Trigonometric Integrals

It is often necessary to evaluate integrals of the form

J(sinx)m(cos x)"dx, where m and n are integers.
If one of the exponents, either m or n is and odd, there is a straight-
forward simplification.
Case 1: m = 2M + 1 is odd.
Then (sinx)™ = (sinx)?M*! = (sin® x)™ sinx = (1 — cos® x)M sin x,
SO our integral becomes

J(sinx)m(cosx)”dx = J(l — cos® x)M sin x (cos x)"dx

and we may make the substitution u = cos x with du = —sinxdx to
get



J(sinx)m(cosx)"dx = J(l — cos’ x)Msin x(cos x)"dx = — J(l —

u )Mydu

|
Example: J(sinx)”(cos x)0dx = — J(l —u?)ul®du =
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Example: J(sinx)“(cos x) dx = — J(l —u?)u1%u =

r

[1 —5u? +10(u?)% = 10(u?)3 + 5u?)4 - (u2)5] u 104y =

r
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Example: I(sinx)‘”(cosx)‘lodx = J(sinx)‘lz(cosx)‘10 sinxdx =

— J(l —u®)%u1%u

can be done, but requires the method of Partial Fractions, which we
shall see later.

The situation is similar when the power of cos x is odd.

Example: J(sinx)lo(cosx)”dx = J(sinx)lo(cosx)10 cos xdx =
J(Sinx)lo(coszx)Scosxdx = J(sinx)lo(l — sin® x)° cos xdx =

(letting u = sinx and du = cos xdx)

r

ul®(1-u®’du = Julo [1 —5u® + 10(u?)° = 10(u?)3 + 5(u?)* - (uZ)S]

r

u® —sul? 1 10u — 10Ut + 5ul® — u?%du =
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When both powers are odd, it is easiest to select the function with
the highest power for substitution:

Good Example: J(sinx)”(cos x)3dx = J(s.inx)”(cosx)2 cos xdx =
J(sinx)”(l — sin® x) cos xdx =

(letting u = sinx and du = cos xdx)

Ju”(l—uz)du=1u”—ul3du: - +C =
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Bad Example: J(sinx)”(cosx)3dx = J(sinx)lo(cosx)3 sinxdx =
J(l — cos® x)°(cos x)3sinxdx =
(letting u = cosx and du = — sinxdx)

(1 —u?)’ud(—-du) =

1 +5u2—10(u?)% + 10(u?)3 - 5u?)4 + (u2)5] w3du =

3+ 5u° — 10U’ + 10u® — 5ul! + u13] du =
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When neither power is odd, we need to use a double angle formula
from trigonometry:

cos2x =2cos?x —1=1-2sin°x

can be solved for cos? x and sin® x:

5 1 +cos2x . 9 1 —cos2x
COS“ X = > and sin“ x = >

Thus, if we want to integrate J(sinx)m(cos x)"dx, where m and n
are even integers, we write m = 2M and n = 2N and we have:

r

(sinx)™(cos x)"dx = J(sinx)ZM(cos x)*Ndx = J(sinzx)M(coszx)Ndx

( (1 — oS 2x>M (1 + cost)N
2 2 a

J

2~ (M+N) J (1 — cos2x)™ (1 + cos2x)N dx




Example: Jcos2 xdx = J L+ C;)S X dx —

%Jl-FCOSZXdX:l(X-FlSinZX) +C =
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Example: Jsin2 xdx = J - CSS X dx =

%Jl—costdx:l(x—lsinbc) +C =
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It should come as no surprise that J (cos2 X + sin® x) dx =x+C

@ ‘



1 - 2 1+ 2
Example: Jsinzxcos.2 xdx = J( cos x)( oS 2x x) =
lJl—coszbcdx:ljl—1+COS4X zljl—cosélxdx_
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Products of powers of secant and tangent functions

secx tan" x can be expressed as a product of powers of sinx and
cos x, but it is often more convenient to use the identity tan®x +
1 = sec’x and the differentials d(tanx) = sec’xdx and d(secx) =
secx tanxdx.

We assume that m and n are non-negative.

Case 1: The power m of secx is positive and even: then m = 2M
and we have:

secx tan" xdx = J(seczx)Mtan" xdx = J(seczx)M‘1 tan” xseclxdx -

(1 +tan® x)M ! tan™ xsec’xdx = and we can make the substitution

u = tanx, du = sec’xdx, and we get
r 5 \M-1 ) S\ M-1
(1 + tan x) tan" xsec xdx = J (1 +Uu ) udu

o
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4
Example: Jseclox tan’ xdx = J (1 + u2> wdu =

J(l + 4u? +6u4+4u6+u8) wdu = JuS +4u’ + 6u’ + 4utl +

ub3du =
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If the power of secx is not even, but the power of n of tanx is odd,
so that n = 2N + 1, and m is positive, we can make the substitution
u = secx, du = secx tanxdx, and get

r

secx tan" xdx = J sec™ lx tan®" xsecx tan xdx =

r

um-1 (tan2 x)Ndu = Jum‘l (seczx - 1>Ndu =

r

N
um-1 (u2 — 1) du
N
Example: Jsech tan® xdx = Ju4(u2 —1)°du = Ju“(u4 —2ul +

1)du =
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We are left with the cases where m is odd and n is even, all of which
can be reduced to the problem of finding the antiderivative of an odd

power of secx.

secx + tanx)

Example: Jsecxdx = Jsecx (
secx + tanx

[ sec?x + secx tan x dx — (sec?x + secx tan x)dx B
secx + tan x secx + tanx

(d(secx + tan x)
J secx +tanx

= In(secx + tanx) + C
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Example: 7 = Jsec3xdx

Using Integration by Parts, with
u = secx, dv = sec’x, v = tanx, du = secx tan xdx, we get

7 = Jsec3xdx = (Judv = UV — Jvdu) =

r

secx tanx — | tanxsecx tanxdx = secx tanx — Jtal’l2 xsecxdx =

J

r

secx tanx — (seczx — 1)secxdx =

J

r

secxtanx — | sec®xdx + Jsecxdx = secxtanx — 7 + Jsecxdx =
secx tanx + In |secx + tanx| + C so

27 = secx tanx + In|secx + tanx| + C and

3 secx tanx + In [secx + tan x|
sec’xdx = > + C
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Example: J tan” xsecxdx appears in the previous calculation, and
is one of the simpler cases left:

7 =secxtanx — Jtan2 xsecxdx gives us
Jtan2 xsecxdx = secxtanx — 71 =

secx tanx + In |secx + tan x| N
2

secx tanx —

C:

secx tanx — In |secx + tan x|
2

+ C
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Integrals of products of sine and cosine functions

with different arguments

The identities:
1
COSX COSYy = > (cos(x + y) + cos(x — y))

sinx siny = = (cos(x — y) — cos(x + y))

sinx cosy = = (sin(x — y) + sin(x + y)) may be used:

Example: Jcos 5tcos7tdt = J%(COS(St + 7t) + cos(5t — 7t)) dt =
12 2

1 1/1 1
J§ (cos 12t + cos(—2t)) dt = > (— sin12t + —sin2t> +C =
1

1
ﬂsinIZt + ZsinZt +C
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