ON THE DEFINITION OF QUASI-JORDAN ALGEBRA

MURRAY R. BREMNER

ABSTRACT. Veldsquez and Felipe recently introduced quasi-Jordan algebras
based on the product a <b = %(a - b 4+ bt a)in an associative dialgebra
with operations -4 and . We determine the polynomial identities of degree
< 4 satisfied by this product. In addition to right commutativity and the right
quasi-Jordan identity, we obtain a new associator-derivation identity.

Loday [4, 5] defined an (associative) dialgebra to be a vector space with two
bilinear operations a - b and a - b satisfying these polynomial identities:

(a4b)de=a-4(bHdc), (aFbFc=at(bFec), (abb)dc=at (bde),
(aFb)Fe=(adb ke, ad(bde)=a-d(bF ).

Let w = ay---a, (a1,...,a, € X) be a dialgebra monomial over X; the bar
indicates some placement of parentheses and choice of operations. If w € X then
the center c¢(w) = w; otherwise c¢(w; 4 wq) = ¢(w;) and c(wy b wy) = c(ws).

Lemma 1. [5] If w ="a1 - a, and c(w) = ay, then
w:(a1|—~--|—ak_1)l—ak—{(ak+1 —{—|an)
We write w = aq -+ - ag_1akak+1 - - - G for this normal form of w.

Lemma 2. [5] The monomials ay - - - ag—10xak+1 - apn (1 <k <n)foray,...,a, €
X form a basis of the free dialgebra on X.

Veldsquez and Felipe [8, 9] introduced the (right) quasi-Jordan product in
a dialgebra over a field of characteristic # 2:

adb=1(a-b+ bt a).

We omit the operation symbol and the scalar %, and write ab=a 4b + bF a.
Lemma 3. [8] The quasi-Jordan product satisfies the right commutative identity:
a(bc) = a(cd).

Expanding the left side gives a result which is symmetric in b and c:
a(bc)=ad4(bdc+ckFb)+(bdc+ckbta
=a-d(bHde)+a-d(ctb)+(bdc)Fa+ (ckb)F a=abc+ ach+ bca + cha.

Lemma 4. [8] The quasi-Jordan product satisfies the right quasi-Jordan identity:

(ba)a® = (ba?)a.

Expanding both sides gives the same result:

(ba)a’> = (b4a+aFbd)d(ada+arFa)+(ada+aka)k(bda+alb)

=0bHda)d(ada)+(bda)d(ata)+(atb)d(ada)+ (akb)d(at a)
1
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+(@da)F(bda)+(ada)F(akFb)+(aFa)F(bda)+(aFa)t (akb)
= 2baaa + 2abaa + 2aaba + 2aaab
=0bd(ada)da+(bd(ata)da+((ada)Fb)da+((akFa)Fb)Hda
+ab(bd(ada))+ak-(bd(ata))+at ((ada)Fb)+at ((ata)tFb)
=0bd(ada+ata)+(ada+ata)kb)da
+akF(b-d(ada+ata)+(ada+alta)kb)
= (ba?)a.

Remark 5. The (right) quasi-Jordan product does not satisfy a?(ab) = a(a?b):
a*(ab) = (aHda+aka)d(a4b+bFa)+(adb+blFa)t (ada+al a)
=(ada)d(a4bd)+(ada)d(btFa)+(ata)d(adb)+(ata)d(bFa)

+(@db)F(ada)+(adb)F(akFa)+(bFa)F(ada)+(bFa)l (aFa)
= aaab + aaba + aaab + aaba + abaa + abaa + baaa + baaa,
a(@®)=a-((ada+ata)4b+bF (ada+at a))

+((ada+ata)db+dbF(ada+aka)ta
=a-d((ada)d4d)+a-d((aka)db)+a-d(bF(ada))+a-d(bF (at a))

+((ada)db)Fa+ ((aFa)db)Fa+ (bF (ada)Fa+ (bF(ata))Fa
= 2aaab + 2abaa + 2aaba + 2baaa.

In this paper we determine a set of generators for the identities of degree < 4
satisfied by the quasi-Jordan product over a field of characteristic 0. We may
assume that the identities are multilinear by Zhevlakov et al. [10], Chapter 1. We
use the computer algebra system Maple [6] for calculations with large matrices.

Theorem 6. Fvery polynomial identity of degree < 3 satisfied by the quasi-Jordan
product is a consequence of right commutativity.

Proof. The two association types (%)%, *(xx) and six permutations of a,b, ¢ give
12 nonassociative monomials, ordered as follows:

(ab)e, (ac)b, (ba)c, (be)a, (ca)b, (cb)a, a(be), a(ch), b(ac), b(ca), c(ab), c(ba).

There are 18 dialgebra monomials, ordered as follows:
abe, acb, gac, /b\ca, cab, cha, agc, ach, bac, bea, cab, cga, abc, acg, bac, bea, cag7 cha.

We expand each nonassociative monomial with the quasi-Jordan product:

(ab)c=(a4b+bta)dc+ck (adb+blF a) =abc+ bac + cab + cba,

a(bc)=a-4(bdc+ckb)+ (bdc+ckb)F a=abc+ acb+ bea + cha.
By permutation of a, b, ¢ we obtain the remaining expansions:
(ac)b =acb + cab + bac + bea, a(cb) = acb + abe + cba + bea,
(ba)c = bac + abe + cba + cab, b(ac)
(bc)a = bea + cba + abe + ach, b(ca) = bea + bac + cab + ach,
(ca)b = cab + acb + bca + bac, c(ab) = ¢ab + ¢ba + abc + bac,
(cb)a = ¢ba + bea + ach + abe, ¢(ba) = ¢ba + cab + bac + abe.
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TABLE 1. The matrix Fj3, its row canonical form and nullspace basis

Let E5 be the 18 x 12 matrix whose (i, j) entry is the coefficient of the i-th dialgebra
monomial in the expansion of the j-th nonassociative monomial. The nullspace of
E3 consists of the identities in degree 3 satisfied by the quasi-Jordan product.
The matrix F3 is on the left side of Table 1 (. for 0); on the right side is the row
canonical form (upper block) and the canonical basis of the nullspace (lower block).
The nullspace basis vectors are the coefficient vectors of the permutations of the
right commutative identity: —a(bc) 4+ a(cb), —b(ac) + b(ca), —c(ab) + c(ba). O

Theorem 7. Fvery polynomial identity of degree < 4 satisfied by the quasi-Jordan
product is a consequence of Tight commutativity and these identities in degree 4:

J = (a(be))d + (a(bd))c + (a(cd))b — (ab)(cd) — (ac)(bd) — (ad)(be),

K = ((ab)d)c + ((ac)d)b — (a(bc))d — (a(bd))e — (a(cd))b + a((bc)d).
The identities J and K are independent: neither implies the other.
Proof. The 5 association types are ((sx)x)x, (x(sx))%, () (k) *((x5)%), *(x(%x)).
Right commutativity eliminates type 5, a(b(cd)) = a((cd)b), and implies symme-
tries in types 1-4: ((ab)c)d has no symmetry, but (a(bc))d = (a(cb))d, (ab)(cd) =
(ab)(dc), and a((bc)d) = a((cb)d) since a((be)d) = a(d(be)) = a(d(ch)) = a((cb)d).
Each symmetry divides the number of monomials by 2, so types 1, 2, 3, 4 have
24, 12, 12, 12 monomials. We order these 60 monomials by association type and
by lex order of the permutation (Table 2). There are 96 dialgebra monomials: in
each permutation each factor can be the center. We order these monomials by the

position of the center and by lex order of the permutation (Table 3). We expand
each nonassociative monomial and replace each dialgebra term by its normal form:

((ab)c)d

=({(adb)de)dd+dF ((a4b)Hec)+ (¢ (ab)) 4d+dF (cF (a 1D))
+((bFa)de)dd+dF((bFa)de)+ (ck(bFa))dd+dF (ck (bFa))

= abed + dabe 4 cabd + dcab + bacd + dbac + cbad + dcba,

(a(be))d

=(@A0He)4d+drF (a4 (bAe)+((bAe)Fa)dd+dF (b-c)F a)
+(ad(ckb)dd+dF(ad(ck b))+ ((ckFb)tFa)dd+dF ((ckFb)Fa)
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= abed + dabe + bead + dbca + acbd + dach + cbad + dcba,
(ab)(cd)
=(a4b)d(cHdd)+(cHd)F (a4b)+ (aHb)Hd(dFec)+(dFc)F (aD)
+(bFa)d(cHdd)+(cHdd)F (bFa)+ (bFa)d(dFe)+(dFe)F (bFa)
= abed 4 cdab 4 abdc + dcab + bacd + cdba + bade + dcba,
a((bc)d)
=a-4((bde)dd)+((bHde)dd)Fa+a-d(dF-(bHde))+(dF(bHe)Fa
+ad4((ckFb)dd)+ ((cFb)dd)Fa+a-d(dF(ckb)+(dF(cFb)Fa
= abed + beda 4 adbe + dbea + acbd + cbda + adeb + deba.
Because of its large size, we omit the 96 x 60 matrix E; whose (i, j) entry is the
coeflicient of the i-th dialgebra monomial in the expansion of the j-th nonassociative
monomial. Table 4 gives the row canonical form of Fy in the upper block (4 for 1,
— for —1), and the canonical basis of the nullspace of E, in the lower block. The
rank is 44 and the nullity is 16. Nullspace basis vectors 1-4 represent the first 4
identities in Table 5 which span an S4-module generated by the identity J. In J, if
we (simultaneously) replace a by b, and b, ¢, d by a, then we obtain 3(ba?)a—3(ba)a?;

this is equivalent to the right quasi-Jordan identity (since char F # 3). If we linearize
the right quasi-Jordan identity and apply right commutativity then we obtain

(a(bc))d + (a(bd))c + (a(ch))d + (a(cd))b + (a(db))c + (a(dc))b
— (ab)(ed) — (ab)(de) — (ac)(bd) — (ac)(db) — (ad)(be) — (ad)(cb)
= 2(a(be))d + 2(a(bd))c + 2(a(cd))b — 2(ab)(cd) — 2(ac)(bd) — 2(ad)(bc);
this is equivalent to identity J (since charF # 2). Nullspace basis vectors 5-16
represent the last 12 identities in Table 5 which span an S;-module generated by

the identity K. The Sy-submodules generated by J and K have zero intersection,
and so J and K are independent. O

Remark 8. If we write D, 4(z) = (a,x,d) = (ax)d—a(zxd) then K represents a form
of the derivation rule: Dy q(bc) = Dg q(b)c+ Dq q(c)b. In K, if we (simultaneously)
replace a by b, d by ¢, and b, ¢ by a, then we obtain

((ba)c)a + ((ba)c)a — (ba?)c — (b(ac))a — (b(ac))a + b(a’c)

= 2((ba)c)a — 2(b(ac))a — (ba*)c + b(a’c) = 2(b,a,c)a — (b,a?,c),
If we linearize 2(a, b, d)b — (a,b?,d) and apply right commutativity then we obtain
an identity equivalent to K (since charF # 2):

2(a,b,d)c + 2(a,c,d)b — (a,bc,d) — (a,cb,d)
= 2((ab)d)c — 2(a(bd))c + 2((ac)d)b — 2(a(cd))b — (a(bc))d + a((be)d)
— (a(cb))d + a((cb)d)
= 2((ab)d)c + 2((ac)d)b — 2(a(bc))d — 2(a(bd))c — 2(a(cd))b + 2a((be)d).
Remark 9. We have the following direct proof that (b,a?,c) = 2(b, a, c)a:
(b,a?,¢) = (ba?)c — b(a’c)
=0bd(ada+ata)+(ada+aba)kd)dc
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(@h)e)d ((@h)d)e (acp)d ((@)d)p  ((@dp)e ((@db ((ba))d ((ba)d)e
(b)a)d ((be)d)a ((bd)ae ((bdca  ((ca)p)d ((ca)db ((ha)d ((cb)d)a
(cd)a)b ((cdp)a ((da)p)e ((da)e)p  ((dh)a)e ((db)c)a ((de)a)b ((de)b)a
(a(be))d (a(bd))c (a(ed))b (b(ac))d (b(ad))e (b(cd))a (c(ab))d (c(ad))b
(c(bd))a (d(ab))e (d(ac))b (d(bc))a  (ab)(cd) (ac)(bd) (ad)(be) (ba)(cd)
(be)(ad) (bd)(ac) (ca)(bd) (cb)(ad) (cd)(ab) (da)(bc) (db)(ac) (dc)(ab)
a((be)d) a((bd)c) a((cd)b) b((ac)d) b((ad)c) b((ed)a) c((ab)d) c((ad)b)
c((bd)a) d((ab)e) d((ac)b) d((bc)a).

TABLE 2. Nonassociative monomials in degree 4

Gbed abde Gcbd dcdb adbe adeb bacd bade bead beda bdac  bdea
Cabd Cadb Cbad cbda <¢dab ¢dba  dabe dachb dbac dbca deab  dcba
abed abde achd acdb adbe adeh bacd bade bead beda bdac  bdca
cabd cadb cbad cbda cdab cdba dabe dach dbac dbca dcab dcba
abed abde acbd acdb adbc adéb bacd bade bead beda bdac bdca
cabd cadb cbad cbda cdab cdba dabe dach dbac dbca dcab dcba
abed abde acbd acdb adbe adch bacd bade bead bedd bdac  bdca
cabd cadb cbad cbda cdab cdba dabe dach dbac dbca dcab dcba.

TABLE 3. Dialgebra monomials in degree 4

+ckH(bd(ada+ata)+(ada+ata)bbd)

—bd((ada+ata)dc+ct(ada+ala))

—((ada+ata)dc+ckF(ada+ata)kbd
=0bd(ada))dec+(bd(ata))dc+((ada)Fbd) dc+ ((aFa)Fb)de

+ck(Od(ada))+ck(d(ata))+ck((ada)Fb)+ctk ((at a)Fb)

—bd((ada)dce)—bd((ata)dec)—bd(ck(ada))—bd(ct (at a))

—((ada)de)Fb—((aFa)dc)Fb—(ck(ada))Fb—(ck(aka))Fb
= 2baac + 2aabe + 2cbaa + 2caab — 2baac — 2bcaa — 2aach — 2caab

= —2gcaa+263aa+2aagc—Qaacg,

(b,a,c)a = ((ba)c)a — (b(ac))a

=((bda+atb)dc+ck(bda+abd)da

+at((bda+akb)dc+ck(bda+at b))
—(bd(adc+crFa)+(adc+cka)Fb)da

—abFbd(adc+cka)+(adc+cka)bb)

=((bda)de)da+ ((akbd)de)da+ (ck(bda))da+ (ck (aF b)) da
+ab((bda)de)+at((akFb)de)+ak (ck(bda))+at (ck (at b))
—(bd(a-de)da—(bHd(cka)da—((adec)Fb)da—((cFa)Fb)Ha
—ab(bd(aHde)—atk(b-d(cta))—alk ((adc)Fb)—at ((ckFa)kb)

= Baca + agca + cgaa + caga + a@ac + aa/b\c + acga + acag
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—(a(be))d — (a(bd))e — (aled))b + (ab)(cd) + (ac)(bd) + (ad)(be)
—(b(ac))d — (b(ad))c — (b(ed))a + (ba)(cd) + (be)(ad) + (bd)(ac)
—(c(ab))d — (¢(ad))b — (c(bd))a + (ca)(bd) + (cb)(ad) + (cd)(ab)
—(d(ab))c — (d(ac))b — (d(be))a + (da)(be) + (db)(ac) + (de)(ab)
((ab)d)e + ((ac)d)b — (a(be))d — (a(bd))c — (aled))b + a((be)d)
((ab)e)d + ((ad)e)b — (a(be))d — (a(bd))c — (a(cd))b + a((bd)c)
((ac)b)d + ((ad)b)e — (a(be))d — (a(bd))c — (a(cd))b + a((cd)b)
((ba)d)c + ((be)d)a — (b(ac))d — (b(ad))c — (b(cd))a + b((ac)d)
((ba)e)d + ((bd)c)a — (b(ac))d — (b(ad))e — (b(cd))a + b((ad)c)
((be)a)d + ((bd)a)c — (b(ac))d — (b(ad))c — (b(cd))a + b((ed)a)
((ca)d)b+ ((eb)d)a — (c(ab))d — (c(ad))b — (c(bd))a + ¢((ab)d)
((ca)b)d + ((ed)b)a — (c(ab))d — (c(ad))b — (c(bd))a + ¢((ad)b)
((cb)a)d + ((ed)a)b — (c(ab))d — (c(ad))b — (c(bd))a + ¢((bd)a)
((da)e)b + ((db)c)a — (d(ab))c — (d(ac))b — (d(bc))a + d((ab)c)
((da)b)e + ((de)b)a — (d(ab))e — (d(ac))b — (d(bc))a + d((ac)b)
((db)a)e + ((de)a)b — (d(ab))e — (d(ac))b — (d(bc))a + d((be)a)
TABLE 5. Nullspace basis identities 1-16

— baca — bcaa — acba — caba — abac — abca — aachb — acab
= —bcaa + cbaa + aabc — aach.

Definition 10. Veldsquez and Felipe [8] define a (right) quasi-Jordan algebra
to be a nonassociative algebra satisfying the right-commutative identity a(bc) =
a(cb) and the right quasi-Jordan identity (ba?)a = (ba)a®. We propose the following
definition which includes the (nonlinear version of the) identity K: a semispecial
(right) quasi-Jordan algebra over a field of characteristic # 2,3 is a (right) quasi-
Jordan algebra satisfying the associator-derivation identity:

(b,a?,c) = 2(b,a, c)a.

Remark 11. If D is an (associative) dialgebra, then the plus algebra of D is
the algebra DT with the same underlying vector space but with the operation
ab=a 4 b+ bF a. By analogy with the theory of Jordan algebras, the natural
definition of a special (right) quasi-Jordan algebra is one which is isomorphic to a
subalgebra of D for some (associative) dialgebra D. By the results of this paper,
it is clear that every special (right) quasi-Jordan algebra is a semispecial (right)
quasi-Jordan algebra. However, the converse is false: it has been shown recently by
Bremner and Peresi [1] that there exist polynomial identities in degree 8 satisfied by
the quasi-Jordan product in every (associative) dialgebra which do not follow from
the three identities of Definition 10. We therefore have three classes of algebras,
related by strict containments, where RQJ means (right) quasi-Jordan:

special RQJ algebras C semispecial RQJ algebras C RQJ algebras
This motivates our choice of the term semispecial in Definition 10.

Remark 12. Any associative algebra is a dialgebra in which the operations 4 and
F coincide. It follows from Remark 9 that every special Jordan algebra is a spe-
cial quasi-Jordan algebra and hence satisfies the associator-derivation identity. The
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referee raised the question of whether every Jordan algebra satisfies the associator-
derivation identity. The linearization of the Jordan identity (a?b)a —a?(ba), assum-
ing commutativity and characteristic # 2, is

J(a,b,c,d) = ((ac)b)d + ((ad)b)c + ((ed)b)a — (ab)(cd) — (ac)(bd) — (ad)(be).

The linearization of the associator-derivation identity (b, a?, c) = 2(b, a, ¢)a, assum-
ing commutativity and characteristic # 2, is

K(a,b,c,d) = ((ab)e)d — ((ac)b)d — ((ad)b)c + ((ad)c)b + ((bd)c)a — ((ed)b)a.

Then we have K(a,b,c,d) = J(a,c,b,d) — J(a,b,c,d), which implies that every
Jordan algebra satisfies the associator-derivation identity. Hentzel and Peresi [2]
consider the identity (b,a?,a) = 2(b,a,a)a which is a weak form of the associator-
derivation identity obtained by setting ¢ = a. They prove that over a field of
characteristic # 2,3 any commutative algebra which satisfies this weaker identity,
and is also semiprime, must be a Jordan algebra.

Remark 13. After this work was completed, the author became aware of two
closely related papers. In Kolesnikov [3] the polynomial identities (26-27) are equiv-
alent (collectively) to the opposite versions of the right quasi-Jordan identity and
the associator-derivation identity, a(a?b) = a?(ab) and (b,a?,¢c) = 2a(b,a,c), as-
suming left commutativity (ab)c = (ba)e. Pozhidaev [7] gives a simple algorithm
to obtain from any variety of algebras a corresponding variety of dialgebras; in the
case of Jordan algebras we obtain the variety of semispecial quasi-Jordan algebras.
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NSERC, the Natural Sciences and Engineering Research Council of Canada.
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