The Chain Rule

Recall that the composite function or composition of two functions is the function obtained by applying them one after the other.

For example, if f(x) = )1( and g(x) = x3 + 2, then

11
(x) x3+2

f(g(x)) = 7

3
and g(f(x)) = (feeN'+2= (L) +2= 1 +2

It is important for the student to be able to recognize that a function is the composition of two or more functions, so that the upcoming
“Chain Rule” for differentiating composites may be used.

1 1 1
—_, that let u = =x3+2toget h(x)=—=——.
310 we see that we canlet u = g(x) = x 0 ge (x) w90

Then we let f(x) = )lc so that h(x) = f(u) = f(g(x))

For example, if h(x) =

The derivative of the composition of two non-constant functions is equal to the product of their derivatives, evaluated appropriately.
We have, in function notation,
(9(h(x)))" = g'(h(x))I' (x)
or, in Leibnitz notation, if y = f(g(x)) and u = g(x),
dy _dy du

dx du dx
We may also write

d , du
dx [f(uw)]=f (M)E

Example 1: Usingg(x) = >1c =x"1and h(x) = x3 + 2,



we have g'(x) = (-1)x?and h'(x) = 3x?,

g (h(x)) = (-1)(h(x))™%, sowe get

(x31+ 2) =g (h(x))h'(x) = (-1)(h(x))*(3x?) =
_3X2

_ 3 -2 2y _
(=1)(x? +2)7“(3x°) 3122

Example 2: 1et g(x) = x3, and h(x) = x2, so that
g(h(x)) = (h(x))* = (x?)% = x5
Then g'(x) = 3x%,s0 g'(h(x)) =3(h(x))%, and h'(x) = 2x,
so the Chain Rule gives us

(g(h(x)) =g (h(x)K' (x) = (3(h(x))?) (2x) =

(3(x?)%) (2x) = (3x*) (2x) = 6x° , as expected.

Example 3: Let g(x) = x3 + 3, and h(x) = x2 + 2, so that
gh(x)) = (h(x))3+3 = (x2+2)%+3.

Then g'(x) = 3x%, so g’ (h(x)) =3(h(x))?, and h'(x) = 2x,



so the Chain Rule gives us
(g(h(x))) =g’ (h(x)h' (x) = (3(h(x))?) (2x) = (3(x* +2)?) (2x) =

6x(x?% +2)°

Example 4: Find f/(x) if f(x) = ¥xF+x2+ 1.

Weletg(x) =x3and u=x*+x2+1sothat f(x)=g(u).

Then g’ (x) = %x‘é, g (u) = %u‘%, and Zlh; = 4x3 + 2x,
’ , du 1 _2 3
sowe have f'(x)=g (u)a = 3 (u) 3 (4x° +2x) =

2x(2x%2 +1)

3 (x4 +x2 + 1)%

The Power Rule

(@)™ =n(g(x)"" g (x)
Example 4a: Find f/(x) if f(x) = ¥xF+xZ + 1.

We write f(x) = (g(x))% where g(x) = x* + x? + 1.
Then f'(x) = %(g(x))‘%g’(x) =3 (x*+x%+ 1)_% (4x3 + 2x) =

2x(2x%2 +1)

3(x4+x2+1)%




4x—3)8
2x +1

Example 5: Find f(x) if f(x) = (

, 4x — 3\’ [4x - 3\’
Wehavef(x)—8<2x+1> (2x+1> B

(B (B,

s(eny) (P )

s(ey) (Tt -

s(5et) (evm) - 2061
(4x — 3)8

Example 6: Find f'(x) if f(x) = x5

First we use the Quotient Rule:

_[@x+ 1] [(4x -3)8] - (4x - 3)8[(2x + 1P’

f1x) [(2x +1)5]°

and then the Power Rule:

f(x) =

[(2x +1)°]8(4x —3)8 7 1(4x —3)" — (4x —3)85(2x + 1)>"1(2x + 1)’

(2x 4+ 1)>x2

(2x +1)°8(4x —3)7(4) — (4x —3)85(2x + 1)*(2) 3
(2x + 1)10 B




32(2x + 1)°(4x —3)" —10(4x — 3)8(2x + 1)* _

(2x + 1)10
32(2x +1)(4x — 3)” —10(4x — 3)8 _ (4x — 3)732(2)( +1)-10(4x - 3)
(2x +1)6 B (2x + 1)6 =
(4x — 3)7 _ (4x -3)7 _
m [64X + 32 —40x + 30] = m [24X + 62] =
(4x — 3)”



