Areas of Surfaces of Revolution

Let a cone have height h and radius 7, so that the circumference of the base is 2mr7. If
the cone is cut along a straight line (of length R = 72 + h?) from the vertex to the base
and flattened out, we obtain a sector of the circle whose radius is R. The area of the
circle of radius R is 7TR? = 11 (r? + h?), so the ratio of the area of the sector to that of
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the circle is >R = R’ so the area of the sector is ﬁrrR2 = 1rvre + h2.
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If we now take two cones, with one being a subset of the other, we can calculate the area
of the region between the bases of the two cones. This region is called a frustum .
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Let the larger and smaller cones have heights and radii h, and 7, and h; and 7.

Let R, = /v + h3 and Ry = +/r{ + hi, so that the areas of the larger and smaller cones
are

Ay = 14 + h3 and Ay = mr\vE + h?




The area of the frustum is thus

A=Ay — A = o715 + h3 —mmr\ré + he =
TT |:1’2\l1’22 + h% — 7’1\[7’12 + I’l%:l = 7T(1’2R2 — 1’1R1)
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Writing R =Ry — Ry and v = 5

, and using similar triangles, we derive

A = 21t7rR.

We can then use this formula to derive a formula for the area of the surface obtained
by rotating the curve (x(t), y(t)), t; <t < t, about the x- and y—axes respectively:

t
Sy = Jtz 21Ty(t)\/(x’(t))2 + (' (t))°dt | and
1

t
S, = Lj 21 ()Y (' (1)% + (v () 2dt

If the curve is the graph of a function y = f(x), a < x < b, then the area of the surface
obtained by revolving the curve about the x-axis is

b
Se= | 2mpeoNT + (00

and the area of the surface obtained by revolving the curve about the y-axis is

S, = J: 210x\1 + (f7(x))2dx

If the curve is the graph of a function x = g(y), ¢ < x < d, then the area of the surface
obtained by revolving the curve about the x-axis is
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Sy = LdZWy\/l + (g’(y))zd

and the area of the surface obtained by revolving the curve about the y-axis is

d 2
Sy = L 2g (W1 + (9" () dy

Example: Let y = V7?2 — x2, —r < x < r berotated about the x-axis. The surface

. . . . . , -X
obtained is a sphere of radius 7. Its area is(using v’ = ﬁ)
r2—x

2
SX—J 21ty 1 + (') de—ZJ 2TTVr? — X2 1+ J—) dx =

4‘ITJ \Vr2 — x2 1+ dx 4TI'J \Nr xz,/ _Xde—

41t o rdx = 4mr?

Example: 1ety = V2 —x2 a < x < a + h be rotated about the x-axis. The
surface obtained is a region of the sphere of radius » lying between two vertical and

)

parallel planes. Its area is ( again using y’ = e
re—x

a+h a+ 2
Sy = J 21T YAl + 2dx = J 2TIVY2 — x2,[1 + ) dx =
Y1+ () v Ji

a a

21TJ ZWW,/H dx—ZTrJ W,/

h
27TJ rdx = 2mtrh
a

Thus we have the interesting fact that the area of the region obtained by slicing a sphere
with two parallel planes a constant distance apart does not depend on the distance of
the planes from the centre of the sphere.



4 /
Example:(#6, p.552, green Stewart) i

Find the area of the surface obtained by 20 2 4 6 8

rotating the curve y?> =4x +4,0 < x < 8, -2
about the x-axis. _4\
-6

Solution 1: Wehavey=2(x+1)%,soy’=2;(x+1)—% —(x+1)2,

and S, = Jj 21 (2) (x + l)i\/l + ((x + 1)‘%)2dx =

3 8
4nJ(x+1)§,/1 L (x + 2)bdx = amr X2 8T (L oyE|
x+1 5 0 0
83[(8+2)2—(0+2)3] - 12"(5@—1)&
2 _
Solution 2: we have x = 2 1 4 ly - 1,s0x’
y=6 =6
andezj 21Ty 1+(x)dy—27TJ y 1+ dy—
r'y:6
T 4 + y2dy = (lettin =2tan0) =
Jyzz Y4+ y2dy =( gy )
~O=arctan 3
nJ 2 tan 6+/4 + 4 tan® 022 sec? 0d0O =
O=arctan 1
~rO0=arctan 3
TTJ 2 tan 0vV4 sec2 02 sec® 0d6O =
O=arctan 1
~0=arctan 3
‘ITJ 2tan 0 (2 sec 0)2 sec® 0dO =
O=arctan 1
f=arctan 3
81T sec® @ sec 0tan 0dO = ( letting u = sec0) =
0=T7
u=+10 E u=y10
87T wldu = 8T — ~m (10V10 - 2v2) = (Sf— 1) 2
u=ﬁ 3 M:\/i 3

Example:(#8, p.552), green Stewart)



Find the area of the surface obtained by

2
rotating the curve y = XZ — lnzx’ 1 <x <4,

about the x-axis.

Solution: We have y’ = % le,

ana 5, = [ (2 5) i (£ L
o (52 5 2

ol (5-%)

N &R

1
+ ) dx =, etc....
2x

Example:(#6, p.524), brown Stewart) rind the area of the surface ob-
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tained by rotating the curve y = cosx, 0 < x < 3 about the x-axis.

Solution: Wwe have ' = —sinx,

-
X=3

and S, = J 2T COSX\/I + (- sinx)zdx = (letting u = sinx) =

x=0

g arctan@
21TJ V1 + u?du = (letting u = tan0) = 21TJ sec3 0doO =
0 0

arctan ‘2—3

(sec@tan@ +In|secO +tan9|)
27T >

0

N
T (secOtan 0 + In|sec 6 + tan€|)|‘3rCtan 2 _

V73 V7 V3 V21
n( +ln‘2+2')= 7T<+

V73 I Y7+ V3
2 2

4 2

Example:(#8, p.524), brown Stewart) Frind the area of the surface ob-

. . 3 2 .
tained by rotating the curve y = Exg, 1 < x < 8§, about the x-axis.



Solution: we have y' = x5,

-8 > 8
and S, = 21T§X%\/1 + (x‘%) dx = 31TJ X
)1 2 1

wlro
wlro

V1+x73dx =

8 £ x=8
1
31TJ x% +2x3dx=31'r x% 1+x%dx=(1ettingu=x%)
1 \ X3 x=1
u=2 37T
917 wvul+ldu=--- = = (SO\f— 2\/§>
u=1

Example:(#10, p.524), brown Stewart) Frind the area of the surface
obtained by rotating the curve x = 1 + 2y?, 1 < v < 2, about the x-axis.

1 _1
Solution 1: Wehavey=\/xzj=(X;1>2,soy'=i(xgl> 2,
to (% X=1VE | (1 (xm1y Zd
an X_L "( 2) +4( 2> *T
o [ (221 ) L4
TrL( 2 ) +mx_
o [ (552) P L [ i -
3 2 S(X_]-) _2 3 -

9
T

24

9

n1(8x—7)% L 3
e =g B9 =7 -

3

8x — 7)? (8(3) = 7)? =

I
24
3

% (6565 — 1717)




