Techniques of Integration

Integration By Parts

There is NO formula for Jf(x)g(x)dx.

It almost never happens that Jf(x)g(x)dx = (Jf(x)dx) (Jg(x)dx)

Notice that Jd f = f(x) + C. We often shorten this to Jd f = f to indicate that the integral
and differential operators “cancel” each other.

The Product Rule for derivatives, i(uv) = ui(v) + i(u)v
dx dx dx

has no simple counterpart for antiderivatives. It can be restated in terms of differentials as

d(uv) = udv + vdu, and if we apply indefinite integral signs, we get

Jd(uv) = Judv + Jvdu, or uv = Judv + Jvdu.

We usually use the equivalent formula Judv =Uuv — Jvdu.

Example: Evaluate J x sinxdx

Solution: Use integration by parts, with u = x, and dv = sinxdx.
Then du = dx, and v = — cos x, so

stinxdx = (J udv = uv — Jvdu) = x(—cosx) — J(—COSX)dX =

—X COSX + JCOSXdX = —-XCosx +sinx + C



We can also use this technique with definite integrals:

s

Evaluate J x sinxdx
0

TT TT
Solution: J xsinxdx = (Judv =UuUv — Jvdu) = x(—cosx)|{ —J (-cosx)dx =
0 0
s
—x cos x|y +J cosxdx = —xcosx|j + sinx|; = —mmcostT — (—0cos0) + sin7r — sin0 =
—-mt(=-1) =11

Question: How do I know what u and dv should be?

Students first encountering the technique of using the equation [udv = uv — [ vdu have
trouble knowing what to take for u and what to take for dv.

Answer: Get lots of experience. This is an area where we learn a lot from experience. The
Integration by Parts technique is characterized by the need to select u from a number of pos-
sibilities. Once u has been chosen, dv is determined, and we hope for the best.

The basic idea underlying Integration by Parts is that we hope that in going from Judv to

J vdu we will end up with a simpler integral to work with. In the example we have just seen,
we were lucky.

Let’s try it again, the unlucky way:

Example: Evaluate J(sinx)xdx

Solution: Use integration by parts, with u = sinx, and dv = xdx.
2

Then du = cosxdx, and v = al

2,SO

2 2
J(sinx)xdx = (Judv =Uv — Jvdu) = sinxx? — J x?cosxdx =

2 1
% sinx — 5 sz cos xdx

which involves a tougher looking integral than we started with.




As a rule of thumb, one-third of the possible choices will lead to an easier integral, one-third
will lead to a harder one, and one-third will lead to one of equal difficulty.

It is also possible to spin your wheels, and go around in circles, as we shall soon see.

Let’s try a strategic approach to our example: u has to be selected so that udv = x sinxdx,

so we look at the possible choices for u: x, sinx, or xsinx. Once u is selected, we have

dv = xsmuxdx’ and all we have to is find du(easy) and v = [dv (possibly very hard or

impossible). Then we try to decide if we can get anywhere with Jvdu. Thus, we can let u be

any factor of f(t), including 1, and the corresponding dv is determined. (Of course, if we let
u = 1, the problem of finding v is just our original integration problem, so we will omit it.) If
we cannot then find v we know we have a non-viable selection of the pair u and dv.

We shall illustrate the rather inefficient technique of examining all the possibilities and dis-
carding the non-viable ones in the following examples. Organizing our information in a table
is helpful:

u dv = v=[dv du vdu [vdu Better?

x sinxdx
U a

x sin xdx .

X Y - [sinxdx = | dx —cosxdx | [—cosxdx = YES!
sin xdx —COSX —sinx

. x sinxdx 2 2
sinx | o = [ xdx = cosxdx | % cosxdx | [ 5 cosxdx NO!
2
xdx >
. x sinxdx . . :

xsinx | = oo = [dx = sin x X sin x | x(sinx + x cos x)dx | NO!

dx X +XCOSX | +x2CoS X

There are some simple integrals where little choice is available: knowing which of a large
number techniques to use is crucial.

Example: Jln xdx obviously requires

u=Inx,dv =dx,sothat v = x and du = GZC

Jlnxdx = (Judv =Uv — Jvdu) = (Inx)x — de; =xlnhx - de =

xInx -x+C



Example: Jarctan xdx also obviously requires

u = arctanx, dv = dx, so that v = x and du = dix
1+ x?
1 ( 2xdx
arctan xdx = udv = uv — | vdu | = (arctanx)x— | x = xarctanx—— =
1+ x2 2J) 1+ x2

x arctan x — ;ln(l +x%)+C=

xarctanx —Inv1 +x2+C

Indefinite Integration of eX! times another factor

We now look at a family of integrals which show up in LSD, (Linear Systems Design), particu-
larly in the calculation of Laplace Transforms.

We define G(G) = [eXG(t)dt, where G is any function. The types of continuous function
G that arise in practical situations are often sums and products of polynomials, exponential
functions, and sinusoidal functions. Fortunately, we know how to evaluate these using the
technique of integration by parts.

Examples:
(1) G(t) = c, a constant. Integration by parts is not needed here. Then G(c) = JektG(t)dt =

C kt
—ef +
ke C

(2) G(t) = t. Then G(t) = [ eXttdt.
Here f(t) = eX't has four different possible factorizations:

u dv = @ v du vdu Viable?
t ektdt %ekt dt %ektdt Yes!
ekt | tdt t2 | kektdt kt’ektdt No!
ekt | dt t (t + k)eXtde | t(t + k)e¥dt || No!

We use the one viable factorization, u = t, dv = ektdt:
[t(eXdt) = [udv = uv — [vdu =

trekt — [Zektdt = fekt — Lekt + C

= (f-&)e+cC
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(3) G(t) = t2. Then G(t?) = [ eX't?dt, so f(t) = eX't2. This has four possible factorizations:

u dv = % v du vdu Viable?

t ekttdt (i - k%) ekt | dt (i - %) ektdt | Yes, but messy
t> | eMdt ekt 2tdt stektdr Yes!

ekt | t2dt s kektdt St3ektdt No!

ekt | tdt St2 (t + k)ektdt | 5t%(t + k)ekdt || No!

ek | dt t (kt2 + 2t)eXtdt | t (kt? + 2t)eXdt || No!

We see that if we use the factorization u = t2, dv = ektdt, we get [t?ekdt = [udv =
2
uv — [vdu = Lekt — 2 [rektdt =

ﬁu_;(ﬁ_z kt _
k€ AVERI A

2 2t 2
(i—kfz+@)ekt+(f

(4) We notice how the problem of evaluating [ t?e*’ was reduced to the evaluation of [ eX'tdlt,
which had just been done. We suspect the existence of a reduction formula for [ e*'t"dt. Hav-
ing been successful in taking dv = e*tdt in the two preceding examples, we decide to do this
again, and we have u = e’;lttzl‘ft = t". We calculate v = %ekt and du = nt"'dt, so that:

fektt"dt = fudv = Uv — fvdu — %tnekt _ anlfekttnfldt_

Thus we have G(t") = ;t"ekt — 21G (" 1),

(5) G(t) = sinat. We have f(t) = e*t sinat, so there are just three choices for u:

u dv = @ v du vdu Viable?
sinat ektdt %ekt acosatdt zef cosatdt Yes
ekt sinatdt —L cosat | kektdt —gekt cosatdt Yes
eksinat | dt t (ksinat + acosat)e*idt | t(ksinat + acosat)eXidt | No!

The first two choices are both viable, and we see that they both lead to the evaluation of
[ ekt cos atdt. We will examine both cases closely:

First Choice: u; = sinat, dv, = ektdt
We get: G(sinat) = [ e sinatdt = [ udvy = uyvy - [vidu, = sinat%ekt — [ fe* cosatdt =
sinatiekt — % [ ekt cosatdt =
sinat%ekt - 2G(cosat)
or
: . 1 4 a
G(sinat) = smatEe - Eg(cos at)
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In evaluating [ e*! cos atdt we again have three choices, two of which are viable:

u dv = % v du vdu Viable?
cos at ektdt %e’“ —asinatdt — ek sinatdt Yes
ekt cosatdt %sin at | kektdt %ekt sinatdt Yes
ekt cosat | dt t (kcosat — asinat)ekdt | t(ksinat + acosat)e*tdt || No!

Again we have two choices. First and Best Choice:

We will let U; = cosat, dV; = ektdt, and we get:
G(cosat) = [cosatektdt = [U;dV, = U1V, — [VidU; =
cosatyekt — [ tekt(—asinatdt) =

rcosatekt + £ [ ek sinatdt =

ccosatel + £G(sinat),

or

G(cosat) = Ilécos atekt + %g(sinat)

so we are back where we started! However, if we substitute this into the equation

G(sinat) = sinat}(ekt - %G(cos at)

1 a (1 a 1 a
we get G(sinat) = sinat—ek — = (COS atekt + ZG(sinat ) = sinat—ek — = cosatekt —
2 get G( ) X % kG( ) X 2

%g(sinat)

which can be solved for G(sinat):

a? a® + k? 1 a
1+ —)G(sinat) = sinat) = sinat—e* — = cosate*! =
( 2 )G ( ) % G( ) X 2
k a ekt
ekt(sinatﬁ — ﬁcos at) = ﬁ(k sinat — acosat) so
) ksinat — acosat
G(sinat) = kt

a? + k2

Last and Worst Choice: We will now let U, = ek, dV, = cos at, and we get:

1 1 1 k 1 k
G(cosat) = ek (= sinat)—J Zsinat(eXkdt) = —ekt sinat—Jekt sinatdt = —e* sinat——G(sinat)
a a a a a a

This time, however, if we substitute this into the equation

G(sinat) = sinatiekt - %G(COS at)

we get
1 a
sinat) = sinat—e — =
G( ) X X
so there is no information gained.

(;ekt sinat — (I;(j(sinat)) = G(sinat)



Second Choice: u, = e, dv, = sinatdt
We get: G(sinat) = [eX sinatdt = [ u,dvs = UV~ [ Vodu, = ekt(—%cos at)—| %ekt cosatdt =

_ 1kt _k
~ettcosat — _G(cosat)

or
1 k
G(sinat) = —aekt cosat — EG(COS at)

Using, from above,

G(cosat) = }(cos atekt + %G(sinat)

we get

: I _k(l Kt Ao )_ :
G(sinat) = ae cosat " kcosate +kG(smat) = G(sinat)

so there is no new information. On the other hand, if we use

k

1 k
t) = —esinat — —G(sinat
G(cosat) ae sina ag(sma )

we get the same value as before.
. ______________________________________________________________________________________________________________________________________________________________________________|

(6)G(cos at). This is easily derived from the calculations of the previous example.

1 a 1 a (ksinat — acosat asinat + kcosat
cosat) = — cosateX +=G(sinat) = — cosateX + - ( ekt> = ekt
Glcosat) =7 ggsman =5 K az+ k2 a? + K

SO
asinat + kcosat

G(cosat) = P

(7)G(t"sinat) = [ t"sinatekdt

Let u = t"sinat, dv = ekt dt, so that du = (nt" !sinat + at™ cosat)dt, and v = %e’“. Then
G(t"sinat) = [t"sinateXdt = [udv = uv — [vdu =

t"sinat(zek) — [ ek ((nt"'sinat + at" cosat)dt) =

cthsinatekt — 2G(t" ' sinat) — 4G (t" cos at)

or

G(t"sinat) = Ilct" sinate! — %g(t”‘1 sinat) — %g(t” cosat)



(8)G(t"cosat) = [ t"cosatekdt. Let U = t" cosat and dV = ekidt,
so that AU = (nt" 1 cosat — at"sinat)dt and V = %ekt. Then

G(t"cosat) = [t"cosateXtdt = [UdV = UV - [Vdu =
t" cosatyekt — [ ek ((nt" ! cosat — at"sinat)dt) =
%t" cosater' — 2G(t"!cosat) + £ G(t"sinat).

We can now solve for G(t" sinat):

G(t"sinat) = ik [(k sinat — acosat)t"e* —n(G(t" ' (ksinat — acos at)))]
and hence
G(t"cosat) = PR [(k cosat — asinat)t™e* + n(G(t" ' (k cos at — asinat)))]



Trigonometric Integrals

It is often necessary to evaluate integrals of the form

J(sinx)m(cos x)"dx, where m and n are integers.

If one of the exponents, either m or n is and odd, there is a straightforward simplification.

Case 1: m = 2M + 1 is odd.

Then (sinx)™ = (sin x)?M*1 = (sin® x)M sinx = (1 — cos® x)™ sin x,
so our integral becomes

J(sinx)m(cos x)dx = J(l — c0s? x)M sin x (cos x)"dx

and we may make the substitution u = cos x with du = —sinxdx to get

j(sinx)m(cosx)"dx = I(l — cos® x)M sin x(cos x)"dx = — J(l —u>HMy"du

Example: J(Sinx)”(cosx)lodx - - J(1 —u®)u'®du =
- J [1-5u2+ 10?2 - 10(u?)® + 5(u?)* - (u?)’ | u'®du =

- Julo —s5u'? +10u™ - 10u!® + su'l® — u?%du =

L1l 313 315 ul7 o g2l
- 5 4105 — 104 + 54— — +C=
(11 13 15 17 7719 21)
_Cos”x . 5cos!3 x B 2 cost® x N 10 cos'” x _ 5c0s19x . cos?! x L C
11 13 5 17 19 21



Example: J(sinx)“(cosx)lodx = - J(l —u?)udu =
- J [1 —5u® +10(u?)? = 10(u?)3 + 5(u®)* - (u2)5] udu =

- Ju‘lo —sud+10u—-10u*+5u?-uldu =

u? _u”’ u- us _ul
— — +1 10— +5——-u|+C=
( 5 0 = 0 3 T3 u) C

cos¥x 5cos’x s 10cos™3 x 4
i + . — 2cos x+f—5cos

x—cosx>+C=

1 5 10 .
§sec9x - ?sec7x + 2sec’x — ?secf‘x + 5secx + cosx + C

Example: J(sinx)‘”(cosx)‘lodx = J(sinx)‘lz(cosx)‘10 sinxdx = — J(l—uz)‘Gu‘lodu

can be done, but requires the method of Partial Fractions, which we shall see later.

The situation is similar when the power of cos x is odd.

Example: J(sinx)lo(cosx)“dx = J(sinx)lo(cosx)10 cos xdx =
J(sinx)lo(cos2 x)°> cosxdx = J(sinx)lo(l — sin® x)° cos xdx =

(letting u = sinx and du = cos xdx)

Julo(l —u®)’du = Julo [1 —5u® +10(u?)? - 10(u?)? + 5(u?)* - (u2)5] du =
Julo —5u'? + 10u™ - 10u'® + 5u'® — u?°du =

ull ul3 ulS ul7 ulg u21

T 03 P10 10 5 g oy

11 °13 15 tC=

1 . 5 . 2 . 10 . 5 . 1 .
11 sin'! x — 3 sin!3 x + B sin® x — T sin'’ x + 19 sin'? 51 sin! x + C



When both powers are odd, it is easiest to select the function with the highest power for sub-
stitution:

Good Example: J(sinx)”(cosx)%lx = J(sinx)“(cosx)2 cos xdx =
J(sinx)“(l — sin® x) cos xdx =
(letting u = sinx and du = cos xdx)

ull 4

1 1
Ju”(l —ud)du = Ju” —ul3du = ﬁ_ﬂJFCZ ﬁsin”x— ﬁsin‘3x+C

Bad Example: j(sinx)”(cosxﬁdx = J(sinx)lo(cosx)3 sinxdx =
J(l — c0s® x)°(cos x)3 sinxdx =
(letting u = cosx and du = — sinxdx)
J(l —u?)Sud(—du) = J [—1+5u? = 10(u?)? +10(u?)® - 5(u?)* + (u?)’ | udu =
J [—u3 +5u’ — 10u’ + 10u® — 5u'l + u13] du =
u*  _ub us u'®  _u'? oyl

_Z+5€_1O§+1010 —512 + 14 +C =

1 4 5 6 > 8 10 > 12 1 14
——C0S" X + — C0S°X — —COS°X +COS""X — —=COS" "X + —cCos " x +C
4 6 4 12 14

11



When neither power is odd, we need to use a double angle formula from trigonometry:

cos2x =2cos’x —1=1-2sin’x

can be solved for cos? x and sin® x:

1+ cos2x . 1 —cos2x
————and sin“"x = ————

2
COs“ X =
2 2

Thus, if we want to integrate J(Sinx)m(cos x)"dx,where m and n are even integers, we write
m = 2M and n = 2N and we have:

J(sinx)m(cosx)”dx = J(sinx)ZM(cosx)ZNdx = J(sinzx)M(cos2 x)Ndx =

J(l COSZX) (1+C082x) dx=2(M+N)J(l—cost)M(1+c052x)Ndx

2 2

12



Example: JC032 xdx = ng)szxdx -

1 1 1 .
2J1+cos2xdx—2(x+231n2x>+C—

x 1 x 1 X + Sinx cos x
—+—-sin2x +C = + —2si = +
> 4sm x +C > +4231nxcosx+C > C

=J1—C2)32xdx=

Example: J sin® xdx

;JI—COSZXdX=1<X—1Sin2X> +C =

2 2
x 1 . x 1. . X — Sin x cos x
§—Zsm2x+C—Q—ZZSmxcosx+C— > +C

It should come as no surprise that J (Cos2 X + sin? x) dx =x+C

1 —cost) <1+c052x )
dx | =

Example: J sin® x cos® xdx = J ( > :

L I _IJ _ 1 +cosdx _1J_ _
4J1 Ccos Zxdx—4 1 > dx—8 1 —cosdxdx =

1 <x— 1sin4x> +C = X sin4x

8 4 g 32 '€

Products of powers of secant and tangent functions

secx tan" x can be expressed as a product of powers of sin x and cos x, but it is often more
convenient to use the identity tan® x + 1 = sec’x and the differentials d (tan x) = sec®xdx and
d(secx) = secx tanxdx. We assume that m and n are non-negative.

Case 1: The power m of secx is positive and even: then m = 2M and we have:

Jsecmx tan" xdx = J(seczx)Mtan" xdx = J(seczx)M1 tan™ xsec’xdx = J(1+tan2 x)M~1tan™ xsec’x

and we can make the substitution u = tanx, du = sec’xdx, and we get

J (1 + tan® x)Mil tan” xsec’xdx = J (1 + uz)jm1 udu

13



4
Example: Jseclox tan® xdx = J (1 + uz) udu =
J (1 +4u® + 6u* + 4ub + u8> wdu = Jus +4u’ +6u’ + 4u'l + ul¥du =

6 8 10 12 14
u u u u u
—+4—+61 +4 + +C =

6 8 0 12 14
l 6 1 8 § 10 l 12 i 14 _
6” +2u +5u +3u +14u +C =

1 . 1 3 1 ; 1 ,
“tan®x + —tan®x + S tan'x + —tan?x + —tan™¥x + C
6 2 5 3 14

If the power of secx is not even, but the power of n of tanx is odd, so that n = 2N + 1, and
m is positive, we can make the substitution u = secx, du = secx tanxdx, and get

~

secx tan" xdx = J sec™ 1 x tan®" xsecx tan xdx =

~

um-1 (‘[an2 x)Ndu = Jum‘l (seczx - 1)Ndu =

~

um-1 (u2 — 1)Ndu

Example: Jsech tan® xdx = Ju“(u2 - 1)%du = Ju“(u4 -2u®+1)du =

9 7 5
8_2 6+ 4d u7_2u7+u7+cz
Ju u u u9 Z 5

1 9 2 7 1 S5
—sec’x — - + —sec’x +
gSeCX — _sec’x + —sec’x C

We are left with the cases where m is odd and # is even, all of which can be reduced to the
problem of finding the antiderivative of an odd power of secx.

Example: Isecxdx = Jsecx (

secx + tanx)
secx + tanx

J sec?x + secx tan x dx = J (sec’x + secx tanx)dx
secx + tanx secx + tanx

d(secx + tanx)

= In(secx + tanx) + C
secx + tanx

14



Example: 7 - Jsec3xdx

Using Integration by Parts, with
u = secx, dv = sec’x, v = tanx, du = secx tanxdx, we get

7= Jsec?’xdx = (Judv =uv — Jvdu) =
secx tanx — Jtanxsecx tan xdx = secx tanx — Jtan2 xsecxdx =
secx tanx — J(seczx — 1)secxdx =

secx tanx — Jsec3xdx + Jsecxdx = secxtanx — 7 + Jsecxdx = secx tanx + In|secx +
tanx| + C so

27 = secx tanx + In|secx + tanx| + C and

3 secx tanx + In [secx + tan x|
sec’xdx = > +C

Example: J‘tan2 xsecxdx appears in the previous calculation, and is one of the simpler
cases left:

7 =secxtanx — Jtan2 xsecxdx gives us

JtanZ xsecxdx = secxtanx — 7 =

secx tanx + In|secx + tan x|
secx tanx — > +C =

secx tanx — In |secx + tan x|

> +C

15



Integrals of products of sine and cosine functions with different arguments

The identities:

COSX COSY = 1 (cos(x + y) +cos(x —y))
2

(cos(x — y) —cos(x + 7))

N | —

sinxsiny =

sinxcosy = ; (sin(x — y) + sin(x + y)) may be used:

Example: Jcos Stcos7tdt = Jé (cos(5t + 7t) + cos(5t — 7t)) dt =
2 \12

J; (cos12t + cos(—2t)) dt = 1 (1 sin 12t + ; sin2t> +C =

21431n12t+ isinZt +C

16



Trigonometric Substitutions

It is often necessary to evaluate integrals containing expressions of the form
a’ — x?, a’ + x?, or x? —a’.
For example, we may wish to evaluate

J\/az - x2%dx or J\/aZ + x2%dx or J\/x2 —a?dx

To do this , we need to make the appropriate substitution:

Expression| x = dx = Expression =
a’—x° |asin® acos 0do a’ cos?® 0
a’+x° |atan0| asec’0do a’sec’0
x°—a® | asecO | asecOtan0dfO | a°tan’0

Example: J\/az — x2dx

Letting x = a sin 8, we have dx = a cos 0d 0, so that

J\/a2 — x2dx = J (\/a2 — a?sin® 0 ) acos 0do =
aZJ (\/1 —sin® @ ) cos 0d0 = azjcos2 040 =

2 2
aZJ“COSZQd@: 6;Jd0+6;JC0329d9=

2
a’ a1 a’o a?
— 0+ —-sin20+C=——+ —-2si +C =
29 > 2sm 0+ C 5 ) sin@cosf + C
2 2 2 2 2
a—9+a—sin9C059+C=a—arcsin§+a—£ 1—<x> +C =

2 2 2 a 2a

a? X X — ,
5 arcsin — + 5\/013 - x2+C
a




Let us use this to compute some areas contained in circles of radius a:

First, the area under y = va? — x2 from —a to a is that of a semicircle of radius a:

a

a 2

a X X
J Vva? - x?dx = | —-arcsin— + >+Va? - x?
—a 2 a 2

—-a

a? N N e a? . —a  —a [, >
—arcsin— + —va? —a? | — | —arcsin— + —y/a? — (—a)? | =
2 a 2 2 a 2

a : a’ . at (m -1 Tal
(2 arcsin(1) + 0) - (2 arcsin(—1) + 0) = (2 - 2) =

as expected.

Second, the area under y = va? — x2 from 0 to a is that of a quarter circle of radius a:

a

0

a 2
a X X
J Va2 — x?dx = | — arcsin — + =+va? — x?2
0 2 a 2

2 2
(0; arcsin% + % az — a2> - (6; arcsing + (2) a? — O2> =

2 2 2 2
(aé arcsin(1) + O) - (aé arcsin 0 + 0) = %% = % as expected.

Third, the area under y = va? — x? from x = % tox = 61\2/§ is:

a3

2

~

af 2
a X X
Vva? - x?dx = | —-arcsin— + —+Va? — x?
2 a 2

a
v 2

2 a3  av3 3\ ° 2 a a 2
oéarcsin2+§Ja2—(a\2f> —(éarcsin2+§ oﬂ-(“)):

a—zarcsin\/—nga—\/ga l — a—zarcsinlJrga § =
2 2 4 4 2 2 4 V4|

1m /3 1T /3 T T Ta’
a2[<23+8)_<26+8)]:a2<6_12>=12

a

18



In general the area under y = vVa? — x2fromx =ctox =d (c < d)is:

a

d 2
a X X
J Va? — x?2dx = | — arcsin — + =+va? — x?2 =
c 2 a 2

C

2 2
(% arcsin £ + 4./a? - dz) — (% arcsin ; + 5va? — c2) =

a’ ind in € d /2 2_C /g2 2>
5 (arcsmd—arcsma)+<2 as —d=—3va*—-c

Thus the area of the circle x? + y? = a? lying between the lines x = ¢ and x = d is

oda . C
a? (arcsma — arcsin a) + (dx/a2 —d? —cva? - c2>

Setting ¢ = 0, we get a formula for the area A; between the y-axis and the line x = d:

d
Ay = a® arcsin ot dva? — d?

Example: J\/aZ + x2dx

We let x = atan 0, so that a’® + x° = a® + a®*tan® 0 = a(1 + tan® 9) = a’sec?0,
and dx = asec?0 d0, so we have

J\/a2 + x2dx = J <Vazsec29) asec’0do =

,secOtan 0 + In[secO + tan 0| N

a’® J sec’0dO = a > C
X VX2 + a? . . .
Now tan 0 = 2 and secO = —Q so our integral in terms of x is:

2

2 2 2 2
Vxc+a x_i_ln‘«/x +ac | x
a a a a X
+C=>Vx2+a’+ —

2 2

X 5  a’ TR
E\/xﬁ+aﬁ+?ln< x3+a3+x)+C

+C =

Q

azln'\/x2+a2+x
2 a




We have used the previously derived formula

Jsec3xdx _ secxtanx + lr;lsecx + tan x| L C
Example: J\/xz — a?dx

Letting x = asecf, we have
x? —a® = a’sec’0 — a? = a®(sec’0 — 1) = a’tan® 0

X X2 —a?
(sosecl = = and tan = ————),
a a

and dx = asecOtan 0 d0O, so

J\/x2 —aldx = J\/&LZ tan2 OasecOtan 0 dO = a? Jsec@ tan? 0 do =

,secOtan @ — In [secO + tan 0|
a +

C =
2
x A/x%2-a? In|= \/x2—a?
a a -zt a
2 +C =
“ 2
XJxXT —a? — aln | XH/xP=a?
a
+ =
> C
2
§VX2—a2—%ln)x+VX2—a2)+C

We have used the previously derived formula

secx tanx — In|secx + tan x| N

> C

J tan® xsecxdx =



It is often necessary to complete squares before using a trig substitution:

dx dx
Example Jx2+4x+5 Jx2+4x+1+4_ (x +2)2+22
du
u? + 22

where we have let u = x + 2.

Now we let u = 2 tan 0 and have u? + 22 = 22sec?0 and du = 2sec?0 do,

so we have
du 2sec0 dO u
YERT. = P2secll " Jd@ = arctan§ +C =

1 X+ 2
— arctan +C

2

Example:#28, p.454 of Brown Stewart: J\/eZt — 9dt

Note that 2t — 9 = (e!)? — 32, so if we let x = ef, we get

2t 9 = (e!)® — 32 = x2 = 32 and we can use the substitution x = 3sec®.

1 a
We must be very careful with the differentials: we have dx = etdt,sodt = e 'dx = ;dx = 7)6

Thus we have J\/eZt —9dt = J\/xz — 320?
Now we use x = 3secO, dx = 3secOtan 0d0, x2 — 3% = 32tan? 0

/v2 _ 22
(so secezgand tan9=x3)3) to get

Jx/x2 - 326? = J (\/32 tan? 6) 3secO tan 040 =3 J‘[an2 0do =3 J(secze —1)dO = 3(tan 0 —

X 3secO
( /x2 — 32
3

0)+C= —arcsec§ +C =

t
\Vx2 — 32 — 3arcsec§ + C = +e?t — 9 — 3arcsec (Z) +C

21



Partial Fractions

This is a technique used to antidifferentiate proper rational functions: quotients of polyno-
mials whose denominator has degree greater than the numerator. Using long division, any
rational function can be written as the sum of a polynomial and a proper rational function.

Theorem: Any polynomial with real coefficients can be written as the product of powers of
linear and quadratic factors.

We will usually only look at prefactored examples, or those where the factorization is easy.

- 1 _ ].
Example: J = J e T
The basic idea is that we wish to write 1 as the sum of the form
(u-1(u-+1)

A N B
u-1 u+1’

where A and B are to be determined so that the equation

1 A B
u-Dwu+1) u-1 u+1l

is true for all values of u except —1 and 1.

The ordinary way of finding A and B is to multiply by u? — 1 and to equate the coefficients of
the resulting polynomials:

l1=A(u+1)+B(u—-1)=(A+ B)u+ (A — B) gives us two equations in two unknowns:
A+B=0and A-B=1

and B = —

which when solved give us A = ;

22



A quicker way is to substitute the “illegal” values u = —1 and u = 1 into the equation

1=A(u+1)+B(u-1)

u=-1:1=A-1+1)+B(-1-1) = -2BsoB= -

N | =

u=1: 1=A(1+1)+B(1—1)=2A30A=;
We then have

1 11 11 )
(u-Dwu+1) 2u-1 2u+1’

1 1 1 1 1
J(u—l)(u+1)du_ZJu—ldu_ZJu+ldu_

1 1 u-1
Elnlu—1|—51n|u+1|+C—ln ‘M‘+C

(0)

Definition: A partial fraction is an expression of the form

A or Bx + +C
(cx +d)m (ax? + bx +c)n’

At this point we (theoretically) have learned how to antidifferentiate partial fractions, and the
P(x)
x)

next skill to learn is how to rewrite a proper rational function as the sum of partial

fractions.

First Case: Q(x) = (c1x+d1)(cox +d») - - - (ckx +dy) is the product of distinct linear factors.

Then we can write

Q(x) (ax+d)(cox+dy)---(axx +dy) cx+di  Cox+do CrX + di

Multiplying both sides of the equation by Q (x), we get:

P(x)=A1(cox +dp)---(cpx +dy) + Av(c1x +d1)(c3x +d3) - - - (cxx +dg) +--- +
Ax(cix +dy) - - - (Ck—1X + di-1)

which is easily solved by substituting the values x; = —@, i=1,2,3,...,k.
i
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Example2, p456 of Brown Stewart: J > ol

x3 +3x2 - 2x

x2+2x—-1  x?+2x-1 _ﬂ+ A N Az leads to
2x3+3x2-2x x(x+2)2x-1) x x+2 2x-1

X24+2x-1=A1(x+2)2x—-1) +Ax(2x - 1) + A3x(x + 2)
and we then substitute x = 0, -2, and E:

x=0 0°+2(0)-1=-1=

A1(0+2)(2(0) = 1) + A2(0)(2(0) = 1) + A3(0)((0) + 2) = —=2A,,80 Ay = ;

=-2: (=2)24+2(-2)-1=-1=

®

Ap(=2+2)(2(=2) = 1) + A2(=2)(2(=2) = 1) + A3(=2)((~=2) + 2) = 1043, 50 Ay = —110

x=3 (P+2() -1=3=

1

A1(2

1 1.1 1.1 1
+2)2(5) - D+ A5)2G) -1+ A3(5)((5) +2) = iAa, S0 Az = ¢

2x3+3x2-2x x x+2 2x-1

and therefore

X* +2x - 1 dx—J é+ _% + % dx =
2x3 4+ 3x2 - 2x X x+2 2x-1 B

1 1 1 1 1 1
ZdeX_l()Jx+2dx+5J2x—1dx_

;lnlxl—1101n|x+2|+1101n|2x—1|+C
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Example: Jsecxdx =J L ax ZJ COSX 1y = J cosxdx _

COS X

CcoS2 x

1 —sin®x

1 1 u-1 u-+1
Jl—uzdu__JuZ—l__ln\/u+1+c_ln w_1 €=

1 sinx + 1
—In———+C=
2 n|sinx—1|

sinx + 1 sinx + 1 sinx +1
———+C=1In ( _ ) ( g ) +C =
sinx — 1 sinx — 1 sinx + 1

sinx+1
COS X

i 2 i 2
In BB 4 € = Iny /BRS04 C=In

sin x 1
+
COSX COSX

ln' ‘+C=ln|tanx+secx+C

Second Case: Q(x) = (c1x +d1)™ (cox + dp)™2 - -

We then have to write
P(x)
Q(x)

Almy N Atm, 1 Ain

Tt
(C1X + dl)ml (C1X + dl)ml_l C1X + dl

Ao m, N A2 my-1 Ao

T L
(cox + dp)me2 (Ccox + dp)m2—1 Cox + do

Ak,my Akmp-1 Ak

+ [ + [ A
(cpx + dy)mx (cxx + dy)me—1 CrX + dy
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Example:

1 1
J (1 —x2)2%% = J x—2(x+ 12

. 1 A1 A1q Ao Ao
W t = — + — + —,
W e T 12(x+1)2 (x—-12 "x—-1 " (x+12 x+1

and multiply by (x — 1)2(x + 1)? to get
1= Al,Z(X + 1)2 + Al,l(x — 1)(X + 1)2 + AZ,Z(X — 1)2 + Az‘l(X — 1)2(X + 1)

Substituting x = —1 and x = 1 gets us two constants quickly:

x =-1: 1=A1(-1+1)?2+A;1(-1-1)(-14+1)2+A2(-1-1)2+Ax1(-1-1)%(-1+1) =
4A5,

S0 Az =411

x =1: 1=A1,(1+1)2+A1(1-1DA+1)2+A2(1 -1)2+A;(1-1)2(1+1) =4A;,
SO A1 =411

The quickest way to get the two remaining coefficients is to insert the coefficients just obtained
into the original equation:

1= A1_2(X + 1)2 + Alyl(X — 1)(X + 1)2 + A2,2(X — 1)2 + Agyl(X — 1)2(X + 1)

becomes

1= i(x + 1)+ A - Dx + 1%+ i(x D+ A (x = D*(x + 1)

or

1= (x+1)2 [i + A 1(x - 1)] +(x —1)2 [411 + A 1(x + 1)]

Differentiating, we get

0=2(x+1) [i + A 1(x — 1)] +(x+1)%A1; +2(x - 1) [i + A i(x + 1)] +(x —1)%Az,



Again we substitute the “illegal” values of x:

x=-1:

0=2(-1+1) [i +A (-1~ 1)] +(-1+1)%A; 1 +2(-1-1) [i +Apq (-1 + 1)] +(-1-1)%Az,

1
simplifies to 0 = —4 [] +4A1 =-1+4A1,50 Az, =

1
4 4

x=1:
1 1
0=2(1+1) [4 +A(1 - 1)] +(1+1)2A;,+2(1-1) [4 +Apq (1 + 1)] +(1-1)%A5,
e 1 1
simplifies to 0 = 4 [4] +4A11=1+4A11,80A1,; = 2

Thus we have
1 1 1
1 I S S SR |
(x-1)2(x+1)? (x-12 x-1 (x+1?2 x+1

411 [(x Do (x—D T (x+ D)2+ (x+ 1)-1]

|
Therefore:

1 1 . ) ) )
J(l—xZ)ZdXZJAL[(X_l) o x-DTH(x+ D) P+ (x+ 1) 1]dx=

1 (x_l)—2+1 (X-I— 1)—2+1 B

4[ 1 In|jx-1] + o1 +Injx+1||+C=

1 1 1 x+1 X 1 x+1
r__t 1 ]+C= 4 \ j c
4[x—1 x+1 ‘x—l‘ 21-x2) 4N x-1| "
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Exam le:z:J Sxd :J :JCOSX _ [ _cosx o
P secxdx cos3 x cos? x X (cos? x)2
COS X 1 u 1 u-+1
= du = +—1 +C =

J(l sin® x)2 J(l—uz)2 u 2(1 —u?) 4 n’u—l

sin x 1 sinx + 1 sin x 1 sinx + 1
—_2+* n|———| + = 724' - - +C
2(1 —sin“x) 4 sinx —1 2coscx 4 sinx — 1

where we have made the substitution u = sin x.

By trigonometric manipulation, this can be worked into the somewhat useless formula we have
already derived using a complicated Integration by Parts calculation:

secx tanx + In |secx + tan x|
> +C

J sec3xdx =

Example: J(sinx)‘”(cosx)‘lodx = J(sinx)‘lz(cosx)‘10 sinxdx =

1
. 2y =6,,-10 _ — i
J(l u)Pudu J(u— D6 (u 1)6u10du, (where u = sin x)
We write
1 —
(u—1)6(u +1)6ul0
Ale Ais A4 A3 A Al

(u—1)6+(u—1)5+(u—1)4+(u—1)3Jr(u—l)ZJru—lJr

Ao As Aoy Ao Azp Ao
(u+1)°% (u+1)> u+D* (u+1)3 +1)2 u+1

Azi0 Az +A3,8 +A3,7 +A3,6 +A3,5 +A3,4 +A3,3 +A3,2 +A3,1
ulo ud us u’ ub usd u4 us u2 u
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Third Case: Q(x) = (a1x% + b1x + ¢1)(a»x? + box + ¢3) - - - (agx? + brx + c¢x) is the product
of distinct irreducible quadratic factors.

Then we can write
P(x) P(x) B
Q(x) (aix2+Dbix +c1)(asx2+box +¢3) - - - (@Xx2 + bpx +cx)

Ai1x + B Arx + By N AkX + By
ai1x2+bix+c  ax2+byx+co arXx? + bpx + cx

dx

Example:J(XZH1 ) XZJAlXJrBld +JAzx+Bz

)(x2 +4 x2+1 x2 +4

has to be solved for Ay, B;, A>, and B,. Multiplying by the common denominator (x?+1)(x>+4),
we get

1=(A1x+B)(x*+4)+ (Aox +By) (x> +1)

There are two ways of solving this for the desired constants. One is to use the fact that the
coefficients of the two polynomials must be equal so as to get 4 equations in 4 unknowns:
1=0x3+0x°+0x+1=(A1x+B1)(x*+4)+ (Ax +B)(x* + 1) =

A1x3 + Bix? + 4A1x + 4B1 + Apx® + Box® + Aox + Bo =

(A1 + A2)x3 + (By + Bo)x?% + (44, + A»)x + (4B; + B,) gives us

A1+A,=0,B1+B,=0,44A4,1+ A, =0,4B; + B, =1

1 1
Using B, = —B;, we get 3B; = 1, s0 B; = § and B, = _g_
Usin A, = —Aj, we get 3A; = 0, s0 A} = A = 0. Thus we have
1 1 1 1 1
JRY (0 E |
2+ D2+ T3 21 T3 e a™

l arctan x — 11 arctanf + C = l arctanx — l arctan { +C
3 32 2 3 6 2
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An alternative methof of solving

1 =(A1x +B1)(x?+4) + (Ax + By) (x? + 1) for the desired constants is to substitute artfully
selected values of x. In this case we shall use complex numbers:

x=i: Then we have

1=(A1i+B)(i*+4)+ (Ai+B)(i*+1) =

(A1i+B1)(-1+4)+ (A2i+B)(-1+1)=3(Ai+ By)

. . o . : 1
or 1 + 0i = 3B; + 3A;1, which immediately gives us A; = 0 and B; = 3

x=2i: Then we have
1=(A;2i+B))((20)° +4) + (A22i + B»)((21)° + 1) =

(A1i+B1)(=4 +4) + (2A2i + By)(—4 +1) = —3(2A> + B»)

1
or 1+ 0i =—-3B» — 6A>i, which immediately gives us A, = 0 and B, = -3

Fourth Case:

Q(x) = (a1x% + b1x + c1)™(arx? + box + ¢2)™ - - - (arx® + byx + cx)™ is the product of not
necessarily distinct irreducible quadratic factors.

Then we can write

P(x) B
(a1x2 + b1x + c1)™M (A2x? + bax + cp)"2 - - - (agXx? + bix + c )"

A1, X + Bin, A1 -1X + Bin -1 o A12X + Bi2 A11X + B1;
(GL1X2 + b1X + Cl)n1 (a1x2 + blx + Cl)"l_1 (61,1X2 + blx + C1)2 6L1X2 + blx + Cq
A2 X + Bo A2y 1X + Bo oy, 1 - ApoX + By Az1X + Bo
(apx? 4+ box +co)™  (axx? + byx + cp)n2-1 (Apx? 4+ box +C2)%2  axx?+ byx + ¢

+i4+
Ak, X + By Ak,ng-1X + Brny-1 o Ag2X + B2 Ak1X + Bia
(arx? + bpx + cx)™  (arx? + bpx + cx)™1 (arx? + brx + cx)?  arx? + byx + ¢k
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1
2(x2 + 429X

Example: J T

1
(x2+ 1)2(x2+4)2

We write

A1,2X + Blyg A1,1X + Bl,l A2,2X + Bgyz A2,1X + Bgyl
(x2 +1)2 x2+1 (x2 +4)2 x2+4

and multiply by the common denominator to get

1 =
(A12X + B12)(x? +4)2 + (Aj1x + B (x? +1)(x? +4)% +
(A2,2X + Bz,g)(xz + 1)2 + (A2,1X + Bz,l)(xz + 1)2(X2 + 4)

which will result in 8 equations in 8 unknown constants. Most reasonable people would have
this computation done by a CAS: a Computer Algebra System.
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Improper Integrals

So far, definite integrals have been used to compute areas of finite regions. It is possible to
extend the notion of area to regions lying under the graph of a function over infinite intervals,
and to functions which have vertical asymptotes.

Definition: Improper Integrals of Type I are defined to be those of the form:

00 T a a
L f(x)dx = %15130 L f(x)dx J_wf(x)dx = Tlirpoo . f(x)dx

Joo f(x)dx = Ia f(x)dx + Joof(x)dx, if both limits exist.

~ T -7 17 1 -1
Example: J x2dx = lim | x2dx = lim X | = lim | =1 (—) _
1 T-o J1 T—0o — 1 T-o X |1 T—o \ T 1
1-1im— =
T—o0
1-0=1
© T
Example: J xldx = lim xldx = lim In |x]| HE limInT —In1 = oo
1 -0 J1 — 00 — 00

-1

-1
Example: J x7ldx = lim | x7'dx = lim Inlx|l' = lim In| - 1] ~In|T| = —o0

—-—00 J_o

If the limit defining an improper integral exists, we say that the integral converges or is con-
vergent, otherwise we say it diverges or is divergent.

Example: If s is considered to be a constant,

OO —5X . T —5X : 1 —5X ! . 1 —s(T) 1 —s(0) . 1 —sT 1
e X*dx = lim e ¥dx = lim —e = lim —e —-—e =——]lim —e = —
0 T-o Jg T—0 —S 0 T—oe —S§ —S S T-o —§ S




Definition: If f is defined on the interval 0, «), and treating s as a constant in integrating, we
can define a function of F(s) of s by letting

o T
F(s) = Jo e f(x)dx = %151010 Jo f(x)e**dx

This function is called the Laplace Transform of f. In the previous example we showed that
the Laplace transform of the constant function 1 is % Most of the integration techniques
learned in this course will be used far more often in practical applications of Calculus via the

Laplace transform than in the computation of areas.

Example:(closely related to Example 2, p.489 of brown Stewart)

~ T
J xe ¥dx = lim | xe*¥dx
0 T—o )0

We integrate Jxe‘”‘dx by parts with u = x, dv = e *¥dx, so that du = dx and v = —%e*”‘:

Jxe”‘dx = Judv = UV - Jvdu =X (—ie”‘) - J —ie”‘dx =

_{efsx + l J e*Sde — _fefsx _ lzefsx
S S S S
SO
T X 1 T

lim | xe*dx = lim (—e‘”‘ - 2e‘”‘) =
T—c Jo T— o0 S KY 0

. T 1 0 1 1
lim (_e—sT _ e—sT) _ (_e—sx _ e—s(O)) -
T-w \ § 52 S 52 5?2
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Note: Examples 3 & 4 of brown Stewart 7.9 are very important:

JOO _ax__ lim JO dx + lim ' _dx =
o 1+ X2 T-Cw)r 14 X2 T-w]o 14+x2

——00

lim arctanx|} + lim arctan x|} =
— 00

lim (arctanO — arctanT) + %im (arctan T — arctanQ) =

T——o0

0— lim arctanT + lim arctanT — 0 =

T—— T—o0
(M)
2 2/
|
o T —p1 | T
J d—xzhm x Pdx = lim =
1 XP T—-o Jq T—o0o —p + 1 1
T—p+1 1—p+1
lim — =
T-o—p+1 —-p+1
1 Ti-P
+ lim =

— if and only if p > 1

The other type of improper integral occurs when the integrand f (x) has a vertical asymptote
at say x = c.

Then, assuming a < ¢ < b, we define
c T b b

J f(x)dx = hmJ f(x)dx J f(x)dx = limJ f(x)dx
a T—c™ Ja c T—ctJT

and

b c b
J f(x)dx = J f(x)dx + J f(x)dx (if both integrals exist).
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Comparison Theorems: If we have f(x) < g(x) on the (possibly infinite) interval (a, b),
b b

then we know that J f(x)dx < J g(x)dx. Thus we can conclude for proper integrals that
a a

if j[f f(x)dx diverges, then so must ff g(x)dx, and conversely, if jf g(x)dx converges, then
so must [7 f(x)dx.

Example: The region R = {(x,y) Ix>1,0<y < )1(} is revolved about the x-axis to form
a solid object, known as Gabriel’s Horn. It volume is

=1 lim —

T x-1
V= J —dx T hm x%dx = lim =—
T-o0o X

T—co J1 T—oo0o —

1 1 T—oo T 1

However, as we shall soon see, the formula for its surface area is

S:J ZWI\/dezj ot — o
1 X X 1 X

Thus we now have a pattern for a paint bucket whose volume is finite, but which cannot be
painted because its surface area is infinite!
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Approximate Integration

We have already seen how Riemann sums are approximations to definite integrals. Recall that
the regular partition P of [a, b] with n intervals is formed by letting

b - )
Ax = a’ xXj=a+ jAx, so that xo = a,,x1 = a + Ax, ..., xn_1 = b — Ax, x,, = b. We have

[IP|| = Ax.

The formulas for the special Riemann sums are:

(1) The Left-hand sum of f:

La(f) =D flxim)Ax = [f(x0) + f(X1) + - + f(xn_1] Ax =
i=1
, b-a b—-a
L f<a+(1—1) " )}

n
(2) The Right-hand sum of f:

M=

1

R (f) =D fx)Ax = [f(x1) + f(x2) + -+ - + fxn)] Ax

o

b—a\|b-a
Flas )%
(3) The Midpoint sum :

%L

(240 o (132) oo (25

RETIES
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(4) The Inscribed sum of f: 1,(f) = [m1 + mo + - - - + my]Ax

(5) The Exscribed sum of f: E,(f) = [My + My + - - - + M, ]Ax

The Trapezoidal Estimate or Trapezoidal Rule T, (f) = ;(f(xo) +2f(x1) +2f(x2) +-- -+
2f (xn — 1) + f(xn))Ax =

“) + f(b)] b-a

which is the sum of the areas of the trapezoids passing (x;_1,0) (x;_1, f(xi_1)) (x4, f(x:)) (x4, 0)
turns out to be the average of the left and right hand sums:

n-1
{f(a)+2 Zf<a+ib
i-1

La(f) + Rn(f) =D Flxim)Ax + > f(x)Ax =
i=1 i=1

{f(a)+2 Zf(aﬂb >+f(b)] b;“ — T(f)

i=1

We would like to know how close these sums are to the actual value of J f(x)dx. If Ais an
a

approximation to J f(x)dx,we define E(A) =

J f(x)dx — A)‘

So far, we only know the following theorem:

Theorem If f has continuous derivative f’ on [a, b], and |f'(x)| < M for all x
in [a, b], then £,(f) — 7,(f) < M%, 50

ylllllolo fn(f) - 7n(f) =

This was used to prove part of the Fundamental Theorem of Calculus, but is not particulary
useful because of the difficulty of finding the Incribed and Exscribed Sums. We can make some

n n
use of it by noting that for any Riemann sum R, (f) = Z f(t)Ax = b ;L a {Z f(ti)} over a

2
regular partition we have 7,,(f) << E, (f), so the theorem tells us that E(R,,(f)) < MW.

In terms of the examples just preceding the Substitution Method, we have, letting vy = f(x) =
x%,a=0,b=1,(sothat [l f(x)dx = 1),
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Tnlf) 2 3 6n2’

Mo (f) = ; _ 121112 50 E(My(f)) =~

We state without proof some useful facts: If f”’ exists and is continuous on [a, b], and if
M, =max {|f"(x)|:a < x < b}, then

(b—a)’ (b—a)’
E(Tu(f)) < MZTYLZ and E(M,(f)) < MzTnz
In our example, we have f"(x) = 2, so we take M, = 2 and get

1-03 1
12n2  6n2

(b-a)® _(1-03 1

E(Tn(f)) <2 12n2  ° 24m2  12m2

and E(My(f)) < M>

3
Example: Use the Trapezoidal and Midpoint Rules to estimate J V42 — x2dx to within
0

0.001 of the true value.

N —

Solution: we have f(x) = (42 — x2) ,

’ 1 2 _% X
frx0 =5 (16 -x°) *(-2x) = —————,
1 (16—x2)f
Py = 6= XDTM) - ()3 (16 -x) 2 (=2x)  16-x2+x% 16
16 — x? (16 — x2)? (16 — x2)2
soM2=max{'—163 :Osx53}=16max{3:03x53}=16
(16 — x2)2 (16 — x2)2 77
16 (3-0)3 36 . o _ 36000 36000
Thus E < = .001 if = 44.1.
us (Tn(f))<7ﬁ o2 7ﬁn2<000 if n° > N orn > N We
taken = 45 and get L45(f) = 10.797845, Rys(f) = 10.707562, 50 T45(f) = 10.797845 ; 10.707562 _

10.752704.

For the midpoint rule, we take n = 23 and get Mo3(f) = 10.753927. The actual value (to 15
decimal places) is 10.753123598448735.

38



Simpson’s Rule

A more sophisticated approach is make n be even and to approximate the graph of y =
f(x) on the intervals [x;, x;.»] with the parabolas passing throught the points (x;, f(x;)),
(Xis1, f(xit1), and (xii2, f(xis2). The result is the approximation

Sn(f) =[f(x0) +4f(x1) +2f(x2) +4f(x3) + -+ +2f(xXn-2) +4f (xn_1) + f(xn)] bS_na

If £ exists and is continuous on [a, b], and if My = max {|f"”(x)| :a < x < b},

(b —a)’

E(Sn(f) = My oo

Simpson’s Rule can be expressed in terms of the Trapezoidal and Midpoint Rules:

Tn(f) +2Mu(f)

Sn(f) = 3

In our first example, we have f"""(x) = 0, so we take M, = 0 and get

(b-a) _

Wl

Tn(f) +2Mn(f)

towr 26— mw) _ 1
3 .

Using S, (f) = ,we get S, (f) =

3
In our second example, we have, using f"'(x) = —16(16 — xz)’%,
F(x) = ~16 (—3) (16 — x2) "3 (—2x) = —48— >
2 (16 — x2)32
16 — x2)2(1) — x3(16 — x2)2 (—2x — x? 2 2
f””(x)=—48( )2(1) 2(25 )2 ( ):_4816 X +53c _ _192 4+ x 7
(16 — x2) (16 — x2)2 (16 — x2?)2
2 2
Thus M, = max{'—1924+x7 :Osst} _ 192max{'4+x7 :Osst} <
) (16 — x2)z (16 — x2)2
4+ 3 2496
192 = = 2.75
7% 343./7
(3-0)° 9 9 1.237 .
ThUSE(Sn(f)) < M4W = M4W < 27520n4 = na <0.001ifn* > 1237o0rn > 5.9.

39



11.06815 +10.39103

Wetaken = 6and get: Lg(f) = 11.06815, Rg(f) = 10.39103,s0 Ts(f) =

Ts(f) +2S6(f) _ 10.72959 + 2(10.764584) _

10.72959. Also, Mg(f) = 10.764584, 50 Sg(f) = . 3

32.258758
3

= 10.752919

Is it worth any extra effort to get a better estimate of M;? The answer is that it depends on
difficult the expression for f"”’(x) is. We obtained a good guess for the maximum value of
| f""""(x) by substituting x = 3 into it. It is now easy to sketch the graphs of functions with
computers:

/lll(

The graph confirms the suspicion that the maximum value of | f""”(x)| occurs at x = 3.

1
Example: Evaluate J e**dx to 5 decimal place accuracy.
0

Solution: The error must be less than l0.00001 _ With f(x) = e *°, we have

2 20,000°
f(x) = —2xe‘x2, and
F(x) = =2 —2x(=2x)e ™ = —2¢7° (1 — 2x2),

f(x) =-2 [(—2)c)e‘x2 (1 — 2x2) + e‘xz(—4x)] — 4e~*" (3x — 2x3),

F(x) = 16x2e " (x% - 3)

N
O
=
N
w
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We have My < 13,50 E(S,,(f)) <M. (1-0p =< 13 < 1 i
4= n =4 180m4 T 180m4 20,000

f

. 260,000 26,000 13,000
180 18 9

Then L3(f) = 0.78537315, Rs(f) = 0.7063581,

_ Ls(f) + Rs(f)

= 1444.4 or n > 6.16, so we take n = 8.

so Ts(f) 5 = 0.74586564.
Also Mg(f) = 0.7473036,and Sg(f) = 0.74682426.
13

As a matter of fact,E(Sg(f)) <
of Ss(f).

Using n = 100, we have

180(10)% = (0.000007, so we expect six decimal place accuracy

L1oo(f) = 0.7499786,
Rioo(f) = 0.7436574,
T100(f) = 0.746818,

Moo (f) = 0.7468272,

S100(f) = 0.7468242574357303.

13

We have E(S199(f)) < 180(100)4

i.e.,

= 0.0000000007, so our first 9 decimal places are accurate,

1
J e’ dx = 0.746824257 is a true statement.
0
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