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ABSTRACT. A triple system is partially associative (by definition) if it satisfies the
identity (abc)de + a(bed)e + ab(cde) = 0. This paper presents a computational study
of the free partially associative triple system on one generator with coefficients in
the ring Z of integers. In particular, the Z-module structure of the homogeneous
submodules of (odd) degrees < 11 is determined, together with explicit generators
for the free and torsion components in degrees < 9. Elements of additive order 2
exist in degrees > 7, and elements of additive order 6 exist in degrees > 9. The most
difficult case (degree 11) requires finding the row-reduced form over Z of a matrix of
size 364 x 273. These computations were done with Maple V.4 on a Sun workstation.

PRELIMINARIES

A triple system is a Z-module A together with a Z-module homomorphism
ARz A®z A — A.

We will usually write abc instead of t(a®b®c). There are two distinct generalizations
of the familiar (binary) associative identity (ab)c — a(bc) = 0 to the ternary case:

total associativity, defined by the identities
(abc)de — a(bed)e = 0, a(bcd)e — ab(cde) = 0,

and partial associativity, defined by the identity
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2132 BREMNER
I(a,b,c,d,e) := (abc)de + a(bed)e + ab(cde) = 0.

We call I(a,b,c,d,e) the ternary partial associator. (Note that monomials in
a triple system must have odd degree). For more information on total and partial
associativity in k-ary rings, see the work of Gnedbaye [G1-3].

It is easy to motivate consideration of totally associative triple systems: the to-
tal associativity identities imply (by a straightforward extension of the inductive
argument from the binary case) that any product a; - --azp+1 (m > 2) depends
only on the order of the factors, not the placement of parentheses. There is also an
interesting reason to study partially associative triple systems: the ternary com-

mutator

[a,b,c] := Z sign(o)o(a)o(b)o(c) = abe — achb — bac + bea + cab — cba,
o€ES;

satisfies the quintic identity

{abelde]  [[abdjee] + [[abeled] + [[acdbe] ~ [[ace]pd]
+ [[ade]bc] — [[bed]ae] + [[bee]ad] — [[bde]ad] + [[cde]ab] = 0,

(a generalization of the Jacobi identity) in every partially associative triple system,
but not in every totally associative triple system; see [G1-3] and [B1] for details.
Thus in order to generalize Lie algebras to the ternary case, the natural setting is
the variety of partially (not totally) associative triple systems. These two versions
of associativity are quite different: one way of expressing this is to observe that a
triple system which is both totally and partially associative obviously satisfies the
identities (abc)de = a(bed)e = ab(cde) = 0. Another way of expressing the differ-
ence between these two kinds of associativity is to study the Z-module structure of

the corresponding free rings.

Proposition 1. Any free totally associative triple system is a free Z-module. The

free totally associative triple system on one free generator is a free Z-module of rank

one in every (odd) degree.

Proof. It is easy to see that the free totally associative triple system on g free

generators is isomorphic (as a Z-module) to the direct sum of the submodules of
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odd degree in the free associative (binary) ring on g free generators; the product is
the obvious ternary product abc := (ab)c = a(bc) in the associative (binary) ring.
It follows that any free totally associative triple system is a free Z-module, and in

particular that the free ring on one generator has the stated structure. [

On the other hand, we will see in this paper that a free partially associative triple

system is never a free Z-module; see Theorem 5 and Corollary 6.

Notation. Throughout this paper F' denotes the (absolutely) free triple system
on the single generator a, and R is the ideal of relations generated by the ternary
partial associators I (v, w, z,y, 2) as v, w, z, ¥y, z range over all elements of F’; since I
is a Z-linear function of its arguments we may restrict v, w, z,y, 2 to be monomials.
We let P =~ F/R denote the free partially associative triple system on the single
generator a (more precisely, a+ R). We write F,, for the Z-submodule of F spanned
by the monomials of degree n; then F is the direct sum of all F;, as n ranges over

the odd positive integers. We define R, := RN F,, and P, := F,/R,; then we

clearly have the direct sums

00 00
R = ZR2m+1, P = ZP2m+l»
m=1 m=1

where the summation index m denotes the number of ternary operations in a ternary

monomial of degree n = 2m + 1.

Lemma 2. The dimension of F, is the ternary Catalan number

1 3m
f"=E<m—1)’ n=2m+ 1.

Proof. We use the following notation:
W,, isthe set of ternary words of degree 2m+1 in a; each element of W, contains
2m + 1 occurrences of a, and m occurrences of the ternary operation (or
m — 1 pairs of parentheses, since we omit the outermost pair);
T,. is the set of complete rooted planar ternary trees with 2m + 1 leaf nodes
(denoted o) and m nonleaf nodes, for a total of 3m + 1 nodes;

Bm is the set of all binary strings of length 3m + 1 containing 2m + 1 ones and

m zZeroes.
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It is clear that the dimension of F,, is the number of elements in W,,. We define

mappings
am: Wy — T, Bm: Ty — B,

inductively as follows:
am: For m = 0 set ag(a) = o (the tree consisting of one leaf node and no nonleaf
nodes); for m > 1 write a word w of length 2m+1 as w = w; wow3 where w;
is a word of length 2m;+1 with m; < m (i = 1,2, 3), and define a,, (w; waw;)
to be the tree in which the root node is attached to the subtrees ayn,, (w;)
and am,(w;) and oy, (ws) (in order from left to right);
Bm: For m = 0 set Go(e) = 1; for m > 1 consider a tree t with ¢, to, t3 the
subtrees of the root node (t; is a tree with m; nonleaf nodes), and define
Bm (t) = 08m, (t1)Bm, (t2)Bm, (t3); note the initial zero.
The mapping a,, is a bijection for all m; its inverse may be defined inductively
as follows. For m = 0 we set a;'(e) = a; for m > 1 we consider a tree t
with subtrees t; (i = 1,2,3) as in the definition of 8,,, and then define a;!(t) =
amt (t)eg) (t2)ag! (t3).

The mapping [y, is injective for all m but never surjective. For m = 0 the image
of Bp is {1}. For m > 1 we can describe the image of 3, as follows. The set B,
has (37+1) elements; we define an equivalence relation on this set by declaring two
binary strings b and b’ to be equivalent if b’ may be obtained from b by applying

a cyclic permutation. This equivalence relation partitions By, into 31 (*7t)

equivalence classes each containing 3m + 1 elements. That there are 3m + 1 distinct
elements in each equivalence class follows from the fact that m and 3m + 1 are
relatively prime, so there can be no periodicity in any of the strings in B,,. In
each equivalence class there is a unique string having the least numerical value in
the sense of an integer expressed in base 2; we call this string the representative of
that class. The image of (,, consists of the set of representatives of the equivalence

classes.

From the above considerations it is clear that the number of elements in W,,, is the

1 3m+1)= 1(3m)

same as the number of equivalence classes in B,,; and since m( ™ Pl Y

this completes the proof. [

Remark. A straightforward generalization of the above proof shows that the num-

ber of distinct monomials of degree n in the free k-ary ring on one gencrator is
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1/ &
—( m)’ where n = (k- 1)m + 1.
m\m-—1

See [K], especially exercise 2.3.4.4-11 (p. 396) and the solution (p. 584).

Example. The proofof Lemma 2 may be clarified by an example. The composition
Bm o ay, for m > 1 applied to the word w may be described simply as follows: start
with 0 (this corresponds to the omitted pair of outermost parentheses), then moving
from left to right convert each left parenthesis in w into 0, and a into 1; the right
parentheses are ignored. In the cases m < 3 we have the following lists of ternary

words w and the corresponding binary strings (8, © ay,)(w):

a—1, aaa — 0111,

(aaa)aa — 0011111, a(aaa)a — 0101111, aa(aaa) — 0110111,
((aaa)aa)aa — 0001111111, (a(aaa)a)aa — 0010111111,
(aa(aaa))aa — 0011011111, a((aaa)aa)a — 0100111111,
a(a(aaa)a)a — 0101011111, a(aa(aaa))a — 0101101111,
aa((aaa)aa) — 0110011111, aa(a(aaa)a) — 0110101111,
aa(aa(aaa)) — 0110110111, (aaa)(aaa)a — 0011101111,
(aaa)a(aaa) — 0011110111, a(aaa)(aaa) ~ 0101110111.

Each of these binary strings has the property that any cyclic permutation results
in a string with strictly greater numerical value. [

Monomial basis. The monomial basis W,, for F,, may be constructed recursively.
We begin with Wy := {a}. For m > 1 we consider the compositions (i.e. ordered
partitions) of n = 2m + 1 into 3 odd parts. >For each such compositionn =i+ j+k
we form all the words w = zyz where z,y, z have degrees i, j, k respectively. Some
examples: when m = 1 we have n = 3 and the single composition 3 =1+1+1

giving the word aza. When m = 2 we have n = 5 and the compositions
5=3+1+1=1+3+1=1+1+3,

giving the three words (aaa)aa, a(aaa)a, aa(aaa). When m = 3 we have n = 7 and

the compositions
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7=5+1+1=1+4+5+1=1+145=3+3+1=3+14+3=1+3+3,

giving the twelve words displayed in the previous example. This construction also
totally orders the set of monomials, since we use the reverse lexicographical order on
the partitions (n = py + - -+ p, precedes n = q; +- - - + ¢, if and only if there exists
J with 0 < j < min(r, s) such that p; = ¢; for 1 < i < j and p;j4+1 > gj+1) and the
lexicographical order on the permutations of a given partition (if n = p,.1+- - -+py.r
and n = p, 1+ -+ prr are two distinct compositions of n then the first precedes
the second if and only if there exists j with 0 < j < r such that 0.4 = 7.4 for
1<i<jand o(j+1) < 7(j + 1)); together with the previously computed total
orders on the monomials of degrees < m this gives a total order on the monomials

of degree m.

Remark. This construction of Wy, gives a recursive formula for f,:

H=1, fa= Z fififr for n > 3, odd.

i+j+k=n
1,5,k odd

The corresponding generating function and functional equation are

#(z) := Z fam4+12™, 1:¢(z)3 -d(z)+1=0.
m>0
From this we find that ¢(z) = 2 F; (3, 2|3 | & x) is a hypergeometric function. This

contrasts with the binary case, where the generating function is elementary; see [C],
pp. 60-61.

Spanning relations. There is a beautiful way to obtain a set of spanning relations
(i.e. Z-module generators) for R, from the set of basis monomials for F,. Recall
(from the proof of Lemma 2) that any word w in Wy, can be represented as a
complete rooted planar ternary tree a,,(w). Consider an edge e of this tree which
joins two nonleaf nodes. These two nonleaf nodes have altogether five subtrees: two
from the node closer to the root (not counting the subtree attached by the edge e)
and three from the other node. Denote these five subtrees by ¢; (1 < ¢ < 5) from
left to right; the corresponding subwords of w are z; := ay!(t;) (1 < i < 5). In
the word w replace the five consecutive subwords z,,3, T3, T4, T5 by the ternary

partial associator I(x,, T2, T3, T4, Ts5). The result, call it y(w), is a polynomial with
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three terms which is an element of R, since it is homogeneous of degree n and
is clearly in the ideal generated by the ternary partial associators. Furthermore,
since I(u,v,z,y, z) is a Z-linear function of its arguments, any element of R, is a
Z-linear combination of the y(w) for w € W,,. This construction also totally orders
the spanning relations since we use the previously defined total order on the set of
basis monomials and then use the total order on the set of edges joining two nonleaf
nodes defined by e < e’ if and only if either (i) e is closer to the root than e’ or (i)
e and €' are the same distance from the root but e lies to the left of e’. At each
stage of the construction of the spanning relations we ignore relations that have
already been computed at an earlier stage. We call the ordered set of polynomials

v(w) the standard spanning relations for R,.

Lemma 3. The number of standard spanning relations for R, is

3m -1

m—2)’ n=2m+ 1.

Proof. Given w € W, the tree a,,(w) has m nonleaf nodes and n = 2m + 1 leaf
nodes. Each nonleaf node has three outgoing edges for a total of 3m edges. Of these
edges 2m + 1 join a leaf node to a nonleaf node, so there are m — 1 edges e which
join two nonleaf nodes. The subwords z; (1 < i < 5) of w which correspond to
the five subtrees attached to e can appear in any one of the three parenthesizations
(122%3)x4Ts Or T1(T2Z324)Ts5 OF T1Z2(Z324Ts5), but each of these three subwords
becomes I(z1,z2, Z3, 4, 5) in y(w). Thus from each word in W,,, we obtain m—1

relations, but each relation is obtained three times; hence the formula for r,,. [

Example. Here is the ordered set of 8 spanning relations in degree 7 as computed
by the algorithm described above. Column 1 gives the basis monomial, column
2 gives the list of subwords z,,z,z3,%4,z5 (the subscripts on the a’s indicate

positions in the basis monomial), and column 3 gives the resulting spanning relation:

1: ((aaa)aa)aa aia2as, aq, ds, g, A7 Rl: I(aaa,a,a,a,a)
ai, as,as, ay, as R2: I(a,a,a,a,a)aa
2: (a(aaa)a)aa ai, a2a3G4, G5, G6, A7 R3: I(a, aaa,a,a,a)

ay,az,as, a4,a;5 same as R2
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(]

: (aa(aaa))aa

4: a((aaa)aa)a

5: a{a(aaa)a)a

6: a(aa(aaa))a

7: aa((aaa)aa)

8: aa(a(aaa)a)

9: aa(aa(aaa))

10: (aaa)(aaa)a

1

-y

: (aaa)a(aaa)

12: a(aaa)(aaa)

ai,az,asaqls, as, a7
a, az,as,a4,as
a, a2a3a4,as, g, a7
a2, as, a4, a5, a6
a, a2,a3a40as, s, a7
az,as, a4, as,ae
a),a2,a3,040506, A7
a2, a3, a4,0as, a6
a, @2,a3a4as, e, A7
as, a4, as, e, az
a, az,as, 40506, a7
as, a4, as, as, az
a, az,as, a4, as506a7
as, a4, as, ae, a7
a, a2, as, 24as0ae, a7
a,a2as, a4, as, as, a7
aa2asg, a4, as, ae, a7
a,az, as, ay, asaegly
a;,a2a3a4, as, des, a7

a, az,as, a4,a5a6a7

BREMNER

R4: I(a,a,aaa,a,a)
same as R2
same as R3
R5: al(a,a,a,a,a)a
same as R4
same as RS
Ré6: I(a,a,a,aaq,a)
same as R5
same as R4
R7: aal(a,a,a,q,qa)
same as R6
same as R7
R8: I(a,a,a,a,aaa)
same as R7
same as R6
same as R1
same as R1
same as R8
same as R3

same as R8

Table. Here are some values of the two functions defined in Lemmas 2 and 3:

17 19 21

n 1 3 5 7 9 11 13 15
fo 1 1 3 12 55 273 1428 7752 43263 246675 1430715
rm — 0 1 8 55 364 2380 15504 100947 657800 4292145

Computational methods. The purpose of this paper is to determine the Z-

module structure of P, for 1 < n < 11. In order to do this we first form the

relation matrix, the integer matrix of size r, x f,, which expresses each spanning
polynomial for R,, as a Z-linear combination of the basis monomials for F,,. We

then compute the reduced row-echelon form over Z of the relation matrix; from this
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we can read off the structure of the quotient module P, = F,,/R,. (For details see
any discussion of modules over a principal ideal domain, for example [J], Ch. 3).
The difference between elementary row operations over Q and over Z is that over
Z we can only multiply a row by +1 since these are the only units. This means
that the leading entry of a nonzero row can be any positive integer (say £); we then
normalize the entries above that leading entry by using elementary row operations
to convert them to representé.tives (say 0,...,€— 1) of the residue classes modulo
£. In order to determine what the leading entry in a row should be, we need to
compute the greatest common divisor of the nonzero entries below that position,
and then use elementary row operations to put the gcd in that row as the leading
entry.

Most of the computations described in this paper were done using Maple V.4,
which has a very useful linear algebra package (linalg). However it does not have a
procedure for computing the row-reduced form over Z of an integer matrix; Maple
procedures to do this are available by email from the author. All computations
were executed on a Sun workstation (either an LX or an UltraSparc).

The methods of this paper are a further development of those in my earlier work

on free semialternative rings [B2] and on free assosymmetric rings [B3].

Proposition 4. As Z-modules we have

PlzZ, P3%Z, PszZZ.

Proof. 1t is clear that F) has basis a, that F3 has basis aaa, and that F3 has basis

(eaa)aa, a(aaa)a, aa(aaa).

Since Ry = R3 = {0} we get P, = F, and P; = F;. Since Rs is spanned by

I(a,a,a,a,a) the relation matrix in degree 5 is just
(1 1 1);

this is already in row-reduced form. A basis for Ps consists of (the cosets modulo

R of) the two words a(aaa)a and aa(aae). O
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DEGREE SEVEN

Theorem 5. As Z-modules we have

P; =~ Z4@Z2.

Proof. We have seen that an ordered basis for F; consists of the twelve words

((aaa)aa)aa, (a(aaa)a)aa, (aa(aaa))aa, a((aaa)aa)a,
a(a(aaa)a)a, a(aa(aaa))a, aa((aaa)aa), aa(a(aaa)a),
aa(aa(aaa)), (aaa)(aaa)a, (aaa)a(aaa), a(aaa)(aaa);

and an ordered spanning set for R; consists of the eight polynomials

I(aaa,a,a,a,a), I(a,a,a,a,a)aa, I{a,aaqa,a,a,a), I(a,a,aaaq,a,a),
al(a,a,a,a,a)a, I(a,a,a,aaqa,a), aal(a,a,a,a,a), I(a,a,a,a,caa).

Expanding these eight relations in terms of the twelve basis words gives the relation

matrix:

( 1 0 0 0 0 0 0 0 0 1 1 0
i1 1 1 0 0 0 0 0 ©0 0 0 0
o 1 0 1 0 o0 o0 ©0 o0 o0 0 1
o o 1 o0 1 o0 1 0 0 0 0 O
o 0 0 1 1 1 ©0 0 0 0 0 0
o o0 0 0 0 1 0 1 o0 1 0 o0
o o0 o0 o0 0 0 1 1 1 0 0 0

\e 0 0o 0 o o0 o0 o0 1 0 1 1 )

We now apply the following 19 elementary row operations (expressed as Maple
commands):

addrow(”,1,2,—1): addrow(”,2,3,—1): mulrow(”,3,—1):
addrow(”,3,4,—1): addrow(”,3,2,—1): addrow(”,4,5,—1):
)

addrow(”,4,2,—1): addrow(”,4,3): addrow(”,5,6,—1):
addrow(”,6,7,~1):  addrow(”,6,2): addrow(”,6,3,—1):
addrow(”,6,4,—1): addrow(”,6,5): addrow(”,7,8,—1):
addrow(”,8,3): addrow(”,8,4): addrow(”,8,6,—1):

addrow(”,8,7);

The meaning of these commands is as follows:
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addrow(”,7,j,m): add m times row ¢ to row j (m omitted if m = 1)
mulrow(”,2,m):  multiply row z by m

swaprow(”,7,7):  interchange row i and row j

The result is

(1 0 0 0 0 0 0 0 0 1 1 0y
0 1 0 0 -1 0 0 1 o0 1 0 1
o 0 1 0 1 0 o0 -1 0 0 1 1
0o 0 0 1 1 0 0 -1 o0 1 2 2
0o 0 0 0 0 1 0 1 0 1 o0 O
0 0 0o 0 0 0 1 1 0 0 -1 -1
o 0o 0 0 0 0 0 0 1 o0 1 1)
\o 0 0 6 0o 0 0 0 0 2 2 2

This the row-reduced form over Z of the relation matrix, which explains row 8 and
column 10: we cannot divide row 8 by 2 (since 2 is not a unit in Z), and so we
normalize column 10 by making the entries 0 or 1. A basis for the free component of
P, is given by (the cosets of) the basis monomials for F; corresponding to columns
5, 8, 11, 12 of the row-reduced form; these are the columns which do not contain a

leading entry of a row. The corresponding basis monomials are
a(a(aaa)a)a, aa(a(aaa)a), (aaa)a(aaa), a(aaa)(aaa).

A generator for the torsion component of P; is (the coset of) the polynomial cor-

responding to one-half of row 8, namely
T7 := (aaa)(aaa)a + (aaa)a(aaa) + a(aaa)(aaa).

This completes the proof. [

Remark. The CPU time for these computations was 7.49 seconds on a Sun Sparc-

station LX.
Corollary 6. A free partially associative triple system is never a free Z-module.
Proof. The free ring on one generator is a subring of any free ring. O

Corollary 7. In any partially associative triple system over a coefficient ring which

contains % we have the identity

(aaa)(aaa)a + (aaa)a(aaa) + a(aaa)(aaa) = 0.
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Proof. Over Z we have 2T7; = 0; hence over a coefficient ring containing % have

T7EO. 0O

DEGREE NINE

Theorem 8. As Z-modules we have

Py~ 7Z° 0 Z8 & Zs.

Proof. The 55 monomials forming an ordered basis for Fy are

(((aaa)aa)aa)aa, ((a(aaa)a)aa)aas ((aa(aaa))aa)aas

(a((aaa)aa)a)aay (a(a(aaa)a)a)aas (a(aa(aaa))a)aas

(aa((aaa)aa))aar (aa(a(aaa)a))aag (aa(aa(aaa)))aag

((aaa)(aaa)a)aa;p ((aaa)a(aaa))aa;; (a(aaa)(aaa))aas
a(((aaa)aa)aa)a;s a((a(aaa)a)aa)ayy a((aa(aaa))aa)a;s
a(a((aaa)aa)a)ais a(a(a(aaa)a)a)air a(a(aa(aaa))a)ais
a(aa((aaa)qa))alg a(aa(a(aaa)a))az a(aa(aa(aaa)))as;
a((aaa)(aaa)a)azz a((aaa)a(aaa))azs a(a(aaa)(aaa))azq
aa(((aaa)aa)aa)zs aa((a(aaa)a)aa)2s aa((aa(aaa))aa)zr
aa(a((ecaa)aa)a)zs aa(a(a(aaa)a)a)zg aa(a(aa(aaa))a)sp
aa(aa((aaa)aa))s aa(aa(a(aaa)a))sz aa(aa(aa(aaa)))ss
aa((aaa)(aaa)a)ss aa((aaa)a(aaa))ss aa(a(aaa)(aaa))se
((aaa)aa)(aaa)asr (a(aaa)a)(aaa)ass (aa(aaa))(aaa)asg
((aaa)aa)a(aaa)so (a(aaa)a)a(aaa)s (aa(aaa))a(aaa)ss
(aaa)((aaa)aa)ass (aaa)(a(aaa)a)ayy (aaa)(aa(aaa))ass
(aaa)a((aaa)aa)se (aaa)a(a(aaa)a)sr (aaa)a(aa(aaa))ss
a((aaa)aa)(aaa)sg a(a(aaa)a)(aaa)sp a(aa(aaa))(aaa)s;
a(aaa)((aaa)aa)s: a(aaa)(a(aaa)a)ss a(aaa)(aa(aaa))ss

(aaa)(aaa)(aaa)ss.
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The ordered set of 55 spanning relations for Rg are listed below; the superscripts

indicate the basis monomial from which the relation comes (by the procedure de-

scribed previously):

I((aaad)aa,a,a,a, a)}
I(a(aaa)a,a,a,a,a)?
I(a,a,aaa,a, a)aas
I(a,a(aaa)a, a,a,a)s,
I(a, a, (aca)aa, a,a){;,
I(a,a,aa(aca),a,a)}q
I(aaa,a,aaa,a,a) i;
a(I(a,a,a,a,a)aa)al’
a(al(a,a,a,a,a)a)als
a(aal(a,a,a,a,a))azy
al(a,a,a,a, aaa)agi
aal(aaa,a,a,a,a)?
aal(a,a,aaq, a,a)?;
I(a,a,a,a, (aaa)aa)y
I{a,a,a,a, aa(aaa))ig

I(a, a,a,aaa, aaa)ig

I(aaa, a,a,a,aaa)sy
(aaa)l(a,q,aq,a,a)as;

a(aaa)l(a,a,a,a,a)3?

I(aaa,a, a,a,a)aal
I(a,aaa, a,a,a)aa?
I(a, (aaa)aa,a,a,a)j
I(a,aa(aaa), a,a,a)f,
(aal(a,a,a,a,a))aal,
I(a,aqa,a,a, aaa)aa?-,
I(a, aaa, aaa,a, a)%
al(a,aaa,a,a,a)als
al(a,a,a, aaa, a)aég
I(a,a,a,a(aaa)a,a)iy
I(a,aaa, a,aaa,a)33
aa(I(a,a,a,a,a)aa)
aa(al(a,a,a,a,a)a)’s
aa(aal(a,a,a,a,a))d}
aal(a,a,a,a,aan)ls
I(aaa, a,a,aaa,a)3}

I(aa a,a,a, a)a(aaa)gg

(aaa)al(a,aq,aq,aq, a)gg

(I(a, a,a,a,a)aa)aay
I(aa(aaa),a,a,a,a)}
(al(a,a,a,a,a)a)aay
I(a,a, a, (aaa),a)aa’,
I(a,a,a(aaa)a, a,a)}s
I{aaa, aaaq,a, a, a)ig
al(aaa,a,a,a,a)al’
al(a,a,aaa,a, a)aéﬁ
I(a,a,a, (aaa)aa, a)ss
I(a,a,a,aa(aaa),a)’)
1(a,a,aaaq,aaa, a)§§
aal(a,aaa,a, a, a)§2
aal(a,a,a,aaa,a)ly
I(a,a,a,a, a(aaa)a)ig
I(a,a,aaaq,a, aaa)gg
I(a,a,a,a,a)(aaa)aly
I(a,aaaq,a,a, aaa)gi

Expanding the relations in terms of the basis monomials we obtain the 55 x 55

relation matrix. Determining the row-reduced form over Z of the relation matrix

required 596 elementary row operations. The row-reduced form has rank 50; hence

the rank of the free component of Py is 5 (the difference between the rank and the

number of columns of the relation matrix). A basis for the free component consists

of (the cosets of) the monomials corresponding to columns 17, 29, 47, 50 and 54:
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a(a(a(aaa)a)a)a, aa(a(a(aaa)a)a), (aaa)a(a(aaa)a),
a(a(aaa)a)(aaa), a(aaa)(aa(aaa)).

Rows 21, 32, 37, 42, 43, 45, 47 and 49 have leading entry 2, which gives the torsion

submodule Z§. Generators for the eight Z, components are (the cosets of)

Ty := a((aaa)(aaa)a)a+2(aaa)(aaa)(aaa),
T¢ := aa((aaa)(aaa)a)+2(aaa)(aaa)(aaa),
T3 := (aa(aaa))(aaa)a+2(aca)(aaa)(aaa),
Ty := (aaa)(a(aaa)a)a—(aaa)a(a(aaa)a)+a(aaa)(aa(aaa))+2(aaa)(aaa)(aaa),
Ts = (aaa)(aa(aaa))a+(aaa)a(a(aaa)a)—a(aaa)(aa(aaa))+2(aaa)(aaa)(aaa),

Ty := (aaa)a(aa(aaa))+a(aaa)(aa(aaa))+(aaa)(aaa)(aaa),

Tq := a(aa(aaa))(aaa)+2(aaa)(aaa)(aaa),

T¢ := a(aaa)(a(aaa)a)+a(aca)(aa(aaa))+(aaa)(aaa)(aaa).
Row 50 has leading entry 6; the coset of

U, := (aaa)(aaa)(aaa),

generates the torsion submodule Zg. [

Remark. The CPU time for these computations was 683.62 seconds (11 minutes, .

23.62 seconds) on a Sun Sparcstation LX.

Corollary 9. In any partially associative triple system over a coefficient ring which

contains g, we have the identity

(aaa)(aaa)(aaa) = 0.
Proof. See the proof of Corollary 7. O

DEGREE ELEVEN

Theorem 10. As Z-modules we have

Pll 7 Z6 @ ng D ZG.

Proof. Since the computations in this case are so large, only a brief summary will

be given. The relation matrix in degree 11 has size 364 x 273; computing the
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row-reduced form over Z required 12753 elementary row operations. The row-
reduced matrix has rank 267, so the rank of the free component of P,; is 6; the free
generators correspond to columns 72, 127, 206, 218, 251 and 261. The rows which

have a leading entry other than 1 are

76 93 98 99 130 147 152 153 171 175 192 197
199 208 217 219 221 226 231 233 238 239 241 242
247 249 250 255 257 258 260 261 263 264 266 267

Of these 36 rows, the first 35 have leading entry 2 and the last has leading entry 6.
O

Remark. The CPU time for these computations was 116450.97 seconds (32 hours,
20 minutes, 50.97 seconds) on a Sun UltraSparc; this computation would have taken

an unreasonably long time on the Sparcstation LX used for degrees 7 and 9.
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