Inverse Functions
One-to-One Functions

A function is  “one-to-one” if it never takes on the same value twice; i.e.,
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f(x1) # f(x2) whenever x; # x>

One-to-one functions are functions which do not achieve any value more than once on a specified interval. Any function which is
strictly increasing or strictly decreasing on an interval is one-to-one on that interval.

Recall the Vertical Line Test which tells us whether or not a curve can be the graph of a function:

If no vertical line intersects the curve more than once, then the curve is the graph of a function.

There is also the Horizontal Line Test
If no horizontal line intersects the curve more than once, then the curve is the graph of a one-to-one function.

Since the reflection of the graph of a one-to-one function f in the line v = x clearly passes the Vertical Line Test, itis the graph of anew
function, which we call the  inverse of f and which we denote by f~! orby f*V.  The domain of f~!is the range of f and vice-versa.
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We always have the so-called

Cancellation Equations:

f71(f(x)) = x for all x in the domain of f,

and f(f~'(y)) = y for all y in the range of f.

In most cases, it is impossible to explicitly calculate a formula for the inverse function. We will look at a number of extremely
important cases where this can be done.

Example 1: f(x) = mx + b, withm # 01is 1:1, so we take the equation y = mx + b and solve for x:
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Interchanging x and y in this equation, we get 1y = xm—b Thus the formula for

x—D>b ) .
= ~——. We then check to see that the cancellation laws are satisfied:

flis fl(x) = f"(x)

f(f‘l(x))=m(f‘1(x))+b=m("mi)+b=x—b+b=x




_Lettingm=2andb=—1wehave f(x)=2x—-1and f"”"(x)=x_2(_1)=x;r1
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Letting m = 9 and b = 9 we have f(x) = §x -9

160
, x — (-

and f"(x) = — ) _ 9x+5160 = %x+ 32.
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These two formulas are usually written as C = %F — % and F = %C + 32, where F and C represent the Fahrenheit and Celsius

temperatures respectively.
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Example 2 f(x) = x3+2is1:1, sowe take the equation y = x3 + 2 and solve for x:
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y-2=x3s0 x=(y-2)3.

Interchanging x and y in this equation, we get 7y = (x — 2)%. Thus the formula for f~'is f'x) = f"(x) = (x — 2)%. We
then check to see that the cancellation laws are satisfied:

1 3
FUF1x) = (f1x) +2 = ((x—2)3> +2=(x-2)+2=x
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Example 3: f(x) = x?is 1:1 on the interval [0, ), and its inverse is used to  define ./x.
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_ f(x) = x%is 1:1 on the interval (-, 0], and its inverse is —/—x.
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