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Abstract

The semigroup of binary relations on {1,...,n} with the relative product is isomor-
phic to the semigroup By, of nxn matrices over {0, 1} with the Boolean matrix product.
Over any field F, we prove that there is an ideal K, in FB, of dimension (2"—1)2,
and we construct an explicit isomorphism of K, with the matrix algebra Maon_1(F).

Let Z, = {1,...,n} (n > 1); then P(Z2), the power set of the ordered pairs, is the set
of binary relations on Z,. For X,Y € P(Z?) the relative product is XY = {(i,k)|3j €
Z,with (i,7) € Xand (j,k) € Y }. We identify X € P(Z?) with the Boolean matrix X =
(xi;) where x;; = 1if (i,7) € X and x;; = 0 if (¢, ) ¢ X; the relative product coincides with
the Boolean matrix product.

Definition 1. The set B, of all X = (z;;) with the Boolean matrix product is the semi-
group of Boolean matrices. Over any field F', the vector space F'B, with the bilinear
extension of the Boolean matrix product is the semigroup algebra of Boolean matrices.

Clearly |B,| = 2"° . The subset of permutation matrices in B, is a subgroup isomorphic
to the symmetric group S,. For the theory of B,, as an abstract semigroup see Schwarz [5].
Recent monographs on related topics are Maddux [4] and Jespers and Okninski [2].

Kim and Roush [3] studied linear representations of B,,, and showed that the ideal K,
(Definition 7 below) is isomorphic to the matrix algebra Maon_1(F') (Corollary 21 below)

#2000 MSC: Primary 20M25; Secondary 03G15, 16536, 20M30.
fCorresponding author. Email: bremner@math.usask.ca



without however giving an explicit isomorphism. The purpose of the present paper is to
provide an explicit isomorphism by constructing standard matrix units in K.

Definition 2. We write O for the Boolean zero matrix and J for the Boolean matrix in
which every entry is 1.

Definition 3. The row matrix R(P) of P C Z, is the Boolean matrix with R(P);; = 1 if
i€ Pand R(P);; =01if i ¢ P. The column matrix C(Q) of Q) C Z, is the Boolean matrix
with C(Q);; = 1if j € Q and C(Q);; = 01if j ¢ Q. The rectangle of P, C Z, is the
Boolean matrix O(P, Q) = R(P)C(Q). (The term “rectangle” comes from relation algebras;
see Maddux [4]. Rectangles are called “cross-vectors” by Kim and Roush [3].)

Lemma 4. We have R(P) = O (respectively C(Q) = O) if and only if P =0 (respectively
Q =10), and O(P,Q) = O if and only if either P = () or Q = (. Hence there are 2"—1

distinct nonzero row (column) matrices, and (2"—1)* distinct nonzero rectangles.

Proof. Obvious. m
Lemma 5. If X, Y € B, and P,Q C Z, then XR(P) = R(U) and C(Q)Y = C(V') where
kel <— Zxkal, eV «— Zyig:]_ (Boolean sums).

jeP 1€Q
Proof. Straightforward. O

Lemma 6. The elements O(P,Q) — O with O(P, Q) # O (equivalently, P # ) and Q # ()
form a basis of an ideal in F B,,.

Proof. For X,Y € B,, we have X(O(P,Q) —0)Y = XR(P)C(Q)Y — XOY = R(U)C(V) —
O =0(U,V) — O with U, V as in Lemma 5. Replacing X and Y by linear combinations
of Boolean matrices, we see that the elements O(P, Q) — O span an ideal in F'B,,. Distinct
ordered pairs (P, Q) with P # () and @ # 0 give distinct nonzero rectangles O(P, Q) in
B,,, and distinct nonzero rectangles are linearly independent in F'B,; hence the elements
O(P, Q) — O with O(P, Q) # O form a basis of this ideal. O

Definition 7. We write K,, for the ideal of F'B,, with the basis of Lemma 6.
Lemma 8. We have C(Q)R(P) =0 if PNQ =0 and C(Q)R(P)=J if PN Q # 0.
Proof. Straightforward. O

Lemma 9. We have XO = OX = O for X € B,,. We have R(P)J = R(P) and JC(Q) =
C(Q) for P,Q C Z,.

Proof. Obvious. m
Definition 10. We fix an ordering P;, ..., Pyn_1 of the nonempty subsets of Z,. For

’i,j = 1”271_1 we define Rij = D(P“PJ) and €ij =0¢€ FlszmPJ :@, €ij = 1e Fif
PN P; # 0. We write € for the matrix whose ij-entry is €;;.



Remark 11. We regard £ as a matrix over F since we will need £7! in Theorem 20. (As a
Boolean matrix € represents the intersection relation on the nonempty subsets of Z,,.)

Lemma 12. We have R;jRiy = (1—€;;)O + € Ry for any i,5, k.0 =1,...,2"—1.
Proof. We have
RijRe = O(F;, Py)B(Py, Pr) = R(P)C(P)R(Pe)C(F) = R(P)[(1=€51)0 + €3 J]C(F,)

(1—€x) R(P)OC(Py) + €1, R(P) JCO(Py) = (1—€,)O + e R(P)C(Py)
= (1_€jk>0 + EjkD(Pi, Pg) = (l—Ejk)O + Eij,‘g,

as required. Il
Definition 13. We set X;; = R;; — O for any 4,5 =1,...,2"—1.
Lemma 14. We have X;; Xy = €, X3 for any 4,5,k 0 =1,...,2"—1.
Proof. We have
XijXpe = (Rij — O) (Re — O) = RyjRye — Ri;O — ORyy + O* = RjjRiy — O — O+ O

= RijRiw — O = (1—€x)O + €4 Ris — O = —€;3,0 + €5 Ry = €j,(Rie — O) = €1 X,
as required. Il

Remark 15. The elements X;; are very similar to the standard matrix units. This is
analogous to the natural representation of the symmetric group; see Clifton [1].

Lemma 16. For fized {, the elements Xy, (k= 1,...,2"=1) form a basis of a left ideal in
K, of dimension 2"—1. For fized i, the elements X;; (7 = 1,...,2"—=1) form a basis of a
right ideal in K, of dimension 2"—1.

Proof. Immediate. O

Definition 17. We set €;; = 0if P,UP; # Z, and €;; = —(—=1)rHBHIELE Py UP; = Z,, for
i j=1,...,2"—1.

Lemma 18. The matriz € is invertible over F': we have E7' = (&;).

Proof. The ij-entry of the matrix product (e;)(€x;) is

2" —1
> ewdry = —(=1)HH > (=)
k=1 PNPu#0, PLUP;j=2Zy,

We must show that this reduces to d;;. o
Case 1: Suppose P; = P;. Then P, U P; = Z, implies P; C Py, and P, N Py # () implies
P, =P uUQ for ) # @Q C P;,. The sum reduces to

_(_1)n+|Pi| Z (_1)IE\+IQ\:_(_1)n+\Pi| Z (_1)anPi|+\Q|:_ Z (_1)\Q|

0#QCP; 0£QCP; 0£QCP;



_ _i(—l)f(”;') =—(-1)=1,

since |P;| # 0. o
Case 2: Suppose R\_P] # (. From P, U P; = Z, we get P; C Py, and this implies
P,N P, # 0. Thus P, = P, UQ for @ C P; (Q may be empty). The sum reduces to

|71

1)"tIEl Z (_1)IEI+\QI — Z (—1)lQl = _Z(_l)f(“zj‘) =0,

QCP; QCP; -0

since |P;| # 0. (The same argument applies if P; \ P; # (). Since P, and P; are nonempty,
this includes the case that PN P; = (.)

Case 3: Suppose P, C P; (P, # P;). As before ?j C P, and so P, = Fju QU R (disjoint
union) where Q@ C P; \ P; (Q may be empty) and 0 # R C P, (R = P, N F;). The sum

reduces to

n+|P| Z Z IP [+QI+IRl — _ Z Z |Q\+|R\

QCP;\P; 0£RCP; QCP;\P; 0£RCP;
[P\ Pil
P\ P
- _ —1)& _lel = — —1)%l —1)¢ |P; ) =0
Yo=Y (- D, EDES =T, ,
0#RCP; QCP;\P; 0#RCP; =0

since |P; \ P;| # 0. This completes the proof. O

Definition 19. For p,q = 1,...,2"—1 we define (2"—1) x (2"—1) matrices by (a};) = Ep,& "
where [, is the matrix unit; thus aj; = 6,:€,;. We define elements of K, by

2"—12"—-1

=> > allXy; (pg=1,....2"-1).

i=1 j=1
Theorem 20. The elements Y,, satisfy the matriz unit equations Y,Y,s = g Yps-
Proof. We have

Yy Vos = ( Z Z allX; ) ( ; ; a;;;XM) Z Z Z Z a?lays X X
=3 Z ; ; Alage X =YY ; ; SpitqiOrneseeinXie
i g i
_ Z Z Z 6 ( Z . ejk) Xy — Z Z Z 5,:8016rat Xt
=32 ( 3 5qk5rk) Cu Xy = Z Z Opilgrese Xie
Y St i, 5 X 8y Yo

as required. N



Corollary 21. The ideal K,, is isomorphic to the matriz algebra Maon_1(F'). (In particular,
the elements Y,, are linearly independent over F'.)

Proof. Immediate. O

Corollary 22. The element of K,, corresponding to the identity matriz is

an_12n—1
Li=>Y > Xy
i=1 j=1
Proof. The diagonal matrix units Y,,, have coefficients E,,E ! and their sum is £ ]

Example 23. For n = 2, the algebra F'Bs has dimension 16 and the ideal Ky = M3(F') has
dimension 9. We fix this ordering of the subsets: {1}, {2}, {1,2}; then

1 0 1 0 -1 1

E=101 1], El=| -1 0 1

11 1 1 1 -1

The ideal K, has these matrix units:

~Jo1] [11] o Jro] 1] ~Joo] [ro] [o1] [11
Yu==loo/T|oo[Y2="{oo]Tloo/ =" Joo] T|oo|T{oo] oo
~Joo] [oo0] ~Joo] T[oo0] ~ foo] [oo] [oo] T[oo
Yo =- 01*11’3/22—_10*1175/23—_0()*10*01_11
o Jo1], 11 ~[ro0], [11] ool Jro],Jo1] [11
Ya==loa] i = io) Tl oo o) Tlon] T

Example 24. If char F' # 2 then F B is semisimple and decomposes as an orthogonal direct
sum of full matrix algebras: F By = M3(F)® My(F)® F & F @ F. The 2 x 2 summand has
these matrix units:

00 10 00 10 0
O e R R B
110 11 10 11 10
Dar = {o o}_{o O}_{l 0}{1 o}’ D2 = {o
The three copies of F' have the following basis elements:
100 ~lyrol 1jo1]  Tjr1} Lfra1f 1jro|, 6 1jo1
A= [0 0]7 3—5{0 1}_5{1 0}*5{1 0}_5{0 1}_5{1 1}*5{1 1}
_lj1o0 Lio1 Li11 Ti11 1110 Lio1 11
0—5{0 1]*5{1 0] _5[1 01 _5[0 1} _5[1 1] _5{1 1}*[1 1]
Example 25. If char F' = 2 then F' B, is not semisimple. Since the coefficients of the basis
elements A, D;;, Y;; in Examples 23 and 24 are £1, the products of these elements will

satisfy the same matrix unit relations in characteristic 2. Thus F' By still has a semisimple

5



subalgebra isomorphic to M3(F') & My(F') @ F. However, in place of B and C' we must take

the basis elements
1 10 01
[+ [o =[5 1] =[]+ i
1
1

;110
o1
, 1o 10l fo1] [11
=l o =Bl - - )+ [
Since B? = B we have (2B)? = 2(2B) and so (B’)? = 0 in characteristic 2, and similarly for
C'; and we still have BC' = CB = 0. It follows that when char F' = 2 the radical of F' B, has

dimension 2 and basis {B’,C"}.

+

1 1
0 1
1 1
0 1

O= O

1
0
1
0

— o — O

Remark 26. The most important open problem is to generalize Examples 24 and 25 to
n > 3: that is, to determine the complete decomposition of F'B,, in all characteristics.
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