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Tangent Lines

In geometry, the tangent line to a circle with centre O at a point
A on the circle is defined to be the perpendicular line at A to
the line OA.

The tangent lines have the special property that they intersect
the circle in exactly one point. Any curve that can be obtained
from a circle by
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Tangent Lines

In geometry, the tangent line to a circle with centre O at a point
A on the circle is defined to be the perpendicular line at A to
the line OA.

The tangent lines have the special property that they intersect
the circle in exactly one point. Any curve that can be obtained
from a circle by projection (casting shadows) has tangent
lines that are the projections (shadows) of the tangent lines to
the circle. These curves are ellipses, parabolas, and hyperbolas,
and their tangents have the same intersection property.
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If we wish to define tangent lines to other curves, we cannot
expect the single intersection property to still hold true. If we
are given the graph of a function with equation y = f(x), and
wish to define the tangent to the graph at a point P= (a, f(a))
on the graph, then all we need is to define its slope m, and we
can use the point-slope form vy — f(a) = m(x — a)
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Slope of a Tangent Line

If P = (a,f(a)) is a point on the

graph of a continuous function f,
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Slope of a Tangent Line
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Slope of a Tangent Line

If P = (a,f(a)) is a point on the
graph of a continuous function f, y
the secant line through P and an- 3 N
other point Q = (b, f(b)) has slope
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Slope of a Tangent Line

If P = (a,f(a)) is a point on the
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Slope of a Tangent Line
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Slope of a Tangent Line

If P = (a,f(a)) is a point on the

graph of a continuous function f, y
the secant line through P and an- 3 N
other point Q = (b, f(b)) has slope

_ fb) — fla) 2

Mmpqg = .
b—-a Q
If limmpg = lim fb) = fla)
Q-P b-a b—-a

exists and equals m, 2 p
we define the tangent line to y = N N
f(x) at P to be the line through P 1o 17 9/1 D 3 4/X
with slope m. 5
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The Point-Slope Form equation of this tangent line is

y—fla) =m(x —a)
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The Point-Slope Form equation of this tangent line is

y—fla) =m(x —a)

We can rewrite the limit calculation, using h = b — a and
b = a + h, in the form
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The Point-Slope Form equation of this tangent line is

y—fla) =m(x —a)

We can rewrite the limit calculation, using h = b — a and
b = a + h, in the form

lim mpq = lim Fb) = fla) _
Q-P b—a b-a
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The Point-Slope Form equation of this tangent line is

y—fla) =m(x —a)

We can rewrite the limit calculation, using h = b — a and
b = a + h, in the form
. fla+h)—f(a)

- .. JW) - fla) B
i, mpq = im = = m S
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The Point-Slope Form equation of this tangent line is

y—fla) =m(x —a)

We can rewrite the limit calculation, using h = b — a and
b = a + h, in the form
. fla+h)-fla) _

- .. JW) - fla)
i, mpq = lim = e = ime e

lim fla+h) - f(a)
h—0 h
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REXGHPIENE] /() - X% P = (2,4),
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REXGHPIENE] /() - X% P = (2,4),

b)) —
Mpo — f ;_ﬁ(a) _
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REXGHPIENE] /() - X% P = (2,4),

b)) —
me=f( ;_ﬁ(a) _
fb) - f(2) _

b—-2
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REXGHPIENE] /() - X% P = (2,4),

f(b) - fla) _

MrQ = b—-a
f(b) - f(2)
b -2 -

b2—22
bh—2
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REXGHPIENE] /() - X% P = (2,4),
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REXGHPIENE] /() - X% P = (2,4),

fb) - fla) _

mra = b—-a

f(b) - f(2)
bh—2 -
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bh—2 Bl
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so m = lim mpq =
Q—P
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REXGHPIENE] /() - X% P = (2,4),

fb) - fla) _

Mprq = b—-a
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REXGHPIENE] /() - X% P = (2,4),

fb) - fla) _

MrQ = b—-a

f(b) - f(2)
bh—2 B

b2—22

bh-2

(b-2)(b+2)
bh—2 B

b+ 2,
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Example 1: f(x) =x%, P = (2,4).
Alternative limit formulation:

fb) - f(a@) _ o SRR - f2)

b-a M= h -
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2+ 2 =4.
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Example 1: f(x) =x%, P = (2,4).

Alternative limit formulation:

mpe = L) = f(@) o qim LR - f(2)

© b—-a  h=0 h Bl
fb) - f(2) _ i (2222
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b—2
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Example 1: f(x) =x%, P = (2,4).

Alternative limit formulation:

mpe = L) = f(@) o qim LR - f(2)

© b-a  h=0 h -
fb) - f(2) _ i (2222

b-2 ) h Bl
b2 — 2°
b-2 224 2(2)h + h? - 22

lim —

(b-2)b+2) _, heo n

b-?2 Bl !
som = lim mpg =

Q—P

lim(b+2) =limb +lim?2 =
b2 b2 b2

2+ 2 =4.
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Example 1: f(x) =x%, P = (2,4).

Alternative limit formulation:
mpe = L) = f(@) o qim LR - f(2)
© b-a  h=0 h -
fb) - f(2) _ i (2222
b-2 T h B
b2 — 22
b-2 224 2(2)h + h? - 22
lim —
(b—-2)(b+2) h—0 h
=b + 2,
b -2 . 4h + h?
lim =
so m = lim mpq = h—-0  h
Q—P
lim(b+2) =limb +lim?2 =
) ) b2

2+ 2 =4.
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Example 1: f(x) =x%, P = (2,4).

f(b) - f(a) Alternati\}e(%imi;l ;forr}l?%?ﬁon:
- —Ja) _ e +h) - )
Jb) = (2) _ L2222
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b _ o =b + 2, :
lim 1 ima g =
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Q—P
lim(b +2) =limb + lim?2 =
b—2 b—2 h—2

2+ 2 =4.
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Example 1: f(x) =x%, P = (2,4).
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Example 1: f(x) =x%, P = (2,4).
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Jb) = j2) 1.(2+h)2—22_
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The equation of the tangent line is
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The equation of the tangent lineis y —4 =4(x — 2)
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WEXAMPIERE f(x) - x*. P - (a.a®)
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WEXAMPIERE f(x) - x*. P = (a.a®)
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WEXAMPIERE f(x) - x*. P = (a.a®)

b) — f(a)
me=f( ;_ﬁ(a _
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WEXAMPIERE f(x) - x*. P = (a.a®)

fb)-fla) Db*-a°
meq = b-—a - b-a
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WEXAMPIERE f(x) - x*. P = (a.a®)

- fh)-fa) b*-a* ((b-a)b+a)
meq = b-—a - b-a b-—a B
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WEXAMPIERE f(x) - x*. P = (a.a®)
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=b + a, so
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WEXAMPIERE f(x) - x*. P = (a.a®)

fb)-fla) b*-a* (b-a)b+a)
meq = b-—a - b-a b-—a

=b + a, so

m = lim mpg = lim b + a exists (and equals
Q-P b-a

Iimb+lima=a+a =
b-a b-a
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WEXAMPIERE f(x) - x*. P = (a.a®)

fb)-fla) b*-a* (b-a)b+a)
meq = b-—a - b-a b-—a

=b + a, so

m = lim mpg = lim b + a exists (and equals
Q-P b-a

lloim b + lloim a =a + a = 2a for any number a.)
—-a —-a
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If we take a to be 1, then
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If we take a tobe 1, then m = clzm}’ Mmpq =
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If we take a tobe 1, then m = (lzin})me = lloim(b +1) =
— —-a
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If we take a to be 1, then m = (lzin})me = lloim(b+1) =1+1-=
— —-a
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If we take a to be 1, then m = (lzin})me = lloim(b+ 1)=1+1
— —-a
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If we take a to be 1, then m = (lzin})me = lloim(b+1) =1+1=2,
— —-a

so the Point-Slope Form equation of the tangent line to the
curve y = x? at the point (1,1) is
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If we take a to be 1, then m = (lzin})me = lloim(b+1) =1+1=2,
— —-a

so the Point-Slope Form equation of the tangent line to the
curve y = x? at the point (1,1) is
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If we take a to be 1, then m = (lzin})me = lloim(b+1) =1+1=2,
— —-a

so the Point-Slope Form equation of the tangent line to the
curve v = x° at the point (1,1)is y —-1=2(x 1)

Since the slope of the tangent line at (a, a?) is 2a, its equation
in Point-Slope Form is
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If we take a to be 1, then m = (lzin})me = lloim(b+1) =1+1=2,
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If we take a to be 1, then m = (lzin})me = lloim(b+1) =1+1=2,
— —-a

so the Point-Slope Form equation of the tangent line to the
curve v = x° at the point (1,1)is y —-1=2(x 1)

Since the slope of the tangent line at (a, a?) is 2a, its equation
in Point-Slope Formis y —a® =2a(x —a)




Tangent Lines-9

Using the alternative limit formulation, we have, for arbitrary a:
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mzhmf(owh) - fla) _
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Using the alternative limit formulation, we have, for arbitrary a:
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Using the alternative limit formulation, we have, for arbitrary a:

_ 2 9
m:hmf(a+h) f(a)zhm(aJrh) a- _
h—0 h h—0 h

a‘ + 2ah + h® — a?
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Using the alternative limit formulation, we have, for arbitrary a:

_ 2 9
m:hmf(a+h) f(a)= im(él-l—h) a- _
h—0 h h—0 h
. a*+2ah+h®-a®* . 2ah+h?
lim = lim —

h—0 h h—0 h
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Using the alternative limit formulation, we have, for arbitrary a:
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Using the alternative limit formulation, we have, for arbitrary a:
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Using the alternative limit formulation, we have, for arbitrary a:
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RGN /- L7~ (2.1)

(b) — f(a)
g = L0210
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RGN /- L7~ (2.1)

L _ [ - f@ _ fb)-f2)
PR= "y _a T bh=2
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“Example 3: f(x) = %,P _ (2%)

1 1
o _f)—f@ _fB)-f@) _p 2 _
PR= """ p_a —  bp=-2 h—2
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RGN /- L7~ (2.1)
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m _fb)—-fla) [fb)—-f2) p 2
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RGN /- L7~ (2.1)

1 1
o _f)—f@ _fB)-f@) _p 2 _
PR=""p_a ~ b-2  pb-2

(5)(2)- () () _ (z5) - (a5)

b—-2 b—2




Tangent Lines-10

RGN /- L7~ (2.1)

S -f@ _fb)-f2)
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RGN /- L7~ (2.1)
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PEEEPIE /o - |

p- (2

)

1 1
Mpo = f(b;ii(a) _ f(b;:éf(Z) _ Z:g _
6)G)-6)GE) G- %
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so m = lim mpq =
Q—P
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Example 3: f(x) = % P = (2,

)
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Example 3: f(x) = % P = (2, l).
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Example 3: f(x) = % (2, l).

1 1
Sy -fla _fb)-f2) p 2
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G -GG -G 5%
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b -2 b -2 b -2
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2b b-2 2b
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o-p TR, 2D 2(2) 4 !

and thus the equation of the tangent line is
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Example 3: f(x) = % (2, l).

1 1
Sy -fla _fb)-f2) p 2

MmeQ ="y T p-2 T p-2~
G -GG -G 5%
b)\2) _\2b 2b) _ 2b  _
b -2 b -2 b -2
b-2 1 1
2b b-2 2b
som = lim mpp = hm—i L = —l exists
o-p TR, 2D 2(2) 4 !

and thus the equation of the tangent line is

y-—5=-—3x-2)
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Using the alternative limit formulation, we have

i SR - f2)
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Using the alternative limit formulation, we have

i R = F@)

m
h—0 h
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Using the alternative limit formulation, we have

i R = F@)

m h—0 h
L1
.. 2+h 2
1 p—
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1 §_2+hl
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Using the alternative limit formulation, we have

i R = F@)

" h—0 h
1 1
g%2+2 2 _
1 2 2+hl
E%2+h2h2+h2:
2 2+ h
lim 2 th2 @2+h)2

h—0 h
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2—(2+h)

lim (2+h)2

h—0 h
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2—(2+h)

. (2+h)2
|
hlil(l) h
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. (2+h)2
1 _
o h
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2—(2+h)
. (2+h)2
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1 -
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2—(2+h)
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hlil(l) h
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1
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1
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Example 4: f(x) = Vx, P = (4,2).

fb)—-fla) fb)-f4) Vb-v4 b-2

meQ ="y T -4 T b-a4  bp_4
vb-2 (Vb+2\  (Wb)*-2*2 b -4 -
Vb+2) (bh-4)b+2) (b-4)Db+2)
1
JE+2’SO
lim mpp = lim 1 1 1 exists,
QP PQ ~4f+2 J4+2 4

so the equation of the tangent line is



Tangent Lines-13

Example 4: f(x) = Vx, P = (4,2).

fb)—-fla) fb)-f4) Vb-v4 b-2

meQ ="y T -4 T b-a4  bp_4
vb-2 (Vb+2\  (Wb)*-2*2 b -4 -
Vb+2) (bh-4)b+2) (b-4)Db+2)
1
JE+2’SO
lim mpp = lim 1 1 1 exists,
QP PQ ~4f+2 J4+2 4

so the equation of the tangent line is



Tangent Lines-13

Example 4: f(x) = Vx, P = (4,2).

fb)—-fla) fb)-f4) Vb-v4 b-2

meQ ="y T -4 T b-a4  bp_4
vb-2 (Vb+2\  (Wb)*-2*2 b -4 -
Vb+2) (b-4)Hb+2) (Bb-4)b+2)
1
ﬁ+2’80
lim mpp = lim 1 1 1 exists,
QP PQ ~4f+2 J4+2 4

so the equation of the tangent line is

y-2=3(x-4)
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Using the alternative limit formulation, we have
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Using the alternative limit formulation, we have
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lim =
h—0 h
liInv4+h—2 V4 +h+2 B
h=0 h Jith+?2)
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Using the alternative limit formulation, we have
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h—0 h
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n
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Example 5: f(x) =x’,P=(1,1).
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so the equation of the tangent line is
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Example 5: f(x) =x’,P=(1,1).

_fb)—fl@  flb)-f(1) b1

meqQ b—a b—1 b1

(b—1)(b°+b+1)
b-1

=b°+b+1,s0
lim mpqo = lim = b* + b + 1 = 3 exists,
QP b—1

so the equation of the tangent line is

vy—-—1=3(x-1)
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Using the alternative limit formulation, we have
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Velocity

The Average Velocity of a moving object is defined to be the
Distance Travelled divided by the Time Elapsed :

Distance Travelled
Time Elapsed

Average Velocity =

The Average Speed is the absolute value of the average
velocity. So, if we drive 120 km in 90 minutes, our average
speed and velocity are both equal to:

120km B ék_m B é km 60min _ 30 km
O0min 3 min 3 min lhour  hour
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If the moving object is assumed to be moving on a straight line,
and its distance from a fixed reference point at time ¢ is given
by a function s(t), then the average velocity from time £; to
time t» will be
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If the moving object is assumed to be moving on a straight line,
and its distance from a fixed reference point at time ¢ is given
by a function s(t), then the average velocity from time £; to
time t» will be

s(tp) — s(ty)
»h — 1,
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RESHRIE <) - 21" -

ot + 3

Time Interval = [ty1, > ]

Average Velocity =

S(tp)—s(t1)

tr—1tq
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RESHRIE <) - 21" -

ot + 3

Time Interval = [ty1, > ]

S(t2)—

s(ty)

Average Velocity =

tr—
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s(1)—s(0) -1-3
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Example: s(t) =2t°-6t+3

Time Interval = [t1, 2] | Average Velocity = St2=5{0)
S -s(0)  -T-3

[0, 1] T 4
s(2)-s(0) -1-3

L0, 2] -0 2 ~7°
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Example: s(t) =2t°-6t+3

S(tp)—s(t1)

Time Interval = [y, t2] | Average Velocity = —

s(1) — s(0) —-1-13

0.1 o 1
s2)-s(0) -1-3
10, 2] >0 - 2 = 2

s(3)—s(0) 3-3
3-0 3

[0, 3] 0
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Example: s(t) =2t°-6t+3

Time Interval = [£1,t>] | Average Velocity = * (tigjiftl)
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Example: s(t) =2t°-6t+3

Time Interval = [£1,t>] | Average Velocity = * (tigjiftl)
10.1] S(li :3(0) _ —11— 3 _
0, 2] S(2; :f)(()) _ —12— 3_ .,
0, 3] 5(3;:.8(0) :3;320
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On the general interval [a, b]| the Average Velocity is
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b-a
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On the general interval [a, b]| the Average Velocity is

s(b) —s(a) 2b*-6b+3-(2a*—-6a+3)

b—-a b—-a
2(b? —a?) —6(b-a)

b—-a N

2(b—-a)(b+a)—-6(b—-a)
b—-a

=2(b+a)—-06
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Let us look at the Average Velocity near t; = 3:
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Average Velocity = 2(3 +t») — 6
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Let us look at the Average Velocity near t; = 3:

Time Interval = [3,t>] | Average Velocity = 2(3 +t2) — 6
[3,4] 2(3+4)-6=38
[3,3.1] 2(3+3.1) -6=6.2
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Tangent Lines-23

and

Time Interval = [t1, 3]

Average Velocity = 2(t; + 3) — 6




Tangent Lines-23

and

Time Interval = [t1, 3]

Average Velocity = 2(t; + 3) — 6

[2,3]

22+3)-6=4




Tangent Lines-23

and

Time Interval = [t1, 3]

Average Velocity = 2(t; + 3) — 6

[2,3]

22+3)-6=4

2.9, 3]

2(29+3)-6=5.8




Tangent Lines-23

and

Time Interval = [£1, 3] | Average Velocity = 2(t; +3) — 6

[2, 3] 22+3)-6=4

2.9, 3] 2(29+3)-6=5.8

12.99, 3] 2(299+3) -6 =5.98




Tangent Lines-23

and

Time Interval = [£1, 3] | Average Velocity = 2(t; +3) — 6

12, 3] 22+3)-6=4
2.9, 3] 2(29+3)-6=5.8
[2.99, 3] 2(299+3) -6 =5.98

[2.999, 3] 2(2.999 +3) -6 =5.998




Tangent Lines-23

and

Time Interval = [£1, 3] | Average Velocity = 2(t; +3) — 6

12, 3] 22+3)-6=4

2.9, 3] 2(29+3)-6=5.8
[2.99, 3] 2(299+3) -6 =5.98
[2.999, 3] 2(2.999 +3) -6 =5.998
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and
Time Interval = [£1, 3] | Average Velocity = 2(t; +3) — 6
[2,3] 2(2+3)-6=4
[2.9, 3] 2(29+3)—-6=5.8

[2.99, 3] 2(2.99+3) —6 =5.98
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If we take the limit as t approaches 3, we get:
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If we take the limit as t approaches 3, we get:

im S8 =35G) o i3) 6=2(343)-6=12-6=6.
t—3 r—3 t—3

This limit is called the Instantaneous Velocity at time t = 3.
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If a quantity Q (t) varies with time, its average rate of change
over the time interval [tg, t1] is defined to be

Q(t1) — Q(top)
t1 — to

The instantaneous rate of change is defined to be

i &) — Qo)
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if this limit exists.
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