ENVELOPING ALGEBRAS OF SOLVABLE MALCEV ALGEBRAS
OF DIMENSION FIVE

MURRAY R. BREMNER AND MARINA V. TVALAVADZE

ABSTRACT. We study the universal enveloping algebras of the one-parameter
family of solvable 5-dimensional non-Lie Malcev algebras. We explicitly deter-
mine the universal nonassociative enveloping algebras (in the sense of Pérez-
Izquierdo and Shestakov) and the centers of the universal enveloping algebras.
We also determine the universal alternative enveloping algebras.

1. INTRODUCTION

In this paper we study the 5-dimensional solvable (non-nilpotent non-Lie) Malcev
algebras and their universal enveloping algebras. Over a field of characteristic
0, the 5-dimensional Malcev algebras were classified by Kuzmin [6]: there is one
nilpotent algebra, solvable algebras of five different types, and one non-solvable
algebra. Except for a finite number of special cases, the solvable algebras belong
to a family whose structure constants involve a non-zero parameter . Kuzmin
omitted the details of the classification in the solvable case, but Gavrilov [5] has
recently recovered these results using Malcev cocycles.

In 2004, Pérez-Izquierdo and Shestakov [8] extended the Poincaré-Birkhoff-Witt
(PBW) theorem from Lie algebras to Malcev algebras. For any Malcev algebra M
over a field of characteristic 0 or p > 3, they constructed a universal nonassociative
enveloping algebra U (M) which shares many properties of the universal associative
enveloping algebras of Lie algebras. In general U(M) is not alternative, and so it is
interesting to determine its alternator ideal (M) and its maximal alternative quo-
tient A(M) = U(M)/I(M), which is the universal alternative enveloping algebra of
M. This produces new examples of infinite dimensional alternative algebras. The
details have been worked out by Bremner, Hentzel, Peresi and Usefi [1, 3] for the
4-dimensional solvable algebra and the 5-dimensional nilpotent algebra. See also
the survey article [2].

The goal of this paper is to compute explicit structure constants for U(M) and
A(M) where M = M., belongs to the one-parameter family of 5-dimensional solvable
Malcev algebras. We also determine the center of U(M) which is non-trivial if and
only if the parameter ~ is rational.

We recall the structure constants of Ml = span{eg, e1, €2, e3, €4} from [6]:

! !
elex = e3, egel =e1, epex =ea, epez = —e3, epes =7ey (Y # 0)~

Date: April 6, 2010.

2000 Mathematics Subject Classification. Primary 17D15. Secondary 17D05, 17B35, 17A99.

Key words and phrases. Malcev algebras, universal enveloping algebras, central elements, al-
ternative algebras.



2 BREMNER AND TVALAVADZE

Thus e1, e, e3 span a 3-dimensional nilpotent Lie algebra, and ey, eo, €3, 4 span the
direct sum of this Lie algebra with a 1-dimensional abelian Lie algebra. The basis
element ey acts diagonally on this 4-dimensional nilpotent Lie algebra, producing
a 5-dimensional solvable Malcev algebra; the parameter enters only into the action
of ey on e4. We change notation, replacing ey by —a, e; by b, ea by ¢, e3 by 2d, eq4
by e (and +' by —v), and obtain the following structure constants for M:

(1) [b7 C] = Qda [a’7 b] = _bv [a,c] = —C [avd] = dv [CL, 6] =e ('Y 7é O)

The span of a, b, ¢, d is the 4-dimensional solvable (non-Lie) Malcev algebra; see [1].

2. PRELIMINARIES

Definition 2.1. The generalized alternative nucleus of a nonassociative alge-
bra A over a field F is the subspace

Nag(A) = {se€ A| (s,x,y) = —(z,5,y) = (x,y,5), Vo,y € A }.

In general N,t(A) is not a subalgebra of A, but it is a subalgebra of A~ (it is
closed under the commutator) and is in fact a Malcev algebra.

Theorem 2.2. (Pérez-Izquierdo and Shestakov [8]) For every Malcev algebra M
over a field F of characteristic # 2,3 there exists a nonassociative algebra U(M)
and an injective algebra morphism v: M — U(M)~ such that «(M) C N (U(M));
furthermore, U(M) is a universal object with respect to such morphisms.

The algebra U(M) is constructed as follows. Let F'(M) be the unital free nonas-
sociative algebra on a basis of M. Let R(M) be the ideal of F(M) generated by
the following elements for all s,¢ € M and all z,y € F(M):

St—tS—[S,t], (S,m,y)—l—(m,s,y), (x,s,y)+(x,y,8).
Define U(M) = F(M)/R(M) with the natural mapping
t: M — Ny (U(M)) CU(M), s u(s) =5 =s+ R(M).

Since ¢ is injective, we may identify M with «(M) C U(M). We fix a basis B =
{a;|1 € T} of M and a total order < on Z, and define

Q:{(ila'”ain) ‘”ZO, il < Szn}

For n = 0 we have gy = 1 € U(M), and for n > 1 the n-tuple (i1,...,4,) € Q
defines a left-tapped monomial

ar =a;, (@, (- (@, _,ai,)--+)),  larl=n.
In [8] it is shown that the set of all @y for I € €2 is a basis of U(M). It follows that
there is a linear isomorphism ¢: U(M) — P(M) which is the identity on M, where
P(M) is the polynomial algebra on M. Since M C N, (U(M)), for any s,t € M
and z € U(M) we have

(S,t,l’) = %Hﬂ;‘, S],t] - %Hxat]a S] - %[SL’, [Svt]]'
This equation implies the following lemma, which is implicit in [8].
Lemma 2.3. Let x be a basis monomial of U(M) with |z| > 2 and write © = ty
with t € M. Then for any s € M we have

(2) [l‘,S] = [t’s]y + t[yvs] =+ %[[ya3}7t] - %[[yvt]vs] - %[yv [Svt”v
(3) st = t(sy) + [s, tly — 3[[, 5], 1] + 3[[v, 8], s] + 5[, [, t]].
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Da,b Da,c Da,d Da,e Db,c Db,d Db,e Dc,d Dc,e Dd,e
a b —c —d -7 d
b . —d
c d
d
€

TABLE 1. Derivations of the one-parameter family of Malcev algebras

Let y be a basis monomial of U(M) with |y| > 2 and write y = sx with s € M.
Then for any basis monomial z of U(M) we have

(4) yz = (sx)z = 2s(xz) — x(sz) — x|z, 8] + [zz, 5].

Definition 2.4. In the nonassociative algebra A, we write L; and R for the
operators of left and right multiplication by s, and set ads = R; — Ls. We define
Ds,t = [Lsa Lt} + [LS7 Rt] + [Rsa Rt]

We note that Dy 3 = =D and D, s = 0.
In Table 1 we record the values of the derivations D,; on the one-parameter
family M, of 5-dimensional solvable Malcev algebras (dot indicates zero).

The following lemma is proved by Morandi, Pérez-Izquierdo and Pumplin [7,
Lemma 4.2]; note that we have changed the sign of the ad-operator.

Lemma 2.5. If A is a nonassociative algebra with s,t € Na(A) and x € A then
Lyw = LyLy + [Ro,Ly],  Luy = LyLy + [La, B),  [Lay L] = Liey — 2[Ry, L),
Rsy = RoRs + [Ry, L], Raus = RsRy + [Ls, Ra],  [Rs, Ri] = —Rps g — 2[Ls, Ryl
[Ls, Re] = [Rs, Li].

The operator Dy is a derivation, and we have

D,y = —adjsy — 3[Ls, Ry, 2D, = —ads 4 + [ads, ady].
Using D, we can rewrite the equations (2) and (3) as follows:
(5) [ty s] = [t, sly + t[y, s] = Ds.i(y) = [y, [s, 2],
(6) s(ty) = t(sy) + [s,1]y + 3 Ds.(y) + 3y, [s,t])-

3. LEFT MULTIPLICATIONS ON SOLVABLE MALCEV ALGEBRAS

We recall the classification of 5-dimensional solvable Malcev algebras from [6].
We omit the first case (the direct sum of the 4-dimensional solvable algebra and a
1-dimensional abelian algebra) and consider only the remaining five cases:

(7)  [b,c]=2d, [a,b] =Db, [a,c] =¢, a,d] =2d— se, [a,e] = —e¢;

(8) [b,c]=2d, [a,b] =b, [a,c] = [a,d] = [a,e] = —b — 2e;
(9) [b,c]=2d, [a,b] =Db, [a,c] = [a,d] = —d, [a,e] =2d —e;
(10) [b,c] =2d, [a,b]=b+e, [a,c] = [a,d] = —d, [a, €] = e;

(11) [b,c] = 2d, [a,b] = —b, [a,c] = —¢, [a,d] = [a,e] =ve (v #0)
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(We have made a slight change of basis from [6] so that [b,¢] = 2d in every case.)
Equation (11) coincides with equation (1); this is the one-parameter family on which
we focus in this paper. But for the rest of this section we work more generally and
let M = span{a,b,c,d,e} be one of the algebras in equations (7), (9), (10), (11).
Then L = span{b, c,d,e} is a 4-dimensional nilpotent Lie algebra with [b,c] = 2d
and other products zero; furthermore, [a, L] = L.

Lemma 3.1. If M is one of the algebras (7), (9), (10), (11) then in U(M) we have

Db,d = Db,e = Dc,d = Dc,e = Dd,e =0.

Proof. We have D, = —%ad[&t] + %[ads,adt] where s,t € M. If Dy, is one of
the above derivations then [s,t] = 0 and so ad;;) = 0; hence D,; = %[ads7adt].
From the multiplication table of M we have adg(M) C span{d,e} and ad.(M) C
span{d, e}. Hence ads;(adq(M)) = 0 and ads(ad.(M)) = 0 for s € {b,¢,d, e} (in
fact s € L). On the other hand, ad4|r, = 0 and ad.|r, = 0. It follows that
D, (M) = 1adsady(M) — Ladsad, (M) = 0 for t € {d, e} and s € {b,c,d,e}. Since
Dy 4 is a derivation on U(M), we have D, (U(M)) = 0. O
Lemma 3.2. In U(M) we have Lgm = L7 for all s € M.

Proof. Lemma 2.5 implies that L2 = LgLs 4 [Rs, Ls] for s € Nu(U(M)). Since
s € M C Nu(U(M)) we have

[Rs, Ls)(z) = RsLs(x) — LyRs(x) = (sx)s — s(xs) = (s,x,8) = 0.

Hence L,2 = L2. We now prove that Lgm = L™ for m > 3 by induction on m. By
the inductive hypothesis and Lemma 2.5 we have

Lgms1 = Lygm = LyLgm + [Ry, Lgm] = Ly L™ + [Ry, L™] = L™,
since R, commutes with L, (and hence it commutes with L7"). O
Lemma 3.3. In U(M) the operators L., Lq, L. are pairwise commutative, and
Lekgiom = LeLyL
Proof. Lemma 2.5 implies that for any z,y € N.(U(M)) we have
[Las Lyl = Ligy) = 2[Ra, Lyl Day = —adpy) = 3[Le, Ry],  [La, Ry] = [Ra, Ly).
If [z,y] = 0 then L, , = 0 and ad, ) = 0, and hence
[La, Ly] = %Dz,y.
Therefore by Lemma 3.1 we have
[Le, La) = [Le, Le] = [La, Le] = 0.
By Lemma 3.2 we have
Loo=1LF Ly=1L4 Lom=L"
If [z,y] = 0 then D, , = —3[Ly, Ry] = —3[Rq, Ly, and so Lemma 3.1 implies
Loy Ra = [Re La) = 0. [Les Re] = [Res L] = 0, [La, Re) = [Ra, Le] = 0.
We show by induction on [ that
Lgtem = LLL™.
The basis [ = 0 is Lemma 3.2. If Lji-1,m = LiflLZ’ for some [ > 1 then
Lgen = Lggg-1emy = LaLgi—1em + [Ra, Lg-1em] = LYLT + [Ra, Ly ' LY
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= LLLY" + [Ra, L '|LT + L ' [Re, L) = LLLY,
since Ry commutes with L]* and Lf{l. We show by induction on & that
Lekgiom = Le Ly L.
The basis k = 0 is the previous formula. If Lox—1g1om = LELLLL™ for k > 1 then
Lergrem = Le(er—1gtemy = LeLek—1gigm + [Rey Lok—1g1em]
= LELGLY + [Re, LE ' LyLY") = LELLLY + [Re, LY L LY = LELYLY

since R. commutes with LE=1 LY and L™. The proof is complete. |
Notation 3.4. We set [X,..., X, Y] =[X,...,[X,[X,Y]]---];if ¢ =0 we get Y.
q q

Lemma 3.5. If s € Ny (U(M)) then

k
k
L, = Z ( )L’;q[RS,...,Rs,Lx].

q
—0
q q

Proof. By induction on k; the basis & = 0 is trivial, and k = 1 is the first equation
in Lemma 2.5. Assume that £ > 1 and that

k
Lgy =) (k>L’;‘q[RS7...,RS,Lz].
a=0 q N———
q

Using Lemma 2.5, the fact that Ry and Ly commute (see the proof of Lemma 3.2)
and Pascal’s identity for binomial coefficients, we obtain

Lowsiy = Lyakay = LsLoby + [Ro, Lor)

k
Z( )Um ‘R ,,..,RS,LI]JrZ(k)L’“ 9[R,,..., Ry, Ly
h/—’ q —

q a=0 a+1

=L, +Z( )L’““ 9[R,,..., Ry, Ly

q k+1

k+1
=> (kH)Lk“ YRy, ...,Rs, Ly
N———

q
q=0 p

The proof is complete. O
Proposition 3.6. In U(M) we have
min(j,k)

N
Lyickgrem = Z al (i) <a> L~ “rkerhrrm e, D =—%(2adq+ Dy,.).
a=0
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6
Proof. Lemmas 3.3 and 3.5 give
i .
J | — m
Lyickgiem = ;} <a> L™ *[Ry, ..., Ry, LELLL™).
By Lemmas 2.5 and 3.1 we have
[La, Rp] = —%(ad[d’b] + Dgyp) =0, [Le, Rp) = —%(ad[e,b] + D, ;) = 0.

Thus R, commutes with Ly and L., and so

Ry, L*LLL™) = [Ry, ..., Ry, LFILLL™.

Ry, .
We have
Dy . = —adp, ) — 3[Ls, Re] = —adpy,) — 3[Ry, Le] = —2adg — 3[Ry, L].
Hence D = [Ry, L.| = RyL. — L.Ry. We show that D commutes with Rj. For this

we compute [adg, Ry] and [Dy, ., Rp] using Lemma 2.5:

[add, Rb] = [add, adb—i—Lb] = [add, adb] + [add, Lb]
=2Dgyp +adjgy + [Ra—La, Ly] = [Ra, Ly] — [La, L)

= [Ra, Ly] — Lig ) + 2[Ra, Ls] = 3[Ra, Ly] = —Dayp = 0,

[Db,m Rb](l') = Db@Rb(l‘) - RbDb’c(l') = Db7c(1'b) - Db’c(.’L')b
= Dy o(x)b+ Dy (b) — Dy (x)b = 2Dy, o(b) = 0.

Thus [D, Ry] = 0. We show that [Ry, L¥] = kDL¥~1 by induction on k; the case

k =1 is clear. By the inductive hypothesis we have

[Ry, LK™ = R,LFT! — LM'Ry = (R, LF)L. — L*'R,
= (LR, + kDL YL, — L*™'Ry, = LRy L. + kDLF — LF' R,

= L*(L.Ry, + D) + kDL — LR, = (k+1)DLF,
: [DILC? L ](x) - %[adlh LC] (.I)

since D and L. commute:
[D,L](x) = —5[De,c +2ada, Le)(x)

_ _% (Db,c(c'r) — CDb,c(x))

= —1Dp(c)z =0.
(Recall that [Rg, L.] = 0 and [Lg4, L.] = 0 by the proof of Lemma 3.3.) Finally, we

([Rdv Lc] - [Ld7 Lc]) (Z‘)

3
_ 2
3

show by induction on «a that
k
[Rb, 'aRbaLlcc} :a|(a>DangOé

This is clear for & = 0 and we just proved it for &« = 1. Since [Rp, D] = 0 we have

k
[Ry,..., Ry, L¥] = [Ry,[Ry. .., Ry, L¥|] :a!< >[Rb,D“L’ja]
—— «

[e3%

a+1
= O['( )D(Y[Rb’ Llccfa] - al <k> (k—a)Da+lL’§7(a+l)
(%

= (a+1)!( _H)Da“Lf(““).
(67
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The proof is complete. O

4. REPRESENTATION OF M BY DIFFERENTIAL OPERATORS

We now return to the one-parameter family Ml = M, of 5-dimensional solvable
Malcev algebras with structure constants in equation (1).
Notation 4.1. We have these linear operators on the polynomial algebra P(M):

e [ is the identity;

e M, is multiplication by x € {a,b,c,d,e};

e D, is differentiation with respect to = € {a,b,c,d,e} (it is important to
distinguish between this D, and the previous D ;);

e S is the shift operator on the generator a: S(a'b’cFd'e™) = (a+1)'b/ ckdle™;
more generally, we use exponential notation and write S« (a € F) for the
shift-by-a operator S, (a'b’cFde™) = (a + a)ibickdle™.

Notation 4.2. We use the linear isomorphism ¢: U(M) — P(M) to define opera-
tors on P(M) expressing products and commutators in U (M):

e L, is left multiplication: L, (f) = ¢(xgp1(f)) for x € M, f € P(M);
e R, is right multiplication: R, (f) = ¢(¢~1(f)z) for x € M, f € P(M);
e p, = R, — L, is the adjoint: p,(f) = ¢([¢p~1(f),z]) for x € M, f € P(M).

Lemma 4.3. As operators on P(M) we have
L, = M,, pa = MyDy + Mc.D. — MqDg +yMeDe — 3Dy DMy,
Ro = Mg+ MyDy + McD. — MgDg +yMeDe — 3Dy Do Mj.
Proof. The claim for L, is trivial by our convention on basis monomials:
Lo (a't Fdle™) = a(a’t Fdle™) = o' ki dle™.
Since by definition R, = L4 + pg, it remains only to prove the claim for p,. We
first show by induction on 4 that
(@'t Fdle™, a) = a'[b/ cFdle™, a).
For i = 0 the claim is trivial. For the inductive step, equation (5) gives
[a™t1b Fdle™, a] = [aa’t Fd'e™, d]
= [a,ala’t? Fd'e™ + a[a’t cFd'e™, a] — Dy o(a'ticFd'e™) — [a't cFdle™, [a, d]]
= ala't/ Fd'e™, al.
By definition of M, and D, we have
(MyDy + M.D, — MyDgq +yM.D. — 3Dy D .My) (b’ cFd'e™)
=(j+k—1l+my)bcFdem™ — 3kt Lk~ tdl T lem,
and so it now remains only to show by induction on j that
[pckdle™, a) = (j + k — 1+ my)b Fde™ — 3jkbT 1k~ 1dlHem,
For j = 0 we use the fact that a, ¢, d, e span a Lie subalgebra of M (a nilpotent
Lie algebra, the split extension of the 1-dimensional Lie algebra with basis a by the

module with basis ¢, d, €). Clearly p, is a derivation of this Lie algebra, and we
have [z, [z,a]] = 0 for z = ¢,d, e. Therefore

[Fd'e™, a] = [cF,a]d'e™ + cF[d, ale™ + Fd[e™,a] = (k — 1 + my)cFde™.
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For the inductive step, equation (5) gives
[pHickdle™, a] = [bbcFdle™, a]
= [b,alt’Fde™ + bt/ cFd'e™, a] — Dy y(b Fde™) — (b cFde™, [a, b
=pricFdle™ £ b cFde™, a] — Do (b cFde™) 4 [V cFde™, b).
Since b, ¢, d, e span a Lie subalgebra of M, the structure constants give
[ ckdle™, b) = —2kb FtdH e,
Furthermore, since D, ,(b) =0, D, 4(c) =d, Dy p(d) =0, Dy p(e) = 0, we obtain
DoV cFde™)
= Dy p(V)cFd'e™ 4+ b7 Dy y(cF)d'e™ + b cF D,y (d)e™ + b cFd D, (™)
=W D, p(cF)de™ = kbl Fd e,
Combining these results gives
[pHckde™ a] = T icFdle™ 4 bt Fdle™, a] — 3kbIcF1d! T le™.
Now the inductive hypothesis gives
[ Hickdle™, a) = Y Hickdle™ 4 bb/ Fdle™, a] — 3kbIFLd! T em
=btckde™ + b((j+k—l+my)b cFdle™ — 3kt T d T ™)
_3kbI kL gt em
=G4+ 1+Ek—1+mytickde™ =335+ Dkt FLdlTlem,

The proof is complete. O
Lemma 4.4. As operators on P(M) we have
Ly = SMb + (S = 8)D.Mj, =(I—S)My+ (S —2S"' —I)D.M,,
Ry =M, — (S™' +I)D .My, Da b=T—8)My+ (S+S~' —I)D.M,.

Proof. Since Ry = Ly + py, it suffices to prove the formulas for Ly, pp, and Dgp. For
this we set y = a’b’c*d'e™ and do simultaneous induction on i using the equations

blay) = a(by) + by — 2Dap(y) + 2[y,b],  Dap(ay) = —by + aDayp(y),
[ayv b] = 7by + a[ya b] + Da,b(y) - [y7 bL

which follow from (5), (6) and Table 1. The basis of the induction consists of these
equations from the proof of Lemma 4.3:

Lyt crdle™) = v/ ckdle™, DoV cFde™) = kbl 1t tem,
pp(VcFde™) = =2kt cFtd lem.
We now prove case i + 1 of each equation separately, but in each case the inductive
hypothesis is case i of all three equations. First, the formula for L;:

bla' T ckdle™)
= a(b(a’t/cFd'e™)) + b(a'b/ Fd'e™) — 2D, p(a't Fd e™) + E[a’t cFde™, b]
= (M, + I)(SMy 4 (S71 — S)D.My)(a't cFd'e™)
2((I=8S)My+ (S+ S~ —I)D.My)(a't? cFd'e™)
+2((I = S)My + (S —25' —I)D.My)(a't? cFd'e™)
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= (M, + I)(SMy) (a't' cFd'e™)
+ (Ma+I)(S7'=8) — 2(S+S71=1) + 2(S—28""'—1))(DMy)(a’t Fd'e™)
= (SM, M) (a't cFd'e™) 4+ (M, — I)S™" — (M, + I)S)(D.My)(a't’ *d'e™)
= (SM, M) (a't’ Fd'e™) + (S 1M — SM,)(DMg)(a't cFdle™)
= (SMM,)(a't/ Fdle™) + ((S™1 — )M, )(D.My)(a't cFdle™)
= (SMy+ (S7' - S)D Md)(a’“bj Fdle™).
Next, the formula for py:
[T 1b cFdle™, b]
= —bla'tFd'e™) + ala’ Fd'e™, b] + Do p(a'ti Fdle™) — [a'bIcFde™, b]
—(SMy 4 (S71 — 8)D M) (a't/ Fd'e™)
+ (M, — I)((I = S)My + (S — 2571 — I)D M) (a't? *d'e™)
+((I = S)My+ (S +S~' —I)D.My)(a't'cFd'e™)
= (=S + My(I — 8))My(a't'cFd'e™)
+ (Mg +1)S — 2(M, — I)S™' — M,)(DMy)(a't/ Fd'e™)
= (M, — (M, + I)S)My(a’t’cFd'e™)
+ (Mg +1)S — 2(M, — I)S™" — M,)(DMyg)(a’t Fd'e™)
= (M, — SM,)My(a't'*d'e™) + (SM, — 28~ M, — M,)(D.My)(a't! cFd'e™)
= (I — 8)(My My)(a't! Fd'e™) + (SM, — 257 M, — M,)(D.Mg)(a't? Fd'e™)
= (I — 8)(MpM,)(a't? cFd'e™) + (S — 287! — I)(MuD.My)(a't cFd'e™)
= ((I = S)My + (S — 287! = I)D . My)(a v/ cFd'e™).
Finally, the formula for D, p:
Dap(a™chdle™) = —b(a't/ cFd'e™) 4 aDy p(a'b Fd'e™)
—(SMy + (S7! = S)DMy) (a't! Fd'e™)
+ Mo ((I = S)My + (S + S~ — I)D.My)(a't? Fd'e™)
= (=S + M, (I — 8))My(a't? *d'e™)

+ (I + My)S + (M, — 1)S™ — M,)(D.My)(a't’ *d'e™)
= (My — (I + M,)S)M,(a’t/ c*d'e™)
+ (I + My)S + (M, — 1)S™ — M,)(D.My)(a't’ *d'e™)

= (M, — SM,)My(a't’cFd'e™) + (SM, + S~ M, — M,)(D.My)(a't/ *d'e™)
= (I = S)(M M) (a't/ Fdle™) + (S + S~ — I)(M,D.My)(a't/ Fd'e™)
= (I =8)My+ (S+ S~ —I)D.My)(a" 16 Fdle™).
The proof is complete. O
Lemma 4.5. As operators on P(M) we have

L.=SM.— (S + S 1) Dy,My, = (I —S)M.+ (S+2S~! - I)D,M,,
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R.= M.+ (87! — I)Dy,M,, Dye=(I—S)M.+ (S-S~ —1)D,M,.

Proof. As before, it suffices to prove the formulas for L., p. and D, .. The basis of
the induction consists of the following equations which follow easily from the fact
that b, ¢, d, e span a Lie subalgebra of M:

c(ckdle™) = bkt tdle™ — jpi—tckdltte™, [V ckde™, ] = 2071 ckdl T tem,
Dy (Y cFde™) = —jbItFdtem.
The strategy of the proof is the same as for Lemma 4.4. First, the formula for L.:
c(a™ Fdle™)
= a(c(a't? Fd'e™)) + c(a't Fd'e™) — %Da,c(aibjckdlem) + %[aibjckdlem, c|
= (M, +I)(SM, — (S + S™1) Dy My)(a'ti cFd'e™)
2((I = S)M,+ (S — S~ = I)DyMy)(a't/ Fd'e™)
+2((I = S)M. + (S +25' — I)DyMy)(a't? cFd'e™)
(Mg 4 I)(SM.) — (Mg + I)(S + S71) — 2571 (DyMy)) (0t cFd'e™)
(M, +I)(SM,.) — (Mo + I)S + (M, — )S™)(DyMy))(a't! Fd'e™)
(SM,)M,. — (SM, + S—lMa)DbMd)(a Vckdem)
(SM )M, — (S8 + S™1)M,DyMy)(a't/ cFd'e™)
= (SM,. — (S + S~V Dy My) (a7 Fd'e™).
Next, the formula for p.:
[T cFdle™, ¢
= —c(a't/ Fd'e™) + a[aV Fd'e™, ¢] + Dy c(a't Fde™) — [a't Fde™, ]
(=SM, + (S + S~ Dy My)(a'ti Fd'e™)
+ (M, — D((I = S)M, + (S + 25" — I)DyMy)(a't/ Fd'e™)
+ (I = S)M, + (S — S~ = I)D, M) (a't/ cFd'e™)
= (=S + M, (I — S))M (a'V/ cFd'e™)
+(S+ S+ (M, — I)(S+257 1) + (S—S~'—1))(Dy M) (a't! cFd'e™)
= (M, — (M, + 1)S)M_(a'V/ c*d'e™)
+ (Mg +1)S +2(M, — I)S™' — M,)(DyMy)(a't’ Fd'e™)
= (M, — SM,) c(cﬁbﬂc’%ﬂem) + (SM, + 2S5~ M, — M,)(DyMy)(a't/ cFd'e™)
= (I = S)(M M) (a't/ cFd'e™) + (S + 2571 — I)(M,DyMy)(a't/ cFd'e™)
= ((I = S)M, + (S + 2571 — I(DyMy)) (a' b Fdle™).
Finally, the formula for D, .:
Do (a1 cFdle™) = —c(a'ti Fd'e™) + aDg o (a't cFdle™)
= —(SM, — (S + S~ Y)Y DyMy)(a't! Fd'e™)
+ My ((I = S)M. + (8 — 871 — I)Dy M) (a't? *d'e™)
= ((=S+M,(I-8))M. + (S+S™'+M,S—M,S™'—M,)(DyMy))(a't/ c*d'e™)
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= (((I = S)M,)M, + (SM, — S~'M, — M,)DyMy)(a't’ c*d'e™)
=((I—=8)M.+ (S —S"' —I)DyM,) (a" '/ cFd'e™).

The proof is complete. O
Lemma 4.6. As operators on P(M) we have

Lq= S My, pa = (I —S™1)My, Rq = My, Daag= (St —I)M,.
Proof. The basis of the induction consists of the equations

dp/cFde™) =vickd e, [pFde™ d] =0,  Dga(b/cFd'e™)=0.

The rest of the proof is similar to that of Lemma 4.5. (]
Lemma 4.7. As operators on P(M) we have

Le=S8""M., pe=(I—S77)M,, Re = M., Dg.e=7(S77 = I)Me..
Proof. The basis of the induction consists of the three equations

D, (b cFde™) =0, e(b/cFde™) = b cFdlem T, [pickdle™, e] = 0.

Recall that S7 is defined by S7(a'b’cFd'e™) = (a + )"/ cFd'e™. We have
e(a' v ckdle™)

= a(e(a’t/Fde™)) — ve(a't/ Fdle™) — %Daye(aibjckdlem) — %’y[aibjckdlem, e]

= (Mg —~I)S™ "M, — 24(S™ = )M, — 2~4(I — S™7)M,)(a't? Fd'e™)

= STYM, M. (a'V cFd'e™) = ST M, (a" b ckdle™),

[ bk dle™, €]

=ve(a't/ cFd'e™) + ala’t Fd'e™, €] + Dyo(a't Fd'e™) +yla't cFdle™, €]

= (YSTYM, + M, (I-S™")M, +~(S™'—I)M, +~(I—S~7)M,)(a't? c*d'e™)

= (vSTV4My—M,S™ )M, (a't? *d'e™) = (—(My—~I)S~7+M,) M (a't’ cFdle™)

= (=S + )M M (a't/ Fd'e™) = (I — STV M, (a1 b Fdle™),

Do (@ cFde™) = —y2e(a'V cFd'e™) + aDg o (a'V Fd'e™)

= 2SI M (a'V cFdle™) + Myy(S™Y — )M, ('t Fd'e™)

= y(=yS™TM, + M,S™Y M, — M, M.)(a't’ *d'e™)

= y((My —~yI)S™Y — M)M,(a't/ cFd'e™) = y((S™Y My — My)M,)(a't/ cFdle™)

= (ST = )M M. (a't/ Fd'e™) = y(S™ — I) M, (a'T b/ Fd'e™).
The proof is complete. O

5. THE CENTER OF THE UNIVERSAL ENVELOPING ALGEBRA

Our next goal is to use the results of Section 4 to compute the center of U(M).
Let Z(U) and K (U) denote the center and commutative center of U(M). Shestakov
and Zhelyabin [9] proved that

ZU)=K{U)={neUM) | [n,z] =0for allz € M }.

Z(U) is a characteristic subalgebra: it is stable under automorphisms of U(M).
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Theorem 5.1. Let M = M., belong to the one-parameter family (1) of solvable
5-dimensional Malcev algebras over a field F'. Then

2(U) = Fld™e™] ify=1/m withl,m € Z, (I,m)=1, m > 0;
F ifv ¢ Q.
Proof. We first show that Z(U) C U(L) where L = span{b, ¢, d,e}. Choose

n = Zaisi e Z(U), s, €U(L),

where m is minimal satisfying n ¢ U(L) and s, # 0. If m = 0 then we are done.
If m > 1 then we show by contradiction that m = 1. Assume m > 1 and consider
the automorphism ¢ of U(M) defined by

@(a) =a+1, @(b) =b, SO(C) =G @(d) =d, 90(6) =e.

Since Z(U) is a characteristic subalgebra, ¢(n) € Z(U) and so ¢(n) —n € Z(U).
However,

pn)—n= Za—i—l Zasl—z ((a+1)" —a")s;.
=0

=0

Hence ¢(n) — n is a nonzero element of Z(U) \ U(L), but its degree in a is strictly
less than m, contradicting the choice of n. Hence m = 1 and n = sy + as;. Since
n € Z(U) we have adg(n) = [n,d] = 0. Lemma 4.6 shows that adg = —D, q and so
ad, is a derivation of U(M); also ad, = (I —S~1)M, which is zero on U(L). Hence

0 = adg(n) = adg(so + as1) = ada(so) + adg(a)s1 + aadq(s1) = ds;.

Hence s; = 0 since U(M) has no zero divisors by [8]. Therefore Z(U) C U(L).
Clearly n € Z(U) if and only if ads(n) = 0 for s € {a,b,c,d, e}. Consider

n= Zaibj"ck"dliemi e Z(U), «; #0.

By the formula for p, from Lemma 4.4 we have
ady(n) = (I = S)Mpy(n) + (S — 287" = I)DcMgy(n) = 0 — 2D Mqy(n)
= Z<_2aiki)bjicki—ldlj-i-lem&,;
i
hence k; = 0 for all 4. By the formula for p. from Lemma 4.5 we have

adb(n) = (I — S)M (TL) + (S +25° 1t~ I)DbMd(TL) =0+ 2DbMd(n)
_Z 2(17“7 1dl+1 m,

hence j; = 0 for all . By the formula for p, from Lemma 4.3 we have

adg ( Zal l+’ym1)dl i,

hence I; = ym; for all i. It is clear that adg(d'e™) = ad.(d'e™) = 0.
Hence if v € Q then Z(U) is generated by d”™e™ where m is the smallest positive
integer for which ym € Z, and if v ¢ Q then Z(U) = F. O
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6. THE UNIVERSAL NONASSOCIATIVE ENVELOPING ALGEBRA

In this section we compute structure constants for U (M) where M = M, belongs
to the one-parameter family (1) of solvable 5-dimensional Malcev algebras.

Lemma 6.1. In U(M) we have

min(j,k) « .
k i
b= 3 S0l (5) (1) (0)smnt e

a=0 B=0

Proof. By Lemma 4.6 we have adg = —Dgy g = (I — S™1)My, so ad, is a derivation
of U(M). Since adg(a) = d and Dy (a) = d, we have (Dy,. — adq)(a) = 0. Since
Dy, — adg is a derivation of U(M), we have (D, — adg)(a¥) = 0. It follows from
Table 1 and Lemma 4.6 that ad4(z) = 0 and Dy .(z) = 0 for any x € U(L) where
L = span{b, ¢, d, e}. Hence

(Dy. — ady)(a*z) = (Dy. — ady)(a®)z + a*(Dy . — ady)(z) = 0.

Therefore adg = Dy, . on U(M). This implies that the operator D from the proof
of Proposition 3.6 satisfies D = —adg = (S~! — I) M. Therefore

DY = (S71 — 1)*M2 = i(_m*ﬁ <g) S=BMe.

B=0
Using this in Proposition 3.6 gives the stated formula for Ly;kgtem - O

Remark 6.2. If we set m = 0 in Lemma 6.1 then we obtain the formula for Ly; x4
in Lemma 4.2 of [1]. The following Lemma 6.3 generalizes Lemma 4.3 of [1].

Lemma 6.3. In U(M) we have
[Rao, LES'LEDY DY LEMYLAILT = —(t +v+w +y)LES'Ly Dy DY LE MY L5 LY
— LS ST LT DY DY L MY ALY - LS LDy T DO LT MY T LA LT
Proof. For any x,y € M, by Lemma 2.5 we have
Dy = —adpy ) — 3[Rs, Ly], hence — 3[Ry, L,] = adp; 4 + Dy y-
Using this and Lemma 4.4 we show that [R,, Ly] = —S~ 1D, My:
— 3[R, Ly] = adjqp) + Dap = —ady + Dy
=—(I—-8S)My,—(S—28"' ~I)D.Myg+ (I —S)My+(S+S*—1)D.M,
=35"'DcMy.
Similarly, using Lemma 4.5 we show that [R4, L.] = S~ Dy My:
—3[Ra, Le] = adjq,q) + Da,e = —ade + Dgc
=—(I—-8S)M.—(S+28' —~I)DyMy+ (I —S)M.+ (S — S~ —I)DyM,
= —35""DyM,.
Using Lemmas 4.6 and 4.7 we see that [R,, Lq] = 0 and [R,, L.] = 0:
—3[Ra, Lg] = ad[q,q) + Da,a = adg + Da,a = 0,
—3[Ra, Le] = ad|g,e] + Da,e = vade + Da,e = 0.
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Similarly, using obvious commutation relations (Lemma 3.2 of [1]), we have

[Ra, Dy) = [MyDy, D) — 3[DyD .M, Dy| = [My, Dy| Dy, — 0 = —Dy,

[RavD ] [MCD07 Dc] - 3[DchMd7Dc] = [Ma Dc]Dc -0= _Dw
[Ra’ Md] [MddeM(i] - 3[Dch, Md]Md - *Md[Dd, Md] = —Md’
[Ra, S] = [M,,S] =-S.

We now apply these formulas to the derivation rule:
[Ra, LESTLy DYDY LEMYLGLT] = L3 [Ra, S\ LE Dy DY LY MY LILY
+ L3 S* Ry, Ly| Dy DY LEMYLLLY + LES'Ly Ry, DY) DY LY MY LG LT
+ Ly S'LY DY [Rq, DY|LEMYLILY + LS S'Ly Dy DY [R,, LY MY LZLT
+ L:S'LEDY DY LY Ry, MY LE LY.
Expanding the right side and collecting terms gives the stated result. O

Lemma 6.4. In U(M) the operator Lyiyjokgiem equals

min(j,k) o i i—ki—Kk—0 e B 1 k
S S S e nsana(5) () (1)

a=0 B=0r=04=0 e=0

X;(k,0,€)LES™ 0= LI~ DI DELE— = Mgt LL L,
where X;(k, 0, €) is polynomial in o — B satisfying X(0,0,0) =1,
Xit1(k,0,€) = (a—P4+0+€) Xi(k,0,€) + Xi(k—1,6,€) + X; (K, 0—1,€) + X;(k, 5, e—1),
and X;(k,0,6) =0 unless 0 <k <1i,0<§ <i—k, 0<e<i—k—9.

Proof. Induction on 4. The basis is Lemma 6.1 and the inductive step is Lemma 6.3.
The rest of the proof is a step-by-step repetition of that of Lemma 4.4 of [1]. O

Lemma 6.5. We have
i—k—J—€ .
_ [d+e i i—k—C ¢
s~ () 8 () [
where the Stirling numbers of the second kind are defined by

(=35 ()

Proof. See [1], Definition 4.5 and Lemma 4.6. O

The formulas for L, and L. in Lemmas 4.4 and 4.5 are the same as for the
4-dimensional solvable Malcev algebra [1]. Thus Lemma 5.1 of [1] holds in our case:

(12) =S () s e
n=0 6=0 n,

r T—A

(13) ZZ < M)SI 2p,M/\M3c )\Dar A

A=0 =0

Therefore Lemma 6.4 can be rewritten in terms of M,, D, and S as follows.
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Lemma 6.6. In U(M) the operator Lyiysokgiem equals

min(j,k) o« i i—ki—k—0i—Kk—0—€j—a—cj—a—e—nk—a—8k—a—56—\

ZZZZZZZ;Z#Z

a=0 [B=0r=06=0 =0 n=0

i—k—( J k y
o+e a,€n,0) \a,d,A p

K Qjt+k—1—2a—B—28—2c—20—2pu—ym 7 N Hk—a—X yj—a—n A g\ N gi+k+Hl—a=n—=X ;3 rm
MES M) DF=e=X pi=a=n ppA g M

Theorem 6.7. In U(M) the product (a'b’cFd'e™)(a"b"cPdle®) equals

min(j,k) o i i—ki—k—0i—Kk—0—€cj—a—€ej—a—e—nk—a—8k—a—56—\ r

DRI IEDIEDIED TN DED MDD

a=0 pB=0k=056=0 =0 n=0 p=0 v=0

(st aoga(§) o ()«

Ui wdno) o) ) i) [

arJrK71/b*k:+n+o¢+n+)\C*j+p+a+n+/\dj+k+l+q7a7nf)\eers’
where w = j+k—1—2a—B—25—2¢—20—2u—my. (For (a—p3)¢ we set 0° = 1.)
Proof. Apply Lyipickgiem to a"b™cPdle®. ]
7. THE UNIVERSAL ALTERNATIVE ENVELOPING ALGEBRA

By Lemma 6.3 of [1] we have
(c,ab,ab) = —bd, (b,ac,ac) = cd, (a,bc,bc) = 2d°.
Using Theorem 6.7 (of the present paper) we calculate
(ac+ be,ac + be,a) = (ac, be,a) + (be, ac,a) = de.

Let J be the ideal of U(M) generated by {bd, cd, d?, de}. We consider U(M)/.J, and
our goal is to prove that this is the universal alternative enveloping algebra of M.
Since (the cosets of ) the elements d?, cd, bd, de are zero in U(M)/J we can reduce
each basis monomial of U (M) modulo J to either a’d (type 1) or a"b"cPe® (type 2).

Lemma 7.1. In UM)/J we have
ald-a"d =0,
atd-a"b"cPe® = 60n60p(503ai(a—1)7’d,
a't’'Fe™ a"d = j05k05m0ai+rd,

a't/cFe™ - a"b Pe® = a(a+j+k—ym) VTP 46, 066005 4n, 10041 T

where
0 f (3, k) = (0,0),
o ) (a=1)""d—a'(a+1)d if (k) = (1,0),
) ~(a—1)rd —al(a+1)7d if (,k) = (0,1),
a(a—1)"d —a‘(a+2)"d (4,k) = (1,1)
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Proof. The proof of the first equation, and of the last in the case s = m = 0, is
given in Lemma 6.5 of [1]. For the second equation, we compute L,:4 using Lemma
6.4. Since j = k = 0 and m = 0 we have that & = 8 = 0. Therefore L,i4 equals

i i—Ki—K—0
P— o 0 0 KQ—0—eT —¢ €T — €
YOS (- %!e!(O ) (0 5)Xi<n,5,e>LaS L DIDELOMI L.

k=038=0 €=0
Clearly e = § = 0, and since X;(k,0,0) = 0 unless k = i by Lemma 6.5, we get
L,ig = L. Ly. Therefore in U(M)/J we have

Lgig(a™b"cPe®) = MéSilMd(arb"cpeS) = 5305n05p0ai(a—1)rd.

For the third equation, we consider Lgipiokem. Since the exponent of d is < 1 in
monomials of both types 1 and 2, we have a + 6§ + ¢ = 0 in Lemma 6.4. Hence
azézeanndsoﬁzO Therefore,

Lyipicken _Z )" X, (k,0,0)LES L)LY = LI L)Lk

Using equations (12) and ( 3) we obtain the stated result. It remains only to
consider the fourth equation in the case s +m # 0. Since the exponent of e in
Theorem 6.7 is non-zero, the exponent of d must be zero. Hence j+k—a—n—A =0
and so a+n+ A= j+ k. But then, sincea+n<j, A<k, n<j,a+ X<k, we
seethat \=k,n=j,a=0=0,d=ec¢=0 = p=_=0. The sum collapses to
ka

Z(j‘i‘k—'ym)" (r) aTrTVRITn R P em s — gl (apjHk—ym) Y TR TP TS,

v=0 v
The proof is complete. O

Theorem 7.2. The universal alternative enveloping algebra A(M) has the basis
{aid, a’bicke™ | i,j,k > 0} and the structure constants of Lemma 7.1.

Proof. We compute all possible associators of basis monomials of U(M)/J of types
1 and 2. Since the product of a monomial of type 1 with any monomial is a linear
combination of monomials of type 1, and the product of two monomials of type 1 is
zero, it is clear that every associator with two monomials of type 1 vanishes. Next
consider an associator with one monomial of type 1 and two of type 2, for example

(a'd,a"b"cPe’ albFcled) = (aid - a"b"cPe®)albFcled — ald(a"b"cPe® - a'brcte?).
If s+ q # 0, then a straightforward application of Lemma 7.1 shows that the result

is zero. If s + ¢ = 0, then Theorem 6.6 of [1] shows that (a'd,a"b"c?,a'bkct) = 0.
The other two cases are similar. We finally consider three monomials of type 2:

(a'VcFe™ amb e a'bicte?) = A— B+ C — D,
where
A= B = ad'(atj+k—ym) b/t remts glyictey
—a't/Fe™ - a" (a+n+p—rys) bn TP Tes Ty
r i+r—u,l
Sov—o (0) GHk—ym)" S ya.08y0 50

= Ojntq,10k+pt,1
_Zu 0( ) (n+p—ys)~ 5m705s+y70T;}:+l ")

ir 1 t ipg .k l
C—-D= 6m’055,05j+n’15k+p,1T;,’;a bictey — 5306y05n+q’15p+t’1a’b70 emTf;p.
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If y # 0 then s +y # 0 and so A — B = 0; moreover, the second term in C — D
vanishes, and the second equation of Lemma 7.1 shows that the first term in C' — D
also vanishes, so C'— D = 0. Similar arguments apply if m # 0 or s # 0. Finally,
if s+ m+y = 0, then we know the value of the corresponding associator from
Theorem 6.6 of [1], and hence the alternativity property is clear. O

Corollary 7.3. Fvery Malcev algebra M, in the one-parameter family of solvable
5-dimensional Malcev algebras is special; that is, My is isomorphic to a subalgebra
of the commutator algebra of an alternative algebra.

We can construct much smaller (but still infinite-dimensional) alternative en-
veloping algebras for the Malcev algebras M., as follows. We consider the algebra
A, with basis {a",b,c,d,e | r € Z, 7 > 1}; the nonzero products of basis elements
are a” - a® = a" % together with

(14) a"-d=d, b-a"=b, b-c=d, ca"=c¢ cb=-d, e-a" =(—7)"e

It is easy to check that M, is isomorphic to the subalgebra of AJ with basis
{a,b,c,d,e}. It remains to verify that A, is alternative; equivalently, that the
associator (z,y, z) is a skew-symmetric function of z,y,z € A,. Since the associa-
tor is trilinear it suffices to check basis elements. We write A’7 = span{a”, b, c,d}
and I, = span{a’ — a®} for all 5,# > 0. It follows from (14) that A/, is a subalgebra
of A, that L, is an ideal in A, and that A’ /I, is isomorphic to the 4-dimensional
alternative algebra of [1, Table 3]. Consider arbitrary elements z+1,, y+1L,, z+1,
in A7 /IL,. Since the quotient algebra is alternative, we have

(xayaz)_F]IV = (x+H77y+HW’Z+H7) = (y+]1’y7x+ﬂ’y7z+]l’y) = (y,I,Z)‘i']Ly.

Hence (z,y,2) — (y,z,2) € L,. But (14) implies that associators take values in
L = span{b,c,d,e}. Since I, NL = {0}, we obtain (z,y,2) = (y,,2). A similar
argument shows that (z,y, z) = (z,2,y), and so Al is alternative.

It remains to consider the cases in which at least one of z,y, z is e. First, we show
that (e, z,y) = (x,e,y) = (z,y,e) = 0 for any x,y € L: for this, it is easy to see that
L? = span{d} and L3 = {0}. Second, suppose that = a*® and y € span{b,c,d},
then (e, a®,y) = (e-a®)y—e(a®-y) = 0 by (14); the other five permutations (e, a®,y)
are similar. Finally, for the remaining cases direct calculation easily shows that

(e,a”,e) = (a",e,e) = (e,e,a") = (e,a",a’) = (a",e,a’) = (a",a’,e) = 0.

Thus A, is alternative.

8. CONCLUSION

It follows from results of Elduque [4] that, unlike the 4-dimensional solvable
Malcev algebra considered in [1], the Malcev algebras Ml = M., in the one-parameter
family of 5-dimensional solvable algebras are not isomorphic to subalgebras of the
7-dimensional simple Malcev algebra. This raises the question of the existence of
a finite-dimensional alternative algebra A, for which the commutator algebra A~
contains a subalgebra isomorphic to M, . If such an algebra A, does not exist for
some 7y, then we have an example of a finite-dimensional special Malcev algebra
which does not have a finite-dimensional enveloping alternative algebra. A related
result is the generalization of the Ado theorem in [8]; this guarantees the existence
of a finite-dimensional nonassociative enveloping algebra for any finite-dimensional
Malcev algebra, but this enveloping algebra is not necessarily alternative. This
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leads to an important open problem: If M is a special finite-dimensional Malcev
algebra, then does M necessarily have a finite-dimensional alternative envelope?
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