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A n  irreducible representation of a simple Lie algebra can be a 
direct summand of its own tensor square. In this case, the rep- 
resentation admits a nonassociative algehra structure which is 
invariant in the sense that the Lie algebra acts as derivations. 
We study this situation for the Lie algebra sl(3) .  

1. I N T R O D U C T I O N  

In Section 2 we review the basic representa.tion theory 
of sl(2). We illustrate our methods on the fanliliar ad- 
joint representation in Section 3. To go further, we need 
an  explicit version of the classical Clebsch-Gordan The- 
orern, which is proved in Section 4. This gives highest 
weight vectors in the tensor square of an irreducible rep- 
resentation. The represe~itation with highest weight n 
(and dimension n + 1) occurs as a summand of its sym- 
metric square when n - 0 (mod 4) and as a summand 
of its exterior square when n = 2 (mod 4). In the lat- 
ter case we obtain a series of anticommutative algebras 
beginning with sl(2) itself (n = 2, dirr~erlsiorl 3, the ad- 
joint representation). The next algebra in the sequence 
is the simple non-Lie Malcev algebra (n = 6, dimension 
7) which is discusscd in Section 5. 

In Section 6 we compute the structure constants for 
the algebra arising in the case 1 1  = 10 (dimension 11); this 
new anticommutative algebra is the focus of the present 
paper. In Section 7 we review our computational meth- 
ods, which involve linear algcbra on large matrices and 
the representation theory of the symmetric group. In 
Section 8 we describe a computer search for polynomial 
identities satisfied by the new 11-dimensional algebra. 
We show that all its identities in degree 6 or less are triv- 
ial consequences of a~i t ico~~~nlutat ivi ty .  We show that it 
satisfies nontrivial identities in degree 7, classify them, 
and provide explicit examples. In Section 9 we consider 
unital extensions of our ant,icommutative algebras, and 
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relate this to the work of Dixmier on nonassociative alge- 
bras defined by transvection of binary forms in classical 
invariant theory. 

In Section 10 we go beyond sl(2) and use the software 
system LiE to determine all fundamental representations 
of simple Lie algebras of rank less than or equal to 8 which 
occur as summands of their own exterior squares. This 
demonstrates the existence of a large number of new an- 
ticommutative algebras, with simple Lie algebras in their 
derivation algebras, which seem worthy of further study. 
In closing we provide an interesting new characterization 
of the Lie algebra E8. 

2. REPRESENTATIONS OF THE LIE ALGEBRA sZ(2) 

We first recall some standard facts about sL(2) and its 
representations. All vector spaces and tensor products 
are over IF, an algebraically closed field of characteristic 
zero. Our basic reference is [Humphreys 721, especially 
Section 11.7. 

2.1 The Lie Algebra sZ(2) 

As an abstract LIP algebra, sl(2) has basis {E, H, F) a.nd 
commutation relations 

[H, E] - 2E, [H, F] = -2F, and [E, F] = H. (2-1) 

All other relations between basis elements follow from 
anticommut ativity : 

[ E , H ] = - 2 E ,  [ F , H ] = 2 F ,  [F,E]=-H, 

[E,  E] = 0, [ H ,  H] = 0, [F, F] = 0. 

Since the Lie bracket is bilinear, these relations determine 
the product [X, Y] for all X,  Y E sl(2). These relations 
are satisfied by the commutator [X, Y] = X Y  - YX of 
the 2 x 2 matrices 

This representation is unique up to isomorphism of sl(2)- 
modules. It is denoted V(n) and is called the represen- 
tation with highest weight n.  Its dimension is n + 1; a 
basis of V(n) consists of the n + 1 vectors vn-zi where, 
by definition, 

The action of sl(2) on V(n) is then as follows: 

The basis vectors u n - ~ i  are called weight vectors since 
they are eigenvectors for H .  It is easy to check that the 
linear mapping r : sl(2) -+ End V(n) defined by these re- 
lations satisfies the defining property for representations 
of Lie algebras: 

r ( [X,  Y]) = r (X)r (Y)  - r (Y) r (X) .  

2.3 Invariant Bilinear Forms 

Up to a scalar multiple there is a unique sl(2)-module 
homomorphism 

Since V(0) is one-dimensional, we can identify V(0) with 
the field F, and so this homomorphism can be expressed 
as a bilinear form (x, y) satisfying the sl(2)-invariance 
property 

(D.x, y)+(x, D.y) = 0 for any D E sl(2) and x,  y E V(n). 

The next proposition gives the precise formula for this 
bilinear form in terms of the weight vectors. 

Proposition 2.1. Any sl(2) -invariant bilinear form on 
V(n) is a scalar multiple of 

These three matrices form a basis of the vector space of This form is symmetric if n is even and alternating if n 
all 2 x 2 matrices of trace 0. is odd. 

2.2 The Irreducible Representation V ( n )  Proof: We first consider the action of H :  we have 

For any nonnegative integer n ,  there is an irreducible rep- 
(H.x, y) + (x, H.y) = 0 for any x, y E V(n). 

resentation of sl(2) containing a nonzero vector vn (called 
the highest weight vector) satisfying the conditions Setting x = vn-2i and y = u,-zj gives 

H.un = nun and E.u, = 0. (2-3) (N.vn-zi, ~ n - 2 ~ )  + (vn-zi, H.vn-zj) = 0. 
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Using the formula for the action of H on weight vectors 
and collecting terms gives 

Therefore, ( u , - ~ ~ ,  ~ ~ - 2 ~ )  = 0 unless i + j = n; or equiva- 
lently ( n  2i)  + (n  - 2 j )  = 0. Now assume that i + j = n, 
so that n - 2 j  = 2i - n .  We need to determine 

(un-Zi, u2i-n). 

We consider the action of E on the pairing of unpzi  and 

Vn-22 : 

( E . u n - 2 i , ~ n - 2 ~ )  + (21,-2i, E . Z ~ , - Z ~ )  = 0 .  

Using the formula for the action of E on weight vectors, 
we obtain 

(n-i+l)(v,-2i+z, un-2j)+(n-j+l)(un-2il  u n - ~ j + ~ )  = 0.  

Both terms will be zero unless 2n  - 2( i  + j )  + 2 = 0 ;  that 
is, i + j = n + 1. In this case we get 

This gives the recurrence relation 

n - i + l  
(2ln-2ir u ~ r - n )  = - (un-2(i-1)7 u2(i-1)-n) i 

for i > 1. If we write f (i) = (vn-2,, v2iPn),  then we can 
write this relation more succinctly as 

n - i f 1  
f (i) = - f ( i -  1)  for i 2 1. 

i 
From this we obtain 

f ( 1 )  = -nf (011 

The general solution is therefore 

f ( 2 )  = (-1)' (:) f ( 0 )  for 0 5 i 5 n, 

which is easily proved by induction on i .  Taking f ( 0 )  = 1,  
this gives the formula stated in Proposition 1.1. Finally, 
we can verify the symmetric or alternating property as 
follows: 

= ( - l )n(un-2i ,  ~71-2j). 

This completes the proof. 

2.4 The Clebsch-Gordan Theorem 

The Clebsch-Gordan Theorem shows how the tensor 
product of two irreducible representations of s l (2)  can 
be expressed as a direct sum of other irreducible repre, 
sentations. See [Humphreys 72,  Exercise 22.71. 

Theorem 2.2. W e  have the isomorphism 

for any nonnegative integers n > m. In the sp~cial  case 
n = m, we obtain 

n 

V (n)  @ V (n)  @ V ( 2 n  - 21). 
i=O 

The examples of particular interest to  us in this paper 
will be 

Recall the linear transposition map T on V ( n )  @ V ( n )  
defined by T ( Z I  @ u') = u' @ u.  Using T ,  we define the 
symmetric and exterior squares of V ( n ) :  

It is easy to verify that 

In our three examples, we have 

In Section 4 we will prove the Clebsch-Gordan Theorem 
in the case m = n and give explicit formulas for the 
highest weight vectors of the summands of V ( n )  8 V ( n ) .  
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2.5 Action of sZ(2) on Polynomials 

Following [Humphreys 72, Exercise 7.41, we let {X, Y) 
be a basis for the vector space F2, on which sL(2) acts by 
the natural representation: the 2 x 2 matrices given in 
Equations (2-2). This rneans that we have 

and the action extends linearly to all of sL(2) and all 
of F2. We write F[X, Y] for the polynomial ring in the 
variables X and Y with coefficients from IF. Since X and 
Y generate F[X, Y], we can extend the action of sL(2) to 
all of F[X, Y ]  by the derivation rule: 

for any D E s l (2 )  and any p,  q E FIX, Y]. This makes 
IF[X,Y] into a representation of sL(2). The subspace of 
F[X, Y] consisting of the homogeneous of de- 
gree n has basis 

{x", xn-'Y, . . . ,xyn-', Y"}, 

which is invariant under the action of sL(2) and forms a 
representation of sL(2) iso~norphic to V ( n ) .  The action of 
sL(2) on the polynomial ring can be succinctly expressed 
in terms of the differential operators 

Applying these operators to the basis monomials of t,he 
polynomial ring, we obtain 

The exact correspondence between the monomials and 
the abstract basis vectors of V ( n )  is given by 

Using this basis of the space of homogeneous polynomials 
of degree n, we get 

Expressing the same relations in terms of the weight vec- 
tor basis of V ( n )  we get Equations (2-5) .  

3. THE ADJOINT REPRESENTATION (n = 2) 

We illustrate the results of Section 2 by recovering the 
three-dimensional representation V ( 2 )  of sL(2). It has 
basis {v2,.u~, v - ~ }  on which the Lie algebra acts as fol- 
lows: 

By the Clebsch-Gordan Theorem we know that 

We determine a basis for each of the three summands on 
the right side of this isomorphism. 

3.1 The Summand V(4) 

Recall that for any Lie algebra L, and any two L-modules 
V and W, the action of D E L on V @ W is given by 

It is easy to  check that 

is a highest weight vector of weight 4 in V ( 2 )  8 V ( 2 ) .  Ap- 
plying F repeatedly, using the action of sL(2) on V ( 4 ) ,  
we obtain a basis for the summand of V ( 2 )  @ V ( 2 )  iso- 
morphic to V ( 4 ) :  
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3.2 The Summand V(2) 

We next find a highest weight vector y2 of weight 2 in 
V(2)@V(2), and then we apply F twice to obtain vectors 
yo and yP2; together these three vectors form a basis of 
a subspace of V(2) @ V(2) that is isomorphic to V(2) 
as a representation of sl(2). Any vector of weight 2 in 
V(2) @ V(2) must have the form 

y2 = a v 2 @ v 0 +  b ~ o @ v 2  for somea,b E F .  

Applying E to y2, we obtain 

For y2 to be a highest weight vector we must have E.y2 = 

0, and therefore a+b = 0. Up to a nonzero scalar multiple 
we can take 

y2 = u2 0 vo - 210 @ 112. 

We have F.y2 = yo; therefore, 

3.3 The Summand V ( 0 )  

Next and last we find a highest weight vector 20 of weight 
0 in V(2) 0 V(2). We have 

Applying E gives 

Since this must be 0, any highest weight vector of weight 
0 must be a scalar multiple of 

3.4 The Nonassociative Product on V(2) 

To determine the projection 

we need to express each simple tensor up  @ v, with p, q E 
{2,0, -2) as a linear combination of the weight vectors of 
weight p +  q in the irreducible summands of V(2) @ V(2). 
We consider two different ordered bases of V(2) @ V(2). 
We call the first the "tensor basis": 

we call the second the "module basis": 

Since F.yo = 2 1 ~ - ~ ,  we get 

We use the module basis to  label the columrls of a 9 x 9 
matrix A, and we use the tensor basis to  label the rows; 
then, we set entry i, j of A equal to  the coefficient of the 
it,h tensor basis vector in the j t h  module basis vector: 
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The inverse matrix shows how to express the tensor basis 
vectors as linear combinations of the module basis vec- 
tors: 

From rows 6-8 of the inverse matrix, we can read off the 
projection P from V ( 2 )  @ V ( 2 )  onto the summand iso- 
morphic to V ( 2 )  with basis y2, yo, ?j- 2 ;  this gives the 
multiplication table for a three-dimensional anticommu- 
tative algebra: 

We now identify v, with yp for p E {2,0, -2) by the 
module isomorphism h, which sends up to  IJ, and extends 
linearly to all of V(2 ) .  Then, hp' o P is a linear map 
from V ( 2 )  @ V ( 2 )  to  V(2 ) ,  which we can regard as a 
multiplication on V(2 ) :  

Since vpvq = cp,vp+, for some scalar c,,, we have in- 
cluded only c,, in this table. The map 

induces an isomorphism of Lie algebras. 

4. AN EXPLICIT VERSION O F  THE 
CLEBSCH-CORDAN THEOREM 

In this section we work out a general formula for the 
highest weight vector of weight n in the tensor product 
V ( n )  8 V ( n ) .  Then, we generalize this and find an explicit 
formula for all the highest weight vectors in V ( n )  @V(n ) .  
From this we recover the Clebsch-Gordan 'I'heorem in 
this special case, together with the additional result on 

the structure of the symmetric and exterior squares. Re- 
call that V ( n )  has dimension n + 1 and basis 

The action of the sl(2) basis elements E ,  H, F on V ( n )  
is given by Equations (2-5). In order for V ( n )  to occur 
as a summand of V ( n )  @ V ( n )  we must assume that n is 
even. 

Theorem 4.1. Let n be an even nonnegutiue integer. Then 
every highest weight vector of weight n in V ( n )  @ V ( n )  
is a nonzero scalar multiple of 

Proof: Any vector of weight n in V ( n )  8 V ( n )  must have 
the form 

4 2  

w,, = x ai vn-zi B U 2 i .  

i =O 

For this to  be a highest weight vector, we must have 
E.wn = 0. We have 
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Since the simple tensors are linearly independent, every 
coefficient must be zero, and so 

Since we may choose a0 = 1 without loss of generality, 
we get 

By induction on i, this simplifies t o  the conlpact formula 
in the statement of Theorem 4.1. 

We now generalize this computation to establish the 
deconiposition of V(n)  8 V(n)  into a direct sum of irre- 
ducible representations; we then identify the symmetric 
and exterior squares. 

Theorem 4.2. Let n be an  even nonnegative integer. Then 
V(n) @ V(n) contains a highest weight vector of weight 
m 2f and only if m = 2n - 2k where k is an  integer and 
0 5 k 5 n. Every such highest weight vector is a nonzero 
scalar multiple of 

( 2 )  
Wm = vn -2i @ ?jn-2(k-i). 

2=0 

From this it follows that 

and further follows that we have 

s 2 v ( n )  E V(2n - 2k), 
k=O, even 

n-1 

A ' v ( ~ )  Z @ V(2n - 2k). 
k=l. odd 

Proof: Any vector in V(n)  @ V(n)  has the form 

Since any highest weight vector must be a weight vector, 
we first break up this sun1 into its weight components: 

(terms of positive weight) 

(terms of weight zero) 

(terms of negative weight) 

Since a highest weight vector must have nonnegative 
weight, we can ignore the terms of negative weight and in- 
clude the  weight zero case with the positive weight cases: 

The inner sum, call it w, is a weight vector of weight 
2n - 2k. For w t o  be a highest weight vector, we must 
have E.w = 0. The formulas for the action of sl(2) on 
V(n) give 

Therefore, 
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Since v,+~ = 0 and the simple tensors are linearly inde- 
pendent, we get the relations 

( n -  ( i -  1)) ai,k-i + ( n -  ( k - i ) )  ai-l,k-(i-ll = 0 ,  

l < _ i < k .  

Therefore, 

Now induction on i shows that 

Thus, we have a unique (up to  scalar multiples) highest 
weight vector in V(n)  @ V(IL) for each weight 2n - 2k 
for 0 L. k 5 n .  Since a highest weight vector of weight 
2n - 2k generates a sumrnand V(2n - 2k) of dimension 
2n - 2k + 1, the dimension check 

shows that we have the direct sum decomposition as 
claimed in the statement of Theorem 4.2. Furthermore, 
the symmetry or antisymmetry of the coefficients of the 
highest weight vectors, 

shows that they lie either in the symmetric or exterior 
square of V(n) depending on whether k is even or odd. 

5. THE SIMPLE NON-LIE MALCEV ALGEBRA (n = 6) 

The second well-understood example of an anticommuta- 
tive algebra that can be obtained from a representation 
of sl(2) is the seven-dimensional simple non-Lie Malcev 

algebra hl: the vector space of pure iniagiiiary octonioris 
under the commutator product. The identity of lowest 
degree satisfied by M, which does not follow from anti- 
commutativity, was originally published in [h'Ialcev 55). 
It has degree 4 and is now called the Malcev identity: 

[ [ x ~ Y ] ,  [x lz ] ]  = [ [ [x ,y ] , z ] ,x ]  + [ [ [ Y ~ Z ] ~ X ] ~ ~ ]  + [ [ [ z ~ x ] , ~ ] , Y ] .  
(5-1) 

The linearized version of this identity has eight terms. 
An equivalent identity which has only five terms is 

[[w, Y1, [x, 41 = [[[w, XI, Y l ,  4 + [[[x, 4, 21, WI 
+ [![Y, 21, 7 4 ,  X I  + [[[z, ? ~ I , x I ,  YI. (5-2) 

The variety of Malcev algebras is defined by anticommu- 
tativit,y and the hlalcev identity (or one of its equiva- 
lents). 

Since the  product of distinct pure imaginary octonion 
basis elements is anticommutative, the multiplication ta- 
ble for the seven-dimensional simple non-Lie Malcev al- 
gebra can be obtained from the octonion multiplication 
table by replacing the diagonal entries by 0 and multi- 
plying the other entries by 2. 

Definition 5.1. The simple seven-dimensional non-Lie 
Malcev algebra is the anticommutative algebra with "oc- 
tonion" basis I, J, K, L,  M, N, P and multiplication table 

l' , ]  I J K L M N  P 
I 0 2K -25 2M -2L -2P 2N 
J -2K 0 21 2N 2P -2L -2M 
K 2J -21 0 2P -2N 2M -2L 
L -2M -2N -2P 0 21 25 2K 

M 2L -2P 2N -21 0 -2K 25 
N 2P 2L -2M -25 2K 0 2 1  
P -2N 2M 2L 2 K  2 5  21 0 

We first determine the structure constants for the an- 
t,ico~nmutative algebra coming from V(6),  and t,hen we 
show that this algebra is isomorphic to  M. 

Theorem 5.2. The structure constants for the anticonl- 
n~utative algebra resulting from the projection 

V(6) @ V(6) 4 V(6) c A ' v ( ~ )  

are displayed in Table 1. 

Since the product of v, and u, equals c,,t~,+, for some 
scalar cPq,  we or~ly record the scalars c,, in this table. 

Proof: By the Clebsch-Gordan Theorem we know how 
V(6) @ V(6) decomposes as a direct sum of irreducible 
representations: 
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@ Vfi ,u4 v 2  vo 21-2 21-4 21-6 

716 0 0 0 1 2 2 1  

214 0  0 - 1 - 1  0  1 1  

'U 2 0  1 0 - 1  -1 0  1  

vo -1 1  1  0 - 1  - 1  1 

V - p  -2 0 1 1 ' 0  -2 0 

V-q -2 -1 0 1  2  0  0 

v-6 -1  -1 -1 -1 0  0  0  

TABLE 1. 

V ( 6 )  @ V ( 6 )  E V ( l 2 )  @ V ( l 0 )  @ V ( 8 )  @ V ( 6 )  @ V ( 4 )  

CB V ( 2 )  EE V ( 0 ) .  

We want to compute the projection P: V ( 6 )  @ V ( 6 )  -+ 

V ( 6 ) ;  for this we follow the method used in the exam- 
ple of the adjoint representation. We use the explicit 
Clebsch-Gordan Theorem to determine a highest weight 
vector in each irreducible summand of the tensor prod- 
uct. We then apply F to determine a basis of weight vec- 
t,ors for each irreducible summand. From this we form 
the transition rnatrix from the module basis to the tensor 
basis. Inverting this matrix gives the transition rnatrix 
from the tensor basis to the module basis, and frorn this 
we obtain the explicit projection map from the tensor 
product onto the V ( 6 )  summand. These computations 
were done by a Maple [Maple 041 program written by the 
authors. 

For the summand V ( 1 2 ) ,  a highest weight vector is 
2)6 @ u s ,  and the other weight vectors can be found by 
applying F following Equation ( 2 - 5 c ) :  

For the summand V(10) (and all the following sum- 
mands), a highest weight vector is given by the explicit 
Clebsch-Gordan Theorem, and the other weight vectors 
are found by applying F: 

t l ~  = V 6  @ v 4  - - u 4  B u g ,  

t 8  = 2 %  @ U 2  - 2 v 2  @ v(j, 

t 6  = 3% @'210 f 2)4 @ 2 ) 2  - PI2 @ V 4  - 3u0 @u6 ,  

t 4  = 4% @ 2)-2 + 2 ~ 4  @ vo - 2 u 0  Q u4 - 42)-2 @ . 2 ~ ~  

t 2  = 5% @ V-4 + 3v4 @ V-2 + u2 @ 21" - 2)o @ u2 

- 32)-2 @ v4 - 5~1-4 @ 216, 

t o  = 6 ~ 6  @ V-6 + 4 ~ 4  @ 21-4 + 2u2 ~1 V P 2  - 2v-2  8 v2 

- 4 ~ - 4  @ V 4  - 6 . ~ ~ ~  @ 216, 

t-2 = 5 ~ 4  @ V-6 + 3 ~ 2  @ 21-4 + V o  @ '7,-2 - vP2 @ u0 

- 32)-4 @ 2)2 - 52)-6 @ u4, 

t - 4  = 4212 @ 2)- 6 + 2 v ~  @ U-4 - 2 v p 4  @ 210 - 421-6 @ v2, 

t-6 = 3v0 @ 21-6 + 21-2 @ v-4 - 2)-4 @ '2-2 - 321-6 @ u0 

t - ~ ~  = 2 ~ - ~  o v - ~  - 2~~~ @ v-2,  

t - l ~  = 2)-4 @ 2)-6 - 21-6 @ V-4 

For the summand V ( 8 ) ,  we obtain this basis: 
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For the summand V(6) (this is the summand onto which 
we will project), we obtain this basis: 

For the summand V(4), we obtain this basis: 

For the sun~marid V(2), we obtain this basis: 

For the summand V(O), we obtain this basis: 

We corisider two distinct ordered bases of the 49- 
dimensional space V(6) @ V(6). The first is the tensor 
basis, consisting of all 

ordered by the rule that up @ v, precedes up/ @ uqt if and 
only if either p > p', or p = p' and q > q'. The second is 
the module basis, consisting of all 

with appropriate weights p depending on r ,  ordered by 
the rule that r, precedes rb, if and only if r precedes r' 
in the alphabet, or r = r' and p > p'. 

We now let A be the 49 x 49 matrix in which the 
entry i, j is the coefficient of the i th  tensor basis vec- 
tor in the expression for the j t h  module basis vector (in 
the linear combinations listed above). This is simply the 
transition matrix from the module basis to  the tensor 
basis. The inverse matrix A-' is the transition matrix 
from the tensor basis to the module basis, and so its 
columns describe the expressions of the tensor basis vec- 
tors as linear combinations of the module basis vectors. 
In particular, rows 34-40 of A-' describe the projection 
P :  V(6) @ V(6) + V(6). We present the results in the 
following table; the scalar c,, in row up and column I:, 

means that P(v, 8 u,) = c,,w,+,: 

Now, we write h for the sl(2)-module isomorphism de- 
fined by h(v,) = ulp, which sends the original V(6) with 
basis I:, (p = 6 , .  . . , -6) onto the V(6) summand of 
V(6) 0 V(6) with basis w, (p = 6 , .  . . , -6). The compo- 
sition h-' o P provides V(6) with the structure of an an- 
ticommutative algebra for which the structure constants 
appear in the last table: 

If we now introduce a scaled basis 

then we obtain the structure constants in the statement 
of Theorem 5.2. 

We will show that the anticommutative algebra of 
Theorem 5.2 is a simple non-Lie Malcev algebra by giv- 
ing an explicit isomorphism between it and the simple 
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non-Lie Malcev algebra obtained from the pure imagi- 
nary octonions under the commutator product. 

Theorem 5.3. The anticommutative algebra obtained from 
the projection V(6) @ V ( 6 )  -+ V(6) c A2V(6) is iso- 
morphic to the simple seven-di~nensional non-Lie Malcev 
algebra. An  explicit isomorphism is given by 

where b, c are arbitrary n.on,-ero sca1ar.s (and i = a). 
Pmof: Let 

be a general element of the Malcev algebra in the octo- 
nion basis. Using the structure constants for this basis 
given in Definition 5.1, we see that the matrix represent- 
ing left multiplication by X in the octonion basis is 

The characteristic polynomial of this matrix is 

We want to find an element X in the Malcev algebra 
(octonion basis) that behaves like uo in the V(6) alge- 
bra in the sense that its left multiplication has the same 
eigenvalues. The V(6) multiplication table from Theo- 
rem 5.2 shows that these eigenvalues are 0 ,  1 (3 times), 
and - 1 (3 times). So we get a match of the characteristic 
polynoinials if 

For simplicity we take 

which gives the left multiplication matrix 

1 0  0 0 0 2 0 0  
0 0 0 O O i O  
0 0 o o o o z  
0 0 0 0 0 0 0  

- 2  0 0 0 0 0 0  
0 -% 0 0 0 0 0  

\ 0  0 - i o o o o  

This is the matrix representing left multiplication by the 
new basis element 

1 
2 4  = - i L .  

2 
Any eigenvector for left multiplication by 2 4  correspond- 
ing to the eigenvalue X = 1 is a linear combination of 

Likewise, any eigenvector for left multiplication by x4 
corresponding to the eigenvalue X = -1 is a linear conl- 
bination of 

The multiplication table for these basis vectors is 

We now compare the locations of the zeroes in this table 
and in the table of Theorem 5.2. We call two distinct 
basis elements "related" if their product is zero; since 
the product is anticommutative, this term is well-defined. 
For the last table the related basis elements form the 
cycle 

xlr x61x3,x5rx2,x7,xl; 

for the table in Theorem 5.2, the related basis elements 
form the cycle 

This suggests that we make the identifications 

for some suitable scalars a ,  b, c, d ,  e ,  f ,  g. This gives the 
new table, Table 2. 
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TABLE 2. 

TABLE 3. 

We set the entries of Table 2 equal to the correspor~ding 
entries of the table of Theorem 5.2 and use Maple to  
solve the resulting system of nonlinear equations in sever1 
unknowns. The result includes two free parameters b 
arid c: 

1 a = -- b = free, c = free, d = -1, 
16bc ' 

For any nonzero choices of b and c we get an isomorphism 
between the V ( 6 )  algebra and the seven-dimensional sim- 
ple non-Lie Malcev algebra. This completes the proof. 

6. A NEW 1 1-DIMENSIONAL ANTICOMMUTATIVE 
ALGEBRA (n = 10) 

In this section we study the module V ( 1 0 )  a r ~ d  the pro- 
jection 

V ( 1 0 )  6 v ( 1 0 )  --t v ( 1 0 )  C .k2v(10) .  

This gives the module V ( 1 0 )  an sl(2)-invariant anticon- 
mutative algebra structure which, to the best of our 
knowledge, has not been studied elsewhere. 

'theorem 6.1. The  structure constants for the anticom- 
mutative algebra obtained from the projection 

are displayed i n  Table 3. 
Since the product of up  and vq  equals c ~ ~ u ~ + ~  for some 

scalar cpq,  we only record the scalars cpq.  

Proof: The explicit form of the Clebsch-Gordan Theo- 
rem gives a formula for the highest weight vectors of the 
irreducible summands in the deconiposition 

Since the co~nputational methods in this case are the 
same as those in the case of the adjoint representation 
V ( 2 )  and the Malcev algebra V ( 6 ) ,  we do not give corn- 
plete details. We present only the basis of weight vectors 
for the summand of V ( 1 0 )  @ V ( 1 0 )  isomorphic to V ( 1 0 ) :  
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TABLE 4. 

We put this information, together with the coefficients 
of the expressions for the other irlodule basis vectors as 

trix A of size 121 x 121. The inverse matrix A-l shows 
how to express the tensor basis vect,ors as linear combi- 
nations of the module basis vectors and, in particular, 
gives the projection P from V(10) 8 V(10) to  the V(10) 
summand. Table 4 gives this projection, in the sense that 
the scalar c,, in row vp and column ti, satisfies the equa- 
tion P(v, @ v,) = cp,tp+,; as above we use t to denote 
a vector in the V(10) summand of the tensor product. 
In this table the rows and columns are indexed by the 
weights p,q = 10,8 , .  . . , -8, -10. If we now introduce a 
scaled basis 

then we obtain the structure constants in the statement 
of Theorem 6.1. 

7. COMPUTATIONAL METHODS 

Let A be any algebra (not necessarily associative) over 
a field F. That is, let A be a vector space over F, to- 
gether with a bilinear map A x A -+ A (equivalently, a 
linear map A @ A + A).  We are interested in the poly- 
nomial ident,ities satisfied by t,he algebra A. To simplify 
the discussion, we will assume initially that the base field 
F has characteristic 0. This assumption implies that any 
polynomial identity over F is equivalent to a family of 
homogeneous multilinear identities. 

7.1 Associative Polynomials 

We fix a positive integer 71 and a set of n indeterminates 

We let S ,  be the symmetric group on {1 ,2 , .  . . , n). We 
linear combinations of the tensor basis vectors, into a ma- will write elements of S ,  as inonornials of degree n in t,he 
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set X. That is, the permutation a E S, corresponds to 
the rnonomial 

Ilere we apply u to the subscripts not the positions, so 
we have to multiply permutations from right to left. This 
convention assumes that we are dealing with multilinear 
identities; we regard an identity with a variable repeated 
k times as shorthand for the symmetric sum of k! terms 
over all permutations of k new variables in the positions 
of the original repeated variable. 

An example will make this clear. Suppose we want to 
look at 

In terms of the action on subscripts, we would write this 
identity as 

The left ideal generated by this elenlent of the group ring 
will include 

This is just what we want: those portions of the monomi- 
als that do not move are substituted for the same element 
in all terms. The parts which switch are switched into 
new elements but the pattern of the movement will be the 
same. But, we have to multiply from right to left because 
the right-hand permutation hits the subscript first. 

In terms of the action of permutations on positions, 
we would write the same identity as I + (12). If I + (12) 
acts on ~ 5 x 1 ~ 3 ~ 2 ~ 4 .  we get 

Here, we must multiply from left to right because we put 
the permutation in first and then apply the identity: 

(123) [I t (12)] = (123) + (I.) (23), 

and (123) + (23) acting on ~ 5 x 1 ~ 3 ~ 2 ~ 4  is 

This is also correct if we make the assumption that per- 
mutations are acting on positions. 

The action on subscripts gives a left ideal when we 
multiply from right to left. The action on positions gives 
a left ideal when we multiply from left to right. The first 

method (action on subscripts) is easier to prograrl~ and 
corresponds directly to the representation theory given 
in standard references such as [James and Kerber 8 I ] .  

Let P, be the linear span of all n! monomials p, as 
a ranges over S,. We regard P, as a module over S, 
under the action induced by ~ p ,  = p,,. If A is an as- 
sociative algebra, then the elements of P, correspond to 
the homogeneous multilinear identities of degree n that 
could be satisfied by A. More precisely, let f E P, be 
a homogeneous multilinear associative polynomial of de- 
gree n. We say that f is an identity for A if it vanishes 
identically on A, that is, if 

f (x l ,  22, .  . . : x,) = 0 for every x l ,x2 , .  . . x, A 

An identity can be identified with the submodule that it 
generates: an algebra A satisfies the identity f if and only 
if it satisfies all the identities in the submodule generated 

by f. 
The group ring FS, decomposes as the direct sum of 

full matrix rings of size dA x dx, where dx is the dimen- 
sion of the irreducible FS,-module corresponding to X 
as X ranges over all partitions of n. The module P, de- 
composes into the same direct sum. Any submodule is a 
direct sum of irreducible modules. Since we can perform 
computations one representation at a time, it is possible 
to study an identity by breaking the problem down into 
smaller pieces, each of which corresponds to a partition 
of the degree n. 

7.2 Nonassociative Polynomials 

If A is a nonassociative algebra then we also have to keep 
track of the possible association types that may occur in 
a monomial of degree n. The number of distinct asso- 
ciation types (that is, the number of distinct ways to 
parenthesize n factors) is the Catalan number 

Here is a short table: 

The total number of homogeneous multilinear monomials 
of degree n for a nonassociative algebra A is the Cata- 
lan number tn (the number of association types) times 
the factorial n! (the number of associative words, or un- 
parenthesized monomials) : 
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This is the dimension of the vector space Q, of all possi- 
ble multilinear honlogeneous nonassociative identities of 
degree n. We can think of Q,, as the direct sum of t ,  
copies of P,, one copy for each association type. 

7.3 Random Vectors 

Suppose we want to find the simplest identity satisfied by 
a nonassociative algebra A of dimension s. We represent 
elements of A as s-tuples with respect to some convenient 
basis, and we assume that we have an explicit procedure 
for computing the product in A with respect to this basis. 
(Such a procedure can be obtained from the structure 
constants for the algebra A.) 

For each degree n and each partition n = nl + . . . + 
17,k we list all the corresponding monomials involving Ic 
variables z l  , . . ., x k  with z; occurring ni times in each 
monomial. (We are no longer assuming multilinearity.) 
Let c be the number of these nionomials; we have 

We set up a matrix M with c + s rows and c columns, 
initialized to zero. 

We now begin the following iterative procedure: we 
generate k randon] elements of A. Each column of M 
is labeled by one of the c monomials, and each mono- 
mial involves Ic variables. We set the k variables equal to  
the Ic random elements of A and evaluate each of the c 
morlomials using the product in A. For each column of 
,IM, we obtain another element of A which we view as an 
s x 1 colunln vector. In column j of M, in rows c + 1 

to c + s (at the bottom of the matrix), we put the s x 1 
column vector obtained by evaluating the j t h  monomial 
on the k random elements of A. After the s x c bottom 
segment of M is filled in this way, each of the last s rows 
contains a linear relation which must be satisfied by the 
coefficients of any identity satisfied by A. To see this, let 
T, (1 < i < c) be the nlonornials labeling the columns of 
the rnatrix M. Let 

C 

be the general linear combination of the monomials T, 
where the coefficients a; are indeterminates. When we 
evaluate the T, on the Ic random elements of A, each Ti 
becomes an s x 1 column vector: 

Writing out the components of the general linear combi- 
nation of the T,, we get s linear relations that must be 

satisfied by the ai: 

These are the relations that occupy the last s rows of 
the matrix M. (Another way of viewing this process is 
to say that we are generating random counterexamples 
to the possible identities satisfied by A; we thank Dori 
Pigozzi for pointing this out.) We now compute the row 
carlonical form of M. Since M has size (c + s) x c, its 
rank must be 5 c, and so the bottom s x c subnlatrix 
will now be zero. 

We repeat this fill-and-reduce process; in our experi- 
ence, each iteration tends to increase the rank of M by 
s = dim A. The process is continued until the rank of iZI 
stops increasing. We perform a few more iterations to be 
sure that M has reached full rank. If the ~iullspace of M 
at this point is nonzero, it contains candidates for non- 
trivial identities satisfied by A. We now test the candi- 
dates by seeing if they evaluate to  zero on further choices 
of random arguments. Finally, we attempt to prove them 
directly. 

7.4 The Symmetric Group Ring 

Another technique we use to find identities is the repre- 
sentation theory of the symmetric group. The process of 
studying identities through group representations is indi- 
rect and complicated. It does, however, have two tremen- 
dous advantages. Because the process can be run sepa- 
rately on each representation of the synlrnetric group, the 
calculations can be broken up into smaller, more manage- 
able portions. Also, the basic unit of the group algebra 
approach is the identity, rather than all substitutions in 
an identity. Since there are n! possible substitutions, one 
can see that it is better to work with one object rather 
than n! objects. Further details on this approach Iriay be 
found in a previous publication of the authors [Brenlner 
and Hentzel 041). 

To save space and time these computational methods 
were implemented over the field with p elements where p 

is a prime larger than the degree of the identities under 
consideration. This guarantees that the the group ring 
will be semisimple, and usually ensures that the results 
will be equivalent to the characteristic 0 case; that is, 
the dimensiorl of a submodule of identities will be equal 
to the dimension of the corresporiding submodule over 
Q, and the basis which is computed will be formally the 
same in the two cases if the coefficients of the monomials 
are expressed as small integers. 
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TABLE 5. Evaluation of the 15 monomials 

7.5 A Detailed Example: The Malcev Identity 

We show how these computational methods can be used 
t o  discover the Malcev identity in degree 4 from the mul- 
tiplication table for the seven-dimensional simple non-Lie 
Malcev algebra obtained from the representation V(6) of 
s1(2), which was presented in Theorem 5.2. It  is irnpor- 
tant to have an integral matrix of structure constants, 
with no common factor in the entries, so that we can do 
these calculations in any characteristic. 

There are five association types for a product of four 
variables: 

For an anticommutative product, these five association 
types reduce to two: 

Using all 24 permutations of the four variables, and ac- 
counting for anticommutativity, we obtain a total of 15 
inequivalent multilinear degree-4 monomials for an anti- 
commutative product. There are 12 in the first associa- 
tion type and three more in the second: 

We now construct a matrix A of size 22 x 15, initialized 
to zero. We think of A as consisting of a 15 x 15 square 
matrix on top of a 7 x 15 matrix. 

We generate four pseudo-random vectors of length 7, 
which we call w,  x, y, z .  The coinponents of these vectors 
can be regarded as either rational integers or elements 
of a finite field. In the former case, the components will 
be uniformly distributed single digits 0 through 9; in the 
latter case, the components will be uniformly distributed 
elements 0 through p - 1 in the field with p elements. We 

then evaluate each of the 15 monomials using the V(6) 
structure constants in Theorem 5.2. This produces 15 
vectors of length 7, which we regard as collimn vectors 
and store in the bottom part of A. That is, the 7 compo- 
nents of the evaluation of monomial j are put i r ~  column 
j of A in rows 16 through 22. 

We will use arithmetic modulo p = 101 and start with 
these 4 pseudo-random vectors generated by the Maple 
function r :=  rand(l0l): 

Evaluating the 15 monomials on these 4 vectors gives the 
7 x 15 matrix in Table 5. 

At this point the 22 x 15 matrix A consists of that 
matrix as its bottom part and a 15 x 15 zero matrix as 
its top part. We now find the row canonical form of 
the matrix A. This completes the first iteration of the 
algorithm. 

We now generate four more random vectors 

and fill in the last seven rows again as before. At this 
point, after the second fill but before the second row re- 
duction, the matrix A is displayed in Table 6. The first 
seven rows of this matrix contain the row canonical form 
of the 7 x 15 matrix in Table 5. The row canonical form 
of the entire 22 x 15 matrix is given in Table 7. Here the 
last 12 rows have been omitted since they are zero. 

Further iterations of the algorithm do not change the 
row canonical form of the matrix A.  Since the row canon- 
ical form has rank 10, its nullspace has dimension 5. A 
basis for the nullspace consists of the rows of the matrix 
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TABLE 6. First row reduction and second fill. 

TABLE 7. The final row canoriical form. 

TABLE 8. The matrix of identities 

in Table 8. Since 100 = -1 modulo 101, we replace each 12 - ( ( W X ) Z ) Y  - ( ( w z ) ~ ) ~  - ( ( X Y ) Z ) I U  + ( ( X ~ ) W ) Y  

100 by -1; this allows us to regard the identities as poly- + ( ( x z ) y ) w  - ( ( y z ) w ) x  - ( w x ) ( y z )  - ( w z ) ( x y ) ,  
nomials over any field. Expressing the vectors as linear 
combinations of tho original 15 monomials, we obtain the 

1 3  = ( ( W Y ) X ) Z  - ( ( w z ) ~ ) ~  - ( ( X Y ) Z ) U J  + ( ( X Z ) U J ) Y  

followilig five identities: - ( w x ) ( Y ~ ) ,  

I ,  = ( ( w z ) y ) z  - ( ( w z ) z ) y  + ( ( x y ) z ) w  + ( (yz )w)n:  I 4  = ( ( W Y ) ~ I ~  - ( ( w z ) z ) y  + ( ( x y ) z ) w  - ( ( x z ) w ) y  

- ( W Y ) ( X ~ ) I  + ( ( y z ) w ) z  + ( ( Y Z ) X ) ~ J  - ( .zuy)(zz) + (wz) (x ' y ) ,  
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15  = ((ZY)W)Z + ((XY)Z)W - ( (XZ)W)Y A ( ( x z ) Y ) ~ L ~  There are altogether 945 mulbilinear anticonlmutative 

+ ( ( y ~ ) w ) x  + ( ( ~ z ) x ) w  + ('wx)(Yz) - ('wY)(xz) monomials; counting the number in each association type 
(dividing 6! by the number of antisymmetries which fol- + (w.)(~Y). low from anticommutativity), we have 

Identity Il is the same as the 5-term Malcev identity 1 1 1 1  1 1 

(5-2), after applying ariticomtnutativity to one term. -6! + -6! + -6! + -6! + -6! + -6! 
2 8 4 4 1 6 8  

Identity I2 is obtained by linearizing the 4-term Malcev = 360 + 90 + 180 + 180 + 45 + 90 = 945. 
identity (5-1) by replacing x by w + x and then inter- 
changing x and y. Identity I3 is obtained from identity 
(5-2) by interchanging x and y. Identity I4 is the lin- 
earized form of identity (5-1). The identity I5 is a con- 
sequence of the Malcev identity, which is not equivalent 
to the Malcev identity: I5 is the result of applying the 
element 7r = 1 + (234) + (243) in the group ring of Sq to 
the identity I l .  

In the above calculations we have used characteristic 
p = 101. If we use p = 2, we obtain a six-dimensional 
space of identities. If we use p = 3, we obtain a nine- 
dimensional space of identities. For any other positive 
characteristic (that is, p > 4 where 4 is the degree of the 
identities), we obtain a five-dimensional space of identi- 
ties. If we use characteristic 0 (rational arithmetic) and 
generate random single digits for the vector components, 
then the components in the evaluated monomials typi- 
cally have three to five digits, and the matrix entries of 
the row canonical form typically have 20-digit numera- 
tors and denominators. This gives a relatively small but 
still impressive demonstration of "matrix entry blowup," 
when using rational arithmetic to compute a row canon- 
ical form, and provides a convincing argument in favour 
of using modular arithmetic to save computer memory 
and CPU time. 

8. IDENTITIES FOR THE 11 -DIMENSIONAL ALGEBRA 

In this section we classify all the identities of degree < 7 
for the 11-dimensional anticommutative algebra A ob- 
tained from the projection V(10) @ V(10) + V(10) de- 
scribed in Section 6 (Theorem 6.1). 

Theorem 8.1. Every identity of degree 5 6 satisfied by 
the algebra A is a consequence of anticommutativity. 

Proof: (By computer, following the methods and the ex- 
ample presented in Section 7.) There are six inequivalent 
anticommutative association types in degree 6: 

[[[[[a,bl,cl,nl> el, f l ,  [[[[a,bl, [c,d!l, el, f l ,  
[[[[a,bl,cl, [d,ell, f l ,  [[[[a, bl,cI,dl, [e, fll, 
[[[a, bl, [c, 41, [e, fll, [[[a, bl ,  cl, [Id, el1 fl l .  

To determine the identities for the 1 1-dimensional alge- 
bra, we therefore need a matrix of size 956 x 945: the 
upper part is a 945 x 945 square matrix, and the lower 
part is a 11 x 945 matrix into which we place the re- 
sults of evaluating the anticommutative n~onomials. We 
repeatedly generate six random vectors of length 11 with 
components from the field with p = 101 elements. For 
each list of six random vectors, we evaluate all 945 mono- 
mials. For each monomial we put the result of the evalu- 
ation into the lower part of the matrix as a column vector 
in the column corresponding to  the monomial. When the 
lower part of the matrix is filled in this way, we compute 
the row canonical form of the matrix. After each iter- 
ation of this process, the rank of the matrix increases 
by 11. After 86 iterations the matrix reaches full rank 
(945). This implies that the nullspace is zero and that 
there are no identities in degree 6, a t  least for character- 
istic p = 101. 

Since an identity in degree < 6 would imply the exis- 
tence of an identity of degree 6 (for example, replacing 
a variable by a product of variables, or by multiplying 
the identity by other variables), we have also shown that 
there are no identities of degree 5 6 in characteristic 
p = 101. 

To complete the proof we need to argue that the 
nonexistence of identities in characteristic p for some p 
implies the nonexistence of identities in characteristic 0. 
We will show the contrapositive, that the existence of 
an identity in characteristic 0 implies the existence of 
a nonzero identity in characteristic p for every p. Let 
c = 945, let T, for 1 < i 5 c be the multilinear anticom- 
mutative monomials of degree 6, and let a, for 1 < i < c 
be rational numbers. Assume that 

C 

is an  identity in characteristic 0 satisfied by the algebra 
A. Let m be the least common multiple of the denomi- 
nators of the ai for 1 < i 5 c, and write a: = mai. Then, 
the a: for 1 5 i < c are integers, and so 
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is an identity for A with integer coefficients. Now let d be 
the greatest common divisor of the integers a/, for 1 5 i 5 
c ,  and write a:' = a l ld .  Then, the a:' for 1 5 z 5 c are 
integers with no common prime factor, which shows that 
for every prime p at least one of the a',/ remains nonzero 
when reduced modulo p. Let a::, for 1 < i 5 c be the 
residue class of a:/ modulo p; then 

is a nonzero identity for A in characteristic p. This com- 
pletes the proof. 

We now consider identities of degree 7. Here are the 
11 inequivalent anticommutative association types in de- 
gree 7: 

3:[[[[[~,bj,~1,[d,~11,f11~11 4 : ! ~ [ [ [ ~ ~ b 1 ~ ~ 1 ~ d 1 1 [ ~ ~ f 1 1 1 ~ 1 7  

5 :  [ [ [ [ a ,  bl, [c ,  dl11 [ e ,  f l l ,  91, 6 :  [ [ [ [ a ,  b l l ~ l l  [[dl el ,  f!11YI> 

7 :  [ [ [ [ [a ,b l ,  cl, dl ,eI ,  [ f , ~ 1 1 ,  8 :  [ [ [ [ a ,  bl, [c,dIl,  el, [f,911, 

9 :  [ [ [ [ a ,  bl,cl, [dl ell,  [f?9111 10: [ [ [ [ a ,  bl,c11 dl, [[el fIlY11> 

11: [ [ [ a ,  bl, [c,dIl,  [[el fl,911. 

Theorem 8.2. The algebra A satisfies identities i n  de- 
gree 7 which are not consequences of anticommutatiu- 
i ty .  These identities exist only i n  the S7-representations 
labeled by the partitions 221 11, L l l l 1 1 ,  and 11111 I 1  ( the 
last 3 representations). That  is,  the identities involve the  
variables aabbcde, aabcde f ,  and abcde f y .  

Proof: (By computer.) To determine which partitions 
of 7 correspond to nontrivial identities we use the S,- 
module methods described in Section 7. Table 9 shows 
the 15 partitions that label the distinct irreducible r e p  
resentations of the symmetric group S7.  Column 2 gives 
a partition A, and column 3 gives the dimension d x  of the 
corresponding representation. Colun~n 4 gives the prod- 
uct of 11 (the number of inequivalent anticommutative 
association types in degree 7) and the dimension of the 
representation; this is the dimension of the space of all 
possible identities in this representation in this degree. 
Column 5 gives the rank of the matrix of count,erexam- 
ples, which was generated by the random procedure de- 
scribed in Section 7. Column 4 minus column 5 is the  
dimension of the space of identities satisfied by the 11- 
dimensional algebra, but this includes identities which 
are trivial consequences of anticommutativity. Columri 

X = A, dx  l l d x  Rank Skew 
7 1 11 0 11 
61 6 66 1 65 
5 2 14 154 8 146 
51 1 15 165 11 154 
43 14 154 15 139 
42 1 35 385 50 335 
4111 20 220 35 185 
33 1 21 231 41 190 
322 21 231 49 182 
321 1 35 385 91 294 
31111 15 165 48 117 
2221 14 154 49 105 
22111 14 154 55 98 
211111 6 66 25 36 
1111111 1 11 2 4 

TABLE 9. Degree 7 identities for A. 

New 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
5 
5 

are trivial consequences of anticommutativity. Column 7 
gives column 4 minus the sun1 of colunlns 5 and 6: this 
number is always nonnegative, and if it is positive, it tells 
us there are new nontrivial identities satisfied by the 11- 
dimensional algebra in that representation. These new 
identities occur only in the last three representations. 

We will now discuss the last 3 representations sepa- 
rately, starting with the last representation. 

Theorem 8.3. The  space of multilinear identities of degree 
7 (partition 1111111) for the algebra A has dimension 5. 
A basis for this space consists of these five identities: 

11 = C[ l [ [ [ab l c ld l  [efllgl - ~ 1 [ [ [ [ a b 1 c l d l e : l  [ fgl l  
alt  alt  

+ ~ ~ ~ ~ ~ ~ b l ~ l d I [ i ~ f l Y l l l  
alt  

12  = ~ 1 [ [ [ [ l a b l c l d l e l f  lul - 2 C ! [ [ [ [ a b l c l d l  [ e f  1lYl 
al t  alt  

+ C [ [ [ [ ~ ~ I C I ~ I I ~ ~ ~ I ~ I I ~  
alt 

I3 = 2 ~ ~ [ ~ ~ [ ~ b l ~ 1 i d e l l f l ~ l  - 3 ~ [ ~ i ! a b l c l [ ~ d e l f l l ~ l  
al t  alt  

- ~ [ [ [ ~ ~ ~ b l c : l [ d e I I [ f g l l ~  
alt  

4 = 5 C [ [ [ [ a b l c l  Idellf lull + 11 C!11[[ablcldl ["fIlYl 
alt a l t  

+ 5 ~ [ [ [ 1 a b l ~ 1 [ d e : l l [ f g l l ~  
alt 

6 gives the dimension of the space of identities which 
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alt alt  

- 185 ~ l [ [ [ ~ b l c l d l [ ~ e f l g l l .  
nlt  

Here the sums are altern,atzn,q sums over the severe vari- 
ables a ,  b, c ,  d l  e ,  f ,  g .  

Proof: We wrote a Maple prograrn to evaluate, in char- 
acteristic 0, the alternating sum over each of the 11 as- 
sociation types in degree 7 for any seven vectors in the 
algebra A. We ran this prograrn over all (I;) = 330 
choices of seven distinct vectors from the I1 basis vec- 
tors vlo ,  . . .! ?!-lo. R.ernarkably, the 330 resulting vectors 
span a subspace of dimension 2. A basis for this subspace 
 consist,^ of the two rows of this mat,rix: 

-75 0 44 -60 0 0 -105 0 88 -45 0 ( 42 0 -299 105 0 2 2 2  273 0 68 168 0 ) 
In this matrix columns 2; 5, 8, and 11 are zero; it is easy 
to  check that for the corresponding association types the 
alternating sum collapses to  t,he zero polynomial as a re- 
sult of anticommutativity. The seven nonzero columns 
are 1, 3, 4, 6, 7, 9, and 10. There are (37) = 35 sub- 
sets of three columns from among t,hese seven columns. 
This gives 35 matarices of size 2 x 3, for each of which we 
compute the row canonical form. We sort the resulting 
35 reduced matrices, starting with the mat,rices with t,he 
simplest entries (in t,erms of the number of digits). We 
compute t,he one-dimensional nullspace of each of these 
35 matrices, and obtain 35 identities, again ordered by 
the complexity of the coefficients. From among these 35 
identit,ies, we choose the simplest five that span the five- 
dimensional space of all identit,ies. These five simplest 
identities are displayed above. Note that five is the num- 
ber of independent new identities for this representation 
predicted by Table 9. 

We now consider the representation labeled by par- 
tition 2 11 11 1. The corresponding identities will involve 
the variables aabcde f .  Accounting for anticommutativ- 
it,y, there are altogether 87 monomials in these six vari- 
ables with one repetition, in which the letters bcdef 
occur in alphabetical order froiii left to  right. We regard 
each of t,he 87 monomials as representing the alternating 
sum over the five variables bcdef ;  t,hus, each monomial 
act,ually represents a sum of 120 terms. The number of 
monomials in each of the 11 association types is given in 
this table: 

association type 1 2 3 4 5 6 7 8 9 10 11 
#o f  inonornials 15 7 10 10 4 7 10 4 6 10 4 

1:  [abacdef]  ( I ) ,  2: [abcadef] ( I ) ,  3:  [abcdaef] ( I ) ,  
4:  [abcdeaf]  (l) ,  5:  [abcdefn.] ( I ) ,  6: [bcaadef] ( I ) ,  
7:  [bcadaef]  ( I ) ,  8 :  [bcadeaf] ( I ) ,  9: [bcudefa] ( I ) ,  

l o :  [bcdaae f ]  ( I ) ,  11 : [bcdaea f ]  ( I ) ,  12: [bcdae f a ]  ( I ) ,  
13: [bcdeaaf]  (1),14: [bcdeafa] (1) ,15:  [bcdefaa] ( I ) ,  
16: [abacde f ]  (2), 17: [abcdae f] (2), 18: [abcdea f ]  (2), 
19 : [abcde f a] (2), 20 : [bcdeaa f ]  (2), 21 : [bcdea f a ]  (2), 
22 : [bcde f aa]  (2), 23: [abacde f ]  (3)) 24: [abcadef] (3), 
25: [abcdea f ]  (3), 26: [abcde f a ]  (3), 27: [bcaade f ]  (3)) 
28: [bcadea f ]  (3), 29: [bcade f a] (3), 30: [bcdaea f ]  (3)) 
31 : [bcdae f a]  (3), 32 : [bcde f aa] (3), 33 : [abacde f 1 (4), 
34: [abcade f ]  (4)) 35 : [abcdae f ]  (4), 36 : [abcde f a ]  (4), 
37: [bcaade f ]  (4), 38 : [bcadae f ]  (4), 39 : [bcade f a]  (4), 
40 : [bcdaae f ]  (4)) 4 1 : [bcdae f a] (4)) 42 : [bcdea f a]  (4), 
43 : [abacde f ]  (5), 44: [abcdae f ]  (5), 45 : [abcde f a]  (5), 
46 : [bcdea f a] (5), 47: [abacde f ]  (6), 48 : [abcade f ]  (6), 
49: [abcdea f ]  (6), 50: [abcde f a ]  (6)) 51 : [bcadea f ]  (6), 
52 : [bcade f a ]  (6), 53 : [bcde f aa] (6), 54 : [abacde f ]  (7), 
55: [abcade f ]  (7), 56 : [abcdae f ]  (7), 57: [abcdea f ]  (7), 
58 : [bcaade f ]  (7), 59 : [bcadae f ]  (7)) 60 : [bcadea f ]  (7), 
61 : [bcdaae f ]  (7), 62 : [bcdaea f ]  (7), 63 : [bcdeaa f ]  (7), 
64 : [abacde f 1 (8), 65 : [abcdae f ]  (8). 66 : [abcdeaf] (8), 
67 : [bcdeaa f ]  (8), 68 : [abacde f ]  (9), 69 : [abcade f ]  (9), 
70 : [abcdea f ]  (9), 71 : [bcaade f ] (9), 72 : [bcadea f ] (9), 
73: [bcdaeaf]  (9),74: [abacdef] ( l0) ,75:  [abcadef] ( lo) ,  
76 : [abcdae f ]  ( lo) ,  77: [abcde f a]  ( lo ) ,  78: [bcaade f ]  ( lo) ,  
79: [bcadae f ]  ( lo) ,  80: [bcade f a ]  (lo),  81: [bcdaaef]  (lo),  
82: [bcdae f a ]  ( lo) ,  83: [bcdeafa] ( lo) ,  84: [abacde f (ll), 
85 : [abcdae f ]  (1 1)) 86 : [abcde f a]  (1 I ) ,  87 : [bcdea f a ]  (1 1). 

TABLE 10. The 87 monomials in representation 211111. 

The complete list of all 87 monomials is given in Table 
10, where we omit. the brackets and give instead the per- 
mutation of the seven symbols and the association type 
(in parentheses). In what follows we will refer to these 
monomials by number. 

Theorem 8.4. The  space of iden,tities for the algebra A 
i n  uarzables aabcde f (partition 21 11 11) has dimeresion 
5. A basis for this space consists of these four identities 
where the monomials (alternating sums) are it~dicated by  
numbers in square brackets: 
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together with a jifth ident i ty  that is displayed in Table 11. 

Proof: (By computer.) We did the following computa- 
tions first in characteristic p = 101 and then repeated 
them in characteristic 0. We wrote a Maple program to 
evaluate the alternating sum over each of the 87 monomi- 
als for ally seven vectors from the algebra A. We created 
a matrix of size 98 x 87 and initialized it to  zero. We 
generated six random vectors and assigned these to the 
variables abcde f .  The results of evaluating the monomi- 
als (alternating sums) were stored in the bottom 11 x 87 
submatrix. We then computed the row canonical form of 
thc matrix. After each repetition of this fill and reduce 
process, the rank of the matrix increased by 11, until 
the seventh iteration, a t  which point the rank reached 
73. Another 10 iterations did not increase the rank. The 
nullspace of the resulting matrix has dimension 14 and 

. . 
consists of the identities satisfied by A in representation 
211111. Of these 14 identities, eight are trivial in the TABLE 1 1. The fifth identity in representation 21 11 11. 

sense that they consist of a single morlomial (alternating 
sum) which collapses to zero as a result of anticommu- 
tativity. These are monomials 20, 21, 22, 46, 48, 51, 67, 
and 87 in Table 10. Of the remaining six identities, two 
differ only by another trivial identity: the two-tern1 iden- 
tity which says that the sum of morlomials (alternating 
sums) 52 and 53 is always 0 (this is anot,her consequence 
of anticornmutativity). This leaves five independent non- 
trivial identities (as predicted by Table 9). In character- 
istic 0, for each ident,ity we cleared the denominators of 
the coefficients and then divided by the gcd of the coeffi- 
cients. Four of the five resulting integral identities have 
coefficients with no more than three digits; these four are 
stated in Theorem 8.4. The fifth identity has coefficients 

with up to  16 digits, which contain large prime factors; 
it is displayed in Table 11. 

Finally, we consider the representation labeled by par- 
tition 221 11. Here the variables are nabbcde. There are 
altogether 460 monomials over all 11 association types, 
accounting for anticornmutativity and requiring that cde 
occur in alphabet,ical order from left to  right. We re- 
gard each monomial a s  representing the alternating sum 
over cde,  so each monomial is actually a sum of six terms. 
Here is the number of monomials in each association type: 

association type 1 2 3 4 5 6 7 8 9 10 11 
# of monomials 110 30 55 55 14 31 55 14 27 55 14 
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TABLE 12. The  identity K in representation 22111 (p = 101) 

For these computations the matrix will have size 9. UNITAL EXTENSIONS 
471 x 460. Because the matrix is so large, we did this 

The description in Section 2 of the action of s l (2)  on 
representation in characteristic p = 101 only. V ( n )  in terms of differential operators provides a con- 

Theorem 8.5. Over a field of characteristic p = 101, 
the algebra A satisfies a single identity i n  the variables 
aabbcde (partition. 22111). It has 443 nonzero coeffi- 
cients, which are displayed i n  Table 12. The entry i n  row 
i and column j is the coefficient of monomial 15(i  - 1)  + j 
i n  the lexicographically ordered list of 460 monomials. 

Proof: This proof is very similar to the computational 
proofs of the previous two theorems. The matrix has 
460 columns, and the rank eventually stabilizes at 457. 
Of the three identities in the nullspace, two are trivial: 
one states that monomials 282 and 287 sum to 0 ,  and 
the other states that ~nonomials 291 and 295 sum to 0.  
The coefficients of the third identity K are presented in 
Table 12. 

nection with the notion from classical invariant theory 
of transvection of homogeneous polynolnials, which was 
used in [Dixmier 841 to express nonassociative algebra 
structures closely related to ours in terms of partial dif- 
ferentiation of polynomials. 

Let f  E V(m)  and g E V(n) .  Then, we can regard f  
and g as homogeneous polynomials in X and Y, where 
f  has degree m and g has degree n .  (In the terminology 
of classical invariant theory, f and g are binary forms of 
degrees m and n.) Let f ( i , j )  denote the derivative of f 
taken i times with respect to X and j times with respect 
to Y: 
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We define the kth transvectant of f and g as follows: 

It is clear that ( f ,  g)k E V(m + n - 2k). This definition is 
from [Dixmier 841, but we have simplified the notation. 
111 the special case ,rn = n we have f , g  E V(n) and the 
tr ansvectant 

which is nontrivial for 0 5 k < n.  When n is even and 
k - n/2, we get a bilinear sl(2)-invariant mapping from 
V(71) x V(n)  to V(n): 

This defines a nonassociative algebra structure on the 
vector space V(n),  which contains sl(2) in its deriva- 
tion algebra; it is commutative when n - 0 (mod 4) 
and anticommutative when n - 2 (mod 4). Since V(n) 
occurs only once as a direct summand of V(n) 8 V(n),  
this n ~ n ~ s o c i a t i v e  algebra structure on V(n) must co- 
incide (up to a scalar multiple) with the projection 
P: V(n) @ V(n) + V(n). 

In [Dixmier 841, the author considers unital nonasso- 
ciative algebras that are obtained from these commuta- 
tive or anticommutative algebras by forming the direct 
sum with a one-dimensional vector space spanned by a 
new unit element. Thus, we have ordered pairs (a,  f ) ,  
where a E IF and f E V(n), and a product depending on 
arbitrary scalars A, p E F, defined by 

where (f ,  g) is the bilinear form V(n) 8 V(n) -t V(0) of 
Section 2. Similarly, our nonassociative algebra structure 
on V(n) can be extended to obtain a unital nonassocia- 
tive algebra of dimension n + 2 using Dixmier's formula 
(9-1): 

Here, a ,  b E IF, f , g  E V(n),  and [f ,g]  is the sl(2)- 
invariant algebra structure on V(n). 

Now assume that n = 2 (mod 4) so that the algebra 
structure on V(n) is anticommutative. Except for trivial 
choices of X and p ,  the unitally extended algebras will 
not be anticommutative, and so we consider identities of 

degree 3. For n > 10 we do not expect the unital algebras 
to be associative or even alternative. 

We write A(A, p )  for the 12-dimensional unital algebra 
obtained from the anticomniutative algebra V(10) by the 
above formula. Froni Proposition 2.1 the symmetric bi- 
linear form on V(10) is given by 

In terms of the rescaled basis introduced at the end of 
the proof of Theorem 6.1, namely 

, 13 1 *up = -i!up, i = - ( l o  - p), 
30 2 

the symmetric bilinear form becomes 

In Dixmier's formula (9-1) the constant 681408 car1 be 
absorbed into the parameter A ,  and so (for our current 
purposes at  least) we may make the simplifying assump- 
tion that the bilinear form is given by 

(ulo-~i ,  1-~10-2j) = bi+j,lo(-l)i. 

Using this, the bilinear multiplication for the unitally 
extended algebra A(X, 1 )  is defined on basis elements as 
follows: 

(1, 0) = ( l ,O) ,  

(1,0)(0,  vlo-zj) = (0, V I O - Z ~ ) ~  

(0, u10-2r)(l> 0) = (0, VIO-Z~) ,  

(0, vlo-~i)(O, ulo-2j) = (di+j,lO(-l)iA, ~[vlo-ai ,  V I O - Z ~ ] ) ,  

where the square brackets refer to the nonassociative 
structure of Theorem 5.2. 

Definition 9.1. An algebra A (over a field F) is called a 
noncommutative Jordan algebra if it satisfies the flexible 
identity 

(x,  Y, x)  = 0 

and the Jordan identity 

(x2, y, 2 )  = 0. 

Both these identities are written in terms of the associa- 
tor (x, y, z) = (xy)z - x(yz). We say that A is quadratic 
if every element x E A is the root of some quadratic 
polynomial depending on x with coefficients in IF. 

Theorem 9.2. The non.associwtiue algebra A(X, p )  is a 
non.commutative Jordan. algebra for every A, 1 E IF. 
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Proof: It is easy to check that A(X, p )  is flexible and 
quadratic, and these together imply the Jordan identity. 

10. OTHER SIMPLE LIE ALGEBRAS 

10.1 Tensor Products 

Let L be a simple (finite-dimensional) Lie algebra over 
an algebraically closed field IF of characteristic 0. Let 
V and W be two irreducible (finite-dimensional) repre- 
sentations of L. By Weyl's Theorem we know that any 
finite-dimensional representation of L is completely re- 
ducible; that is, it decomposes as the direct sum of irre- 
ducible representations. In particular, this holds for the 
tensor product V @ W. An important problem in repre- 
sentation theory is to find an explicit decomposition of 
V 8 W into a direct sum of irreducible representations. 
In the simplest case L = s1(2), this problem is solved by 
the Clebsch-Gordan Theorem. 

In the special case V = W ,  we can ask more specifi- 
cally how many times V occurs as a direct summand of 
V 8 V. If this multiplicity is nonzero, then there exist 
nonzero homo~norphisms P: V @ V + V that give V a 
nonassociative algebra structure, which is L-invariant in 
the sense that L is contained in the derivation algebra. 
This structure is commutative when V occurs as a sum- 
mand of S2(V) and anticommutative when V occurs as 
a summand of A2(V). 

Up to isomorphism, the (finite-dimensional) simple Lie 
algebras, over an algebraically closed field IF of character- 
istic 0, are characterized by their Dynkin diagrams. For 
the numbering of the vertices of the Dynkin diagrams we 
follow [Humphreys 721. 

10.2 Exterior Squares 

A simple Lie algebra of rank li has ! fundamental repre- 
sentations, which we will denote by Ri for 1 5 i _< !. On 
the following pages we list, for each sinlple Lie algebra 
of rank 2 5 li < 8 and each fundamental representation, 
the multiplicity 

dim H O ~ L ( A ~ R , ,  [Ii) 

of Ri as a direct summand of its exterior square. This 
multiplicity is the nuniber of parameters that occur ill 
the classificatiori of L-invariant anticommutative alge- 
bra structures on Ri. To perform these calculations we 
used the soft,ware package LIE, which at the time of 
writing was available online at http://young.sp2mi.univ- 

poitiers.fr/-marc/LiE/. 

For detailed information about LIE, see the articles 
[Cohen et al. 841 and [van Leeuwen 941, which are also 
available a t  the given URL. 

10.3 Special Linear 

For the special linear type At none of the fiindalr~ental 
representations occurs as a sumrriand of its own exterior 
square. - 

10.4 Orthogonal 

For the orthogonal type Bp we have the following results; 
all other multiplicities are zero. (Neither of the funda- 
mental representations of B2 occurs in its own exterior 
square.) The nonadjoint representations are starred: 

dirn Bg = 21 dim 0 2  = 21 

dim B4 = 36 dim 0 2  = 36 

* dim f13  = 84 

dim B5 = 55 dim 0 2  = 55 

dim BE = 78 dim 0 2  = 78 

dim B7 = 105 dim 0 2  = 105 

*dim 0 5  = 3003 

*dim 0 s  = 5005 

dim Bs = 136 dim 0 2  = 136 

*din1 0 6  = 12376 

*dim 0 7  = 19448 

dim HomL(A202, fl2) = 1 

dim H o r n ~ ( A ~ f l 2 ,  0 2 )  = 1 

dim HomL(A203, Q3) = 1 

dirriHomL(A202,02) = 1 

dim HomL ( ~ ' 0 2 ,  0 2 )  = 1 

dim HornL(A202, f12) = 1 

dim H O ~ L ( A ~ R ~ ,  0 5 )  = 1 

dim HornL, (A20s ,  0 6 )  = 1 

dim HomL ( ~ " 2 ,  02)  = 1 

dim H O ~ ~ ( A % ~ ,  06)  = 1 

dim H O ~ L  (A2&, f17) = 1 

10.5 Symplectic 

For the symplectic type Ce none of the fundamental rep- 
resentations occurs as a summand of its own exterior 
square. 

10.6 Orthogonal 

For the orthogonal type De we have the following results; 
all other ni~iltiplicities are zero. The nonadjoint represen- 
tation is starred: 

dim D4 = 28 d i m 0 2  = 28 d i m ~ o m ~ ( A ~ 0 ~ ,  0 2 )  = 1 

dim D5 = 45 dim O2 = 45 dim H O ~ ~ ( A ~ R ~ ,  e 2 )  = 1 

dim Dg = 66 dim 0 2  = 66 dim H O ~ ~ L ( A ~ R ~ ,  0 1 )  = 1 

dim D7 = 91 d i m 0 2  = 91 d i r r i ~ o r n ~ ( A ~ f l ~ ,  0 2 )  = 1 

dim Ds  = 120 d im& = 120 d i r n H ~ m ~ , ( A ~ ~ ~ .  122) = 1 

* dim 0 6  = 8008 dim H O ~ L ( ~ \ ~ R ~ ,  e 6 )  = 2 
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din1 E6 = 78 dim R2 = 78 dim H o m ~  (A2f12, R2) = 1 

* din1 Qq = 2925 dim H O ~ L  (A2R4, 0 4 )  = 2 

dim E7 = 133 din1 R1 = 133 dim H o m ~ ( ~ ~ R l , f l 1 )  = 1 

* dim Rg = 8645 dill1 H o m ~ ( A ~ J 2 3 ,  n3) = 2 

* dim Qq = 365750 dim HomL (A2R4, Rq) = 1 

dim E8 = 248 * dim R3 = 6696000 dim H o n l ~ ( A ~ R 3 ,  Qg) = 5 

* dim Q4 = 6899079264 dim H o r n ~ ( A % ~ ,  R4) = 46 

* dim Rs -- 146325270 dim N O ~ L ( A ~ R R : , ,  R5) = 6 

* dim Rs = 2450240 dim H O I ~ L  (A2f16,R~) = 1 

* dim R7 = 30380 dim HomL(A2R7, R7) = 2 

dim Re, = 248 din1 H O ~ L  ( ~ ' 0 8 ,  fl8) = 1 

dim F4 = 52 dim R1 = 52 dim ~ o m ~ ( A ~ R 1 ,  R l )  = 1 

* dim R2 = 1274 dim HornL (A2R2, R2) = 2 

* dim R3 = 273 dim HornL (A2R3, R3 ) = 2 

d i m G 2 = 1 4  * d i m R 1 = 7  dim H O ~ ~ ( A " ~ ,  R1) = 1 

dim R2 = 14 dim H O ~ L  (A2flz,flz) = 2 

TABLE 13. 

10.7 Exceptional representation of Gz, which gives the simple non-Lie Mal- 

For the exceptional types E, F and G ,  the results are 

shown in Table 13; all other multiplicities are zero. The  
nonadjoint representations are starred. 

We call summarize the information in these lists in the  

following result. 

Theorem 10.1. T h e  multiplicities dim H o m L  (A2Ri, Ri) 
are nonzero only zn the  orthogonal and exceptional types. 
T h e  multiplicity of the  adjoint representation i s  always 
exactly 1. 

We also observe the following fact which distin- 
guishes E8: 

cev algebra discussed in Section 5. 
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