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Abstract Pérez-Izquierdo and Shestakov recently extended the PBW theorem to Mal-
cev algebras. It follows from their construction that for any Malcev algebra M over a
field of characteristic # 2,3 there is a representation of the universal nonassociative
enveloping algebra U(M) by linear operators on the polynomial algebra P(M). For
the nilpotent non-Lie Malcev algebra M of dimension 5, we use this representation
to determine explicit structure constants for U(M); from this it follows that U (M)
is not power-associative. We obtain a finite set of generators for the alternator ideal
I(M) C U(M) and derive structure constants for the universal alternative enveloping
algebra A(M) = U(M)/I(M), a new infinite dimensional alternative algebra. We verify
that the map ¢: M — A(M) is injective, and so M is special.
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1 Introduction

A nonassociative algebra A is alternative if it satisfies (z,z,y) = 0 and (y,z,z) =0
for all z,y € A where (z,y,2) = (zy)z — z(yz). Equivalent conditions are that any
subalgebra generated by two elements is associative, and that the associator (z,y, z)
is an alternating function of its arguments. If A is an alternative algebra, then A~
denotes the commutator algebra: the same vector space with the operation [z,y] =
zy —yz. The algebra A~ satisfies anticommutativity [z, 2] = 0 and the Malcev identity
[J(z,y, 2),z] = J(z,y, [z, z]) where J(x,y, 2) = [[z,y], 2]+][[y, 2], z]+[[2, z], y]; these two
identities define Malcev algebras. Basic references on Malcev algebras are [1], [2], [4], [7].
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Table 1.1 The nilpotent Malcev algebra M of dimension five
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The major unsolved problem in the theory of Malcev algebras is to determine whether
every Malcev algebra is isomorphic to a subalgebra of A~ for some alternative algebra
Aj; that is, whether every Malcev algebra is special. Substantial progress was made
recently by Pérez-Izquierdo and Shestakov [6]: they extended the Poincaré—Birkhoff—
Witt theorem to Malcev algebras by constructing universal nonassociative enveloping
algebras for Malcev algebras.

The smallest nilpotent non-Lie Malcev algebra M over a field of characteristic 0
has dimension 5 and is unique up to isomorphism [3]. Its structure constants, which
define a nilpotent Malcev algebra over any field, are given in Table 1. In this paper we
construct a representation of the universal nonassociative enveloping algebra U(M) by
differential operators on the polynomial algebra P(M); from this we determine explicit
structure constants for U(M). We then determine a set of generators for the alternator
ideal I(M); from this we obtain explicit structure constants for the universal alternative
enveloping algebra A(M) = U(M)/I(M), and verify the speciality of M.

2 Theorem of Pérez-Izquierdo and Shestakov

All multilinear structures are over a field F of characteristic # 2, 3.
Definition 2.1 The generalized alternative nucleus of an algebra A is

N (A) = {a € Al(a,z,y) = —(z,a,y) = (x,y,a), for allz,y € A}.
This is a subalgebra of A~ (but not of A) and is a Malcev algebra.

Theorem 2.1 (Pérez-Izquierdo and Shestakov [6]) For every Malcev algebra M
over F there erists a monassociative algebra U(M) and an injective homomorphism
t: M — U(M)™ such that «(M) C Nut(U(M)); furthermore, U(M) is a universal
object with respect to such homomorphisms.

Let F(M) be the unital free nonassociative algebra over F on a basis of M. Let
R(M) be the ideal of F(M) generated by the relations

ab —ba — [CLJ)], (a,m,y)+(m7a,y)7 (w,a7y)+(:c7y,a),
for all a,b € M and all z,y € F(M). Define U(M) = F(M)/R(M) with
t: M — Ny (U(M)) CUM), ar—(a) =a=a+ R(M).

Since ¢ is injective, we identify M with (M) C U(M). Let B = {a;|i € Z} be a basis
of M and let < be a total order on Z. Define

Q:{(il,...,inﬂnzo;il§~~~§in;i1,...,in EI}.



For n = 0 the empty n-tuple gives gy = 1 € U(M). For n > 1 the n-tuple I =
(i1,...,in) € {2 defines a left-tapped monomial

ar = @3, (@, (-~ (@5, _,@3,) ), [ar| = n.

The set of all ay for I € (2 is a basis of U(M). For any f,g € M,y € U(M) we write
an associator using commutators:

(f.9,9) = §llv: f1. 91 = §llv: 9, £1 = &1l [£: 9.

The next three Lemmas, which are implicit in [6], follow from the last formula and show
inductively how to multiply in U(M). We first compute [z, f] in U(M); for |z| =1 we
use the product in M.

Lemma 2.1 Let x be a basis monomial of U(M) with |x| > 2; write x = gy with
g € M. For any f € M we have

[, /1= lg, fly + aly, f1 + 31y, fl. 9] — 2[ly. gl, ] — [w. [f. 9.

We next compute fz in U(M); for || = 1 we have two cases: if f < x in the
ordered basis of M, then fxz is an ordered monomial; otherwise, fx = zf + [f, z] where
[f,z] € M.

Lemma 2.2 Let x be a basis monomial of U(M) with |x| > 2; write x = gy with
g€ M. For any f € M we have

fx=g(fy) +[f.glv — 31w, 1.9l + 3y, 9], F1 + 3w [f. 9]
We finally compute yz in U(M); for |y| = 1 we use Lemma 2.2.

Lemma 2.3 Lety and z be basis monomials of U(M) with |y| > 2; write y = fx with
feM. We have

yz = 2f(x2) — a(fz) - z[z, f] + [z, f].

3 Representation by differential operators

We write P(M) for the polynomial algebra on the vector space M. Theorem 2.1 gives
a linear isomorphism

é: U(M) - P(M)’ g, (aiQ ( o (ain—lain) T )) = Qg Qg Wy Qi

In what follows we identify U(M) with P(M) by means of the linear isomorphism ¢.
This allows us to write monomials in U(M) without parentheses: x represents ¢~ *(z).

Definition 3.1 We define right bracket and left multiplication maps
p: U(M) — EndpP(M), L:U(M) — EndpP(M).

For © € U(M) we write p(z) and L(z) for the linear operators on P(M) induced by
y+— ly,z] and y — zy in U(M):

p(x)(f) = o([67"(f),a]) for f € P(M); L(z)(f) = ¢p(x¢~ ' (f)) for f € P(M).



For the rest of this paper M is the Malcev algebra of Table 1 over F. We will show
how to represent p(z) and L(z) as differential operators on P(M). Throughout we
assume the linear order a < b < ¢ < d < e on the basis of M.

Definition 3.2 For z € {a,b, ¢,d, e} we write M, for multiplication by z in P(M) and
Dy for differentiation with respect to x in P(M). The next lemma is immediate.

Lemma 3.1 [Dy, Dy] =0, [My, My] =0, [Dy, My] =0 (z #y), [Da, Mz] = 1.

The set {c,d, e} spans a nilpotent Lie subalgebra N C M. It follows from [6] that
N generates a subalgebra of U(M) isomorphic to its associative universal enveloping
algebra U(N).

Proposition 3.1 In the associative subalgebra U(N) of U(M) we have
min(j,£) N (¢
i 37 kv £ ym o n _ —_1)%! J i+l—a jj+m—a _k+nta
(c'd?e”)(c"d™e™) Oéo (-1) a.<a> (a>c d e .

Proof We use a differential operator to illustrate the methods we apply later to the
nonassociative case. We first show that d’c = (Me — MeDg)d? by induction on j; the
basis j = 0 is trivial. We use [¢,d] = e, [d,e] = 0 to get

dte=d(ed —jd"te) = ed ! — (j41)d e = (Mc — MeDg)d" .
We next show that ¢/¢! = (MC—MeDd)Edj by induction on ¢; the basis ¢ = 0 is trivial.
We use [c,e] =0 to get
P = (Me—MoDg)'d)c = (Me—MeDy) (dc) = (Me—M.Dg) ' d.
We use [c,e] = [d,e] = 0 to get (c'd?e¥)(cfd™e™) = ¢ (d/c!)d™eF ™. We now apply
the binomial theorem since the terms M. and M.D; commute. 4

Corollary 3.1 We have d(b7c"d®e’) = bic"d*Ttel — rbic™ Ld%e! ™, and

[bIc"d®e’ b =0, blc"d%et, ] = —sblc"d et

Bl d%e’ d] = rblc"tate!™t, [l d%et,e] = 0,

a(b?c"d%e") = ablc"de?, b(bic"d’e’) = I at et

c(blc"d’e’) = bl Tt e(blc"d®e) = bl d®et T
Proof Since b, ¢, d, e span a Lie subalgebra of M, and b commutes with ¢, d, e, these all
follow from Proposition 3.1. O
Lemma 3.2 We have [bic"d*e’ o] = —gb? ' " d®e! + %bqflcrdsfletjq.

Proof Lemma 2.1 with f = a and Corollary 3.1 give
I d%et a) = —c(bic"d®el) + b[blc d% e, a
+ 37" d%" a), b] — §[[b%c"d%e",b],a] — F[b%c"d e’ ]
= bl e 4 p[plc"de, a] + %[[chrdset,a], b] + %chrdsfleHl
— _plr gt +b (7qbqflcr+1dset+%bqflcrdsfleﬂrl) + %chrdsfleH»l
— —(q+1)chr+1dset + %chrds_leﬂ_l,

which completes the induction. O



Proposition 3.2 As operators on P(M) we have

(1) p(a) = =McDy + 5MeDyDy,  (2) L(a) = My,
(3) p(b) = McDa — 3MeDaDqg,  (4) L(b) = My — McDa + 5 MeDa Dy,
(5) p(c) = —MeDy, (6) L(c) = M,
(7) p(d) = MeDe + 5 MeDa Dy, (8) L(d) = My — McDe — $McDaDy,
(9) ple) =0, (10) L(e) = Me.

Proof We use induction on p, the exponent of a; the basis p = 0 is Corollary 3.1 and
Lemma 3.2. For (1), Lemma 2.1 with f = a gives

[aP T oI d% et a) = [a(aPbic"dPe"), a] = a[aPblc"dPet ).
Equation (2) is trivial. For (5), Lemma 2.1 with f = ¢ gives
[T i d et o] = alaPblc"d e, c]—&—%[[apchrdset, cl, a]—%[[apchrdset, al, c].
Applying (1) and induction we get
p()(aP Tl d ety = —Ma(MeDg)(aPblc"deh)
+ L (MeDy)(MeDyg)(aPb7c"d’e’) — L (MeDyDy)(MeDyg)(aPbc"d®e")
— L(McDg)(McDy)(aPbic"d%e?) + L(MeDg)(MeDyDy)(aPblc"d*eh).
By Lemma 3.1 the last four terms cancel and we get
p(c)(ap+1chrdset) = —MaM:Dy(aPblc"d®e’) = — M Dyg(aP T bl dbet).
For (6), Lemma 2.2 with f = ¢ gives
c(aP bl det) = a(c(apchrdset))—%[[apchrdset, d, a]—&—%[[apchrdset, al, c].
Applying (1), (2), (5) and induction gives
L(c) (a1l d%e') = (MaMe)(aPblc"d*eh)
— Y (MeDy)(MeDg) (aPbc" dPe") + & (MeDyDg)(MeDg)(a?blc"d’ ")
+ 2 (MeDg)(McDy)(aPbc"d%e") — L (MeDg)(MeDyDyg)(aPbc"d®eh).
By Lemma 3.1 the last four terms cancel and we get
L(c)(ap+1chrdset) = My M. (ab%c"d%e") = Mc(aerlchTdset).
For (3), Lemma 2.1 with f = b gives
[aP Tl d et b) = c(aPblc"d el + a[aPblc" d e’ | b]
+ 3[[aPbIc"d%e" b, a] — §[[aPbic"d%e,a],b] + L[aPbIc"d e, ).
Applying (1), (2), (5), (6) and induction gives
p(b)(aPT 10" de") = (Me+MaMeDo—%MoMe Do Dg—% M Dy) (aPb%c"d*e"),
using Lemma 3.1. We now observe that

(Me + McMoDg)(aPblc"d e’) = (MeDo)(a? T b9c"d% ),



(MaMeDaDy + McDy)(aPblc"d*e’) = (MeDoDyg)(aP T o9c"d®et).

For (4), Lemma 2.2 with f = b gives

b(aP i d%et) = a(b(aPbic"det)) — c(aPbic"d®et)

- %[[apchrdset, b,al + %[[apchTdset, al,b] — %[apchrdset, cl.

Applying (1), (2), (3), (5), (6) and induction gives

L(b)(a” b d%et) =

(MaMpy — MaMeDa + $ MaMeDaDg — M + $MDy) (a?b%c"d%e"),

using Lemma 3.1, and now

MoMy = MyMa, MaMcDo+ My = McDoMa, MaMeDaDg+ MeDy = MeDaDygM,.

The proofs of (7)—(10) are similar.

Corollary 3.2 The nonzero commutators of L(x) and p(x) are

[L(a), L(b)] = Me — 3 MeDq, [L(a), L(d)]
[L(b), L(d)] = — 3 MeDa, [L(c), L(d)]
[p(a), p(d)] = MeDy, [(b), p(d)]
[L(a), p(b)] = =M + 3McDg,  [L(a), p(d)]
[L(b), pla)] = Me — 5MeDy, [L(b), p(d)]
[L(c), p(d)] = —Me, [L(d), p(a)]
[L(d), p(b)] = — 3 MeDa, [L(d), p(c)]

4 Multiplication of basis monomials

O

For operators D, E with [[D, E], E] = 0 we have [D, E"] = nE" }[D, E]. The next
result follows immediately from associativity for operators on P(N), but is nontrivial

for operators on P(M).

Proposition 4.1 We have L(cFd‘e™) = L(c)*L(d)*L(e)™.

Proof We first prove L(e"™) = L(e)™ by induction on m; the basis m = 0 is trivial. We

write Z = aPbic"d®e’. Lemma 2.3 gives

(€™NZ =2e(e™Z) — ™ (eZ) — ™[ Z, €] + [e™ Z, €].

We now apply Proposition 3.2. We next prove L(d‘e™) = L(d)*L(e)™ by induction on

£; we have just proved the basis £ = 0. Lemma 2.3 gives

(dFe™ z = 2d((d*e™)Z) — (d°e™)(dZ) — (d°e™)[Z,d] + [(d'e™) Z, d].

Using induction we can write this as

L e™) = 2L(d)L(d) Lie)™ — L(d)'L(e)™ L(d) — [L(d) L(e)™, p(d)].



Corollary 3.2 shows that the commutator is zero and that the first and second terms
combine. We now prove L(cFd‘e™) = L(c)* L(d)*L(e)™ by induction on k. Lemma 2.3
gives

(Frdtem™)z = 2¢((Fd'e™)2) — (Fd'e™)(cZ) — (Fd'e™)[Z, ] + [(Fdbe™)Z, d.
By induction and Proposition 3.2 we can write this as

L(cF T dte™) = 2L(c) L(c)* L(d)* L(e)™ = L(c)* L(d) L(e)™ L(c)
— L(e)*L(d)*L(e)™ p(c) + p(c) L(c) " L(d) L(e)™.

Corollary 3.2 now gives
L(F 1 ate™) = 2L(c) H L(d) L(e)™ — L(c)k(L(c)L(d)e - eL(d)f—lL(e))L(e)m

— L@ (L@ + L) T L() ) L(e)™ + p(e) L) L(d) L()™,
and cancelation completes the proof. O

Proposition 4.2 We have

min(j,£) .
j k€ my _ al [j £ @ j—a k l—a m+a
L' c"d"e ) = aE:O 7604 <a> <a> Dy L(b) L(C) L(d) L(e) .

Proof Induction on j; the basis j = 0 is Proposition 4.1. We use Corollary 3.2 repeat-
edly. Lemma 2.3 gives

(bj+1ckdzem)(apchrdset) =
2b(( Fdle™) (aPbic" det)) — (b Fdle™) (b(aPblc"dPet))
- (bjckdfem)[apchTdset, b] + [(bjckdfem)(apchrdset),b},
which we can write as L(b/ T1c¥d%e™) = A+ B+ C + D where

A=2Lb)L{H Fd'e™),  B=-LE'Fde™)Lb),
C=—LWFde™pb), D=pb)LHFde™).

Using induction and [Dq, L(b)] = 0 we get

6\ a
a=0

4
| 1 .
A=23" (7> (1“}) DEL(b)Y T L(e)* L(d) ™ L(e)™ .
a
Using induction and [Da, L(d)] = [Da, L(c)] = 0 we get B = B’ + B" where

) <4>DfiL(b)j“—aL<c)’“L<d>e‘aL<e>m+‘*,



Using induction and [Dg, L(c)] = 0 we get C = C’ + C"" where

0 .
¢'=- éﬂ <J> (i) o) L(b) *L(c)* L(d)"“L(e)™ ",

«

¢ =33 (1) oo () st e

Using induction and [Da, p(b)] = 0 we get

¢ .
D= ZO % (i) (i) Sp(b)L(b)Y " L(c)* L(d) ™ L(e)™ .

Terms A and B’ combine to give

L .
A+B' =3 éia' <J> (i) DYLbY L) L(d)*“L(e)™ .

(0%
a=0

Terms B” and C” combine to give

1 ‘
B'+"=3 G (51) @ DELEY L L) T L)
a=1

Terms ¢’ and D cancel, and then A+ B’ and B” 4+ C” combine using Pascal’s identity
to give the result. O

Before we prove the formula for L(a’b’ ¢*d’e™) we need a straightening Lemma for
moving L(a) 4+ p(a) through a product of operators.

Definition 4.1 Our standard order for a product of operators will be
X = L(a)*DLL(b)" DY L(c)" D% L(d)Y L(e)*.

Note that D, only appears for ¢ = a,b,d. Furthermore, L(a) precedes D, and L(b)
precedes Dy, but Dy precedes L(d).

Lemma 4.1 We have
L(a)* Do L(b)" Dy L(c)” DL(d)" L(e)” (L(a)+p(a)) =
(L(a)+p(a)) L(a)® Da L(b)" Dy L(c) DG L(d)” L(e)*
+tL(a)* DY L(b)“ DY L(c)Y DS L(d)Y L(e)*
— YuL(a)*DLL(b) DY L(e) DY L(d)Y Le)* !
+ LyL(a)*DLL(B) Dy L(e) DY L(d)Y L(e)* .
Therefore
2L(a)X — XL(a) — Xp(a) + p(a) X =
L(a) ™ DL L(b)" DY L(c)* D% L(d)Y L(e)*
— tL(a)* DL L(b)“ Dy L(c) DS L(d)Y L(e)*
+ LuL(a)* DLLO) ' DY L(e) DY L(d)Y L(e)* T
— YyL(a)* DLL(B)“ DY L(e) DS L(d)Y " L(e)* .



Proof We write R(a) = L(a) + p(a): the operator of right multiplication by a in U(M).
Corollary 3.2, Lemma 3.1 and Proposition 3.2 give

[R(a), L(a)]
[R(a), L(b)]

These equations imply

[R(a), Dp] = [R(a), L(c)] = [R(a), Dq] = [R(a), L(e)] = 0,
%Mede [R(a)7L(d)] = _%Meva [R(a)7Da] =-1

()] =
JL(b)] =
[L(a)* DLL(®)" DY L(e)"” DFL(d)" L(€)*, R(a)]
= L(a)’ [ D&, R(a)] L(4)" D} L(c)"” D L(d) L(e)*
+ L(a)* Dl [L(b)", R(a) | DYL()* D L(d)" L(e)”
+ L{a)* DLL(b)* DY L(e)" D | L(d)", R(a)| L(e)*,
which gives the first equation. The second part follows easily. O

We use the multinomial coefficients

n _ n!
Tl ey bk i1l il (n—ip— - —ig)V

with the convention that

n
. .| = 0if either ¢; < 0 for some j or E ij >n.
01y, ik -

Proposition 4.3 We have

L(aibjckdéem) =
min(¢,a) min({—a,3) min(j—a, ] )
s S et (e Y (Y () (e,
a=0 B=0 v=0 5§=0 62t \B—y ) \B )\, 0 ) \a,y=0

L(a)lfﬁDg*ﬁ‘l”YL(b)j70&*6Dl’)}/—éL(c)k:DgL(d)Zfaf'Y“l’(sL(e)m*‘ra“r’y

Proof Induction on i; the basis ¢ = 0 is Proposition 4.2. For the inductive step we use
Lemma 2.3 to get

(a”lbjckdzem)(apchrdset) =
2a((aibjckd£em)(apchrdset)) — (aibjckdzem)(a(apchTdset))
— (aibjckdzem)[apchrdset, al + [(aibjckdeem)(apchrdset),a].
Therefore L(a'Tb/cFd'e™) = A+ B+ C + D where
A= L(a)L(a't Fd'e™), B=—L(a'tFde™)L(a),
C= fL(aibjckdeem)p(a), D = p(a)L(aibjckdzem).
We apply the second part of Lemma 4.1 to the monomial

X = L) D TV L(b) 0 DY O L(e) DL (d) T O L(e) ™.
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Therefore
L

i B v |
A= 3D S - R RS x
a=0p3=0~v=046=0
L(a)" =P DG =P L(b)y = DY O L(e) DI L(d) O L(e)™ T,

¢ i B
B=3 > > Z(—l)ﬁHH%(a—ﬁﬂ)PQRS x

a=03=0~v=046=0
L(a)i—ﬁDg—ﬁ-‘r’y—lL(b)j—Ot—5D375L(C)kDgL(d)f—@—'Y'f‘éL(e)m-'r()é"r’y,

¢ i B~
=33 3 S () 6a05:f’+1PQ(j_a_5)Rs “

a=0 B=0~=06=0
L(a)ifﬁDgfﬁJr'yL(b)jfaféflD;yfﬁL(C)kDnglL(d)27a77+5L(e)m+a+v+17

Lo i B
D=3 S S P PR oy 46)S x

a=0 3=0~=06=0
L) Dy P L) =0 DT L (o) DYL(d) T T (o),

(i) o) ) ()

We make the following substitutions in the summation indices: in B we replace [ by
B—1; in C we replace 8 by 6—1, v by v—1, and ¢ by d—1; in D we replace 3 by 5—1,
and v by y—1. Using our convention on multinomial coefficients, we can write all four
sums with the notation

where

1+1

YBEED S 3D BH SN

a=03=0~=0§=0
Y = L(a) P DG L6y =0 D) O L(e) DY L(d) T O L) T,

We obtain
A=Y"[8PQRs]Y.

af a 7
B=>" _(ﬁ—l)!(a—ﬁ—i—’y—i—l) (571> <6l> RS] Y,
c=%" _(ﬁ 1)'P<ﬁ 1>(j—a—5+1)<a7 g_1> s] Y,
D= Z _(5 nep (5 1) R({—a—~+6+1) (aﬁi;_l)}y.

The sum of these four terms is
V[ i1- 16} ﬁ 0 776 i+1 v — \p i+1 v
Sl i (e = e (1 ) ms

as required. O
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Lemma 4.2 The powers of L(b) and L(d) are

U uU—e
u _ ¢ 1 Crju—e—C HU—€ HU—€E— C
L) => "> (1) 3u€<< C)MbM M} Dy~ D}
€e=0¢=0 ’
— 1 0 0 0
Yy _ _1\Yy—"n NMagy—mpy—n— Yy—n—
L(d) _2‘69 0( D s <n 9>M MY "DY D} DY
n= =

Proof We use the trinomial theorem, since the terms in L(b) and L(d) commute. [
Lemma 4.3 The expansion of the monomial X of Definition 4.1 is

L(a)*DLL(b)" DY L(c) DEL(d)Y L(e)* =

Sy ez“”” Vet () (o) (e
=0 (=07=06=0 Jumemcty=n=b6 ¢, ¢ ) \n,0 A A

Y L _ _ o e p e
MEME MCC—HUM:Z MU ¢ty ﬂ+thtl+u e+y—n GDZ+y n D2D3+$ e—C-A

Proof Proposition 3.2 and Lemma 4.2 give

L(a)* DaL(b)" Dy L(e)" DGL(d)" L(e)*

S e (40,

eocon0903ueg+yn0 ¢ n,0

Mg DL MEMEME ™ DY DY~ Dy MY DM MY~ DY~ DY Dl g
Using Lemma 3.1 we can move M, to the left and D, to the right, and collect the
remaining noncommuting factors on the right:

MsMbMC—i-wMu e—C+y— n+th+u e+y—n— GDv+y n— BDG(Du €e— (+1M77)

To complete the proof we use the commutation formula

min(m,n) ) )
DMy =Y <":> (’;) My~ipmT,

=0
(Compare Proposition 3.1.) O
Proposition 4.4 We have
L(aibjckdlem) =

vy j—a—06 j—a—86—e L—a—(y—=98) L—a—(y—0)—n =7

1555 35 ol SD DS DD DR 5

a=0 B=0 v=0 §=0 €=0

(_1)ﬂ+C+€—o¢—'y n a'ﬂ'/\'
2a+vy3j—e—(+l—a—n— 0

) 0) ) (5 o 500) )

MaZI—BMgMC(JrkMZi']*AMg—(1—6—<+€—77+m ~

j—B—et+l—a—n—0 Hl—a—n—0 0 nj—a—e—(—A
DI 0 pime1=plp] A
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Proof In Proposition 4.3 take s = i—f, t = a—0+v, u = j—a—0, v = v—0, w = k,
=190,y =~0—a—v+d, z = m+a+, and apply Lemma 4.3. O

In the next result we use the notation

m =L m =n(n—1)--- (n—k+1), so that D} (") = m Lk

Theorem 4.1 (Universal structure constants) In U(M) we have

(aibjckdzem)(apch/"dset) =

l i B j—a—8j—a—d—el—a—(y=08) l—a—(y=8)—n n
=0

2 >

6=0 A=0

_1\B+H¢+H—a—y—n alBIA!
( 1) 2a+y3j—e—(+l—a—n—0 x

)0 e (73 o ) )

p q r s %
j—p—et+l—a—n—0| [{—a—m—0| || |j—a—e—C—A
ai+pfj+efe+o¢+n+0 be+q7£+o¢+n+0CC+k+T70dn+s+o¢+e+(fj ej7a757§+ffn+m+t ]

5 The universal alternative enveloping algebra

The algebra U (M) is not power-associative, since
(abd, abd, abd) = %abche — %abde2 — %cdee + %cde2 — %63.
In this section we construct the maximal alternative quotient of U (M).
Definition 5.1 The alternator ideal of a nonassociative algebra A is
1(A) = ((z,z,y), (y,2,2) |2,y € A)

If M is a Malcev algebra then we write I(M) = I(U(M)). The universal alternative
enveloping algebra of M is A(M) =U(M)/I(M).

Remark 5.1 The speciality problem for Malcev algebra is equivalent to the question of
the injectivity of the natural mapping M — A(M).

In U(M) we have the alternators
(ab,ab,d) = —Lce,  (bd,bd,a®) = fe?.
Definition 5.2 We write I = I(M) and J = ideal(ce, €2); it is clear that J C I.
Lemma 5.1 A basis of the ideal J consists of the set of monomials

{aibjckdzem |m > 2} U {aibjckdée |k > 1}



13

Proof Linear independence is clear. Every monomial a'b/ ckFdte™ (m > 2) belongs to J.
Since cd’e = ¢d’~te? —|—d£ce, every monomial a't? cFdle (k > 1) belongs to J. Since the
generators of J belong to this set, it suffices to show that the span of these monomials
is an ideal in U(M). This follows from Theorem 4.1: the product of a’b’c*d‘e™ and
aPbic"d®et is a linear combination of monomials in which the exponents of e satisfy

jm—a—e—CHLl—n+m+t>5+L—n+m+t>at+y+m+t>m+t

This exponent is 0 if and only if m = ¢ = 0. For (m,t) # (0,0), this exponent is 1 if
and only if (m,t) € {(1,0),(0,1)},0 =j—a—e—(, and 6 + ¢ —n = a+ . This forces
0 = 0, and then the exponent of cis k+1r+( > k+r. It follows that the product of an
arbitrary monomial with a monomial in the set is a linear combination of monomials
in the set. O

We now determine the structure constants for the quotient algebra U(M)/J. We
will show that U(M)/J is an alternative algebra; it will then follow that I = J and
that A(M) = U(M)/J. A spanning set for U(M)/J (in fact a basis, by Lemma 5.1)
consists of the cosets of the monomials m = a'b’d’e (type 1: the exponent of e is 1,
and so the exponent of ¢ is 0) and m = a'b’c*d’ (type 2: the exponent of e is 0). For
type 1, since {c,d, e} spans a Lie subalgebra of M, we have [c, dz} = ¢d*~'e and so
cdle = 0d"1e? + dzce; thus ¢ cannot occur. In the next result we write m for the coset
m+J.

Theorem 5.1 (Alternative structure constants) In U(M)/J we have

(a't/d’e)(aPblde) = 0, (5.1)
(aibjckde)(apquse) = 5k0ai+pbj+qd£+se, (5.2)
(a't d’e)(aPbic"d®) = 500 TPH T9d T 2e, (5.3)
j ‘
@'V Fd)@Pbicd®) = (- 1"l (J ) (”) attPRpitasnktrRagtts (5 y)
w) \m
=0

.. . . . i+p—1,7+qg—1 —1
—&—616067,0(%zgs—%zﬂq—k%jfp—&—%jps—%ﬁpq)az+p pralgtts—l,

— Spodr1la PRI TS e,

Proof We need only the terms on the right side of Theorem 4.1 which are nonzero
modulo J:

either j—a—e—(+l—n+m+t = 0,
or j—a—e—C+l—n+m+t =1, (+k+r—0=0.
We write the exponent of e as the sum of three nonnegative terms:
(j—a—e—C—0) + ({—n+0—a—7) + (a+y+m+t). (5.5)

Equation (5.1): We have m =t = 1: on the right side of Theorem 4.1, the exponent of
e in every term is > 2, so every term becomes zero in U(M)/J.

Equation (5.2): We have m = 0, r = 0 and ¢ = 1: the exponent of e must be 1 and
hence the exponent of ¢ must be 0. Therefore

j—a—e—(-6=0, {—n+dé—a—y=0, a=0, =0, (+k—0=0.
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The factor (Bgv) will be zero unless = 0. From the sum on ¢ we get § = 0. We now
get j—e—( =0 and {—n =0, so ( = j—e and = £. From the sum on 6 we get 6 = 0.
Hence (+k = 0 and so { = k = 0; then € = j. The factor (j_axe_q) will be zero unless
A = 0. Only one term remains.

Equation (5.3): Similar to Equation (5.2).

Equation (5.4): In Theorem 4.1 we have m = 0 and ¢ = 0. We write the result as
To + T1, collecting terms with the same exponent of e. For T, all three terms in (5.5)
must be 0. Since a+v = 0 we get « =y = 0, and hence § =6 = 0. Then j—e—( =0
and /—n = 0, which imply ( = j—e and n = £. Then 6 = 0, and the factor (]_C’;E_C)
will be zero unless A = 0. The remaining terms correspond to Proposition 3.1 with the

new factor d‘**:

J . o 4
To = Z(_l)]_e <J> Lp ] gt U—atppeta j—etktr gl4s

e=0
J .
= Z(_l)#w TN ([P itp—npita—p ktrtu lts
) )\ p

For T1, we have
(j—a—e—C—0) + ({—n+d—a—7) + (a+v) =1, (+k+r—0=0.

The four cases

(1) j—a—e—¢-6=1, L—n+é—a—y=0, a=0, 7=0
(2) j—a—e—(¢—6=0, L—n+é—a—y=1, a=0, =0
3) j—a—e—(¢-6=0, L—n+é—a—y=0, a=1, =0
4) j—a—e—(-06=0, L—nt+é—a—y=0, a=0, ~v=1

produce respectively 1, 2, 1, 2 terms, giving
T1 = 8000 (%ijs - %iéq + %jfp + %jps — %qu) TPyl gtts—l,
— Spobr1la TPH TG e

This completes the proof. O

Corollary 5.1 We have (m,m’,m") = (m’,m,m") = (m',m"”,m) = 0 in UM)/J,

where m has type 1 and m', m” are arbitrary.
Proof This follows easily from Theorem 5.1. O
Corollary 5.2 The associator of type 2 monomials is

(aibjckde,apchrds,av YetdY) =

00070020 % (iqy—isw—jpy—i—jsv—l—épw—Eqv) Qi TPrvlyitatw—l gltsty—1,
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Proof We write m1 = a'b/ Fdl, mo = aPblc"d®, ms = a’b¥c®dY. We use the notation
N(a’t/cF,aPbicT) for the associative multiplication in the enveloping algebra of the
nilpotent Lie subalgebra of M with basis {a, b, ¢} (compare Proposition 3.1); we extend
N in the obvious way to linear combinations of monomials. Theorem 5.1 shows that

(aibjckde)(apchrds) = N(aibjck7 apchr)d“_s +T1(4,4,k, €, p,q,7,8),
where T7 denotes the terms involving e. We define
C(i,5,6,p.0,5) = gijs — gila + 3jlp + 3jps — 3¢pq.
We obtain
(mimg)ms = ((aibjckdé)(apchTds))(avbwcmdy)
= (N(aibjck7 apchr)de"'s) (@’ cdY) + T1 (i, 4, k, €, p,q, 7, 8)(a”bVc"dY)
= N(]\/'(aibjck7 aPblch), avbwcw)dZJrery

+ 0106r0020 [C(i+p, j+q, t+s,v,w,y) + C(i, 4, £, p, q, s)] x
GirPrv—Lpitatw—1 gltsty—1,

— S100r00q1 ((+s)a TPV Hatwgltsty—1,
— Sr00r1050la TPV AW gl sty =1,
m1(mams) = (aibjckdl)((apchrds)(avbwcmdy))

= (aibjckde)(N(apchr, a”bwcm)ds"'y) + (aibjcde)Tl (p, g, 8,0, w,x,y)

= N(aibjck, N(aPbic", avbwcm))dz"'s"'y

+ 00670020 [C (i, 4, £, p+v, g+w, s+y) + Lqv + C(p, q, 5,0, w, y)] X
ai+p+v—1bj+q+w—1dé+s+y—1e

)

_ 6k05r16z0€ai+p+vbj+q+wd€+s+y_l6

— 840070021 (£+s)ai+p+vbj+q+wd€+s+y—16.
The associator (m1,ma,m3) is therefore

6k’067”06;130 I:C(Z+p7 .7+qa £+S, v, W, y) + C(Z7.77 £7p7 q, ‘9)
- C(Zyjy g,p—FU, q+tw, S+y) - Eq'l) - C(p7 q,S,v,w, y)] X
ai+p+v—1bj+q+w—1d€+s+y—1e.

The expression in square brackets simplifies as required. O
Corollary 5.3 The algebra U(M)/J is alternative.

Proof Corollaries 5.1 and 5.2 show that the associator alternates. (]
Corollary 5.4 The alternator ideal I(M) is generated by ce and e2.

Corollary 5.5 The universal alternative enveloping algebra A(M) is isomorphic to the

algebra with basis {aibjckde, a'tdle |i,7,k,£ > 0} and structure constants of Propo-
sitton 5.1.
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Proof This follows from Lemma 5.1.

Corollary 5.6 The nilpotent non-Lie Malcev algebra M is special: it is isomorphic to
a subalgebra of A~ for some alternative algebra A.

Proof The alternator ideal contains no elements of degree 1, and so the canonical map
from M to A(M) is injective. Speciality of M also follows from Pchelintsev [5]. O
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