finally we consider the case where the compact set K in question is defined
by finitely many polynomial inequalities g; > 0, i = 1,...,s. If we assume
the associated quadratic module is archimedean, then we have a relation N —
Z:.L:l 2? = 09 + 0191+ + 04gs, for some N > 0, where the o; are sums of

squares. Applying Prop. 5.8, this yields

f=A=0+7(N - me) = (0 +700) + (T01)g1 + - - + (704)gi-

i=1

We have good degree bounds on ¢ and 7, given by Prop. 5.8, but since the
degrees of the o; may be large, the overall degree bound obtained in this way
may not be good. Of course, one way to get around this (and at the same
time to ensure that the quadratic module is archimedean) is to simply add
the inequality N — >"1 | x? > 0 to our description of K.
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