Moments and Centres of Mass
Let R = {(x,y)la <x <b,0<vy < f(x)} be aregion in the plane.

Definition: The moment M,, about the y-axis of a lamina of uniform density
p occupying the region R is

b
M, = pj x f(x)dx
a
and the moment M, about the x-axis of the lamina is
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b
The mass of the laminais M = p J f(x)dx and the
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center of mass is (x,7) = < MM

Regions Between Two Curves
Let R = {(x,y)|la<x <b,g(x) <y < f(x)} be aregion in the plane.

Then the moment M, about the y-axis of a lamina of uniform density p occupying
the region R is

b
My = p | x[f60) - gx)]dx
a
and the moment M, about the x-axis of the lamina is
b
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M, = pJ

S (g0) | dx =
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pJ ; [f(x)+g(x)][f(x)—g(x)]dx



b
The mass of the laminais M = pJ [f(x)—g(x)]dx = pA,
a

where A is the area of R.

The center of mass is
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ff [f(x) —g(x)]dx f: [f(x)—g(x)]dx

(%, ) is called the centroid of R.




Example:

We assume p = 1, so that M = A.
b

We have A = h h
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Find the centroid of the triangle with vertices (0,0), (b,0), and (b, h).

vvvvvvvv
sssss




sssss

Example: Find the centroid of the semicircle
R = {(x,y)l —rsxsr,OsysM}.
We assume p = 1, so that M = A.
We have A = J; Vr? — x2dx = grz

,
M, = J xVr? — x2dx = 0, since R is symmetric about the y-axis
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Example: If 0 < h < r, Find the centroid of the subset of the semicircle:
R = {(x,y)l —r<x<r,h<y s\/rz—xz} =

{(X,y”—Mstm,hSySM} —
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M, = 7\/7277)( [VTZ - x2 - h] dx = 0, since R is symmetric about the y-axis
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