Sketching Products of Log and Exponential Functions

Example 1: f(x) = xe~

Step 1:  f/(x) = (x)e*+x(e¥) = (1)eX+xe* = (x+1)e¥and f'(x) = (x +1) e+ (x+1) (e¥)" = (1)eX + (x +1)eX = (x +2)e*.
The “interesting values” of f are —1 and —2, which divide the domain (—o0, o) into three intervals: (—oco, —2), (=2,—1) and (-1, o).

Step 2. Put these values of x into increasing order. -2,-1 y
1
Step 3: Pput together as good a table as you can. g
f(x) — 0 + + +
Fo [ - - - 0 ¥ y
f(x) —% = —-0.27 N -0.36 | f(0)=0
e e 5
Step 4: Plot the “interesting points” and connect them with curves which are either left . .
or right half-smiles or half-frowns. S a3 h 1 2%
-2



Example 2: f(x) = xe 2
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Step 1: f/(x) = (x)e > +x(e?) = (1)e X +xe 2¥(=2) = (—2x+ De2¥and f"(x) = (=2x + 1) e 4+ (=2x + 1) (e2¥)" =

(=2)e ¥ + (=2x + 1)e?*(=2) = (4x — 4)e > = 4(x — 1)e~?*. The “interesting values” of f are ; and 1, which divide the domain

(—o0, ) into three intervals: (—00,;>, (;, 1) and (1, o).

, 1

N | —

Step 2: put these values of x into increasing order.

Step 3: Pput together as good a table as you can.

1 1 1
X (‘°°’2> 2 <2'1> ! (1, )
f(x) — - — 0 +
S (x) + 0 - — —
1 1
f(x) | f(0)=0 ?e = (0.183 ?i0.135

Step 4: Plot the “interesting points” and connect them with curves which are either left
or right half-smiles or half-frowns.




Example 3: f(x) = x2e2x

Step 1:  f/(x) = (x?) e +x2(e72¥) = (2x)e X +x%e72X(=2) = (=2x2+42x)e 2X = —2x(x—1) and f" (x) = (—2x%+2x)' e 2* +
(—2x242x) (e72X) = (—4x+2)e X +(—2x242x)e 2% (=2) = (—4x+2)e 2X+(4x2—4x)e X = (4x2—8x+2)e 2X = 2(2x2—4x+1)e 2*.

The “interesting values” from f’ are 0 and 1, and those of f'" are:

~(-4) = V(4?-42)1 _4+/16-8 48 4222 2xv2 . 2
2(2) - 4 4 4 2 T2
Step 2: put these values of x into increasing order. 0,1 — ?, 1,1+ \2@
Step 3: Put together as good a table as you can.
VT, _Y2[(,_2 ENRE TN
x (—00,0) | 0 (0,1—2 1 (15 1 (L1+g) |1+ (1+ %)
S (x) + + + 0 - — - 0 +
S (x) - 0 + + + 0 B — —
f(x) - 0 + + + elZ =0.135 + + +
Step 4: Plot the “interesting points” and connect them with curves which are either left

or right half-smiles or half-frowns.

1

Yy
N




Example 4: f(x) = x2e?*

Step 1:

The “interesting values” from f’ are 0 and 1, and those of f" are:

F(x) = (x2) e + x2 (e2%)" = (2x)e?* + x2e2X(2) = (2x2 +2x)e?* = 2x(x + 1)e?¥ and f" (x) = (2x2 +2x)"e2* + (2x2 +
2x) (e2¥) = (4x + 2)e® + (2x2 + 2x)e?*(2) = (4x + 2)e 2* + (4x2 + 4x)e?* = (4x2 + 8x + 2)e?* = 2(2x2 + 4x + 1)e?~,

—4) V(@) -4(2)1 _ —4+V16-8 -4+V8 -—4x2V2 -2x2 . V2
2 4 4 4 2 T2

Step 2: Pput these values of x into increasing order. —1 — \f, =1, =1 -+ 22, 0

Step 3: Put together as good a table as you can.

x <—oo,_2;ﬂ> 1-2 (—1—?,—1) -1 <—1,—1+?) 1+ 2 (—1+ﬁ,o> (0, o)
S (x) + 0 — — - 0 + +
Sf'(x) + + + 0 — — — +

1

f(x) + 0 + 22 + + + +
Step 4: Plot the “interesting points” and connect them with curves which are either left

or right half-smiles or half-frowns.




Example 5: f(x) = xe*’

Step 1:  F(x) = (x)e +x (e"z), = (1)eX" + xe*(2x) = (2x2 + D)e** > 0and f"(x) = 2x2 +1)eX" + 2x%2 + 1) (exz), =
(4x)eX* + (2x% +1)eX* (2x) = (4x)e* + (4x3 + 2x)eX’ = (4x3 + 6x)eX” = 2x(2x2 + 3)e*’.
The only “interesting values” is 0.

Step 2: Put these values of x into increasing order. 0

Step 3: Pput together as good a table as you can.

X (=00,0) | 0 (0, 00)

[ (x) — 0| —+

S (x) + +| +-

f(x) - O + y
1

Step 4: Plot the “interesting points” and connect them with curves which are either left P

or right half-smiles or half-frowns. 5
4
Z
0 AN

2 1 D 1 B X

=2
-4
-6
-8
-10




Example 6: f(x)=¢ =

Stepl: f(x)=e (—

f(x)=(2x

3) ez 1 (2x73) (e) = 2(=3)x ) e = + (2x7Y)

x2> e (—(=2)x73) = 2x3e”x and

o
|
A
/
|
%] =
——
Il

_ 6x2
(~6x4) e ¥ + (2x ) e 3 (2x73) = (6 + 4) e Xt = (GX * 4) e = —6x° (x2 — 2) e X,

The “interesting values” 0 and J_r\/g.

Step 2. Put these values of x into increasing order. — g, 0, \/g
Step 3: Put together as good a table as you can.
2 2 2 2 2 2
S (%) + 0 - und - 0 n
f(x) - - - und + + +
F(x) <1 e 2 = (.22 4 und + e 2 =022 <1
Step 4: Plot the “interesting points” and connect them with curves which are either left

or right half-smiles or half-frowns.

A
1.0
0.r5
0.p
0.25
oz > X
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Example 7: f(x)=xInx

Step 1: The domain of f is (0, ). f'(x) = (x)'Inx + x(Inx)" = (1) Inx +x)lc =Ilnx +1 = 0if Inx = —1. Taking exponentials,
we get x =e"¥ = ¢! = i

rr _ l
Also f"(x) = X

- - ” 1
The “interesting values” are 0 and 2

1
Step 2. Put these values of x into increasing order. O, -

Step 3: Put together as good a table as you can.

S G S I
S (x) + + +
f(x) - 0 +
fix) | - —i L _037| F(1) =0

Step 4: Plot the “interesting points” and connect them with curves which are either left
or right half-smiles or half-frowns.




Example 8: f(x)=x%Inx
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Step 1: The domain of £ is (0, ). f'(x) = (x?) Inx + (x?)(Inx)" = 2xInx + xZi =2xInx+x=xInx+1)=0if x =0or

1 1

1
In x = —=. Taking exponentials, we get x = e/™¥ = ¢72 = —
5 g exp g Je

Also f(x) = 2x)' Inx + 2x)(Inx) +1 =2Inx + 2x}1€ +1=2Inx+3=0iflnx = —;.

1
Taki tial tx=en¥—e2 =~
aking exponentials, we get x = e e 2 oo
The “interesting values” are 0 1 and 1
g ) \/E’ e\/é'
1 1
tep 2: Pputth lues of x into i ing order. 0, ——, —
Step ut these values of x into increasing order. 0, NN
N
Step 3: Pput together as good a table as you can. 3
X <0 1) 1 (1 1) N (1 oo)
‘e /e e /e eJe' /e e e’ 2
f” (x) - - — O +
S’ (x) + 0 - - -
3 1 B 1
f(x) - “5e3 = 0.07 2o = 0.18] f(1) =0
Step 4: Plot the “interesting points” and connect them with curves which are either left
or right half-smiles or half-frowns. ) o |
-1




. Inx
Example 9: 1) - v

Step 1: The domain of £ is (0, o).

x =e" =¢2 = /e
(x) (1 -2Inx)" - (1-2Inx)(x3)" _ (x?) (—2§) —(1-2Inx)(3x?) _—2x? - (1-2Inx)(83x?) _ -2-(1-2Inx)(3) _

(x2)(nx) — (Inx)(x2)"  (x%) (%) - (nx)(2x) x-2xInx 1-2Ilnx _ 1 _ _
= = = =0iflnx = > Taking exponentials, we get

Igllsof”(x) = (x3)2 6 x6 x4
nx —>5 ) 5
T =0 if lnx = 6

5
Taking exponentials, we get x = e!"X = e6.
1 5
The “interesting values” are 0, e2, and e-s.
1 5
Step 2: Pput these values of x into increasing order. 0,e?,et

Step 3: Put together as good a table as you can.

X (O,e%) e% (e%,e%> e% (e%, oo)
f"(x) — — - 0 +
S (x) + 0 — — —
Yy
F(x) 1L i36 > 2016 f(1) =0 1T
2e o 63% - B
Step 4: Plot the “interesting points” and connect them with curves - e | .
which are either left or right half-smiles or half-frowns. Z h 1 ) B 4 5 X
-1
-2
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Example 10: r(x) =

1
X2

Step 1: The domain of £ is (0, o).

1 RSN N UE:
iy - D0 — anxoeedy. 0D (o) Z 0 Gxh  p TR
B (x2)2 a X a x a

w =0if Inx = 2 or x = e?

2x?

3 , 3\/ 1 3.1
2x2)(2-Inx) — (2 -1lnx) (2x2 2x2) (—=) -2 -Inx) (25x2
o pri ) o (2x) (o) () (22x!) _
(Zx%) 4x?
—29&—(2—1“95) <3x%) -2-3(2-Inx) 3Inx-8 . 8 8
= - = —— =0iflnx =5 orx =es3
4x3 4x:2 4xz2 3
The “interesting values” are 0, e, and es.
Step 2. Put these values of x into increasing order. 0, e?, e%
Step 3: Put together as good a table as you can. X
1

X (0, e?) e’ (ez,e%) e’ <e§,oo) ) T

S (x) — — — 0 + 0

J"(x) + 0 - - - ) 5 10 15 20X

2 8 .
f(x) | f(H)=0|==0.74 - =0.70
e 3es -1

Step 4: Plot the “interesting points” and connect them with curves which are either left

or right half-smiles or half-frowns.
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