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We easily generalize this concept topoints P = (1, 0) (- 0) wherer is
negative by taking P in the negative directton along the line which makes
the angle 6 with the positive x-axis. Although negative » values seldom

occur in real-life, they quite naturally occur in polar equations. equations
involving ¥ and 0, suchasr = f(0).
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The curves displayable using the Polar Java applets have the polar

eguations:

Astroid:

Daisy:

Generalized conics:

L emni scate:

Spiral:

r(0) = a\/cos4 0 — cos2 0 sin® 0 *+sin* 0

(@) =a+ bsin(c(0 —d))

b
1+ csin(d(0 —e))

r(0) = a +

7(0) = a + by/lcos(2¢(0 — d))|

r(0) =a+ b0 +cO? +do> + ed?
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Using the equations x = ¥ cos 6 and y = ¥ cos 0, and replacing » by
¥ (0), we get parametric equations for the polar curves;

x(0) =r(0)cosOand y(0) =7r(0)sino.

Some of the interesting points of the curve are those for which

d_x and d_y are 0 or undefined.

dao do
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(sin®). d(r(0))
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do A0 —do

. 3 d
10~ %( (0)sin0) =r(0)

r(0)cosO +7r(0)sino
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dx . .
0 = —1(0)sin@ +7(0) cos O




dx
do
dy

do
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dx ] .
0 = —vr(0)sinO + 7(0) cos O

dy . .
i r(0)cosO +7(0)sind
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Z—’é B —sin® coso r(0)
% - cosO sinf 7(0)
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16 = —1(0)sin0 + 7 (0) cos 0
ay B : :
00 r(0)cosO +7r(0)sino

Or using vector and matrix notation:
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d°x
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dx . .
10 = —v(0)sinO + v (0) cos b

a4y r(0) cos O + ¥ (0)sin 0

do

Or using vector and matrix notation:

Z_’é [ —sin@ cos@ v (0)
% N cos @ sin@ 7 (0)
d°x

107 = 7(0)cos O — 27 (0) sin@ — r(0) cos 0

sy . . . -
T 7(0)sin O + 27(0) cos 0 — r(0) sin 0
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These can be used to find the slope and concavity of the curve:

dy
ay _ do _
dx dx

do

r(0)cosO +7(0)sinb

—1(0)sin® + 7 (0) cos O N

7(0)
v (0)

tan 0 +1

7(0)
m —tan 0
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These can be used to find the slope and concavity of the curve:

dy
dy 4o  v(0)cosO +7r(0)sind
dx dx —r(0)sin0 +7(0)cosO
do
Ly B -
dx? dx

(

0

>3

7(0)
7 (0) tan 0 +1
7 (0)
m —tan@
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These can be used to find the slope and concavity of the curve:

dy 7(0)

dy 40 _ rv(0)cos0 +7(0)sin0@  (0) tan 0 +1

dx dx —r(0)sin0+7(0)cos®  7(0)
20 7 (0) tan 0
dx d?y _ d’x d
A’y _ Go s — ao* dv

dx? (dx>3

= yadayadayada=

0
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These can be used to find the slope and concavity of the curve:

uy 7(0)
dy 40 _ rv(0)cos0 +7(0)sin0@  (0) tan 6 +1

dx dx —v(0)sin0 +7#(0)cosO®  7(0)

0 ) tan 0
42 dx d232/ B d292c dy
_ dé do d0% do _ _
dx?2 (d_x>3 yadayadayada
do

r(0)2 —#(0)r(0) + 27 (0)>2
[—7(0)sin @ + ¥ (0) cos 0]°

1.9
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3 312 _1 B >
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B
L:J V¥r? +72d0 =
X
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We can also find the area enclosed by apolar curver = f(0) with the
formula

1

B 1 B
i R, = 2
A - L{ —r2de = 5 L (£(0))%do

and the length of a polar curve with the formula

L— Jf VPR g0 — JN (F(0))? + (%(9))2019
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(p671,Stewart4) Find the area enclosed by one loop of the four-teaved
roser = cos20.

il
4

| | 2 1, (4 2
Solution: A = EJ (c0s20)-do = EZJ (c0s20)-do =
- 0

ar
4

J% <1+cos49

D )de:

0
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(p671,Stewart4) Find the area enclosed by one loop of the four-teaved
roser = cos20.

. 1 (1 > 1 (* 2
Solutlon:A=§J (cos 20) dQZEZJ (c0s20)-do =
_ 0

4
1 1 +cos40 @ sin4o T T
JO( > )‘w—[f g ]o—§
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area of the one-half of theloop traced as0 < 0 < an
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1T
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_|_ e
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2 8n
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Example:

Under what conditions can you find aformulafor thelength of one loop
of the 4n-petalled daisy » = cos 2n0?

Solution: Wehavery = —2nsin2n0, so

L = r—r; \/(—Zn sin2n0)?2 + (cos2n0)?do =

" 4n

2 J : \/4n2 sin® 216 + cos2 2n0do =
0

which cannot be evaluated in closed form.
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n X n




115

Exampl e:(Bob Adams;8.6-Example 4,p.515)

Find the length of the curve v = a(1 + cos 0):



115

Exampl e:(Bob Adams;8.6-Example 4,p.515)

Find the length of the curve v = a(1 + cos 0):

Solution: The curve is symmetric about the x-axis, so the total length
eguals twice the length or the curvefrom 6 = 0 to 0 = 1.



115

Exampl e:(Bob Adams;8.6-Example 4,p.515)

Find the length of the curve v = a(1 + cos 0):

Solution: The curve is symmetric about the x-axis, so the total length
eguals twice the length or the curvefrom 6 = 0 to 0 = 1.
Wehave? = —asin 0, so



115

Exampl e:(Bob Adams;8.6-Example 4,p.515)

Find the length of the curve v = a(1 + cos 0):

Solution: The curve is symmetric about the x-axis, so the total length
eguals twice the length or the curvefrom 6 = 0 to 0 = 1.
Wehave? = —asin0,so 72 + r? =

(—asinf)® + (a(l +cos))* =



115

Exampl e:(Bob Adams;8.6-Example 4,p.515)

Find the length of the curve v = a(1 + cos 0):

Solution: The curve is symmetric about the x-axis, so the total length
eguals twice the length or the curvefrom 6 = 0 to 0 = 1.
Wehave? = —asin0,so 7° + 12 =

(—asin0)® + (a(1 +cos0))* = a2sin® 0 + a?(1 + cos 0)2 =



115

Exampl e:(Bob Adams;8.6-Example 4,p.515)

Find the length of the curve v = a(1 + cos 0):

Solution: The curve is symmetric about the x-axis, so the total length
eguals twice the length or the curvefrom 6 = 0 to 0 = 1.
Wehave? = —asin0,so 7° + 12 =

(—asin0)® + (a(1 +cos0))* = a2sin® 0 + a?(1 + cos 0)2 =

ac [(sin2 0 + (1 + cos 9)2] =



115

Exampl e:(Bob Adams;8.6-Example 4,p.515)

Find the length of the curve v = a(1 + cos 0):

Solution: The curve is symmetric about the x-axis, so the total length
eguals twice the length or the curvefrom 6 = 0 to 0 = 1.
Wehave? = —asin0,so 7° + 12 =

(—asin0)® + (a(1 +cos0))* = a2sin® 0 + a?(1 + cos 0)2 =

ac [(sin2 0 + (1 + cos 9)2] = a? [sin2 0+ 1+ 2cos0 + cos? 9] =



115

Exampl e:(Bob Adams;8.6-Example 4,p.515)

Find the length of the curve v = a(1 + cos 0):

Solution: The curve is symmetric about the x-axis, so the total length
eguals twice the length or the curvefrom 6 = 0 to 0 = 1.
Wehave? = —asin0,so 7° + 12 =

(—asin0)® + (a(1 +cos0))* = a2sin® 0 + a?(1 + cos 0)2 =

ac [(sin2 0 + (1 + cos 9)2] = a? [sin2 0+ 1+ 2cos0 + cos? 9] =

2a°[1 + cos 0] =



115

Exampl e:(Bob Adams;8.6-Example 4,p.515)

Find the length of the curve v = a(1 + cos 0):

Solution: The curve is symmetric about the x-axis, so the total length
eguals twice the length or the curvefrom 6 = 0 to 0 = 1.
Wehave? = —asin0,so 7° + 12 =

(—asin0)® + (a(1 +cos0))* = a2sin® 0 + a?(1 + cos 0)2 =

ac [(sin2 0 + (1 + cos 9)2] = a? [sin2 0+ 1+ 2cos0 + cos? 9] =

2a°[1 + cos 0] = 2a? [2 CoS? g] -



115

Exampl e:(Bob Adams;8.6-Example 4,p.515)

Find the length of the curve v = a(1 + cos 0):

Solution: The curve is symmetric about the x-axis, so the total length
eguals twice the length or the curvefrom 6 = 0 to 0 = 1.
Wehave? = —asin0,so 7° + 12 =

(—asin0)® + (a(1 +cos0))* = a2sin® 0 + a?(1 + cos 0)2 =

ac [(sin2 0 + (1 + cos 9)2] = a? [sin2 0+ 1+ 2cos0 + cos? 9] =

0
2a°[1 + cos 0] = 2a? [2 cos? g] = 4a? cos? o
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Example:(Bob Adams,8.6-Problem-12,p.515)

Find the length of thecurver = 02,0 < 0 < Tr.
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Example:(Bob Adams,8.6-Problem-12,p.515)

Find the length of thecurver = 02,0 < 0 < Tr.

Solution; Wehaver = 20, so
72+ 72 = (20)° + (62)° = 40% + 64 = 02 (22 + 62)
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TT

I- J 0727 + 0246 =
0
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We make the substitution 0 = 2 tanu, A0 = 2 sec® udu, and get
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Exampl e:(Bob Adams,8.6-Problem 13,p.515)

Find the length of thecurve ¥ = e2?, —11 < 0 <11.
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Exampl e:(Bob Adams;8.6-Problem 14,p.515)

Find the length of thecurver = a0, 0 < 0 <21T.
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