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We construct a power associative algebra over the field with 3 elements which is no
longer power associative when the scalars are extended to the field with 9 elements.
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One of the surprising properties of nonassociative algebras over finite fields is
that a finite dimensional algebra can satisfy a polynomial identity even though a
scalar extension of the algebra does not satisfy the identity. In this note we construct
a 12-dimensional power-associative algebra over the field with 3 elements which
is no longer power-associative when the scalars are extended to the field with 9
elements.

Let ¢ be a nonassociative algebra over the field F; that is, &/ is a vector space
over FF together with a bilinear multiplication s x ¢ — s{. We say that s{ is power
associative if it satisfies the identities a*a® = a*** (for all a € &) for k, £=1,2, ...,
where a is defined by a' = a, a* = a*"'a; equivalently, if the subalgebras generated
by single elements are associative. We that $f is strictly power associative if the
scalar extension $f ®y K is power associative for every extension field K of F.
By a theorem of Albert (1948), over a field of characteristic # 2, 3, 5 every power
associative algebra is strictly power associative. An example of an algebra which is
power associative but not strictly power associative was given by Kokoris (1954,
p- 364). However, that article presents the example without an explanation of its
origin. The purpose of the present note is to provide a construction of this algebra
which makes clear why it has this unusual property.
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Let F= {0, 1, 2} denote the field with 3 elements. We build up a monomial
basis for the free commutative nonassociative algebra ¢ over F on two generators
x, y one degree at a time:

degree 1: x,y

degree 2: X%, xy, y*

degree 3: x’x, X%y, (xy)x, (xy)y, y*x, ¥y

degree 4: (x*x)x, (x*y)x, ((xy)x)x, ((xp)y)x, (¥*x)x, (),

(*x)y. (), ((x) )y, ((x9)»)y. %)y, ()
XX, X (xy), X2y7, (xp) (xy), (x3)y°, ¥y

degree 5: ((x’x)x)x, ..., ((x*x)x)y,....

Let .¥ be the subspace of s/ spanned by all the monomials of degree >5. Then .¥ is
an ideal in &{ and a basis for % = s(/.7 consists of the cosets w + . where w is one of
the 29 monomials of degrees 1 to 4. From now on we will abuse notation (slightly)
by writing w for an element of % when we really mean w + .. In other words, we
take the 29 monomials of degree <4 as a basis of 9 subject to the condition that
any product of degree >5 is zero.

Our next step is to impose the power associative identities on %. For any
commutative nonassociative algebra, the third-power identity a’a = aa® is clearly
satisfied. For a field of characteristic 3, an algebra is power associative if and only
if it satisfies the fourth-power identity (a’a)a = a*a*> and the fifth-power identity
((a*a)a)a = (a’*a)a® (see Kokoris, 1954, p. 365). The algebra % automatically
satisfies the latter identity since all products of five elements in % vanish. Therefore,
the only other power associative identity of degree < 4 that we need to consider is
the fourth-power identity. We take a = Ax 4+ py with 4, u € F and expand, collecting
terms which have the same powers of A and u. We obtain

AP+ 2200 + 22 1PR 4+ S 4+ T =0, 0.1)
where (recalling that char F = 3)
P = (x’x)x + 2x°x%,
0 = 2((xy)x)x + (Fy)x + (F*x)y 4 27 (xy),
R = (°x)x + 2((xy)y)x 4+ 2((xy)x)y + (F°y)y + £°y* + 2(xy) (xy),
S =2((y)y)y + Py + (P y)x + 2(x)y7,
T = (Py)y+2y°y.

(For a detailed discussion of this process of partial linearization, see Chapter 1 of
Zhevlakov et al., 1982.) Clearly, P and T are zero by the fourth-power identity, so
we obtain

220 + 221PR 4+ s = 0. 0.2)
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If we want to make 98 power associative, we will have to factor out an ideal ¥ which
contains all the elements having the form of the left side of (0.2). But now something
interesting happens. Over a field containing elements A, u for which the scalars A3y,
J2p2, s are all distinct, we can use a Vandermonde determinant to deduce that
the polynomials Q, R, S must also be zero. But F does not have such elements! In
fact every element of F satisfies the polynomial o« = «. Using this, equation (0.2)
simplifies to

uQ + 22 1*R + uS =0, (0.3)

and so the best we can do over F is to deduce that Q +§ and R must be zero.
This is the crucial fact that permits the existence of an algebra which is power
associative but not strictly power associative. (If the field is infinite this type of
argument can be used to show that any power associative algebra is strictly power
associative.)

So let ¥ be the subspace of % spanned by all the monomials of degree 4
except (x*x)y and (y*x)y. (We could equally well omit any term in Q and any term
in S.) Then ¥ is an ideal in 98 and the quotient algebra € = %/ ¥ is almost power
associative. The algebra ¢ has dimension 13 and basis

x, y, X7, xy, ¥, x, Xy, (o)x, (0)y, vix, ¥y, (FPx)y, (X))

for monomials v, w in this list the product is vw if vw is also in the list and zero
otherwise. In this algebra the polynomials P, R, T are zero, but Q + S is not. To
make Q + S =0 we need to take one more small step. Let & be the subspace of
% spanned by (x2x)y + (y>x)y and all the monomials of degree 4 except (x’x)y and
(»*x)y. Then ¥ is an ideal in %; the quotient algebra @ = %/% has dimension 12
and satisfies P=R =T = Q + S = 0, and hence is in fact power associative over F.

Now suppose we extend the scalars of & from the field F with 3 elements to
the field K with 9 elements (which is the splitting field over I of the polynomial
o’ — o). We form the scalar extension & ®; K; this algebra has the same basis
and multiplication as % but we allow scalars from K. The multiplicative group
K> is cyclic (it’s a finite subgroup of the multiplicative group of a field) and so
it certainly contains an element u of order 4 (in fact it has an element of order
8, but we don’t need this). Taking 7 =1 we see that the coefficients in equation
(0.2) are distinct. If the algebra & ®; K satisfied power associativity, then using
the Vandermonde determinant would show that Q = S = 0. But this is not true!
This completes the proof that the algebra & is power associative but not strictly
power associative.
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