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negative by taking P in the negative direction along the line which makes

the angle θ with the positive x-axis. Although negative r values seldom

occur in real-life, they quite naturally occur in polar equations: equations

involving r and θ, such as r = f(θ).

The two systems of coordinates are related by the equations:

r =
√
x2 +y2, θ = arctan

y
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and x = r cosθ, y = r sinθ

See the Java applet with no curve selected.



1.4

The curves displayable using the Polar Java applets have the polar

equations:

Astroid: r(θ) = a
√

cos4 θ − cos2 θ sin2 θ + sin4 θ

Daisy: r(θ) = a+ b sin(c(θ − d))

Generalized conics: r(θ) = a+ b
1+ c sin(d(θ − e))

Lemniscate: r(θ) = a+ b
√
|cos(2c(θ − d))|

Spiral: r(θ) = a+ bθ + cθ2 + dθ3 + eθ4
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dθ

and
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dθ

are 0 or undefined.
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−ṙ (θ) sinθ − r(θ) cosθ + r̈ (θ) cosθ − ṙ (θ) sinθ =
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ṙ (θ)
r(θ)

tanθ + 1
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− tanθ
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dx2

=
dx
dθ

d2y
dθ2 − d2x

dθ2
dy
dθ(

dx
dθ

)3 = yadayadayada=

r(θ)2 − r̈ (θ)r(θ)+ 2ṙ (θ)2

[−r(θ) sinθ + ṙ (θ) cosθ]3
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r 2 + ṙ 2dθ =



1.10

We can also find the area enclosed by a polar curve r = f(θ) with the

formula

A =
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∫ β
α
(f (θ))2 dθ

and the length of a polar curve with the formula

L =
∫ β
α

√
r 2 + ṙ 2dθ =
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α

√√√
(f (θ))2 +

(
df
dθ
(θ)

)2

dθ
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L =
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4n

− π
4n

√
(−2n sin 2nθ)2 + (cos 2nθ)2dθ =

2
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4

0

√
4n2 sin2 2nθ + cos2 2nθdθ =

which cannot be evaluated in closed form.



1.14

Example:Example:
Find a formula for the length of the curve r = enθ , α ≤ θ ≤ β.



1.14

Example:Example:
Find a formula for the length of the curve r = enθ , α ≤ θ ≤ β.

Solution: We have ṙ = nenθ , so
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ṙ 2 + r 2 = (2θ)2 + (θ2
)2 = 4θ2 + θ4 = θ2

(
22 + θ2

)

and so
√
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ṙ 2 + r 2 =

√
a2 + 1e2aθ , and thus

L =
∫ π
−π

√
a2 + 1eaθdθ =

√
a2 + 1

∫ π
−π
eaθdθ =



1.19

Example:(Bob Adams,8.6-Problem 13,p.515)Example:(Bob Adams,8.6-Problem 13,p.515)

Find the length of the curve r = eaθ , −π ≤ θ ≤ π .

Solution: We have ṙ = aeaθ , so
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a
2

(√
1+ 4π2(2π)+ ln |

√
1+ 4π2 + 2π|

)
=
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