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ABsTRACT. This paper constructs a quantum deformation of the complex Cayley algebra.
The method uses the representation theory of U,(sl{(2)), the quantized enveloping algebra of
the simple complex Lie algebra sl{(2). The paper begins by constructing a quantum deforma-
tion of the complex quaternion algebra, since this simpler case illustrates all of the necessary
steps. As intermediate results, deformations are constructed of s{(2) and the 7-dimensional
simple Malcev algebra.

INTRODUCTION

Throughout this paper U, = Uy(sl(2)) denotes the quantized enveloping algebra of
the simple complex Lie algebra sl(2); details may be found in [K]. Let V(n), denote the
simple U,-module with highest weight ¢". The quantum Clebsch-Gordan theorem shows
that there exist unique U,-module homomorphisms from V(n),@V(n), to V(n), and to
V(0), = C, for any positive even integer n.

The case n = 2 has been studied in [B]; the maps
(1) V(2),®V(2)g = V(2); and V(2),®@V(2)y — V(0),,

give ¢-deformations of the Lie bracket and the Killing form on the adjoint module for si(2).
In §1 of this paper we recall how the complex quaternion algebra may be recovered from
these two homomorphisms in the classical (¢ = 1) case. After recalling in §2 some basic
information about quantum groups, in §3 we quantize §1 and obtain the quantum analogue
of the quaternions; see table (44).

The primary purpose of this paper is to study the case n = 6. In this case the maps

(2) V(6),@V(6)g — V(6); and V(6),@V(6)y — V(0)q,
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give g-deformations of M, the 7-dimensional simple non-Lie Malcev algebra [S1], and the
symmetric sl(2)-invariant bilinear form on M. In §4 of this paper we recall how the
complex octonion algebra may be recovered from these two homomorphisms in the ¢ = 1
case. In §5 we quantize §4 and obtain the quantum analogue of the octonions; see table
(78).

While this paper was being refereed, I received the preprint “A quantum octonion
algebra” by G. Benkart and J. M. Pérez-Izquierdo, which constructs a quantum analogue

of the split octonions using the representation theory of Uy(Dy).

1. QUATERNIONS AND sl(2)

Let H denote the complex quaternion algebra. The multiplication table for H is

1 X1 i) 3

(3) 1 1 X1 i) I3
I X1 -1 I3 — X9

i) i) —X3 -1 I

I3 X3 i) —X -1

We define an anticommutative product [z,y] on H by [z,y] = zy — yz, and denote the
resulting algebra by H~. The scalars form an ideal in H™, and the quotient algebra
‘H~/C1 is isomorphic to the simple complex Lie algebra si(2). Setting X; = %"El the
structure constants for H~ /C1 are

X D O,
(4) X, 0 X3 -X

Xs -X3 0 Xy
X3 Xy =Xy 0

The Lie algebra sl(2) has basis E, H, F and commutation relations

E H F

(5) E 0 -2E H
H 2E 0 -2F
F —H 2F 0

An isomorphism between H™/C1 and sl(2) is given by

(6) E:‘sz—|—L‘Xv37 HZZJXl, F:—X2 —|—LX3,
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the inverse is

i 1 i
(7) Xi=—3H Xy=(E-F), Xs=—(E+F)

The Killing form on si(2) is

E H F

(8) E 0 0 4
H 0 8 0
F 4 0 0

The quaternion algebra H can be recovered from sl(2) and the Killing form. Before
explaining this we recall some of the representation theory of sl(2). (References are [H],
Section 7, and [FH], Lecture 11.)

Let V(n) denote the (unique) simple highest weight s/(2)-module with highest weight n,
where n is any nonnegative integer. This module has basis vy, ..., v, and the sl(2)-action

is
(9) Evi=(n+1—iwi_y, Hv;=(n—2v;, Fo;=(+1vii.
The Clebsch-Gordan theorem gives the direct sum decomposition

(10) Vim)@Vn)Z2V(im+n)eVim+n-2)&---&V(m —n),

whenever m > n. A highest weight vector of weight m +n —2p in V(m)®@V(n) is

p ‘ m p—|—z)
(11) wit T = Z <’) vl(m)@v](:i)i,
where ‘Ul(m) and v;n) are the basis vectors for V(m) and V(n) respectively. We also have
(12) S*V(n)=VEn)eV(E2n—-4)a-, ANVn)ZV2n-2)aV(2rn—6)& -,

where S? and A? denote the symmetric and exterior squares. On V(n) we introduce the

invariant scalar product

(13) (vi, v5) = i <7Z>
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This extends to the tensor product V(m )@V (n) in the usual way:

(14) (vi®vj, vi@ve) = (vi, vk )(v5, ve)-

With respect to this scalar product the basis vectors v;@v; are orthogonal, as are the
submodules on the right side of (10).

From (12) we see that there are unique (up to scalar) sl(2)-module homomorphisms
K:S?*V(2) — V(0) and L: A*V(2) — V(2). Since V(2) is the adjoint module and V'(0) is
1-dimensional, it is clear that K is the Killing form and L is the Lie commutator on sl(2).
Formula (11) gives a highest weight vector wq for the V(2) summand in V(2)®@V(2), and
(9) shows how to compute w; and wy (recall that F' acts as F®1 4+ 1QF):

(15) wo = vo®@u; — v1QVg, w1 = 2V9R@V2 — 2V2QVe, W2 = VIRV — V2QVy.

Formulas (13-14) show how to compute the orthogonal projection of v;@v; on V(2); iden-

tifying v; and w; the results are

Vo U1 U2
(16) Vo 0 %Im ivl
(5} —%’UO 0 %'UZ
(%] —ivl _%'UQ 0
Now set a; = —4, and choose any ag,a; € C such that agaz = —16. Then using the basis

Vi = a;v; we obtain the matrix representing L:

Vo Vi Va

(17) Vo 0 2% W
Vi 2V, 0 -2V
v, -Vi 2V, 0

which is the same as (5) with Vg, Vi, V3 replacing E, H, F.
Similarly we find a basis vector for the V(0) summand of V(2)@V(2):

(18) AR %‘01 ®v1 + v2&vo.

The projection of v;@v; on V(0) is

(o] 1 U2

(19) vo 0 0 3z
U1 0 — % z 0

Vg %Z 0 0
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Defining Z = —%Z we get the matrix representing K
Voo i Vq
(20) Vo 0 0 47

Vi 0 87 0
Va 47z 0 0

which is the same as (8), if we identify Z with 1 (which amounts to choosing an isomorphism
V(0) = C).
Given constants k,A € C we can combine K and L to obtain an sl(2)-invariant (not

necessarily associative) algebra structure on V(0) & V(2):
(21) (a+2)(b+y) = (ab+ cK(z,y)) + (ay + bz + AL(z,y)).

Here a,b € C= V(0), and z,y € V(2). To determine x and A we do the following calcula-

tions:

2? = 4X? = 4( - %H)z S /s —(u{(vl, Vi) + AL(V4, V1)> = Sk,

T2 = 4X, X0 = 4( — %H) (%(E — F)) = ‘i<V1V2 — V1V0>

= i(RK(Vi,V2) + AL(Vi, Va) = kK (V, Vo) = AL(Vi, Vo))

This shows that (21) makes V(0) & V(2) into an algebra isomorphic to H if we set k = é
and A\ = %

2. THE QUANTUM GROUP U,(sl(2))

Before constructing the quantum analogue of the quaternions, we need to recall some
basic results about the quantized enveloping algebra U, = U,(sl(2)); here ¢ is a complex
number, ¢ # 0, ¢> # 1. We refer to [K] for details.

Introduce the following notation:

q" —q "
22 n|l=-——-—:
(22) [n] p———

n]! = [n][n —1]--- 1], m - L
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These quantities are called respectively ¢g-integers, ¢-factorials, and g-binomial coefficients.
The notation [n],« denotes the result of replacing ¢ by ¢* in [n].
As an associative algebra with 1, U, has generators E, F, K, K~', and relations

KK™!' =K 'K =1 together with

I,r _ I,f—l
23 KEK™'=¢#E, KFK'=¢??F EF-FE=-—_"_
-1
q-q

U, becomes a bialgebra once we define the coproduct A; since this is an algebra homo-

morphism it suffices to give it for the generators:

(24) AK*) = K@K+, A(E)=1QE+ E®QK, A(F)=K '@F 4+ F®l.
With the antipode S defined by

(25) S(K*Yy=KF'  S(E)=-EK~', S(F)=-KF,

U, becomes a Hopf algebra.

For the representation theory of U, we assume that ¢ is not a root of unity. Let V
denote any finite dimensional Uy-module. We call a vector v € V, v # 0, a highest weight
vector if Ev = 0 and Kv = Av for some scalar A. We call V, a highest weight module
if it is generated by a highest weight vector. Any simple finite dimensional U,-module
is a highest weight module with highest weight A\ = e¢™ where ¢ = £1. Any two simple
finite dimensional highest weight modules with the same highest weight are isomorphic;
we denote such a Uz-module by V,(¢e,n), and we have dim V(e,n) =n + 1.

From now on we consider only the modules V(n), = V;(1,n). Let vg be a highest weight

vector in V(n),. Then V(n), has basis v; (0 <i < n), and the Uj,-action is
(26) Kv; = ¢" v, Evi=[n—1+ 1]v;_1, Fov; =i + 1]vit.
The quantum Clebsch-Gordan Theorem ([K], VIL.7) states that

(27) V(m)g@V(n)g 2 V(m+n)g&V(im+n—2),& - &V(m—n),
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whenever m > n. This isomorphism is the same as that which holds in the non-quantum
case (10); what is different is the expression we obtain for a highest weight vector w(™+n=2r)

(0 < p <n) of weight gmTnT2P i V(m)@V(n),:

P . .
c (m+n—2p) i [m —p+ L]'[TL - l]' —i(m—2p+i+1), (m) (n)
28 w = —1 q P ®u, 2,
( ) 0 ;( ) [m . p]’[n]' P
where vgm') and v;-n) are the basis vectors for V(m), and V(n),.

On V(n), we introduce the Uy-invariant scalar product

(29) (virv5) = bi5q 77 [ 7]

4

This extends to the tensor product V(m),®V(n), in the usual way:

(30) (vi®uj, vE®vy) = (vi, vk )(vj, V).

(

With respect to this scalar product the basis vectors vim)@v(n)

;  are orthogonal, as are the

submodules on the right side of (27).
3. QUANTIZING THE QUATERNIONS
If we quantize formula (21) we see that the quantum quaternion algebra can be defined
by the formula
(31) (a+2)(b+y) = (ab+ r,Ky(z,y)) + (ay + bz + A\ Ly(z,y)).
Here a,b € C= V(0), and z,y € V(2),; furthermore

(32) K, V(2),0V(2)y = V(0);, and L,V (2),0V(2), — V(2),,

are the homomorphisms corresponding to the Killing form and the Lie bracket on the
adjoint sl/(2)-module V(2). (Recall that for any simple complex Lie algebra g, every fi-
nite dimensional U,(g)-module is semisimple; see Theorem 10.1.14 of [CP], Theorem 5.17

of [Jan|, or Theorem 6.2.2 of [L]. Furthermore, the U,(g)-module V, has the same for-

mal character as the U(g)-module V', given by the classical Weyl character formula; see
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Corollary 10.1.15 of [CP], Theorem 5.15 of [Jan], or Theorem 33.1.3 of [L]. These results
imply that the decomposition of any tensor product of U,(g)-modules is the same as the
decomposition of the corresponding tensor product of U(g)-modules.)

We can compute K, and L, explicitly using the quantum Clebsch-Gordan theorem. It
is not so clear how to quantize the scalars x and A; any choice of rational functions &, and
Ag in C(q) satisfying xy = é and Ay = % will preserve the U,-invariance of the resulting
algebra structure on V(2), @ V(0),. More about this later; see (42-43).

We first recall the formulas for K, and L, presented in [B]. Using formulas (28) and
(24) we find that a basis of the V(2), summand of V(2),8V(2), is

wo = voYvy — q—2‘U1®‘U07

q2+1 q2_1 q2+1

(33) W= vo®v2 + Z V1@V — =

V2@,

wy = V1V — q—2‘02®‘01-

The square lengths of these vectors can be computed using formulas (29-30):

W w :(q4+1)[2] - :(q4—|—1)[2]2 o :(q4+1)[2]
(34)  (wo,wo) I (w1, wy) BT (w2, w2) B

The homomorphism L, is the projection from V(2),&V(2), onto the V(2), summand.

The usual formula for orthogonal projections gives the matrix for L,:

Vo U1 U2
q q*
(35) v 0 AF1 W0 EiTn Wi
—q ¢*(¢°—1) q*
U1 ﬁ Wwo q4+1 - q4+1 Wwa
4 2
. __—q —q
vz PICEESY Rt BT S e 0

The homomorphism I is the projection from V(2),2V(2), onto the V(0), summand. A

basis vector for this summand, and its square length, are

1 1
(36) z = voQug — m’m Ky + q—2’02®’007 (z,2) = [3],
and so K, is given by the matrix
Vo U1 (%]
U1 0 %T] z 0
Vg ﬁ z 0 0
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Now set

(38) o= WEOR DR
q q

and define new basis vectors V; = a;v;. Then if we identify v; and w;, the matrix for L,

becomes
Vo Vi Vs
Vo 0 —q[Z] Vo Vl
(39)
i v (H-¢) v~V
Vs - 121V 0

Notice that the entries of this matrix lie in the Laurent polynomial ring Z[q,¢™!], and

that the matrix is invariant under the operation ¢ — % followed by the negative transpose.

When ¢ = 1 this matrix specializes to table (5), if we identify Vy, V4, Vo with E, H, F.
The same specialization can be obtained by choosing any ag, a;,a2 € C(g) so that ¢ =1
gives a; = —4 and agpa; = —16.
We further define Z = bz where
" o 51
q°[3]

This is different from the corresponding result in [B], because here we use the scaling
factor b instead of —%; that is, we are quantizing the constant —%. The matrix for K,

then becomes

Vo Vi Va

(41) Vo 0 0 ¢2*Z
Vi 0 2PZ 0
Vs 2Pz 0 0

Again, the entries are in Z[g,¢']. When ¢ = 1 this matrix specializes to table (8), if we

set Z = 1; this amounts to choosing an isomorphism V(0), = C. The same specialization

IS

can be obtained by choosing any b € C(¢) so that ¢ = 1 gives b = —
The next step is to determine the quantization of the constants x = é and A\ = %

We consider bases of V(0), © V(2), corresponding to the previously introduced bases of
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V(0) @& V(2). For example, the basis Z, x14, z24, 34 of V(0), & V(2), corresponds to the
basis 1, x1, z2, x3 of V(0) & V(2). The relation X; = %xz becomes X;, = ﬁxiq. We have

zi, = [2I° X}, since z1, = [2]X4,
1
= —Z[Z]QHqZ using formula (6) also for the ¢-basis

1
= —1[2]21/12 identifying H, with V}

1 1
= —Z[Z]Q&qKq(Vl, Vi)— 1[2]2/\qu(‘/1, V1) using formula (31)

1 1 1
= _1[2]5/<;qZ — Z[2]2/\q (q—2 - q2> Vi using formulas (41) and (39)

1 , 1
= —1[2]55;qZ + 2¢ <q - g> AgTig-

This suggests that the natural quantization of the constant x = é is

. _ b
(42) Kg = Dk

Similarly we compute

1 , 1 .
$1q$2q = [Q]ZquXQq = Z[Q]ZLH(F — E) = 1[2]22(‘/1‘/2 — V1V0)

1 1 1
= —[2%iN (=) Va2 — = [2]%i\,~ W
22 A (=) Ve = 7 [2] i Vo

1 1 1 1
= ——[2]%i\ “Vo ) =—>[2P\, [¢F+~-E
4[]6q<qV2—|-qu> 4[]Lq<q ‘|‘q )

1 3. . 1 ,
= _1[2]32Aq <Q(_X2q + Z‘X—3q) + g(XQq -+ Zng)>
1 . 1 1.
= 1[2]31/\q (q — ;) X2q + Z[Z]4AqX3q
1, 1 1.
= 1P (- 2) oyt JPA

1 .

which suggests that the natural quantization of A = 3

(43) Ag =
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Using these values for k, and A,, formula (31) gives this quantization of table (3):
1 T1q T2q L34
1 1 Tig T2q L34

44) @y vy g2+ 502y 02wz + g[2P2sy 3 [2]Pa2g + §16[2]as,

T2q T2q iwmx?q - i[2]2$3q _i[Z]Z —ii9[2] + T
T3q T3q i[2]2$2q + iw[Q]Ii%q ii9[2] — T1gq _i[Q]Q

Here we have used the notation

1
0=q——.
q
Matrix (44) is the multiplication table for the quantum quaternions H,, which specializes

to table (3) when ¢ = 1. Note that all the coefficients in (44) are Laurent polynomials in

g with coefficients in iZ.

4. CAYLEY AND MALCEV ALGEBRAS

Let C denote the complex Cayley algebra (i.e. the octonion algebra). The multiplication
table for C is

1 T T T3 Ty Ts Tg T7
1 1 T To T3 T4 Ts Tg 7
T z; —1 r3 —Tg Ty —Ta —I7 Tg
45 To o —x3 —1 1 Tg T7  —T4 —ITs
(45) T3 r3 T9 —x1 —1 T7  —Tg Ty —T4
Ty T4y —T5 —xg —x7 —1 T To T3
Ts rs T4 —IT7 Tg —x1 —1 —x3 x4
T Tg Ty T4y —T5 —Tg X3 -1 -
T7 7 —Tg Is T4 —T3 —T9 X1 -1
(This is taken from [Jac|, section 7.6, with ¢; = ¢2 = ¢ = —1.) We define an anticom-

mutative product [z,y] on C by [z,y] = 2y — yx, and denote the resulting algebra by
C~. The scalars form an ideal in C~, and the quotient algebra M = C~/Cl is a simple

7-dimensional anticommutative algebra. Setting X; = %zl the multiplication table for M
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1S

X, 0 X3 -X, X5 —-X, —-X: Xg

X, -Xs 0 X Xe¢ X: -X4 —-X;
(46) Xs X, -X, 0 X -X¢ X5 -X4

Xy -X5 -X¢ -X; 0 X, X, X

X5 Xy X7 X —-X 0 -X3 Xy
Xs X7 Xy X5 X0 X; 0 -Xi
X7 -Xs X5 Xy X3 Xy X, 0

This algebra satisfies the Malcev identity

47) =y 2 2] = [2,y, e, 2] where [2,y, 2] = [[z,y], 2] + [ly, 2], 2] + [, 2], y/].

Anticommutative algebras which satisfy this identity are called Malcev algebras [S1]. Since
any Lie algebra satisfies [z, y, z] = 0, it is clear that any Lie algebra is a Malcev algebra. It
has been shown [S2] that over the complex numbers any simple finite dimensional Malcev
algebra is either a Lie algebra or isomorphic to M.

The characteristic polynomial of left multiplication by the general element

7 7
(48) X = ZCiXi is px(t)=t <t2 + Zc?)
i=1 1=1

This shows that if we take R as the base field, the multiplication table above defines a

3

non-split real form of M, since no non-trivial left multiplication is diagonalizable.

In the remainder of this paper M will be called “the Malcev algebra” for short; strictly
speaking M should be called “the simple finite dimensional non-Lie Malcev algebra”.

A different way to define M is by using the representation theory of the simple Lie
algebra sl(2). (See [O], Chapter 6, for a similar approach to M using the terminology
of theoretical physics.) In the case m = n = 6, formula (12) gives the sl(2)-module

isomorphisms
(49) SPV(6) = V(12)a V(8) @ V(4)a V(0), A?V(6)=V(10)® V(6)® V(2).

The first isomorphism gives an s/(2)-module homomorphism K: S?V(6) — V(0), that is, an
sl(2)-invariant symmetric bilinear form on V(6). The second isomorphism gives an sl(2)-

module homomorphism L: A?(V(6)) — V(6), that is, an sl(2)-invariant anticommutative
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algebra structure on V(6). The structure constants of this algebra can easily be computed.
From (11) we get a highest weight vector wq of weight 6 in V(6)®V(6), and the other basis

vectors wy (1 < k < 6) are obtained by using (9):

wo = veRU3 — %Ul ®vg + %02 ®v1 — v3RV,
wy = 4vgQuy — v1 Q3 + V3RV — 4vsQug,
we = 10vgRvs — v2Qv3 + V3@ — 10v5Rvg,
(50) w3 = 20v9Rve + %vl RKuvs — %vz Quvyq + %'04@02 — 13—0‘U5®‘01 + 20vs @y,
wy = 1001 RQug — v3QV4 + vV4Qvs — 10V Rv1,
ws = 4v9Qvg — V3RV + V5QV3 — 4vg QUa,

2 2
We = V30V — 3V4QV5 + FV5QVs — Ve QU3.

The square lengths of the wj, are computed using (13-14):

k 0 1 2 3 4 ) 6

(51) (wg,wg) 120 720 1800 2400 1800 720 120

The structure constants S;;, giving the component of v;®v; in the V(6) summand of
V(6)@V(6), are defined by the equation v;®@v; — S;;wi4+;j—3 and given by the orthogonal
projection formula

Cij(vi,vi)(vj,v;)

(Witj—3, Witj—3)’

(52) Sij =

where C}; is the coefficient of v;®@v; in w4 j_3. The matrix with entries S;; is

0 0 0 1/6  1/12 1/30 1/120

0 0 -1/2 -1/6 0 1/20 1/30

0 1/2 0 -1/6 -1/8 0  1/12

(53) ~-1/6  1/6  1/6 0 -1/6 —1/6 1/6
~1/12 0 /8 1/6 0 -1/2 0

~1/30 —1/20 0 /6 1/2 0 0

~1/120 —1/30 —1/12 —1/6 O 0 0

Now choose any non-zero scalars ag and ay, set

D =231, as = (AN, a5 =25, ap = —2(61)—,

aj ap aj ap

(54)  az = —2(2))
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and define V; = a;w; for 0 < ¢ < 6. The structure constants for V(6) with respect to the
V; basis are
a;a;S;;
(55) ViV; =T3;Vigj—3  where Tj; = ———,
itj-3
with a; = 1 and V; = 0 unless 0 < k£ < 6. This gives the multiplication table:

Vo Vi Va Vs Vi Vs Ve

Vo 0 0 0 2V 2V =2V, —W5
Vi 0 0 2V =2V 0 V3 —2Vy

(56) Vs 0 -2V 0 —2V5 V3 0 2V
V3 —2Vy  2W; 2V, 0 —2Vy =2V5 2V
V4 —2V1 0 —Vg 2V4 0 2‘/6 0
Vs 2V, -V 0 2Vs  —2V4 0 0
Ve Vs 2V, -2V —2V§ 0 0 0

The triples

(57) (H7E7F) = (V37V27V4)7 (V37V17V5)7 (V37V67%)

span subalgebras of M isomorphic to sl(2).
If we restrict the scalars to R, we obtain a split real form of M. The characteristic

polynomial of left multiplication by the general element

3 3
(58) V = ZCV is py(t) :t<t2—4Zcic6_i) ,
1=0

so left multiplication by V' is diagonalizable over R if and only if cocg +cycs5+cacq +¢2 > 0.
The two bases X; (1 <7 < 7)and V; (0 < ¢ < 6) span algebras which are isomorphic

over C. If we define the scalars b;; by

7

(59) Vi=) b;X;, for0<i<6,
then the change of basis matrix B = (b;;) and its inverse are

0o 0 0 0 0 -1 —

0 0 0 1 = 0 O

0o 1 2 0 0 0 O
(60) B=]2 0 0 0 0 0 0|,

0 -1« 0 0 O O

0 0 0 -1 «» 0 O

o 0 0 0 0 1 —
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0 0 0 — 0 0 0
o 0 1 0 -1 0 0

(0 0 =0 —i 0 o0

(61) B—lz§ o 1 0 0 0 -1 0
0 — 0 0 0 —i 0

-1 0 0 0 0 0 1

i 0 0 0 0 0 i

(Here ¢ = v/—1.)
The full derivation algebra of M = V(6) is a simple Lie algebra of type Gz. As a
G2-module V(6) has highest weight wy (where ay is the short simple root) and we have

(62) SHV(we)r) =V (2w2)ar @ V(0)1,  A*(V(wz)7) = V(wi)ia @ V(wa)7;

the subscripts indicate the dimensions of the modules. These decompositions were com-
puted using SimpLie [SL]. For more information on derivation algebras of nonassociative
algebras constructed using representations of sl(2) see [D]; however that paper uses the
classical terminology of binary forms rather than the modern terminology of sl(2)-modules.

To compute the homomorphism K:V(6)2V(6) — V(0) = C we first use (11) to find a
basis vector for the V(0) summand of V(6)®@V(6):

1 1 1 1 1
(63) Z =v9QVs — gV1QVs + 50200V1 — 55030V3 + 7502004 — gu1QV5 + VeVe.

Since (z,z) = 7 we find that

(64) 7 0 1 2 3 4 ) 6
K(vi,ve—;) %Z —%Z %Z —27—02 %Z —%Z %Z

and K(v;,vj) = 0 unless ¢ + 7 = 6. If we set Z = —37&2, use the basis V;, and choose the

isomorphism V(0) = C which identifies Z with 1, we obtain

@ 01 2 3 4 5 6

(65) K(Vi,Vs—i) 4 4 4 8 4 4 4
The same results can be obtained by computing the generalized Killing form %tr(advi ady; ).
Now we make V(0) @ V(6) into an algebra isomorphic to C using formula (21) (where

now z,y € V(6)) and setting xk = & and \ =

5 (As in the calculations following (21),

1
7

these values are obtained from the equations x% = —1and z29 = x3.)
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5. QUANTIZING THE OCTONIONS

We now reinterpret formula (31) with z,y € V(6),. We need to compute explicitly the
homomorphisms K,: V(6),@V(6), — V(0), and L,:V(6),2V(6); — V(6),.

We first determine a basis wy (0 < k < 6) for the summand V(6), in V(6),0V(6),. We
write C;; for the coefficient of v;@v; in w;4;_3. For the highest weight vector wq formula

(28) gives

—(¢" +1) ¢t +1 ~1
66 Cos=1, Cpp=-—LT2 " ¢, = G —
(66) " T gttt T AP+ D R

We can determine the other C;; using formulas (24) and (26). For example,

wy = Fwy = (K'QF + FR1)w,
= 003(K_1’00®F‘U3 + Fog®us) + 012(1(—_1‘01 @F vy + Fo1®ug )+
Co1 (K 03@F vy + Foa®vy) + Cso( K 'vs®@F vy + Fos®@uyg)
= Co3(q *vo®[4]vs + v1@v3) + Cr2(g~*01@[3Jvs + [2]va@v2 )+
Ca1(q 2v2®[2]ve + [3lvs@v1 ) 4+ Cso(v3@v1 + [4]v4@00)

= Coavy@vg + C13v1Qv3 + Cav2@v2 + Cs1v30v1 + Cagva @y,

where the coefficients are

(¢* +1)(¢" +1)
q° ’
10 _ 8 4 g6 gt 1
Elgt—¢*+1)
—(¢® - 1)
(¢t —¢?+1)
O+ —gt g1
(¢ —¢*+1)
¢ +1)(¢" +1)
q15 )

Cos = 0039_6[4] =

Cis3 = Cos + C12q_4[3] =1

?

Ch = C12[2] 4+ Ca1q7?[2] =

C31 = Cqy[3]+ Cs0 =

Chz%Mb_(

For the basis vectors w9 and w3 the coefficients are

_ Coaq™ 3] (" + D+ + ¢+ P+ 1)
Co="g = .
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_Coa+Cisg™'[4] _ (-1 + (" +¢"+¢"+¢° +1)

2] h ¢ (q* — > +1)
Con = G132l 4 C0a™B] _¢™—¢” —¢"—¢" +1
23 [2] q10(q4 _ q2 _I_ 1)
Crn — Ca2[3] + C31[2] _ —Ch3 Co = Cs1[4] + Cyoq? _ Cia
32 ] 2 41 2] e
Cuold
Cso = ?g][ A
Con = Cosa°l0] _ (@ + (¢ +1(¢* =+ D@+ gt P+ 1)
[3] q*7
oo Cos+Cug™ Bl _ (@ + D@+ +¢ + ¢+ 1" +¢" —¢* +¢" —1)
15 — [3] - q18(q8 + q4 + 1)
Coa = Cual2] 4 Casq?[4] _ (P + (¢ + )¢ " ¢ —¢* + 1)
[3] q"3(¢* +q* + 1)
Con — Cy3[3] + C32[3]  (¢* — D)(¢* +¢* +1)(¢® —3¢° +3¢* —3¢> +1)
v (3] B ¢'%(q* — > +1)
Crp = Cso[4] + Cung’[2] _ —(¢* + D(¢* + D¢ — ¢ —¢* —¢° + 1)
[3] ¢ (¢ +¢* +1)
o = Cull+Cod' (" + D+ +¢" + @+ D¢ " +¢" —¢' — 1)
51 [3] q16(q8 _I_q4 + 1)
Csol6
Coo = sol6) = —¢°Cog

3]

For wy, ws and wg we have the relation
(67) Cij =Ce_je—ifor 7<i4j5 <9,

Since the basis v;@v; of V(6)®@V(6) is orthogonal, it is easy to work out the component of
v;@v; along wi. Weight considerations show that this component is zero unless k = 145 —3,
so the projection of v;@v; onto the submodule spanned by the wy is a multiple ng of

wiy;—3. We have

(Witj—3, Witj-3)  (Witj—3,Wit;-3) (Witj-s, Witj-3)

—i(5—i) [6] —i(5—j) M
(68)  Si;= (vi@vj, wirys) _ Cijlvi,vi)(v,v;) _ it BE j
ij
where the square lengths are

(69) (Wi j—3, Witj-3) =

Z C(vr, vr)(vs, v5) = Z C2.q "6 |:T:|q—8(5—5) [i]

s=i+] rds=t4j
0<r <6 0<r,s<6
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If we identify v; and w;, the coefficients Sl’j are the structure constants of the nonassociative
algebra structure on V(6),.
Now set

q28_q26_|_q24_|_q20_|_q16_|_q12_|_q8_I_q4_q2_|_1

(70) fe= ¢+ ¢+ 1)+ 1)

Note that when ¢ = 1 we have I, = 1. Define
(1) ao=( "+ +¢ +" +¢+1)° ar=(+1" +¢" +¢ +q¢+1)°,

and the following g-analogues of the expressions in formula (54):

I I —[2][2]11, 211311,
(72) ap = qo‘O7 ay = qulj ay = [ ][5] an7 as = [ ][39] q7
q q q- o q
MM R, -l
! q14a0 ° qlgal ’ ° q26a0 7

Introduce scaled basis vectors V; = a;w; for 0 < < 6. With respect to the V; the structure

constants S;; are as follows:

1
SOO = 07 501 = 07 502 = 07 503 = q9 + q37 504 = q5 +q, 505 = _q2 - q_27
1 1 1
Sog = ——+ — — —,
¢ ¢ ¢
5 1 9 1 1 6 2
S10=0, Su=0, S2=¢+-, Ss=¢ —¢g—-——, Su=-¢ —¢ +1+—,
q 9 9 q
1 1 1 1
Ss=¢"+1-5+—5— =%, Sie=-¢ -,
q2 q4 q6 q3
1 ) 1
Sa0 =0, 521=—q—q—5, Sas = —q" —¢q -I-—4—|-q—6,
1 1 1 1
Sps=¢"—¢" —¢" —2¢—~+ 5+ =, Su=—q +q+-+ 5=,
9 9 q q
5 1 1 [§
Sis=—¢ —¢+5+=, Sw=¢ +1,
q q
11 11 - 11
530:—q—3—q—97 S31=¢ +q+§—q—9, Sz2=—q' —¢q -I-q-l-—-l-—3—|-q—5—q—9,
1 1 2 1 1
533=q9—q7—2q5—q3—q+—+q—3+q—5+q—7—q—9,
1 1 1 1 1
Suu=¢" -’ ¢ =2¢— -+ <+ 5, Sus=¢—-qg--—=, Su=¢+¢,
9 49 q 9 49
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1 1 1 1 1 1
S0 =—-——, 541=—q4—1—i——2-1-—67 542=q7—q5—q——+—7,
9 9 q q qa 9
2 1 1 1 1
Sp=—0' —Ctat ot 5t s oG Su=—C gt +5 Ss=d+L
546:07
1 1 1 1
Sso=¢"+—5, Sau=¢"—-¢+¢-1-——, Soo=—¢ -+ 5+,
q q q q
1 1 1
553:q3‘|‘Q‘|‘§—q—97 5542—1—q—47 S55 =0, Ss6 =0,
1 1 1 1
Seo =4 —¢* + ¢, 561:q3—|-—3, Se2=—-1——, Ses=——5——, Sesa=0,
q q q q

565 = 0, 566 =0.

These rational functions lie in the Laurent polynomial ring Z[q, ¢ '] and satisfy the sym-
metry relation Sj;(¢) = —S;j(¢™!). They define a g-deformation of the Malcev algebra M,
and specialize when ¢ = 1 to the structure constants displayed in table (56).

We also need to compute K, explicitly. Formulas (28-30) give a basis vector for the

V(0), summand of V(6),®V(6), and its square length:

(73) e= (-1 d

(74) Kq(vi,v6-i) = —i

and K,(vi,v;) = 0 unless ¢ + 7 = 6. Now scale the basis for V(0),, by defining

ot =+ (¢ -+t =@+ 1)[2]2 (207 (3] 5],
(75) Z = i .

In terms of the basis V;, and choosing the isomorphism V(0), = C which identifies Z with

1, we have

? 0 1 2 3 4 ) 6

K,(Vi,Ve-i) 217 2 q2P [2P° g2 Z[2° &2

(76)

1
q
This provides a g-deformation of table (65), the symmetric sl(2)-invariant bilinear form on

M.
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Computing :L’%q and z14%24 using K, and L, suggests that the natural choices for &,
and A, are
1 1

(77) K= Mg

The calculations omitted here are very similar to those preceding (42) and (43). When
qzlwehave/ﬁ:éand/\lzé.
Using these values for xk, and A\, we compute the multiplication table for the quantum

octonions. This table specializes to table (45) when ¢ = 1.

(78)
S _1[2]2 ~ liqw gt 9t 12 10 g8 S 1 ogt 4 g 1$1q
4 2 q°
S _liqls gt 21 12 10 g8 g 6 120t 4 g2 1$2q
4 q°
1¢"8 +¢10 —¢12 -3¢0 368 — S+ 4% +1
_ Z q9 L3q
S lqls Lt 12 3410 348 — ¢S 4 g%+ 1$2q
4 q°
1’.q18_q16_2q14_q12_q10_|_q8_|_q6_|_2q4_|_q2_1
T4 q° o
rag = _liq18 _I_q12 _q6 _ 1x4q B lq18 _q12 _2q10 _2q8 _q6 + 1x5q
4 q° 4 q°
S lqls g2 — 210 948 St 1I4q - liqls L2 gb — 1I5q
4 q° 4 q°
I _liqléi _I_q12 _q6 _ 1$6q B lq18 _I_q12 _I_q6 + 1$7q
4 q° 4 q°
1y = lq18 _I_q12 _I_q6 _|_1$6q B liq18 _I_q12 _q6 _ 1$7q
4 q° 4 q°
S _liqls gt g1 12 10 B g S 1 2gt 4 g? 1$2q
4 q°
1¢"8 +¢10 —¢12 -3¢0 368 — ¢S+ 4% +1
‘|‘Z qg T3q
vagag = — L2 4+ Lg - L 1¢2-¢"+¢"—¢"+¢ - ¢*+q- L,
4 2 ¢ 4 q
1’.q12—|—q11—|—q10—|—q7—q5—q2—q—1
— Zl q6 Ts5q
L2¢¥3q = —li[Z]G - E2QM — q12 — 2q8 — ZQ6 — Q2 il 2$1q
4 2 q’
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‘|‘4 q6 T4gq
1q12_q11+q10_q7_|_q5_q2_|_q_1
_Z q6 $5q
_ 1q13_|_q11_qlo_q6_|_q4_q3_q_|_1
L2¢qTqaq = _Z q6 T2q
4 q6 el 4 q5 ~oq
1¢—¢*+¢ -1
— —1 T
4 q> 1
_ 1’.q13+q11_|_q10+q6_q4_q3_q_1
L2¢T5¢ = — 1 q6 T2q
1q13_|_q11_q10_q6_|_q4_q3_q_|_1 1.q9_q6_|_q5_1
_Z q6 $3q—|-zl q5 Tegq
1¢°+¢°+¢°+1
_ — T7q
4 q°
L2q-6q 4 e 4q 7 +3q
B l’.qll_l_q5_q4_1 lq11‘|‘qa‘|‘q4‘|‘]—
L2¢T7q = —4L q5 Tyqg — 4 q5 Ts5q
1q18+q16_q12_3q10_3q8_q6+q2+1
L3¢ T1g = T ¢ TL2q
1.q18_q16_2q14_q12_q10_|_q8_|_q6_|_2q4_|_q2_1
— —1 L3q
4 q°
1.. 12q14_q12_2q8_2q6_q2_|_2
L3qT2q = ZL[Z]G—I—i q7 T1gq
—I—ZL q6 Taq
1q12_q11+q10_q7_|_q5_q2_|_q_1
_Z q6 $5q
1 1.440—1
T3ql3q = _1[2]2 + 3! P T1q
1q12_q11+q10_q7_|_q5_q2_|_q_1
‘|‘Z q6 L4gq
1.q12_|_q11_|_q10_|_q7_q5_q2_q_1
+ —t Ts5q

4

1.gB g 44018 —g* —®—g—1
7

q6

L3¢qT4aq =

4

i)
6 q
q
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_|_1q13‘|’q11_qlo_q6+q4_q3_q+1x +liq9_q6+q5_1r
4 q6 3q 4 q5 “6q
1¢°+¢°+¢°+1
‘|‘Z q5 T7q
B 1q13_|_q11_qlo_q6_|_q4_q3_q_|_1
L3¢T5q = _Z q6 T2q
+ —t 5 T3qg — 7 5 Tegq
4 q 4 q
1.¢°—q¢®+¢°—1
+ —t T1q
4 q>
L3¢qTeq = 4l q5 T4q 4 q5 Ts5q
T3qlrqg = _Z q5 P q5 T5gq
1.q18_|_q12_q6_1 1q18_q12_2q10_2q8_q6_|_1
TagTig = =70 o Tag T o Tsq
_1q13_q12_q10_|_q9_q7_q3_|_q2_|_1
fﬁ4q$2q—1 q7 T2q
—I_ZZ P $3q—1 e Tegq
1l -t -1
4 q* M
_1‘.q13_|_q12_|_q10_|_q9_q7_q3_q2_1
LyqT3q = Zl q7 L2q
_lq13_q12_q10_|_q9_q7_q3_|_q2_|_1 l‘_q9_q4_|_q3_1
1 q7 $3q—|—4z q4 Tegq
1¢°+¢"+¢* +1
-1 . Trq
1 1.q12 _I_q8 q4_1
: = —-[2][2],2 — =
"C4ql'4q 4[ ][ ]q2 2l q6 xlq
B 1.. P 1q12 2q10_|_q8_2q6_|_q4 2q2+1
fﬁ4q$5q—_zl[z] q2_§ 4 Tiq
IR X o el SO BU Sl Al e
L4qLlbg 4 q3 L2q 4 q3 L3q
IO Y Lk Sk St SO & S e e
Laglrg 4 PE L2q 4 ¢ 3q
. __lqlS_qlz_quo_qu_QG—l_lr _liq18+q12_q6_1$
Ligllqg — 4 qg Ldq 4 qg 5q



T5¢T2q

T5¢T3q

T5¢T4q

LT5¢T5¢

T5¢Te6q

T5¢T7q

quzlq

LTegLag

LegL3g

Teglig

x6q$5q

x6q$6q

LegLrg

L7¢T1gq

L7424

NS
NIO
UM OCTO

T

AN

QU

21
P —yq
T—g¢

' +4¢ —q¢

12_+

13 +_q

L.

T24
7
q
4

1
Z+
3 +_q
9—q¢"—¢

q10 +_q

12

13y

lgq

4
L3q 4

7

q

4

1
3_+ N
4 +_q t
9 +_q

lgq

Tq
¢
4

1
2+
3 +_q

P —q"—y¢

q10 +_q

12

13 _y

lgq

1
P+
14y L
L2g 9 +_q
1q i
4 q
3 q2 __1;E3q_+ :
: ¢ —q -
qlo—l—q97—
13 4 12 4 : |
1.q ) xlq
= L B
-|-4 g8 - T1q -
1iqg_q¢ 2q10+q8_6
iy N |
-|-4 5 o
1 ez—l—i il T1q 1
_—5[2] q 1 q12 _I_q : 5—|_q—|_ )
= 4 iy q . q6 +_q :
1 2] — _ |
_Z[Z][ 5_q—|_1xzq_4 q5—q+1:c3q
6 _ g 5 |
liq qs | liq « 124 6%+ T7q
1 S4+q+ xzq_él L |
6 4 g | q
lq g3 12 q6_1$6q+4 7_q6_1$5q
: i 1y,
1.QI8+qq9 1iq + q 641
W 6+1x4q‘|‘1 T+yg T5
v 1y,
1qu+q 6 lgq q8 1
hl p - B +
= q7—q6 Tyq 4 . .
1 qll—l- 6 1iq :
B 5q —I_lll?zq"’z 5 q+1:z;3q
+4q o
1 q6 +—q - | q +_ |
hl p 1 _ | -
) S g+ T2q Ty 14 .
6 _ g5 — -
1.¢q q3 . q8+q 5 |
= i | ‘
= 1.q - i
1 v *4+4¢°+¢ 6_ 1
_[2][2 q 10— 9 + 5 12 q Trg
—4 1q ql qlg—l_q 9
— = | q |
e i
_EZ[Z]eqS 2 6+1$6q_4 T+¢%+ Tsq
4 12 +_q : +_q
1¢"® +¢ : g q6
1 7q q6_1$4q !
1y,
1.q -
)
4

6g

23
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T7¢T3q = Z q6 T4gq ZZ q6 Ts5q
_ 14 —¢—q+1 1¢°+¢° +q¢+1
Tr¢qTaq = __Zl q3 LTog — Z q3 L3q
1+ +q+1 1.¢°—¢"—q+1
T7qT5q = _Z q3 Toq + Zz q3 T34
T7¢Teqg = ZZ[Z]eqS + 5 q5 T1gq
1.. 1.q10_q8_|_q6_q4_|_q2_1
T7ql7q = _Z[Z][Z]q?’ -3¢ P T1q
In this table we use the notation
0 " 1
q "

It is easy to check, by considering the eigenvalues of the diagonalizable element (V; in H,
and V3 in C;), that there is no subalgebra of C, isomorphic to ‘H, for all ¢; this is possible

only for special values of ¢.
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