Sketching Functions with Rational Powers-1

Sketching Functions with Rational Powers

When dealing with functions containing fractional powers
special attention must be given to determining the domain of
the function. It is crucial to detect even denominators in the
fractional powers, because these will cause the functions to be
undefined wherever an even root of a negative number would
occur. It is also important to be able to simplify the first and
second derivatives by factoring.

If all of the powers are positive, the function is said to be
algebraic, and will have no vertical asymptotes, although
vertical tangent lines are possible. If there are negative powers,
vertical asymptotes may be present.
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_ Sketch the graph of f(x) =

X2 = X3,
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_ Sketch the graph of f(x) = Vx?2 = ~ X3

Step 1: The domain is(—oo, o).

/ _g _% r’ __g —
f(x)—3x ,and f'(x) = 9x
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value” of f is 0.



Sketching Functions with Rational Powers-2

_ Sketch the graph of f(x) = Vx?2 = ~ X3

Step 1: The domain is(—oo, o).

/ _g _% r’ __g —
f(x)—3x ,and f'(x) = 9x
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, SO the only “interesting

value” of f is 0.

Step 2: Put these values of x into increasing order.
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_ Sketch the graph of f(x) = Vx?2 = ~ X3

Step 1: The domain is(—oo, o).

/ _g _% r’ __g —
f(x)—3x ,and f'(x) = 9x

(OS] NN

, SO the only “interesting

value” of f is 0.

Step 2: Put these values of x into increasing order. O.
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Step 3: Put together as good a table as you can showing

the signs of f'(x) and f” (x) on the intervals into which the
interesting values divide the domain of f.

X (—o00,0) 0 (0, 00)
" (x) - UND —
f'(x) — UND +
J(x) + 0 +
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Step 4: Plot the “interest-
ing points” and connect them with
curves which are either left or right
half-smiles or half-frowns.
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SRR /v -1 (x*1)’

Step 1: The domain of fis (—c0,0] U [1, ).

Foo=3(x2-1)72 (x2-1) = oy and

(x? — x(x —-1) %)
=y
(1) (0 - <<x2x1>5>

f// (X) —

[x2 =1
(x2—1)%— x° x2-1 X7 : -1
et ! et e
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-1
3
(x2—1)2
The “interesting values” of f are —1 and 1. (Remember, O is not
in the domain of f).

Step 2: Put these values of x into increasing order.
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-1
3
(x2—1)2
The “interesting values” of f are —1 and 1. (Remember, O is not
in the domain of f).

Step 2: put these values of x into increasing order. —1,1
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Step 3: Put together as good a table as you can.

X (—o0,—1) | —1 1 (1, )
f//(x) . — 0 — 0 .
S (x) - —00 | +

f(x) — 0 0 —
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Step 4: Plot the “interest-
ing points” and connect them with
curves which are either left or right
half-smiles or half-frowns.

<

> X
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_ Sketch the graph of

1

F(x) = x2-4= <x2 —4)§.

Step 1: The domain of fis (-0, ®).

Fr =1 (xt-4) 7 (x4

f”( )=_ 2 =
e
(x2—4)3(1)—x<§ = 1)
(x2-4)3




Sketching Functions with Rational Powers-10

2 _ 4 %(Xz_‘})% _(4 x? 1)
g (X ) (x2—4)§ 3 (x2—4)§ _ g (X2 . 4)1 _ 3X2 _
3 (x2 —4)] 3 (x4

2(—4—§x2>__2< 12+x2)
3\ (x2-4)7 9\ (x2 -4

The “interesting values” of f are —2, 0, and 2.

Step 2: Put these values of x into increasing order.
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2 _ 4 %(Xz_‘})% _(4 x? 1)
g (X ) (x2—4)§ 3 (x2—4)§ _ g (X2 . 4)1 _ 3X2 _
3 (x2 —4)] 3 (x4

2(—4—§x2>__2< 12+x2)
3\ (x2-4)7 9\ (x2 -4

The “interesting values” of f are —2, 0, and 2.

Step 2: Put these values of x into increasing order.

-2,0,2
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Step 3: Put together as good a table as you can.

' (x) - UND — — — UND -
f(x) — UND — 0 + UND +
f(x) + 0 — — — 0 +
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Step 4: Plot the “interest-
ing points” and connect them with
curves which are either left or right
half-smiles or half-frowns.
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_ Sketch f(x) = 2x + 3x§
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_ Sketch f(x) = 2x + 3x§

Step 1: F(x)=2+2x" 3 and f"(x) = % -3,
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_ Sketch f(x) = 2x + 3x§

Step 1: f(x)=2+ 2x~3 and f(x) = —%x‘ :

Wl

The “interesting values” of f’ are —1 and 0O, and the interesting
value of f""is O.
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_ Sketch f(x) = 2x + 3x§

Step 1: f(x)=2+ 2x~3 and f(x) = —%x‘ :

Wl

The “interesting values” of f’ are —1 and 0O, and the interesting
value of f""is O.

Step 2: Put these values of x into increasing order.
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_ Sketch f(x) = 2x + 3x§

Step 1: f(x)=2+ 2x~3 and f(x) = —%x‘ :

Wl

The “interesting values” of f’ are —1 and 0O, and the interesting
value of f""is O.

Step 2: Put these values of x into increasing order.
-1, 0.
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Step 3: Put together as good a table as you can showing
the signs of f'(x) and f” (x) on the intervals into which the
interesting values divide the domain of f.

X (—oo,—1) | =1 | (—1,0) 0 (0, )
" (x) - - - UND —
F(x) + 0 - UND | +
f(x) 1 0 —
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Step 4: Plot the “interest-
ing points” and connect them with
curves which are either left or right
half-smiles or half-frowns.
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_ Sketch f(x) = 4x — 3x3
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_ Sketch f(x) = 4x — 3x3

Step 1:  f'(x) =4—4x3 and f”(x) = —

W

X

wnN
L ]
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_ Sketch f(x) = 4x — 3x3

Step 1:  f'(x) =4—4x3 and f”(x) = —

X

W
wlnNo

The “interesting value” of f’ is 1, and the interesting value of
f"is 0.
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_ Sketch f(x) = 4x — 3x3

Step 1:  f'(x) =4—4x3 and f”(x) = —

X

W
UJII\J

The “interesting value” of f’ is 1, and the interesting value of
f"is 0.

Step 2: Put these values of x into increasing order.
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_ Sketch f(x) = 4x — 3x3

Step 1:  f'(x) =4—4x3 and f”(x) = —

X

W
UJII\J

The “interesting value” of f’ is 1, and the interesting value of
f"is 0.

Step 2: Put these values of x into increasing order. 0, 1.
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Step 3: Put together as good a table as you can showing

the signs of f'(x) and f” (x) on the intervals into which the
interesting values divide the domain of f.

X (—=00,0) | 07 | O | (0,1) | 1 | (1,00)
S (x) - —00 | o0 | — [ —| =
f'(x) — 4 4 -+ 0 —
f(x) - 0 0 — 1 -
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Step 4: Plot the “interest-
ing points” and connect them with
curves which are either left or right
half-smiles or half-frowns.

> X
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JESEIBIEGH /0 - x5 - x(3- !
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IBGmPIEE: f(x) = x/3-x =x(3-x):

Step 1: The domain of f is (-, 3].

F1(x) = (x)'(3-x)2 +x ((3 —x)%), —
(1)(3 - x)? +x<%(3 ~x)"2(3 —x)’) _

3-x)t+x(33-0HD) = B0 - 2x@-x) " =

36-%ie-x)-2-x(B-x})

and " (x) > ((3 )1>2
X)) 2
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3G6-0H-1)-2-x) (36-x)6-x))

2 3 x| _
3_(3—)6)% — (2 —x) (%(3—)()_%(_1)) )

2 3-x =
§—(3—x)—(2—x)(%(—1)) - §x—3+(2—x)% B
2 3-x)2 |3 - x]| 2 3_x)

3 7 =2 :§ x-4 _

2(3—X)% 4(3—)()%
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3G6-0H-1)-2-x) (36-x)6-x))
2 3 x| _
3_(3—)6)% — (2 —x) (%(3—)()_%(_1)) )

2 3-x =
§—(3—x)—(2—x)(%(—1)) - §x—3+(2—x)% B
2 3-x)2 |3 - x]| 2 3_x)

3 7 =2 :§ x-4 _

2(3—X)% 4(3—)()%

The “interesting values” of f are 2 and 3.
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B-x)2(-1) - (2-x) (3B -x)"2(3-x))

3 _

2 13 — x| B
3-B-x)1-2-x)(363-x72(-1)

2 13 — x| B
3-B-x)-2-x)(3(-1) 3x-3+@2-xL
- (3-x)713 - x| 2 (3-x)?

3 -2 3 x-4 _

2(3-x)7 4(3-x)

The “interesting values” of f are 2 and 3.

Step 2: Put these values of x into increasing order.
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B-x)2(-1) - (2-x) (3B -x)"2(3-x))

3 _

2 13 — x| B
3-B-x)1-2-x)(363-x72(-1)

2 13 — x| B
3-B-x)-2-x)(3(-1) 3x-3+@2-xL
- (3-x)713 - x| 2 (3-x)?

3 -2 3 x-4 _

2(3-x)7 4(3-x)

The “interesting values” of f are 2 and 3.

Step 2. Put these values of x into increasing order. 2, 3.
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Step 3: Put together as good a table as you can showing

the signs of f'(x) and f” (x) on the intervals into which the
interesting values divide the domain of f.

X (—0,2) | 2] (2,3)| 3
S (x) — - - |-
J'(x) + 0| - | -0
f(x) — 2 0
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Step 4: Plot the “interest-
ing points” and connect them with
curves which are either left or right
half-smiles or half-frowns.

) 1 2 3
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_ Sketch the graph of f(x) = 457 — X3
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_ Sketch the graph of f(x) = 457 — X3

Step 1:
fl(x) = %x‘g - %x% = %x‘%(l — X)
and " (x) = —%x‘g — gx‘§ = —%x 3(1 + 2x)
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_ Sketch the graph of f(x) = 457 — X3

Step 1:
f(x) = %x‘g - %x% = %x‘%(l — X)
and " (x) = —%x‘g — gx‘% = —%x‘%(l + 2x)

1
The “interesting values” of f are —5 0, and 1.
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_ Sketch the graph of f(x) = 457 — X3

Step 1:
f(x) = %x‘g - %x% = %x‘§(1 — X)
and " (x) = —%x‘% — gx‘% = —%x‘%(l + 2x)

1
The “interesting values” of f are —5 0, and 1.

Step 2: Put these values of x into increasing order.
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_ Sketch the graph of f(x) = 457 — X3

Step 1:
f(x) = %x‘g - %x% = %x‘§(1 — X)
and " (x) = —%x‘% — gx‘% = —%x‘%(l + 2x)

1
The “interesting values” of f are —5 0, and 1.

Step 2: Put these values of x into increasing order.

1
-—,0, 1.
2!0!
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Step 3:
the signs of f'(x) and f” (x) on the intervals into which the
interesting values divide the domain of f.
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Put together as good a table as you can showing

x (~,=3) | -3 | (-3,0)| 0o |1 (1, )
" (x) - 0 — UND - -
f'(x) + + -+ UND + -~
J(x) - - - 0 +
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Step 4: Plot the “interest-
ing points” and connect them with
curves which are either left or right
half-smiles or half-frowns.
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B 8(x% - 1)
(Example 8 f(x) =~
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B 8(x% - 1)
(Example 8 f(x) =~

Step 1: The domain of fis (0,0). f(x) = 8x‘% —8x7!
SO

f(x) =— % "2 1 8x 2= —4x 7 +8x 2 =4x2 (—x? + 2)

and f"(x) = (—4) <—§) X2 —16x3 =6x"2 —16x 3 =
2x 3 (Bx% - 8)
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B 8(x% - 1)
(Example 8 f(x) =~

Step 1: The domain of fis (0,0). f(x) = 8x‘% —8x7!

SO

f(x) =— % ~ 4+ 8x 2= —4x "2 +8x 2 = 4x 2 (—x% + 2)
144 3 _3 -3 > -3

and f"(x) = (—4) <—§)x 2 —16x° =6x"2 — 16x

2x 3 (Bx% - 8)

The “interesting values” of f are 0,4 and %

9
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B 8(x% - 1)
(Example 8 f(x) =~

Step 1: The domain of fis (0,0). f(x) = 8x‘% —8x7!

SO

f(x) =— % ~ 4+ 8x 2= —4x "2 +8x 2 = 4x 2 (—x% + 2)
144 3 _3 -3 > -3

and f"(x) = (—4) (_E)X 2 —16x° =6x"2 — 16x

2x 3 (Bx% - 8)

The “interesting values” of f are 0,4 and %

9

Step 2: Put these values of x into increasing order.
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B 8(x% - 1)
(Example 8 f(x) =~

Step 1: The domain of fis (0,0). f(x) = 8x‘% —8x7!

SO

f(x) =— % ~ 4+ 8x 2= —4x "2 +8x 2 = 4x 2 (—x% + 2)
144 3 _3 -3 > -3

and f"(x) = (—4) (_E)X 2 —16x° =6x"2 — 16x

2x 3 (Bx% - 8)

The “interesting values” of f are 0,4 and %

9

Step 2: Put these values of x into increasing order.

64
4, —.
0 9
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Step 3: Put together as good a table as you can showing

the signs of f'(x) and f"'(x) on the intervals into which the
interesting values divide the domain of f.

X 0,4) |4](4.%)[% (% «)
f(x) — — — 0 +
J'(x) + o - |- —

f(x) | f(1)=0]|2 "
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Step 4: Plot the “interesting points” and connect them
with curves which are either left or right half-smiles or
half-frowns.

P

3

2 -
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NEGIe0 o -
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EARDIENY /) -

_xg

Step 1: The domain of fis (0,1) U (, ).

F(x) = <l—x%> <1+x%)’—( ;x%) (1—x% , -
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x<1__1x%>4 %x % (1 —x%)z + x? (2 (1 —x§> %x‘%)] _
-1 1 I , 1
x (1) 7t (o) 01 x(1-xt) EaE

so the only “interesting value” of f is 1.



Sketching Functions with Rational Powers-30

x(1:1x;)4 %X (1-xt) 4t (2 (1-x%) %x)] _
—1 1 _1 1 1 ) .
x (1) 7t (o) 01 x(1-xt) EaE

so the only “interesting value” of f is 1.

Step 2: Put these values of x into increasing order.
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x(1:1x;)4 %X (1-xt) 4t (2 (1-x%) %x)] _
—1 1 _1 1 1 ) .
x (1) 7t (o) 01 x(1-xt) EaE

so the only “interesting value” of f is 1.

Step 2: Put these values of x into increasing order. 1
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Step 3: Put together as good a table as you can showing

the signs of f'(x) and f’'(x) on the intervals into which the
interesting values divide the domain of f.



Sketching Functions with Rational Powers-32

X (0,1) 1 (1, )
" (x) + UND —
fx) | + |UND| +
£(x) + |UND| -
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Step 4: Plot the “interest-
ing points” and connect them with
curves which are either left or right
half-smiles or half-frowns.

)4
0

lﬁﬂ

0t > X
,))(7701 520253035404550

-1¢

-20




