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e . . . . a+b
Finite intervals have a midpoint whose numerical value is 5 the average value of a and b. The

length of a finite interval is b — a.
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°
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Linear Inequalities: An Introduction

An “inequality” is a statement that two quantities are unequal.

Some examples involving actual numbers are:
3 #5, 2 < 4, -3 < -2, 5> 3, m™m>=3
Notice that there are 5 different inequality symbols possible:

#, <,

Some examples involving variables are:
x| # 3, x? < 3,
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Linear Inequalities: An Introduction

An “inequality” is a statement that two quantities are unequal.

Some examples involving actual numbers are:
3 #5, 2 < 4, -3 < -2, 5> 3, m™m>=3
Notice that there are 5 different inequality symbols possible:

#, <,

Some examples involving variables are:
x| # 3, x? < 3, x3 <=1, X+ 2> 4, 3x >=12
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An inequality is said to be linear if there no powers other than 1 of the variables in it. Which of the above
inequalities are linear?

Properties of Inequalities

Addition of a Constant

If & is any one of the five possible inequality symbols, we will have: If a#b, then a + c#b + c, that is:

Ifa+b, thena+c+b+c
Ifa<b, thena+c<b+c
Ifa<b, thena+c<b+c
Ifa>b, thena+c>b+c
Ifa=b, thena+c=b+c
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If asb, and c is positive, then ac#bc, that is:
If a+# b, thenac # bc
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Ifa>b, thenac = bc
___________________________________________________________________________________________________________________________________________________________________________________|
Multiplication by a Negative Constant

If asb, and c is negative,
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Solution Sets

We shall often wish to write the set of numbers that satisfy an inequality in interval notation.

"EXample 1| “solve 3x +5 > 11"

To do this, we can work in two different ways:
Equivalent Inequalities 3x +5 > 11 <

3x +5+ (=5) > 11 + (=5) < Set Equations {x|3x +5 > 11} =
3x > 6 < {xX13x+5+(=5)>11+ (-5} =
13x > 61 = {x|3x > 6} =

3 3 | .

x> 2 {x|33x > 63} =

which has solution set (2, o) . {xlx>2} = (2,00) .
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Solution Sets

We shall often wish to write the set of numbers that satisfy an inequality in interval notation.
Example 1: “Solve 3x +5 > 11”

To do this, we can work in two different ways:
Equivalent Inequalities 3x +5 > 11 <

3x +5+ (=5) > 11 + (=5) = Set Equations {x|[3x +5 > 11} =
3x > 6 = {xI3x +5+(=5) > 11+ (=5)} =
13x > 61 = {x|3x > 6} =

3 3 1 1

x> 2 {xI33x > 65} =

which has solution set (2, ) . {xlx>2} = (2,0) .

A\
v
~

4
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Example 2: “Solve 4 — 3x <7 +2x”

Again we can work in at least two different ways:
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Again we can work in at least two different ways:

4-3x<7+2x < {x|4-3x<7+2x} =
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%(23) < 1i5x = {x|3(-3) < £5x} =

_gsx {X|%Sx}=

which has solution set [—%, oo) .
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Again we can work in at least two different ways:

4-3x<7+2x < {x|4-3x<7+2x} =
4-3x+3x<7+2x+3x {x|4-3x+3x<7+2x +3x} =
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which has solution set [—%, oo) .



Intervals-7

_ “Solve4 —3x <7+ 2x"

Again we can work in at least two different ways:

4-3x<7+2x < {x|4-3x<7+2x} =
4-3x+3x<7+2x+3x {x|4-3x+3x<7+2x+3x} =
4<7+5x = {x|14<7+5x} =
44+ (-7)<7+(-7)+5x < {x|4+(-7) <7+ (-7)+5x} =
-3 <5x & {x| -3 <5x}=
%(23) < 1i5x = {x|3(-3) < £5x} =
—T =X 3 3

5 li<xi= [-52) .

which has solution set [—%, oo) .
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or we can vary the order of algebraic operations:

4-3x<7+2x = Set Equations

4-3x +(—2x) <7+2x + (—2x) = {x|4-3x <7+2x} =
4-5x<7 <= {x]4-3x+(-2x)<7+2x+(-2x)} =
4+ (—4)-5x <7+ (-4) = x|4-5x=<7}=
-5x <3 = {x|4+(-4) -5x <7+ (-4)} =
1 1
—g(—Sx) > —§3 =
XZ—g
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or we can vary the order of algebraic operations:

4-3x<7+2x = Set Equations

4-3x +(—2x) <7+2x + (—2x) = {x|4-3x <7+2x} =
4-5x<7 <= {x]4-3x+(-2x)<7+2x+(-2x)} =
4+ (—4)-5x <7+ (-4) = x|4-5x=<7}=
-5x <3 <= x4+ (-4) -5x <7+ (-4)} =
—l(—Sx)z—l?;(:) {x|-5x <3} =

5 5

R
X=-= 5 5

5
which has solution set [—%, oo) .
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or we can vary the order of algebraic operations:

4-3x <7+ 2x = Set Equations

4-3x +(—2x) <7+2x + (—2x) = {x|4-3x <7+2x} =
4-5x<7 <= {x]4-3x+(-2x)<7+2x+(-2x)} =
4+ (—4)-5x <7+ (-4) = x|4-5x=<7}=
-5x <3 <= x4+ (-4) -5x <7+ (-4)} =
—l(—Sx)z—l?;(:) {x|-5x <3} =

5 5

{xl - %(—Sx) > —%3} =

X = —=

5 3 3
which has solution set [—%,oo) ) {xlxz—§}= [_g’oo) '
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or we can vary the order of algebraic operations:

4-3x =7+ 2x = Set Equations

4-3x+(=2x) <7+2x + (-2x) < {x]4-3x <7+2x} =
4-5x <7 < {x|4-3x+(-2x) <7+2x+(-2x)} =
4+ (—4)-5x <7+ (-4) = x|4-5x=<7}=
—5x <3 e {x[4+(-4)-5x<7+(-4)} =
_1(_5x)2_13(:) {X|—5iCS3}= |

5 > {xl — = (=5x) > ——3} =
X=-= 5 5

5 =2} [3)

which has solution set [—%,oo) : - o5) 5’ '

N\ AN
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Chained Inequalities

In practical situations it is common to restrict a variable to lying between two values:
For example, we might want to keep an animals daily calory intake, say x, between two levels, such as 1000
and 1500. Mathematically, we would write

1000 < x < 2000

by which we mean 1000 <x AND x < 2000
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A Common Mistake: Mixing Inequality Directions

It is easy to get confused when writing down inequalities and end up with something like

1000 > x = 2000

A minute’s thought tells that this is ambiguous:

it either means 1000 > x AND x > 2000, which is impossible, so the solution set would be empty,

or it means 1000 > x OR x = 2000,

whose solution setis (—o0,1000] U [2000, o)
The mathematical convention is that when we write a < b <cwemeana <b AND b <c.

We ALWAYS ensure that our chained inequalities run in the same direction, and we NEVER
use # in them.

If we are tempted to write something like

1000 = x = 2000

we should realize that it has two different possible meanings, and we should write down the one we really
mean.
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a<b<c

a>b>c

Correctly Chained Inequalities:

a<b<c a<b<c a<bz<c

a=b>c a>bz=>c a=b=>c
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JEERPIEEY “sobve -2 <5+ 3x < 20

Here we are able to work with two inequalities simultaneously, and again we can work in at least two different

ways:

Equivalent Inequalities Set Equations

—-2<5+4+3x <20 = {x]| -2<5+3x <20} =

—24+(=5) <54+ (-5)+3x <20+ (-5) = {x|-2+(-5)<54+(-5)+3x <20+ (=5} =
—-7<3x<15 <= {x| -7<3x <15} =

3(=7) < 33x) < 3(15) = {x]3(-7) < 3(3x) < 3(15)} =

7
jIX <o = x|-I<x<5}= (—%,5).

which has solution set (—g ) .
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Example 3: “Solve -2 <5 + 3x < 20”

Here we are able to work with two inequalities simultaneously, and again we can work in at least two different

ways:
Equivalent Inequalities Set Equations

-2<5+43x <20 = {x]|-2<5+3x <20} =

—24+(=5) <54 (-5 +3x<20+(-5) < {x|-2+(-5)<54+(-5)+3x <20+ (-5)} =
—-7<3x<15 <= {x| -7<3x <15} =
é(;7)<§(3x)<§(15)<:> {x]3(~7) < £(3x) < 3(15)} =

T3SX<e = xI-Z<x<5}= (-%,5).

which has solution set (—g, 5) .

v
~
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Solution by Equivalent Inequalities
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Solution by Equivalent Inequalities

3x -5<7
3X-54+45<7+5
3x <12
$(3x) < £(12)

1117l

OR
OR
OR
OR

2x —1>13

—

2x-1+1>13+1 <=

2x > 14

—
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Solution by Equivalent Inequalities

3x -5<7
3X-54+45<7+5
3x <12
$(3x) < £(12)
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OR
OR
OR
OR
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2x > 14

1 1
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_“Solve3x—5<7 OR 2x-1>13"

Solution by Equivalent Inequalities

3x -5<7
3X-54+45<7+5
3x <12
$(3x) < £(12)

x <4

1117l

OR
OR
OR
OR
OR

2x —1>13
2x—-1+1>13+1
2x > 14

1 1

11101
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Solution by Equivalent Inequalities

3x -5<7
3X-54+45<7+5
3x <12
$(3x) < £(12)

x <4

1117l

OR
OR
OR
OR
OR

2x —1>13
2x—-1+1>13+1
2x > 14

1 1

x>7
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Solution by Equivalent Inequalities

3x -5<7
3X-54+45<7+5
3x <12
$(3x) < £(12)

x <4

1117l

which has solution set

OR
OR
OR
OR
OR

2x —1>13
2x—-1+1>13+1
2x > 14

1 1
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Solution by Equivalent Inequalities

3x -5<7
3X-54+45<7+5
3x <12
$(3x) < £(12)

x <4

1117l

which has solution set

OR
OR
OR
OR
OR

2x —1>13
2x—-1+1>13+1
2x > 14

1 1

x>7
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_“Solve3x—5<7 OR 2x-1>13"

Solution by Equivalent Inequalities

3x -5<7
3X-54+45<7+5
3x <12
$(3x) < £(12)

x <4

1117l

which has solution set

OR || 2x—1>13
OR ||2x-1+1>13+1
OR || 2x > 14

OR | 1(2x) > $(14)

OR X >7

(—00,4) U (7,00) .

11101



Intervals-13

Example 4: “Solve 3x -5<7 OR 2x-1>13"
Solution by Equivalent Inequalities

3x -5<7 = OR 2x —1>13

3x -5+5<7+5 = OR 2x—-1+1>13+1
3x <12 = OR 2x > 14

$(3x) < 3(12) = | OR | 3(2x)>1(14)

x <4 OR X >7

which has solution set (—o,4) U (7,%) .

1111

Z
N\

N
NO

A\



