Differential Equations

Definition: A differential equation is any equation containing a (possibly unknown) function and one
or more of its derivatives.

Examples: y’ = sinx

rrrr

y'"+y' +y=3

(y//)S +yr — eZX

.00/
The order of a differential equation is the order of the highest derivative appearing in it.

We shall usually be looking for functions which satisfy a given differential equation and other natural
conditions. These are called solutions of the differential equation (d.e. for short). In this course we
will only study very simple first order d.e.’s.

Separable Equations

Definition: A first order d.e. is said to be separable if it can be written in the form

¥y =gx)h(y)

Such equations can be manipulated so as to have the variables x and y separated:

dy : .
dx g(x)h(y) is equivalent to
dy
—— = g(x)dx,
ny) 9(x)
and a general solution is given by
hcg) = jg(x)dx and will look like H(y) = G(x) + C

, X, . .
Example: y' = ; is separable, because it can be re-written as

1
y' = x; and then can be put into the form

Zi’ = x)l/ or ydy = xdx. Integration gives
2 2
Jydy=dexor);=xZ+C



This is equivalent to saying that all solutions of y’ = ; must satisfy

x? — y? = —2C for some constant C.

Graphically, we see that the family of hyperbolas x? — y? = —2C, C # 0, plus the pair of lines y = x
and y = —x, constitutes the set of solutions of the given differential equation. Specifying a point
(x0, o) through which such a hyperbola must pass is equivalent to what is called an initial condition.
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The most important differential equation we have so far encountered is y' — ky = 0 or 3; =k,

For example, if the solution is to pass through the point (1,2), we must take C =

that is, situations where the relative rate of change is a constant k. This is easily solved by separating
variables:

ay

dar dy

= k becomes 7 = kdt, which we integrate:

J? = Jkdt resultsinIn |y| = kt + C.

Taking exponentials of both sides, we get

kt+C _ C,kt

ly| =e eCekt or y = +eCe

We usually write this in the form vy (t) = y(0)ek..

Another inportant and related differential equation is the logistic growth equation used to model
biological populations:

v’ = ky (M —y) where k > 0 is a growth rate factor and M is the carrying capacity of the ecosystem.

Separation of variables gives:

J‘ijlzjkdt:kt+C,andwehave
y(M-y)

dy J(ll 1 1) ljdy 1de
L — = dy = — | —+ — =
Jy(M—y) My MM-y Y M y MIM-Yy
1 1 _ 1 Y
MlnIyIMlnlM yl—Mln M_y‘

Thus we have In

Y _
i y‘ =Mkt +C)

Taking exponentials, we get:



M(kt+C) _ oMkt ,MC

=e e

Y
M-y
Denoting v (0) by yy, we get:

Yo

Mk(0)pMC — oMC g we have
M — yo

=e

Yo

‘ Y ‘: oMkt
M-y M - o

Since y represents a population, we must have y > 0. It is not necessary to assume that y < M in
order for this model to work well, but we shall do so for the purposes of this example.

We then have

Yy Yo Mkt . .
= e"* which may be solved for y:
M-y M-y Y Y

_ YoM
Yo+ (M — yg)e kMT
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Arc Length

The length of the curve (x(t),y(t)) as t varies from t, to t; is given by

t=t1
\/ 0)* + (v (1)°d

t=to

If we wish to find the length of a curve which is the graph of a function y = f(x), as x runs from a
to b,

welet x(t) =t, y(t) = f(x(t)) = f(x) and we get x'(t) = 1,and y'(t) = f'(x(t))x'(t) = f'(x), so
we have a simple formula for the length:

\/—dx J f1(x)) dx—J\/idx

Similarly, if we have a curve x = g(y) with y running from c to d we get

T @ 0y = [ @ oy = [ oy

Example: Consider the curve given by

x(t) =cost, y(t) =sint ,0 <t <Tr.

Its length is

t=11 t=1r
L=| eyt - J A(=sint)? + (cos )2t -
t= t=

t=1r
J Cldt =t =m

4; ‘



Example: Find the length of the curve y = x%, O<a=<x<b

We have L = J\/ dx J xz dx J,/1+ —xdx =

3 3
2 2

4 (1+39x)2 8 9 8 /4+0x 1 ) (b
- - _ il - 2 =
9 g =27 (“4 ) 27( 4 ) ) =57 @9
217 [(4+9b)% (4 +9a) 3]

Example: Find the length of the curve x = y?>,0<c<y <b

We have L = _d\/1+(x )2dy = Jy d\/ + (2y) dy I J1+4y2dy

Making the substitution y = %tan 0, we have
dy = 3sec?0d0,1+4y? =1+ tan® 0 = sec? 0,
0. = arctan2c when y = ¢ and 64 = arctan2d when y = d, so

Gigd 1 1 9:90(
- Jeoe2 02 cpel _ 3 _
Je:ec sec 92 secc 0d0O > La:ec sec® 0dO

171 0=0a
= [— (sec@tan@+ln|sec0+tan9|)}‘ =
2 L2 =0,
1 1
1 [secOytan Oy + In|secOy + tan Oy|] — — [secé)c tanO. +In|secO, + tanO.|] =
1 [\/1 +4d22d + In |1 + 4d2 + 2d|] _2 [\/1 +4c22¢ +In |1 + 4c? + 2c|] -
dv1 + 4d? — cV1 + 4c? + \/1+4d +2d
2 »\/1 +4c? + 2c

Note that if we let ¢ = 0, we get the formula for the distance along the parabola to the point (d?, d):

\/ 2
L= d’1;4d + iln(x/l +4d? +24)

and if we let b = d?, we get the (equivalent) formula for the distance from (0,0) to (b, Vb):

L=W+iln(v1+4b+2\/ﬁ)



Areas of Surfaces of Revolution

Let a cone have height h and radius 7, so that the circumference of the base is 21rv. If the cone is
cut along a straight line (of length £ = v»2 + h?2) from the vertex to the base and flattened out, we
obtain a sector of the circle whose radius is €. The area of the circle of radius ¥ is €% = 1w (r? + h?),

: ) . 2Ty i
so the ratio of the area of the sector to that of the circle is Py so the area of the sector is

v
w0
%Trﬂz = Trr\r2 + h2,

If we now take two cones, with one being a subset of the other, we can calculate the area of the region
between the bases of the two cones. This region is called a frustum.

Let the larger and smaller cones have heights and radii h, and 7> and h; and 7;.
Let €» = \v5 + h3 and £; = \r{ + h3, so that the areas of the larger and smaller cones are

Ay = T\ 7r5 + h3 and Ay = Tr\r{ + hi

The area of the frustum is thus

A=Ay —A| = Trors + h3 — mr\r? + hi =
T [7’2\/1’22 + h% — 7’1\/7’12 + h%:| = 7T(7"2€2 — 7’1#1)

1+ 71
2

Writing £ = €> — £ and » = , and using similar triangles, we derive

A =27mtrd.

We can then use this formula to derive a formula for the area of the surface obtained by rotating the
curve (x(t),y(t)), t; <t < t, about the x- and y—axes respectively:

t2
Sy = L 21y (O (x' ()2 + (' (1))2dt and

to
S, = Ll 21 (DY (X' (£)% + (v' (1)) 2dt

If the curve is the graph of a function y = f(x), a < x < b, then the area of the surface obtained by
revolving the curve about the x-axis is

b
S, = J 211 FOONT + (F7(x))2dx



and the area of the surface obtained by revolving the curve about the y-axis is

b
S, = L 211 + (f' (x))2dx

If the curve is the graph of a function x = g(¥), ¢ < x < d, then the area of the surface obtained by
revolving the curve about the x-axis is

Sy = Ld2nyv1 + (g’ (»)’dy

and the area of the surface obtained by revolving the curve about the y-axis is

d
Sy = L 2g(YIV1 + (g’ (»))’dy

Example: Let v = \r2 — x2, —v < x < r be rotated about the x-axis. The surface obtained is a
sphere of radius 7. Its area is(using y’ = w%xz)

2
r v -
Se= | 2mynfT+ (rax =2 | 2nmJ1 ¥ (Jﬂ—%) dx =

r X2 v 1/2
s [ 1 v am [

ATt [y rdx = 4mr?

Example: Let y = \7?2 — x2, a < x < a + h be rotated about the x-axis. The surface obtained is a
region of the sphere of radius » lying between two vertical and parallel planes. Its area is ( again

using ' = \/127)

a+h a+h -X 2
o= [ amy T G = [ meH () ax-

a+h 2 a+h 2
27TJ 2T\ — x2,[1 + xidx = ZTTJ A2 — x2,] r dx =
a Y2 —x? a Y2 —x?

a+h
21TJ rdx =2mtrh
a

Thus we have the interesting fact that the area of the region obtained by slicing a sphere with two



parallel planes a constant distance apart does not depend on the distance of the planes from the
centre of the sphere.

Example:(#2, p.524) Find the area of the surface obtained by rotating the curve y? = 4x+4,0 < x < 8,
about the x-axis.

Solution 1: We have y = 2(x + 1)%, soy' = 2;(9( + 1)‘% =(x+ 1)‘%,

and Sy = Jj 21(2) (x + 1)%\/1 + ((x + 1)‘%)2dx =

8 8 38 8
4nJ (412 1+ — 2 dx = 417[ (x+2)bdx =4 X2 BT o)it 8T [(8 12)P - (0+2)?
0 x+1 0 5 0 3 3
16717
e (5v5-1)v2
2 _
Solution 2: We have x = y~ -4 = ly2 —1,s0x’ = Z,
4 4 2
y=6 2
ande—J 21ty 1 + (x dy—21r yw/1+<32/> dy =
ry=6
e ) Y4 + y2dy = (letting y = 2tan0) =
Jy=
rO=arctan 3 O=arctan 3
™ 2tan 04 + 4 tan? 022 sec’ 0dO = 1T 2 tan 0+/4 sec? 02 sec® 0d6 =
JO=arctan 1 O=arctan 1
rO=arctan 3 O=arctan 3
™ 2tan 0(2 sec 0)2 sec® 0d6O = 81 sec’ @sec Otan 0dO =
JO=arctan1 0=fracm4

(letting u = sec0) =

u=+10 3 | u=v10
81 wldu = 8t = -7 (10\@ - 2@)
u=+2 3 u=+2
=0 (5v5 - 1)+2
.00/
. . . x? Inx
Example:(#4, p.524) Find the area of the surface obtained by rotating the curve y = T o

1 < x < 4, about the x-axis.

Solution: We have y’ = g — 21x’



Example:(#6, p.524) Find the area of the surface obtained by rotating the curve y = cosx,0 < x <

w3

about the x-axis.

Solution: We have y’ = —sin x,

x=T

and Sy = J 21T Cosx\/l + (—sinx)’dx = (letting u = sinx) =

@ arctan‘/Tg
21T Jo V1 +u2du = (letting u = tan0) = 21 Jo sec3 0d0O =

arctan 5

(sec@tan@ +In|sec @ + tan@l)
27T >

0

3
77 (secOtan 0 + In |sec O + tane|)|arCtan 7

V73 V7 V3 V21 V7 + /3
7T(22+h'1‘+'):ﬂ'< 4 +1n 5 >

Example:(#8, p.524) Find the area of the surface obtained by rotating the curve y = ;

about the x-axis.

Solution: We have y’ = x’%,

8 2 8
and Sy = L 27T3X§\/1 + (x*%) dx = 31TL XV + x " 5dx =

2

2 X3 x=8
37TJ X3 dx =31 b'e
x=1
u=2

1+ x5dx = (letting u = x%)

W=

;
X3

91T ) u3 u2+1du=---=3—n<50\f—2\@)
u=1 5

Example:(#10, p.524) Find the area of the surface obtained by rotating the curve x = 1 + 2y?,



1 < y < 2, about the x-axis.

=
|
—
|
/N
=
|
—
S—
w»n
o]
k<\
|
| =
—
s
|
—
SN———
N —

Solution 1: We have y =

|—

e >ﬁ
s

N|—=

8(x-1)+1 o 9 ~
JS(X_D _Zjamdx_

9

= L(8(9) — 7)? f(8(3) 7):

- 7 2
Bx =72 =24

24

3

o5 (65165 -17717)

N

N
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Moments and Centres of Mass

Let R = {(x,Vy)|la <x <b,0 <y < f(x)} be aregion in the plane.

Definition: The moment M, about the y-axis of a lamina of uniform density p occupying the region
R is

b
M, =p L x f(x)dx

and the moment M, about the x-axis of the lamina is

b
M= > (f(0) dx

b
The mass of the laminais M = p J f(x)dx and the center of mass is
a

w - (525

.00/
Let R = {(x,y)la<x <b,g(x) <y < f(x)} be aregion in the plane.

Then the moment M, about the y-axis of a lamina of uniform density p occupying the region R is

b
M, =pLx[f(x) - g(x)]dx

and the moment M, about the x-axis of the lamina is

b b
My =p j ; [(FxN)? = (g(x))* ] dx = pL ;[f(x) +g(x)][f(x) - g(x)] dx

b

The mass of the laminais M = p J [f(x)—g(x)]dx = pA, where A is the area of R. The center of
a

mass is

(Jﬁ’x[f(m —g(x)]dx Ja3[(f(x)° - (g(x))z]dx)
o [f(x)—g)]dx " [J[f(x) - g(x)]dx

(x,y) is called the centroid of R.

.00/
Example: Find the centroid of the triangle with vertices (0,0), (b,0), and (b, h).

We assume p = 1, so that M = A.

11



b h h x? hb® 1
We have A = JO BXdX = E 7 . 57 Ebh
b (h nxd|” mhpd 1,
My—fx(bx)d" b3, b3 30"
_Jb1<hx)2dx_hzxgb_hzbg_lbh2
¥ Jo2\b -~ 2b2 3|, 2b23 6

Example: Find the centroid of the semicircle
R = {(x,y)l —r<x=<r,0<y<r —xZ}.

We assume p = 1, so that M = A.

.
We have A = J V12 — x2dx = %rz
v

-
M, = J x\r? — x2dx = 0, since R is symmetric about the y-axis
-r

v 2 v
szJ 1(\/@) dx = l(1/2—362)dx=l rix -
2 —r 2 2 3

-7

Thus (%, 7) = (0, ;fg) _ (0,4r>

Example: If 0 < h < 7, Find the centroid of the subset of the semicircle:

Rz{(x,y)l—rsxsr,hsys\/rz—xz}.

We have A = 2 e (\/1’2 - x2 - h) dx =

0

x =(letting x = 7 sin 0)

2|, T ) 2 | "

12



O=arcsin @ %
2J0 (7’2—7’2811129) rcos0dO — 2h\r2 — h? =
O=arcsin @
2J0 ¥ cos 07 cos 0d0 — 2h\r? — h? =
O=arcsin @

. 2_p2
242 Je_arcsmwrih 1 + cos20

dl —2h+\r?2 — h? =
0 2

N

O=arcsin ~——;
VZJO 1 +c0s20d0 — 2h\r2 — h2 =

. 2_n2
Q:arcsm@

in 2
V2(9+51n 9) Conlre - pz =
2 0
aresin V7HZ
Y2 (0 +sinfcosO))) " T _2mr2—h2 =
i 2 _ 12 2 _ 12 2 _ 12
¥? arcsinryh + sin (arcsinrr) o (arcsin rrh>] —2h\1r2 — h? =

22 22 2_p2\°
r? arcsin\/rrh +\/T h 1(71/h>]2h ¥2 2 =

v\

T J2 72 2 _ 12
r? arcsin\/rrh+\/r h 1—(T h)]—Zh r2 - h? =

i O e
i 2 _ )2 2_ 2 [n2
r? arcsin\/r h +\/T h \/FTJ _onr? — h2 =
r r r
22 22
r? arcsinwﬁ h +¢T - h ff] _ohr? — 2 =

2 . 7’2—]’12
r arcsmerh r2 —h?2 —2h\r2 — h? =

2 2

. ANre—h

r2arcsin ———— — har2 — h2
’r'

r2-h?
M, = _Wx [m - h] dx = 0, since R is symmetric about the y-axis

13



VR [ | (R
MX:J—WZ_( " _X> —h]dxzzzjo 2 — x2dx =

W

rt om0 T
0
2 2
Thus (x,7) = - h*)Vr2 —h?
Tzarcsmﬁ h\/ﬂi)

14



Hydrostatic Pressure

The gravitational force exerted by a 1 cubic metre of water is 9.8 x1000 Newtons. The gravitational
force exerted by a rectangular column of water with square base of area 1 meter? and height d is
therefore 9800d N.

If we have a horizontal region R of area A(expressed in square metres), the force exerted by a column

of water d metres high is gAd, where g is the gravitational coefficient 9.8 rrsueegl;e.

Newton

Pressure is measured in pascals: 1 Pascal=1 ——,
square metre

Newtons

kilopascals(kPa): 1 kilopascal=1000 pascals=1000 ——
square metre

Let R = {(x,y)lc <y =<d,g(y) <x < f(x)} be aregion in the plane.

Definition: The hydrostatic force exerted against R by water whose surface is at the level v = d is

d
L (d-)9.8[g(y) - fF(3)]dy

Theorem: This force equals g (d — y) A, where A and ¥ are the area and the y-coordinate of R.

Thus the mathematical theory of hydrostatic force is equivalent to that of the theory of centres of
mass.

—_
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