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As we have already seen, the skill of factoring integers is crucial to our mastery of the arithmetic of fractions.

The skill of factoring polynomials will be crucial to mastering the Calculus of polynomials, and quotients of

polynomials — which are usually called rational functions .

Examples of factorizations of polynomials:
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8x2 − 2x − 15 = (2x − 3)(4x + 5)
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2x3 − 17
3
x2 − 5
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(
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x3 − 1 = (x − 1)(x2 + x + 1)

x4 − 16 = (x − 2)(x + 2)(x2 + 4)

Factoring a polynomial is not always a pleasant or easy operation, but it is important: because in addition to

telling us where a polynomial is zero, it is the tool we will need to determine exactly where a polynomial is

positive or negative. This in turn will vital to the sketching of the graphs of polynomials, one of the highlights

of this course.
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=
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4
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4

= −1+ 7
4

= 3
2

and

r2 = −b −√b2 − 4ac
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= −1− 7
4

= −8
4
= −2

Thus 2x2 + x − 6 = 2(x − (−2))
(
x − 3

2

)

which appears to be different from the factorization 2x2 + x − 6 = (2x + (−3))(x + 2) = (2x − 3)(x + 2) that
we found by “inspection”!

However, we note that

2(x − (−2))
(
x − 3

2

)
= (x + 2)2

(
x − 3

2

)
=

(x + 2)
(
2x − 23

2

)
= (x + 2)(2x − 3) = (2x − 3)(x + 2),

so we have two different but equivalent factorizations of the same polynomial.
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√
13

6

)(
x − 5−
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Check:

You can (and perhaps should) always check a factorization by multiplying the terms to see if you get what you

started with.

3x2 − 5x + 1 = 3
(
x − 5+

√
13

6

)(
x − 5−

√
13

6

)
=

3

[
x2 −

(
5+√13
6

+ 5−
√
13

6

)
x +

(
5+√13
6

)(
5−√13
6

)]
=

3


x2 − (5

6
+ 5
6

)
x +


52 − (√13)2

62




 =
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3
x + 1

3

]
=
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This is perfectly correct, but it is not a factorization into linear factors with real terms. Since in elementary

Calculus we don’t deal with imaginary factors, we will say that x2 − 2x + 2 and any other polynomial with
imaginary roots cannot be factored.
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Solution: If a polynomial has no constant term, then you have one factor for free(!), namely x. Thus

x5 − 16x = x(x4 − 16) = x
(
(x2)2 − 42

)
=

x
(
x2 − 4

)(
x2 + 4

)
= x(x − 2)(x + 2)(x2 + 4)

Note that x2 + 4 is irreducible because it has no real roots.

The Factor Theorem
The linear polynomial x − r is a factor of a polynomial p(x) if and only if r is a root of p(x), i.e., p(r) = 0

This is very much like the quadratic case, the big difference is that there is no formula for the roots when the

degree is greater than 4!
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q
is a

rational number expressed in lowest terms.
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is a

rational number expressed in lowest terms.

Then r = m
q
can be a root of p(x) only ifm divides the constant term a0 and q divides the leading coefficient

an.

Notice that this only says that
m
q

can be a root, it does not say that it is!

Example 8: Factor the third degree polynomial
p(x) = 3x3 − 8x2 + x + 2.

Solution: Suppose
m
q
is a root. Thenm divides 2 and q divides 3, so the possibilities arem = −2, −1,

1, 2, and q = −3, −1, 1, and 3, leaving us with 16 possible values for m
q
, as shown in the following table.

m = −2 m = −1 m = 1 m = 2

q = −3 m
q = −2

−3 = 2
3

m
q = −1

−3 = 1
3

m
q = 1

−3 = −13 m
q = 2

−3 = −23
q = −1 m

q = −2
−1 = 2 m

q = −1
−1 = 1 m

q = 1
−1 = −1 m

q = 2
−1 = −2

q = 1 m
q = −2

1 = −2 m
q = −1

1 = −1 m
q = 1

1 = 1 m
q = 2

1 = 2
q = 3 m

q = −2
3 = −23 m

q = −1
3 = −13 m

q = 1
3

m
q = 2

3
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