Arc Length i

The length of the curve (x(t),y(t)) as t varies from t, to t; is given by

t=t

L= Vo ()2 + (v (b)%dt

t=ty

If we wish to find the length of a curve which is the graph of a function y = f(x), as x
runs from a to b,

weletx(t) =t,y(t) = f(x(t)) = f(x)andwegetx'(t) = 1,and y'(t) = f'(x(t))x'(t) =
f'(x), so we have a simple formula for the length:

7= x_:bﬁ +(f(x))2dx = Jb\/l T+ (f(x))2dx = Jb\/l T (y)2dx

Similarly, if we have a curve x = g(y») with y running from c to d we get

/L= yzd\/l +(g' () dy = Ld\/l +(g'()dy = Ld\/l + (x")°dy

y=c

Example: Consider the curve given by

x(t) =cost, y(t) =sint ,0 <t <.

Its length is

t=1r t=m
L= VX (02 + 37 (1)2dt = J J(=sint)? + (cost)2dt =
t=0 t=0

t=1r
J ldt =tlg = m
t=0




Example: Find the length of the curve y (

y=x%,0sasxsb
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Example: Find the length of the curve
x=7%0<c<y=<b

y=d
We have £ = V1 + (x)2dy = \/ + (2y) dy
y=c

Making the substitution y = %tan 0, we have
dy = %sec2 0d0,1 +4y? =1+ tan®0 = sec? 0,

0. = arctan 2c when y = c and 0, = arctan2d when y = d, so

0-0, 1 1 (0=0a
L= Vsec? 95 sec’ 0dO = 5 J sec3 0dO =

0=0, 0=0.

0=0,4

; B (secOtan O + In| sec O +tan9|)]

0=0.

1 [secO tan 0, +In|sec O,y + tanO4]] — 1 [secO.tan O, +In|secO, + tan 0.|] =

4 4
1

[\/1 +4d22d +In |V1 + 4d? + 2d|] _ - [ﬂ +4c22c +In|V1 + 4c? + 2c|]

d~/1 +4d? — c+/1 + 4c¢? 1ln\/1+4d2+2d

+i
2 4 /1 +4c?+ 2c

Note that if we let ¢ = 0, we get the formula for the distance along the parabola to the

point (d?,d):

2
L= d“12+4d +%ln(x/1+4d2+2d)

andif welet b = d?, we get the (equivalent) formula for the distance from (0,0) to (

£ = ﬁvl+4b+im(\/1+4b+2@)

2

b,\/b):
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Example: Find the length of the curve y = é (x2+2)%,0=x <3

y
: 13 3 5 17
Solution: y =-:-= <x2 + 2)2 2X = X (x2 + 2)2, SO
32 9
2 2
1+()")2=1+X2(X2+2)=(x2) +2x2+1=(x2+1) , and
6
3 5 3 X3 3
£=J\/(x2+1)dxzjx2+1dx:3+x = 3
0 0 0
33 03 .
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. . 3 4+ 3 2
Example. Find the length of the curve y = 2%~ gX’ +5 1< );c <
16
Solution:
'—ééx%—§gx‘% = x5 - et so o
Y T g3 T3t T T
2 2
1+(y’)2=1+<x§—1x‘%) = (x%+1x‘%> , and 8
4 4
8 2 8 4 2 4
£=J \/(x§+1x‘§) dxzj (x§+1x 3>dx:x43+lx;
! 4 1 3 43
.18 . 0
() () Corsase
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