Exercises for Sketching Quartics-1

Exercises for Sketching Quartics
Sketch the graphs of:

(1) »- -2 —x2sox
(2) »-foo-xtixiox-2

(3) »-reo-x s

(4) - foo-x—6ox—sx-3

(5) 5= i) = xt—8x3 —22x2 —24x 4 9.
(6) 5 - reo—xts20 12 —10x 43
(7) v oo —xt—2xi-7x218x+12.

(8) y = f(x) =x*-8x3+9x? + 8x - 10.

Solution

Solution

Solution

Solution

Solution

Solution

Solution

Solution
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Solutions

1 Back to Questions
f(x)=x*—2x3 - x? + 2x,

fl(x)=4x3 —6x% —2x+2=202x3-3x>—-x+1), f'(x) =12x°> - 12x -2 = 0 if
_ —(=12) £4(-12)2 -4(12)(=2) _ 1 85

2(12) 2712

f’ (%) =0,s02x — lisafactorof f'(x) =2(2x —1)(x2 -2x—-1)

_ 2+/8 1+.2
2 — — — =
x“+2x-1=0if x 202) 5
We make a table using interesting values of x > %
1 11 V85) |1 V85 (1 851 f 1 V2 (1 2
- — =+ — -+ — —+— -+ —— ||+ —=— ||+ 5,0 |
2 2° 2 12 2 12 2 12° 2 2 2 2 2 2
f//(x) _ _ 0 + + o
f'(x) | O - — — 0 + 0o
9 11,711 9
= ? et Bl — 32 ?
F) | 16 ' 20,736 16 >
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1 1
Since this graph appears to be symmetric about the line x = > we shift the function to the left by E:

Letg(x)=f<x+%) =<x+%>4—2(x+%>3—<x+%)2+2<x+%>=

x4 — ;xz + 16’ an even function, so the graph of g is symmetric about the y-axis, and therefore the graph of

1
f is symmetric about the line x = 5
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(2) fx)=x*+x3-x-2,

fl(x) =4x3 +3x% -1, f(x) = 12x% + 6x = 6x(2x + 1)0 if x = —% or 0.

/|

1

2

)

3

= —=,and f'(0)

4

—1, so f’(x) has exactly one root. Since f'(1) = 6 this root is in the interval (0, 1),

We will call it «. (It is approximately 0.47.)

We make a table using interesting values of x:

— 00 (—oo,— —% (—%,0 0 (0, @) (e, 00)
S(x) | + + 0 - 0 + +
f(x) | - - - - - - +
fo | e |2 |22 2] - :

We have used the fact that f(1) = —1 to conclude that f(«x) < 0.

<

<

Back to Questions
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(3) f(x) =x*-8x%+16,

f(x)=4x3 —16x =4x(x*> —4) =4x(x - 2)(x +2), f(x) =12x*> - 16 =12 (x*> - = =01fx:i\/—§.
2

Since f is even, we need only build our table over the interval [0, c0):

Ay | V3| (V3

0 | (0,%) > (7,2) 2 | (2,00) | o0
fl/(x) _ _ 0

f'(x) | O - - - 0 + 0o

Back to Questions

f(x) |16 + 169 + 0 + 0o
16 |

Note that £(x) = (x2 —4)° = (x — 2)%(x + 2)?

PN

16

—Ol e
-3-2-101 2 3 -3-2-101 2 3
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(4) f(x) =x*-6x*-8x -3,

fl(x)=4x3—12x -8 =4(x3-3x-2) =4(x - 2)(x + 1)?,
f(x) =12x%>-12 =12 (x2 - 1) =12(x —1)(x + 1) = 0if x = =1. The interesting points are thus —1, 1, and
2. Note that f(x) = (x + 1)3(x — 3)2.

We construct our table:

14

T 7
3:2:1P 12 3 4

-19

ad

ck to Questions

—00 | (—o0,—1) | =1 | (=1,1) 1 (1,2) 2 (2,00) | o
f(x) | + + 0 — 0 + + 00
Fo | - - -] — -] - 1o oo
F(x) | o + 0 - 16| - |-27| ? |

A
20
14

& 7 X
-3-211\9 1234

-1¢
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(5) y=f(x)=x%-8x3+22x°-24x +9 = (x — 1)%(x — 3)?,
fl(x) =4x3 —24x% +44x - 24 =4(x - 1)(x = 2)(x = 3), f/(x) = 12x% — 48x + 44 :4(3x2 C12x 4+ 11) _0

iy o —(C1D=V(E12)2-4B3)AD _12+V12 _12+2V3 _6+v3 _, V3
B 2(3) 6 6 3 "7 3 Back to Questi
ack to Questions
The interesting points are thus 1, 2 — \/?g, 2 + \/?§ and 3.
We construct our table:
—oo | (=oo,1) [ 1 [ (1,2-8) |22 | (2-2) (2] (22+F) |2+5 | (2+4,3) 3|3,
S (x) | —c0 + + + 0 - - - 0 + + +
f(x) | —c0 — 0 + + + 0 — — - 0 +
1 1
f(x) 00 + 0 + 9 + 1 + 9 + 0 +
X X
14 10
8 8
6 6
4 4
2 2
[ J
([ ]
0l—e —>x 0Ll—e — X
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(6) y=flx)=x*+2x3-12x2-10x+3 = (x = 3)(x + 1) (x = (-2 = /5) (x = (=2 +/5),
F(x)=4x3 +6x° -24x - 10=4(x —2)(x=-7)(x=?), f(x) = 12x%> + 12x —24 = 12(x — 1) (x + 2) = O if

x=-2,1.

The interesting numbers that we can find are thus —2, and 1. We cannot easily find the roots of f’(x), so we

construct a smaller table, containing only the inflection numbers:

Back to Questions
f(x) | —o + 0 - 0 + 00
S'(x) | —o — 30 ? —24 ? %
f(x) 0 + 251 f(-1)=0|-16 | f(3) =0 o
Y Y
o > X o > X
5 14 3 2 -1_1 1 2 3 4 5 4 3 2 -1_1 1 2 3 4
[ ]
-2 -2
[ ]
-3 -3
-4 -4
-5
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(7) y=f(x)=x%-2x3-7x%+8x +12 =,

1
fl(x) =4x3 —6x° —14x + 8 =2(2x3 —3x% - 7x +4) = 2(2x — 1) (x? — x — 4), which has roots 5 and

1+17
— and
Back t ti
F(x) = 12x2 — 12x — 14 = 2(6x2 — 6x — 7) = 0 if x = % + @. ack to Questions
The interesting numbers are thus %, 1 iZ\/ﬁ, % + @ Since f appears to be symmetric about the line x = %,
we verify that f <% + x) =f (% — x) and decide to only look at its values > x = % We construct a table:
1 11, v30)\ |1, 30| (1,301  Viz\ |1, viz | (1 [ V17
2 (E!EJ’T) 276 <§+T’E+T> 2t (§+T’°°) ©
f(x)| - - 0 + + + 00
S0 | 0 - - - 0 + 00
fx) | 22| f=0 - - —4 f3)=0 |
X A

14 e 14

12 12

10 1

¢ .

6

4 4

2 2

o > X o > X

3 2 -1_29 1 2 3 4 3 X\Z/-I_ZD 1 }\ /3 4
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(8) y=f(x)=x*-8x3+9x%+8x -10 = (x% - 1)(x? - 8x + 10).

f(x) =4x3 —24x% + 18x + 8 = 2(2x3 — 12x?% + 9x + 4), whose roots are not easy to find, and involve cube

roots.
f(x)=12x%>-48x +18 =6(2x*-8x +3) =0if x =2 =+ @ The inflection numbers are thus 2 — @ and
JTo 2 Back to Questions
2 + — We construct a table:
V10 V10 V10 V10 V10 V10
— 00 —00,2 — —— 2 - — 2 — ,2 + 2+ —— 24+ ——, o
2 2 2 2 2 2
f"(x)| oo + 0 - 0 + 00
f(x) | —oo f'(0)=28 ? f (1) =2,f(2)=-20 ? ? 00
Sf(x) 00 f(=1)=0 ? f(1)=0 ? 00
X X
60 60
4 4
20 20
O > X 5 > X
2 1p°1 2 3 4 5 6 7 2 _23/1 3 4 5 6 7
-40 '40
-6 -6
[ ]
-8 -8
-190 -190
-1b0o -1P0




