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Abstract.

We give the principal notions in valuation theory, the value group
and the residue field of a valuation, its rank, the compositions of val-
uations, and we give some classical examples. Then we introduce
the Riemann-Zariski variety of a field, with the topology defined by
Zariski. In the last part we recall the result of Zariski on local uni-
formization and give a sketch of the proof in the case of an algebraic
surface.

§ Introduction

In these notes, we are going to give an idea of the proof of the res-
olution of singularities of an algebraic surface by O. Zariski. This proof
is based on the theory of the valuations of algebraic function fields and
could be seen as one of the most important applications of this theory
in algebraic geometry.

In the first part of the paper we give the principal definitions and prop-
erties of valuations that we need for resolution. We don’t speak about
the problems of extension of valuations in a field extension, neither the
problems of ramification.

In the second part we define the Riemann-Zariski variety of a field, what
is called “abstract Riemann surface” or “Riemann manifold” by Zariski,
and we give the principal property of this space.

In the last part we give a sketch of the proof of local uniformization
in the case of an algebraic surface over an algebraically closed field of
characteristic zero, and how we can deduce the resolution.

All the results on valuations of this paper are classical, we give a
proof of some of them, otherwise we send back the reader to the books of
Bourbaki ([Bo]), Endler ([En]), Ribenboim ([Ri]) or Zariski and Samuel
([Za-Sa]), or to the articles of Zariski and of the author ([Va]).
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§1. Valuations

1.1. Valuation rings and valuations

A commutative ring A is called a local ring if the non-units form an
ideal, this ideal is the unique maximal ideal m of A and we note (A, m)
the local ring. The quotient field ¥ = A/m is called the residue field
of (A,m). We don’t assume that the ring A is noetherian, in Zariski’s
terminology such a ring is called a “quasi-local ring”.

Let (A,m) and (B,n) be two local rings, we say that B dominates A,
and we note A < B, if A C Band m = ANn. If we assume A C B, then
B dominates A if and only if m C n.

We deduce from the definition that if A is dominated by B, we have an
inclusion between the residue fields: A/m C B/n.

Example 1. If (A, m) is a noetherian local ring, the completion A
of A for the m-topology dominates A.
Let A and B be two integral domains with A C B, then for any prime
ideal g in B, the local ring B, dominates the local ring A, where p is
the prime ideal of A defined by p = ANgq.
Let f: X — Y be a morphism between algebraic varieties, or schemes,
for any point = in X, the local ring Oy, dominates the local ring Ox ,
where y = f(x).

Let K be a field, the relation B dominates A, or A is dominated by
B, defines a partial ordering on the set of the local rings contained in
K. Then we can give the following definition.

Definition. Let V be an integral domain; then V is a valuation ring
of K if K is the fraction field of V' and if V is a maximal element of the
set of local rings contained in K ordered by the relation of domination.
If V is an integral domain, we say that V is a valuation ring if V is a
valuation ring of its fraction field.

With this definition, it is easy to prove the existence of valuation
rings, more precisely, we have the following result.

Proposition 1.1. ([Bo], Chap. 6, §1, n°2, Théoréme 2, page 87.)
Let A be a subring of a field K and h: A — L be a morphism of A in
L an algebraically closed field, then there exists a valuation ring V of K
with A CV and a morphism f:V — L which extends h and such that
maz(V) = f~10).

Proof. We consider the set H = {(B,f)/B C Kandf: B — L};
we order H by (B, f) < (C,g) if B C C and g extends f. Any totally
ordered subset ((Ba, fa)) of H has an upper bound (B, f) in H, with
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B = U, B,, then by Zorn’s lemme the set H contains a maximal element
(W, g) and if we note p the kernel of g: W — L, the local ring W, is
the valuation ring satisfying the required condition.

Corollary. Any local subring A of a field K is dominated by at least
one valuation ring V of K.

Remark 1.1. In the cases we shall consider, we have a ground field
k and we have the following result. Let A be a k-subalgebra of K and
h: A — L a k-morphism from A in an algebraically closed field L,
then there exists a valuation ring V of K wich is a k-algebra, with
A C V and a k-morphism f: V — L which extends h and such that
max(V) = f~1(0). In particular we get that the ground field k is in-

cluded in V ~maz(V).

We are going to give now the principal characteristic properties of val-
uation rings.

Theorem 1.2. ([Bo|, Chap. 6, §2, n°2, Théoreme 1, page 85.)
Let V' be an integral domain, contained in a field K, then the following
conditions are equivalent:

a) V is a valuation ring of K;

b)letz e K, thenx ¢V =271 €V;

¢) K is the fraction field of V' and the set of ideals of V is totally
ordered by inclusion;

¢’) K is the fraction field of V and the set of principal ideals of V
is totally ordered by inclusion.

Remark 1.2. From the condition b), we deduce that any valuation
ring is integrally closed. In fact, we have the following result:

let A be an integral domain and K a field containing A, then the
intersection of all the valuation rings V' of K with A C V is the integral
closure of A in K.

From the condition c), we deduce that any finitely generated ideal
of a valuation ring is principal.

Let T" be an additive abelian totally ordered group. We add to I' an
element 400 such that o < +oo for every « in I', and we extend the law
on I'oe =T U {400} by (+00) + a = (+00) + (+00) = +00.

Definition. Let A be a ring, a valuation of A with values in IT" is a
mapping v of A in ', such that the following conditions are satisfied:

1) v(zy) = v(z) + v(y) for every x,y € A,

2) v(z 4+ y) > min(v(z),v(y)) for every z,y € A,

3) v(z) =40 <=z =0.
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Remark 1.3. The condition 1) means that the valuation v is a homo-
morphism of A~ {0} with the multiplicative law in the group I', hence
we have v(1) = 0 and more generally, for any root of unity z,1. e. 2™ =1
for some n > 0, we have also v(z) = 0 because I" has no torsion.

From the conditions 1) and 3) it follows that if there is a valuation
v on A, then A is an integral domain. More generally, if we have a
mapping v: A — T’ with the conditions 1), 2) and with v(0) = 400,
but if we don’t assume that v takes the value 4+oc only for 0, the set
P = v~ {+o0} is a prime ideal of A and v induces a valuation on the
integral domain A/P.
If A is an integral domain, any valuation v on A with values in I" extends
in a unique way in a valuation of the fraction field K of A with values
in I
The set of elements of I" vhich are values of elements of A >~ {0} generates
a subgroup I of T and we have IV = v(K™).

The valuation v defined by v(z) = 0 for any « in A~ {0} is called
the trivial valuation.

Proposition 1.3. ([Bo], Chap. 6, §3, n°1, Proposition 1, page 97.)
Let v be a valuation of A, then for any family {xl, cee In) in A we have
the inequality:

V(zn: xl> > min{v(z1)...,v(zn)}.

i=1

More over, if the minimum is reached by only one of the v(z;) we have
the equality:

n
I/(Z :cl) =min{v(z1)...,v(z,)}.
i=1
Proposition 1.4. Let v be a valuation of a field K with values in a

group T', then the set A of elements x of K with v(x) > 0 is a valuation
ring of K and the mazimal ideal max(A) is the set of elements x of K
with v(x) > 0.
Conversely, we can associate to any valuation ring V of K a valuation v
of K with values in a group T’ such that V is the inverse image v " ({a €
I'|a>0}).

Proof. We deduce from the conditions 1) and 2) of the definition of
a valuation that the set A = {& € K |v(x) > 0} is a subring of K, and
by property b) of theorem 1.2 we get that A is a valuation ring.

To get the converse, we are going to construct the group I' and
the mapping v from the ring V. More generally, if C' is an integral
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domain with fraction field K, the set U(C) of invertible elements of C is
a subgroup of the multiplicative group K* and we call I'¢ the quotient
group. The divisibility relation on C' defines a partial order on I'¢,
compatible with the group structure, and we deduce from the remark
following the theorem 1.2 that I'¢ is totally ordered if and only if C' is
a valuation ring. Then the canonical mapping K* — T'c = K*/U(C)
induces a valuation v on K with C' = {z|v(z) > 0} and with values in
the group I'c.

Definition. The valuation ring V associated to the valuation v of K
is called the valuation ring of v and we note it V = R,, and the field
k(V) =V/maz(V) is called the residue field of v and we denote it .
The subgroup IV = v(K*) of T is called the value group of v and we note
it IY =T',. We deduce from the proof of the proposition that the value
group T, is isomorphic to T'y = K*/U(V). In general we shall assume
that T" is the value group, i. e. that v is surjective from K* into I'.

We say that two valuations v and v’ of a field K are equivalent if
they have the same valuation rings, i. e. R, = R,.

Proposition 1.5. ([Bo], Chap. 6, §3, n°2, Proposition 3, page 99.)
Two valuations v and V' of K are equivalent if and only if there exists
an order preserving isomorphism ¢ of 'y, onto I'yr such that v/ = pouwv.

We make no distinction between equivalent valuations and we iden-
tify them.

We often consider a fixed field k; all the fields K are extensions of k

and we say that a valuation v of K is a valuation of K/k if the restriction
of v to k is trivial, i.e. if for all elements z in k* we have v(z) = 0.
If V is the valuation ring of K associated to the valuation v, this is
equivalent to demand to V to be a k-algebra. The natural map £k — V'
has its image included in V' ~maz(V'), then we get an inclusion k C k,,
i.e. the residue field of the valuation is also an extension of k.

1.2. Rank of a valuation and composite valuation

Definition. A subset A of a totally ordered group I' is called a seg-
ment if A is non-empty and if for any element a of I" which belongs to
A, all the elements § of I' which lie between o and —a, i. e. such that
—a<pB<aora<f< —a,also belong to A.

A subgroup A of I' is called an isolated subgroup if A is a segment
of T.

Proposition 1.6. ([Bo], Chap. 6, §4, n°2, Proposition 3, page 108.)
The kernel of an order preserving homorphism of totally ordered groups
of T' in IV is an isolated subgroup of T".
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Conversely, if A is an isolated subgroup of a totally ordered group T,
the quotient group T'/A has a structure of totally ordered group and the
canonical morphism I' — T'/A is ordered preserving.

The set of all the segments A of T is totally ordered by the relation
of inclusion, then we can give the following definition.

Definition. The ordinal type of the totally ordered set of proper
isolated subgroups A of I" is called the rank of the group I'.

Let v be a valuation of a field K, with value group I'; and let V be
the valuation ring associated to v. For any part A of V containing 0 we
denote by A4 the set of all the elements 'y, in the complementary of

(V(A)) U (=v(4)).

Theorem 1.7. ([Za-Sa], Chap.VI, §10, Theorem 14, page 40.) If
T is an ideal of V, T # V, then Az is a segment in I'. The mapping
T — Az is a bijection from the set of all proper ideals of V onto
the set of all segments of I, which is order-reversing for the relation of
wnclusion.
Moreover, the segment Az is an isolated subgroup of T if and only if T
is a prime ideal of V.

The maximal ideal max (V) is the prime ideal corresponding to the iso-
lated subgroup A = {0}, and the ideal (0) is the prime ideal correspond-
ing to the isolated subgroup A =T.

Definition. We define the rank of a valuation v as the rank of its
value group.

Remark 1.4. From the theorem, we see that the set of the prime
ideals of the valuation ring V associated to the valuation v is totally
ordered by inclusion and the rank of the valuation v is by definition the
ordinal type of the set of prime ideals of V.

When the ordinal type of the set of prime ideals of the valuation
ring V is finite, we say that the valuation v is of finite rank and we
denote rank(v) = n with n € N. Otherwise we say that the valuation is
of infinite rank.

Corollary. The rank of the valuation v is equal to the Krull dimen-
sion of the valuation ring V associated to v.

For any element « in the group I' we can define the ideals P, (V)
and P4 (V) of the valuation ring V' by:

PaV)={z eV /v(z)>a} and Pus(V)={zeV/v(z)>a}.
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We can also define the Rees-like algebras introduced in [Te], 2.1, associ-
ated to this family of ideals:

A, (Ry) = P Pa(R)v* C R[] and gr, (V) =D Pa(V)/Pas(V).

acl ael’

Remark 1.5. If the value group I is not isomorphic to the group of
integers Z, then there may exist ideals Z of V' which are different from
ideals P, or P,y for all ain I'.

If the value group I' of v is equal to Q, for any real number g > 0
in R~Q, the set 7 = {ac e V/v(x) > ﬁ}, which is also equal to
{ac eV /v(z) > ﬁ}, is an ideal of V, but there is no « in I' such that 7
is equal to P, or Pu.

If the value group I' of the valuation v is of rank bigger than one, and
if P is a prime ideal of the valuation ring V' different from (0) and from
the maximal ideal maxz(V'), there doesn’t exist a in I' such that P is
equal to P, or to P,+.

Proposition 1.8. ([Bo], Chap.6, §4, n°1, Proposition 1, page 110;

[Va], Proposition 3.3, page 547.) Let V be a valuation ring of a field K.
a) Any local ring R with V. C R C K is a valuation ring of K, and the
mazimal ideal max(R) of R is contained in V and is a prime ideal of
V.
b) The mapping P +— Vp is a bijection from the set of prime ideals
of V onto the set of local rings R with V. C R C K, which is order-
reversing for the relation of inclusion. The inverse map is defined by
R — max(R).

Proof. From the condition b) of theorem 1.2 we see that the ring R
is a valuation ring and that maz(R) is an ideal of V. Since maz(R) is
a prime ideal of R, it is also a prime ideal of V.

For any prime ideal P of V' the local ring Vp is such that V C Vp C K,
and if P C Q we have Vg C Vp. We can verify that the maximal ideal
PVp of the local ring Vp is equal to P.

Let V be a valuation ring of a field K associated to a valuation v
of value group I', and we assume that v is of finite rank ». We denote
respectively P;, A; and V;, 0 < ¢ < r, the prime ideals of V', the iso-
lated subgroups of I'" and the local subrings of K containing V', with
the relations P; = maxz(V;), V; = Vp, and A; = Ap,. We have the
inclusions:

(0) PoCPiC...CPr—1 CPT:maX(V)
V=V,cV,_iscCc..cVicWV=K
0)=A, CA,1C...CA;CAy=T.
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We shall study later the relations between the valuations v; associ-
ated to the valuation rings V; and the valuation v, more precisely the
relations between their value groups I'; and the isolated subgroups A;
of T' (cf. the proposition 1.11).

Example 2. The trivial valuation of K, i.e. the valuation v defined
by v(z) = 0 for all the non-zero elements z of K, is the unique valuation
of rank 0.

Example 3. The valuation v of K is of rank one if and only if
the value group T' of v is isomorphic to a subgroup of (R,+). It is
equivalent to say that the group I' is archimedean, i.e. T satisfies the
following condition: if o and ( are any two elements of I' with a > 0,
then there exists an integer n such that na > 3. The valuation ring V'
associated to v is of dimension 1 and we deduce from the proposition
that V is a maximal subring of K for the relation of inclusion.

Definition. We say that a totally ordered group I is a discrete group
if it is of finite rank r and if all the quotient groups A;41/A;, where the
A; are the isolated subgroups of I', are isomorphic to Z. It is equivalent
to say that the ordered group I is isomorphic to a subgroup of (Z™,+)
with the lexicographic order. We say that a valuation v is discrete if its
value group I is a discrete group.

If the value group of v is discrete of rank one, i.e. if v is discrete
valuation of rank one, we can assume that the value group is Z.

Proposition 1.9. ([Bo], Chap. 6, §3, n°6, Proposition 9, page
105.) Let A be a local integral domain, then the following conditions are
equivalent:

a) A is a discrete valuation ring of dimension 1;

b) A is principal;

¢) the maximal ideal max(A) is principal and A is noetherian;

d) A is a noetherian valuation ring.

We see that in that case, if we assume that the value group I' of the
valuation v associated to the ring A is the ring Z, the maximal ideal
m = max(A) is generated by any element x in A such that v(x) = 1.
Then any element y of the fraction field K of A can be written y = ux™,
with u € A>~m and with n € Z, and we have v(y) = n. We say that
the valuation v is the m-adic valuation, i.e. the valuation defined by the
relation: v(y) > n if and only if y € m™.

The only ideals of A are the ideals P,(A4) = {z € A/v(z) > n},(cf.
remark 1.5), and P,,(A) is the principal ideal generated by z™.
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Definition. Let I' be a commutative group, then the maximum num-
ber of rationally independent elements of I is called the rational rank of
the group I'. We define the rational rank of a valuation v as the rational
rank of its value group I'.

The rational rank is an element of NU{+o00}, we denote it rat.rank(T"),
and we have rat.rank(I") = dimg (I’ ®z Q).

The rational rank of a group is zero if and only if I" is a torsion
group. If I' is a value group of a valuation, I' is totally ordered, then
its rational rank is zero if and only if I' = {0}, i.e. if and only if the
valuation is the trivial valuation.

Proposition 1.10. ([Bo|, Chap. 6, §10, n°2, Proposition 3, page
159.) Let T’ be a commutative group and IV a subgroup of T'. Then we
have the equality:

rat.rank(I') = rat.rank(I") + rat.rank(I'/T") .
If T is a totally ordered group we have the inequality:
rank(I') < rank(I") + rat.rank(T/T") .

Corollary. The rank of a valuation v is never greater than its ra-
tional rank:
rank(v) < rat.rank(v).

Let v be a valuation of a field K, with value group I' and valuation
ring V, and we denote m the maximal ideal of V. If the rank of v is
bigger than one, there exists a proper isolated subgroup A of ', A # (0),
and let m’ the prime ideal of V associated to A by the theorem 1.7. We
know by proposition 1.8 that m’ is a prime ideal of V' and that the local
ring V' = Vo is a valuation ring of K with m’ as maximal ideal and
such that V' C V’. We denote v’ the valuation of K associated to V'’
and I the value group of v'.

Proposition 1.11. ([Za-Sa], Chap.VI, §10, Theorem 17, page 43.)
a) The value group T is isomorphic to the quotient group T'/A, and
the valuation v': K* — I' is the composition of v: K* — T' and
AT —T/A.
b) The quotient ring V = V/m' is a valuation ring of the residue field
Ky = V'/m of the valuation V', and the value group of the valuation U
associated to V is isomorphic to A.

Proof. a) The valuations v and v’ are defined as the natural applica-
tions v: K* — I' = K*/U(V) and v': K* — IV = K*/U(V’). Then
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we deduce from V' C V/ and m C w’ that U(V) is included in U (V")
and that v/ is equal to A o v. We have to show that the kernel of \ is
isomorphic to the isolated subgroup A, which is a consequence of the
relation between the prime ideal m’ and A = Ay,.

b) Since V is a valuation ring of K, the quotient ring V is also a val-
uation ring of the fraction field K of V and we have K = V'/m’. To
show that the value group of the valuation v is equal to the group A it is
enough to remark that we have the exact sequence: 0 — K*/U (V) —
K*/U(V) — K*/U(V') — 0.

Definition. ([Za-Sa], Chap.VI, §10.) The valuation v is called the
composite valuation with the valuations v’ and v and we write v = v/ oD.

Corollary. If v is the composite valuation v’ o U we have the equal-
ities:
rank(v) = rank(v') + rank(v)

rat.rank(v) = rat.rank(v') + rat.rank(v).

Conversely, if we have a valuation V' of a field K and a valuation
v of the residue field K = k,r, we can define the composite valuation
v=1von.

Proposition 1.12. ([Va], Proposition 4.2, page 552.) Let v’ be a
valuation of K with valuation ring V' and residue field k,, = K and
v be a valuation of K, then the composite valuation v = V' o U is the
valuation of the field K associated to the valuation ring V' defined by
V={zeV'/u(z)=>0}.

We notice that the residue field of the composite valuation v is equal
to the residue field k; of the valuation o.

Remark 1.6. If we have the valuations v/ of K and 7 of k,/, the
composite valuation v = v/ o i defines an extension of the value group
I’ of v/ by the value group T, i.e. an exact sequence of totally ordered
groups: 0 — ' — I — IV — 0.

If this exact sequence splits, the value group I' is isomorphic to the
group (I x T') with the lexicographic order. If the valuation v’ is a
discrete valuation of rank one, i.e. for IV ~ Z, the exact sequence always
splits and we can describe the composite valuation v = v/ o ¥ in the
following way. The maximal ideal of the valuation ring V' associated to
V' is generated by an element u and we can associate to any non zero
element = in K the non zero element y in the residue field x,, which is
the class of y = " @) The composite valuation v is then defined by

v(z) = (V'(2),7(7)).
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Remark 1.7. If vy is a valuation of a field K and if v, is a valuation
of the residue field x; of vy, we have defined the composite valuation
v of K, v = 11 o1s. By induction we may define in the same way
the composite valuation v = v o s o... o v, where each valuation v;
is a valuation of the residue field x;_1 of the valuation v;_1, 1 < i <
r, with 9 = v. For any 1 < t < r, we decompose the valuation v
as v = l/ét) o 7(y), where VZt) = v1 0...01; is a valuation of K and
U(t) = V441 © ... o v is a valuation of the residue field K, of Vzt), with
Ry, = K. If we denote V(4 the valuation ring of K associated to l/zt),

the family of valuations (1/21), A Z/ET) = V) corresponds to the sequence
V=V, C...C V3 C K. We call the valuation v = viovy0...01,,
the composite valuation with the family (1/1, Voy..o, l/r).

Let v1 and vy be two valuations of a field K and let (V4,m;) and
(Va, m2) be the valuation rings respectively associated to 11 and vo. We
assume that there exists a valuation ring V of K, V' # K, which contains
the rings V; and V5, then there exists a non trivial valuation v of K such
that the valuations 11 and v» are composite with v. More precisely, there
exist two valuations 7; and 7y of the residue field s, with 11 = vo g
and v, = v oy, This is also equivalent to say that there exists an non
zero subset m of V3 N V5 which is a prime ideal of the two rings V7 and
Vs.

Definition. ([Za-Sa], Chap.VI, §10, page 47.) Two valuations v
and v» of a field K are said independent if they are not composite with
a same non trivial valuation v.

A family {1/1, Voyuuny z/k} of valuations of a field K is called a family of
independent valuations if any two of them are independent.

In fact we can define a partial order on the set of all the valuations
of a field K by v1 < vy if and only if V5 C Vi, where V; is the valuation
ring associated to v;, ¢« = 1, 2. This equivalent to say that vs is composite
with v1, i.e. that there exists a valuation o of the residue field &,, such
that 1o = v1 ov. If 11 and vy are two valuations of K, we can define
the valuation v = v; A vy as the “biggest” valuation v such that v < 14
and v < vy. This valuation v = 11 A vy is the valuation associated to
smallest valuation ring V' of K which contains the valuation rings V3
and V5 associated to v1 and vo. Then two valuations v and v, of K are
independent if and only if v; A v is the trivial valuation.

If v is a valuation of rank one, the valuation ring V associated to v is
maximal among the valuation rings of K, i.e. the valuation v is minimal
among the non trivial valuations of K. Then for any valuation v’ of K,
v and v/ are not independent if and only if ¥ < v/, i.e. if and only if v/
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is composite with v. If v and v/ are two distinct valuations of K of rank
one, then v and v/ are independent.

The notion of independence of valuations is important because of
the following result which is called the approximation theorem.

Theorem 1.13. ([Za-Sal, Chap.VI, §10, Theorem 18, page 47.) Let

{ul, Vo, ey Vk} be a family of independent valuations of a field K ; given
k arbitrary elements x1,...,x, of K and k arbitrary elements aq, ..., ax
of the value groups I'1,..., Ty of the valuations vy, ..., v, Tespectively,

then there exists an element x of K such that
vilt —xz;) =, i=1,2,...,k.

1.3. Extension of a valuation

Let K be a field and let L be an overfield of K. If u is a valuation of
L, the restriction of u to K is a valuation of K, the value group ', of v
is a subgroup of the value group I', and the valuation ring R, associated
to v is equal to R, N K where R, is the valuation ring associated to p.

Definition. We say that the valuation u is an extension of the valu-
ation v to L.

Remark 1.8. In fact the valuation ring R, is dominated by the val-
uation ring R,,. More generally if V' and W are valuation rings of K
and L respectively, we have W dominates V if and only if V =W N K.
Since the valuation ring R, dominates the valuation ring R,, we have
an inclusion of the residue fields s, C x,,.

Proposition 1.14. For any valuation v of a field K and for any
overfield L of K, there exists at least one valuation p of L wich is an
extension of v.

Proof. By the corollary at the proposition 1.1 there exists at least
one valuation ring W of the field L which dominates the valuation ring
V' associated to the valuation v. Then the valuation p associated to W
is an extension of v.

Let v be a valuation of a field K and let p be any extension of v
to an overfield L of K. We want to study the extensions I', and x,, of
respectively the value group I', and the residue field &, of v.

Definition. The ramification index of p relative to v is the index of
the subgroup I', in I':

e(p/v) = [Tu:T.].



12 Michel Vaquié

The residue degree of i relative to v is the degree of the extension of the
residue fields:

Flufv) = [ru:m].

The ramification index and the residue degree are elements of N = N U
{+oo}.

Remark 1.9. If 1/ is an extension of p to an overfield L’ of L, then
1/ is an extension of v and we have the equalities:

e(p' /v) =e(p'/p)e(u/v) and  f(u'/v) = f(u' /) f(u/v).

Proposition 1.15. Let v be a valuation of a field K and let p be
an extension of v to an overfield L; if the field extension L|K is finite
of degree m, then we have the inequality

e(p/v)f(u/v) <n.

We deduce that the ramification index e(p/v) = [[y : Ty] and the
residue degree f(pu/v) = [k : k] are finite.

Proof. Let r and s be two integers with r < e(u/v) and s < f(u/v),
and we want to show rs < n. There exist r elements x1,zs,...,z, of L
such that for any (4, j) with ¢ # j, p(x;) # p(z;) modl',,, and there exist
s elements 1, ¥y, ..., Ys in the valuation ring R,, such that their images
Y1, Y2, .., Ys in the residue field x,, are linearly independent over x,. It
is enough to show that the rs elements z;y;, 1 <i <rand1<j <s,
of L are linearly independent over K.

We assume that there exists a non trivial relation

(%) Zai7kaciyk =0, witha;pe K.

We choose an (j,m) such that for all (i,k) we have p(a; mT;iym) <
p(as kxxiysk). Since p(yx) = 0 for all the y and since p(x;) — p(z;) ¢ Ty
for all ¢ # j, we have p1(ajm@;Ym) 7# p(asxxiys) for i # j. If we multiply
the relation (%) by (a;mz;)~! we get a relation > bryx + 2z = 0, with
by = ajk/a;m € R, N K and z € maxz(R,), then we get in the residue
field ~, the relation Zl_)kgjk = 0 with b,, = 1. This is a non trivial
relation of linear dependence of the 7 over k,, which is impossible by
hypothesis.

Proposition 1.16. If L is an algebraic extension of K the quotient
group T, /T, is a torsion group, i.e. every element has finite order, and
the residue field r, is an algebraic extension of k.
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Proof. We can write L = lim_, L,, where the fields L, are finite
extensions of K. Then the value group is equal to |J, I'a where (Fa =
M(L(";)) is a filtered family of groups with [Fa; Fl,] < +oo for all the a.
If we denote k4 the residue field of the valuation yz, ., then the residue
field x, is equal to lim_, K, where the k, are finite extensions of «,.

Remark 1.10. If K is an algebraic extension of k, the unique ex-
tension to K of the trivial valuation of k is also the trivial valuation
of K. Then if K is algebraic over k the unique valuation of K/k, i.e.
the unique valuation of K which is trivial on k, is the trivial valuation.
More generally, if K is any extension of k, a valuation of K/k is also a
valuation of K/k, where k is the algebraic closure of k in K.

Let v be a valuation of a field K with value group I' and residue
field k, then for any algebraic extension L of K and for any extension
p of v to L we can consider that the value group I';, is contained in the
divisible closure I'* of I' and that the residue field &, is contained in
the algebraic closue & of k. The divisible closure I'* of T is the quotient
of the group I" x (N~{0}) by the equivalence relation ~ defined by
(a,p) ~ (B,q) < pfB = qa, endowed with the natural addition and
ordering.

Corollary. If L is an algebraic extension of K then the rank and
the rational rank of the valuation u are equal respectively to the rank and
the rational rank of the valuation p. Moreover if L is a finite extension
of K, i is a discrete valuation if and only if v is a discrete valuation.

Remark 1.11. If the extension L|K is algebraic but not finite, we
can find an extension p of a discrete valuation v of K which is not a
discrete valuation.

Let v be a valuation on a field K and let L|K be an extension, then
we want to study the set of all the extensions p of v to L. We know that
the valuation ring V' associated to v is an integrally closed ring and we
consider the integral closure V of V in the extension L. In general the
ring V is not a local ring but we always have V = [\ W where the rings
W are the valuation rings associated to all the extensions of v to L. In
the case of an algebraic extension we have the following result.

Theorem 1.17. ([Bo], Chap. 06, §8, n°6, Proposition 6, page 147.)
Let LIK be an algebraic extension and let v be a valuation of K with
valuation ring V, then there is a bijection from the set of the mazximal
ideals of the integral closure V of V in L onto the set of the extensions
of v to L, which is defined in the following way:
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for any mazimal ideal p of V the local ring V, is a valuation ring
of L which dominates V', and we associate to p the valuation p of L
associated to V.

We can deduce from the theorem that if W and W’ are valuation
rings of L which dominate V', they are not comparable with respect to
the inclusion, then if g and ' are two extensions of v to L, they are
not comparable with respect to relation <. If the valuation v is of finite
order, it’s a consequence of the corollary of the proposition 1.16 and of
the corollary of the proposition 1.11.

If L is a finite extension of K, for any valuation v of K the set
V = Vi (v) of valuations p of L which are extensions of v to L is finite.
In fact we have the inequality card(V) < [L : K]sep, where [L : K]sep
is the separable degree of the extension L|K. If the extension L|K
is purely inseparable, there exists only one extension p of v: for any
element x in L there exists an integer n > 0 such that z?" belongs to
K, where p is the characteristic of K, then the valuation u is defined by
p(x) =p~mv(a?").

For a finite extension L|K we have the following important result:

Theorem 1.18. ([Za-Sa], Chap.VI, §11, Theorem 19, page 55 and
Theorem 20, page 60.) Let L be a finite extension of K of degree n, let
v be a valuation of K and let uy, pi2, ..., 1y be the extensions of v to L.
If e; and f; are respectively the ramification index and the residue degree
of w; relative to v, then:

61f1+€2f2+...—|—€gfg <n.

If we assume that the integral closure V in L of the valuation ring
V' associated to v is a finite V-module, then we have equality:

61f1+€2f2+...—|—€gfg =n.

Remark 1.12. If the extension L|K is separable and if v is discrete
valuation of rank one, which is equivalent to say that the valuation ring
V is noetherian, the integral closure V is a finite V-module and we
always have equality. But it is possible to find inseparable extension
L|K and a discrete rank one valuation v of K, or a separable extension
L|K and a non-discrete valuation v of K, such that the equality fails.

Let v be a valuation of a field K and let L|K be a normal algebraic
extension. Then the Galois group G = Gal(L/K) acts transitively on
the set V of the extensions of v to L. To any extension u of v to L, we can
associate subgroups of G called the decomposition group G4(u) = Gz,
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the inertia group G'(u) = G and the ramification group G (1) = Gy .
The ramification theory of valuations, which is the study of the proper-
ties of these groups, is very important part of the theory of valuations.
Since we don’t need it in the following, we are not going to develop this
theory here.

Let v be a valuation of a field K and let v/ be an extension of v to
an extension K’ of K of positive transcendence degree. We called V' and
V', T and IV and « and s’ respectively the valuation rings, the residue
fileds and the value groups of the valuations v and v'. We want to study
the relations between the transcendence degree of the extensions K'/K
and k’/k and the rational rank and the rank of the quotient group I'"'/T.
We first consider the case K’ = K (x), whith 2 transcendental over K.

Proposition 1.19. ([Bo], Chap. 6, §10, n°1, Proposition 1 and
Proposition 2, page 157.) Let v be a valuation of a field K with value
group I' and residue field k.

a) If T is a totally ordered group which contains T and if € is an element
of I'” satisfying the condition n.§ € I' = n = 0, there exists a valuation
V' and only one which is an extension of v to K' = K(x), with values
in the group T and such that v'(x) = £. Then the value group of V' is
equal to TV =T + Z.£ and the residue field k. of V' is equal to k.

b) There exists a valuation v' and only one which is an extension of v
to the field K' = K(z) such that v'(xz) = 0 and such that the image t of
x in the residue field k,/ is transcendental over k. Then the value group
IV of V' is equal to T’ and the residue field K, is equal to k(t).

Remark 1.13. There may exist valuations v’ which are extension of
v to the extension K’ = K (z) with value group I'” such that the quotient
I”/T is a nontrivial torsion group, or with residue field ' a non trivial
algebraic extension of k.

Proof. For any element £ of a totally ordered group I'” containing
I, the map v/ from the polynomial ring K[z] to I by v/(3 ajz?) =
min (v(a;) + j.€), is a valuation of K[z] which extends to a valuation v/
of the field K/ = K(z) and v/ is an extension of v.

In the first case, we see that if p is any extension of v with v(z) = ¢
we have pu(a;z') = v(a;) +4.€ and as for i # j, v(a;) +i.£ # v(a;) + J.&,
we must have p(3 a;z7) = min(v(a;) +j.€) (cf. proposition 1.3). Then
there exists only one extension of v which is the valuation v’ that we have
defined, and the value group is obviously the group I'+7Z.£. Any element
y of K = K(x) may be written y = 2™b(1+u), withn € Z, b € K* and
ue K', V' (u) > 0, then if v/(y) = 0, i.e. if y is in V' >~max (V') where
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V' is the valuation ring associated to v/, n = 0 and the residue class ¥
of y in Kk, is equal to the residue class of b in &, and then K, = k.

In the second case we want to show that there is only one exten-
sion p of v, and that this valuation p is again defined by p(z ajzd ) =
min(z/(aj) + j.f) = min(l/(aj)). Let y be in K’, and we may assume
that y = > aj27 with a; € V and with v(a;) = 0 for one index [. Then
by the proposition 1.3 we have p(y) > min(y(aj)) = 0. The image g of
y in the residue field «, is equal to Y a;t/, and since ¢ is transcendental
over k, we have § # 0 which is equivalent to u(y) = 0.

We consider now the general case, K’ is an extension of K with
transcendental degree tr.deg. K’/K and let v/ be an extension of a val-
uation v of K to K’. We denote V, k, I" and V’, k/, I respectively the
valuation ring, the residue field, the value group of v and v/'.

Theorem 1.20. ([Bo], Chap. 6, §10, n°3, Théoréme 1, page 161.)
Let x1,...,x5 be elements of the valuation ring V' such that their im-
ages T1i,...,Ts in the k' are algebraically independent over k, and let
Y1, .-, Yr be elements of K' such that the images of V' (y1),...,vV (yr)
in the quotient group I /T are linearly independent over Z. Then the
r+ s elements x1,...,Ts,Y1,...,Yr of K' are algebraically independent
over K. If we denote v’ the restriction of the valuation v’ to the
field K? = K(z1,...,%s,Y1,--.,Yr), the value group T” of v” is equal
to T+ ZvV' (y1) + ... + ZV'(y,) and the residue field K” is equal to
H(’fl, N ,Q_Z'S).

For a polynomial f = Za(ﬁﬁ)xﬁyl in K[x1,...,2s,91,-.-,Yr|, the
valuation of f is defined by:

I/N(f) = min(g,l)l/' (a(gg)xﬁyl) = min(gﬁ) (1/(&(@71))+ Z "yjl// (y])) .
1<5<r

Proof. We make a proof by induction on r + s, and it is enough to
consider the two cases r =1 and s = 0 or r = 0 and s = 1. Then the
result is a consequence of the proposition 1.19.

Corollary. a) We have the inequality:
rat.rank(I"/T) + tr.deg.'/rk < tr.deg.K'/K .

Moreover if we have equality and if we assume that K' is a finitely
generated extension of K, the group T /T is a finitely generated Z-module
and the residue field k' is a finitely generated extension of k.

b) We have the inequality:

rank(v') + tr.deg.x’/k < rank(v) + tr.deg.K'/K .
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Moreover if we have equality, and if we assume that K' is a finitely
generated extension of K and that T is discrete, i.e. T' ~ (Z" +)jex,
then the residue field k' is a finitely generated extension of k and I is
discrete.

Example 4. Let K be a field and let v be a valuation of K, then
from the theorem 1.20 there exists a unique extension v’ of v to the
purely transcendental extension K’ = K(x1,...,2s) of K such that
V' (z;) = 0 for all ¢ and such that the images Z1, . . ., Z, in the residue field
K, are algebraically independent over k,. The valuation v’ is defined

by
I//<Z aé:cé) = ming(y(aé)) )

The valuation v/ is called the Gauss valuation.

Let L/K be an extension of transcendence degree s, let v be a valua-
tion of K and p be an extension p of v to L such that tr.deg.x,/k, =
tr.deg.L/K = s. Then there exist s elements x1,...,25 of L, alge-
braically independent over K such that L is an algebraic extension of
K' = K(x1,...,x,) and such that x is the extension of a Gauss valuation
v of K'.

Let k be a field, K be an extension of k and we consider a valuation v
of K/k,i.e. that v is a valuation of K which induces the trivial valuation
on k, and let k be the residue field of v. We define the dimension of the
valuation v by the following.

Definition. The dimension of the valuation v is the transcendence
degree of the residue field & of v over the field k: dim(v) = tr.deg.x/k.

Remark 1.14. Let k be a field, K be an extension of k£ and let v be
a valuation of K/k, with residue filed k. We can apply the corollary in
the case of a valuation v of K/k, where K is an extension of k and we
find the inequalities:

rank(rv) + dim(v) < ratrank(v) + dim(v) < tr.deg.K/k.

If we assume that K is a function field over k, i.e. that K is a finitely gen-
erated extension of k, and if we have the equality rat.rank.(v)+ dim(v) =
tr.deg. K /k then the value group T is a finitely generated Z-module and
the residue field k is finitely generated over k, moreover if we have the
equality rank(v)+ dim(v) = tr.deg.K/k, the valuation v is discrete.

Remark 1.15. Let k be a field, K be an extension of k£ and let v be a
valuation of K /k which is composite v = v’ o, where v/’ is a valuation of
K /k with residue field &’ and 7 is a valuation of x’/k. We deduce from
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the proposition 1.11 that the valuations v and 7 have the same residue
field k, and that we have the equalities rank(v) = rank(v’)+ rank(v).
Hence, if we are in the case of equality for the rank for the valuation v:

rank(v) + dim(v) = tr.deg.K/k,

we are also in the case of equality for the rank for the valuations v’ and
v:

rank(v') + dim(v') = tr.deg.K/k ,

rank(7) + dim(p) = tr.deg.k’/k.

We have the same result for the rational rank of the valuations v,
v and v.

Definition. Let K be a field and let v a valuation on K with value
group I' and residue field x. Let K* be an extension of K and let v* be
an extension of v to K*, with value group I'* and residue field £*, then
we say that the valued field (K*,v*) is an immediate extension of the
valued field (K, v) if the group I' is canonically isomorph to I'* and the
field k is canonically isomorph to k*.

This equivalent to the following condition:
Va* € K* 3z € K suchthat v*(z" —z) > v*(z") .

A valued field (K, v) is called a mazimal valued field if there doesn’t
exist any immediate extension. It is possible to prove that for any val-
ued field (K, v) there exists an immediate extension (K*,v*) which is a
maximal valued field, but in general this extension is not unique ([Ku]).

1.4. Examples

Example 5. Prime divisor ([Za-Sa], Chap.VI, §14, page 88.)
Let K be a function field over a field k, of transcendence degree d, then a
prime divisor of K over k is a valuation v of K/k which have dimension
d — 1, i.e. such that tr.deg.x/k = d — 1 where & is the residue field of
v. Since the valuation v is non trivial, we have rank(r) > 1, and we
deduce from the corollary of the theorem 1.20 that we have rank(v) =1,
hence we are in the case of equality for the rank for the valuation v:
rank(v)+ dim(v) = tr.deg.K/k, the valuation v is discrete of rank one,
i.e. its value group is isomorphic to Z, and its residue field x is finitely
generated over k. We deduce from the proposition 1.9 that the valuation
ring V associated to v is a noetherian ring.

Furthermore, we can always find a normal integral domain R, finitely
generated over k, having K as fraction field, and a prime ideal p of
height one of R, such that the valuation ring V' is equal to the local ring
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Ry. The valuation v is the “p-adic valuation”, i.e. the valuation defined
by v(g) = max{n € N / g € p"}, for any ¢ in R. If we consider the
affine algebraic variety X associated to R, X = SpecR, the prime ideal
p defines a prime Weil divisor D on X, i.e. a reduced irreducible closed
subscheme of codimension one, and the valuation v is the valuation
defined by the order of vanishing along the divisor D. Moreover the
valuation ring associated to v is equal to the local ring Ox, p of the
generic point of D in X. Conversely, any prime Weil divisor D on a
normal algebraic variety X defines a prime divisor v of the function
field K = F(X) of the variety X, and the valuation ring associated to
v is the local ring Ox p.

Example 6. Composition of prime divisors

Let K be a function field over a field k, of transcendence degree d, and
let v be a valuation of K/k of rank r and of dimension d — r. Then we
are in the case of equality for the rank in the corollary of the theorem
1.20, and we know that the value group I' of v is isomorphic to (Z", 4 )jex
and that the residue field x of v is also finitely generated over k. We
deduce from the remark 1.15 that if we write v as a composite valuation
v =1 o, with rank(r’) = 1, then v/ is a prime divisor of K and 7 is a
valuation of the residue field ' of v/ which satisfies also the equality for
the rank. By induction we can write the valuation v as the composite
of a family of valuations v = v1 ovg o ... ov,. (cf remark 1.7). All the
valuations v;, 1 < ¢ < r, are discrete valuations of rank one, the residue
field k; of the valuation v; is a function field over k and the valuation
Vi+1 is a prime divisor of x;.

Example 7. Field of generalized power series ([Za-Sa], Chap.
VI, §15, Example 2, page 101.)
We want to construct a valuation with a preassigned value group. More
precisely, let T' be a totally ordered group and let k be a ground field,
and we want to find a field K, extension of k, and a valuation v of K/k
whose value group is isomorphic to the group I'.
We define the ring R of generalized power series of a variable x with
coefficients in the field £ and with exponents in the group I' by the
following: R is the set of the expressions ¢ of the form & = ) ver ey
whose support supp(§) = {y € I' / ¢y # 0} is a well ordered subset of I".
We recall that an ordered set A is well ordered if any non empty subset
B of A has a minimal element. Then we can define an addition and a
multiplication on R in the usual way: for { =3 cya” and ¢ = . dya”
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in R, we put:

§+§:2757x7 with s, =c¢,+d,,

SC = ny m,yl"y with my = Za+ﬁ=’y Cadﬁ )

this last sum is well defined because since the supports of £ and ¢ are
well ordered sets, for any « € I', there exists only a finite number of
couples (a, ) in supp(&) x supp(¢) with a + 8 = 7.

Hence we have a ring, in fact a k-algebra, and we denote it by R =
E[[x"]]. The ring R is integral, we call its fraction field K = Fr(R) the
field of generalized power series and we denote it by K = k((z1)).

We can define a valuation v on K = k((2")). Let ¢ be an element of the
ring k[[z1]], € = > ver ¢y, € # 0, then we put v(§) = min(supp(€)),
this is well defined because since the support of £ is a non empty well
ordered subset of I', it has a minimal element; and for £ = 0 we put
v(0) = +o0. It is easy to prove that the valuation v is a valuation of
K = k((2")), which is trivial on k£ and such that its residue field & is
equal to k and its value group is I'.

Moreover, the valued field (k((z')),v) is maximal, i.e. there exist no
immediate extension. ([Ri], Chap. D, Corollaire au Théoreme 2, page
103.)

Example 8. Valuations of k(z,y)/k
We are going to give two examples of valuations of K/k, where K is
the pure transcendental extension K = k(z,y) of k of degree 2. We
construct these valuations by their restrictions to the polynomial ring
R = k[, y].
i) The first one is a valuation v on R = k[z, y] whose value group is the
group of rational numbers Q.

We put:
1 3
=1 d =14+-==.
v(y) and v(x) + 5=35
The “first” element 29 of R, i.e. a polynomial in z,y of minimal degree,
such that the value v(z) is not uniquely determined by the values in
20 = y and in z; = x is the element 2z, = z? + y3. We must have
v(z2) > 3 and we put:
1 10
=34 ==
v(z2) + 3= 3
We can define a sequence (zy,) of elements of R such that for any integer

n > 2, the value v(z,) is not determined by the values on v in the z,
Pn

n+1

for r < n. For any n the value v(z,) is a rational number v, = ,
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with p, a positive integer and (p,,n + 1) = 1. The sequence (z,) is
constructed by induction in the following fashion, we assume we have
found the elements z,, 0 < r < n and the values v(z,) = ~,, then we
put:

Zp41 = Zn T yp" s

with the value:

1 :pn+1
n+2 n+2

V(Znt1) = Ynt1l = Pn + with pp41 = pr(n+2)+1.

We have constructed a valuation v of R, hence a valuation of the
field K = k(x,y), whose value group is Q and it is easy to see that the
residue filed k of v is the ground field k.

There is another construction of such a valuation in [Za 1], T §6,
page 648.

More generally, for any preassigned value group I" of R, we can con-
struct a valuation with value group I'. ([Za-Sa], Chap.VI, §15, Example
3, page 102 or [ML-Sc].)

ii) The second example is what we call an analytic arc on the surface
A2 = SpecR. ([Za 1], T §5, page 647.) // Let R be the completion of
the ring R, R is the ring of power series k[[z, y]], and let K its fraction
field K = k((x,y)). We consider an element ¢ of R:

+oo
t:x—l—Zciyi , ¢ ek* forall i>1,

i=1
which is not algebraic over the field K.
We define the valuation © of K /k with values in the group I' = (Z2, +)ex,
by:

P(y) = (0,1) and #(t) = (1,0) .

For any element ¢ of R, with & = Y7 d;y’ and d; # 0, we have
(&) = (0, 1), hence since the coefficients ¢; are non zero, for any N > 1
we have:

o(Xew) = o) = 0.3

+n

then for any N > 1 we get:

o(z+ z_: ciy') = (O,N).
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We define the valuation v on K = k(x,y) as the restriction to K
of the valuation o of k, then the value group IT' is equal to Z, i.e. the
valuation v is a discrete valuation of rank one. But this valuation is not
a prime divisor, its residue field is equal to k.

We may describe the valuation v on R in a different way. We have
an injective k-morphism ¢ of R = k[z,y] to the power series ring k[[y]]
defined by

+oo
pa)=z—t=-> cy' and @y)=y.
=1

Then the valuation v is the restriction to R of the y-adic valuation on
klly]]-

Example 9. A non finitely generated residue field ([Za 2],
Chap.3 II , footnote 12, page 864.)
Let K be a function field over a field k£ and let v be a valuation of
K/k, then if we don’t assume that we have the equality rat.rank(v)+
dim(v) = tr.deg.K/k, it may happen that the residue field  of v is not
finitely generated over k.

Let k be a field and K = k(z,y,z) be an extension of k with z,y
and z algebraically independent elements over k and we consider the
valuation v defined by the formal power serie in y:

2= $1/2.y + $1/4.y2 + x1/8y3 = Zx1/2”.yn )
n>1

We can give the following description of the valuation v.

Let A = K[z, y, z] be the polynomial ring and let R = Unzlk[[acl/Qn Y, z]]
be the ring of formal power series in y, z and the /2", n > 1. Let
f=2=> 1 22" y" be in R and R be the quotient ring R/(f). Then
the map A — R induced by A C R is an injection. We consider on R
the y-adic valuation p, i.e. the valuation defined by the order in y. If we
denote k the field k = U,>1k((x/2")) and L the fraction field of R, L
is an extension of k& and  is a discrete rank one valuation of L/k, then
the valuation ring W associated to p is a noetherian k-algebra and the
residue field &, is an extension of k. The valuation v is the restriction
of p to A, we have for instance v(z) =0, v(y) = v(z) = 1.

We shall see that the residue field x of v is not finitely generated over
k, in fact we have k C &, i.e. all the elements x'/2", for n > 1, belong
to k. If we denote by [u] the image in R of any element u € R, we
have u([z/y — 2'/2]) = 1 and the residue class of [2/y] in &, is equal to
2'/2. Then we have also that z'/? is the residue class of z/y in k. In
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the same way we can write [22/y? — x| = [(2/y — 2/?)(2/y + 2/?)] =
[221/22/%y 4 .. ], and we find that the residue class of (22 — 232)/y> in
K is equal to 223/, and we can continue in this fashion to show that all
the elements /2", for n > 1, belong to k.

Since the valuation v is the restriction of discrete valuation y, v is also
a discrete valuation of rank one, i.e. its value group I' is equal to Z,
hence rank.(v) = rat.rank.(r) = 1, and we have seen that the transcen-
dence degree of the residue field x over k is equal to one, i.e. dim(v) =
tr.deg.x/k = 1. Then for this valuation we have rank(v)+ dim(v) =2 <
tr.deg. K /k = 3.

§2. Riemann variety

2.1. Center of a valuation

Let K be a field and v be a valuation of K, we denote V' the valuation
ring associated to v and m its maximal ideal.

Definition. Let A be a subring of K with A C V, i.e. such that
v(x) is non negative for all the elements = of A, then the center of the
valuation v on A is the ideal p of A defined by p = ANm.

Remark 2.1. The center p of the valuation v on A is the unique
prime ideal q of A such that the valuation ring V' dominates the local
ring Aq. If A is a local ring, the center of v on A is the maximal ideal
of A if and only if V' dominates A.

Let X be an algebraic variety over a field k, i.e. an irreducible
reduced scheme of finite type over k, and let K = F(X) be the function
field of X, then K is a finitely generated extension of k and the dimension
of the variety X is equal to the transcendence degree of K over k. We
want to define the center of a valuation v of K/k, or more generally of
a valuation v of L/k where L is an extension of K, on the variety X.

We consider first that X is an affine variety, X = SpecA, where A is
an integral k-algebra of finite type, with A C L. If A is contained in the
valuation ring V associated to v, i.e. if the valuation v is non negative
for all the elements x € A, the center of v on X is the point & of X
corresponding to the prime ideal p where p is the center of the valuation
von A, ie. p=ANm. Since the center p is a prime ideal of A, the
closed subscheme Z of X defined by p is an integral subscheme, i.e. an
irreducible reduced subscheme of X, and ¢ is the generic point of Z. We
say also that the closed subscheme Z is the center of the valuation v on
the affine variety X. If A is not contained in the valuation ring V', then
we say that the valuation v has no center on X or that the center Z of
the valuation v on X is the empty set.
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We want to generalise this definition for any algebraic variety X
over k, with function field K, and say that the center of a valuation v
of a field L, with K C L, on the variety X is a point £ of X such that
the local ring Ox ¢ is dominated by the valuation ring V' associated to
v. This is equivalent to say that we have a morphism of T' = SpecV to
X such that the image of the closed point ¢ of T, corresponding to the
maximal ideal of V', is the point &, and that this morphism induces the
inclusion K C L, i.e. that the image of the generic point of T is the
generic point of X.

Before defining the center of a valuation on any algebraic variety, we
shall recall the valuation criterions of separatedness and of properness.
([EGA], Proposition 7.23 and Théoreme 7.3.8, or [Ha], Chap.IT, Theorem
4.3 and Theorem 4.7.)

Valuative criterion of separatedness. let X andY be noetherian
schemes, let f: X — Y be a morphism of finite type, then f is separated
if and only if for every field L, for every valuation ring V' of L and for
every morphism g: U = SpecL — X and h: T = SpecV — Y forming
a commutative diagram

U=SpecL - X

Ll

T = SpecV N

there exists at most one morphism h: T — X making the whole dia-
gram commutative.

Valuative criterion of properness. let X and Y be noetherian
schemes, let f: X — Y be a morphism of finite type, then f is proper
if and only if for every field L, for every valuation ring V of L and
for every morphism g: U = SpecL. — X and h: T = SpecV — Y
forming a commutative diagram

U=SpecL -+ X

b

T = SpecV N

there exists a unique morphism h: T — X making the whole diagram
commutative.

The valuative criterion of separatedness will give the unicity of the
center of a valuation on an algebraic variety and the valuative criterion
of properness will give a condition on a vatiety for any valuation to have
a center on X.
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Proposition 2.1. Let X be an algebraic variety over k and let v be
a valuation of a field L, extension of the function field K = F(X) of X,
then there exists at most one point & of X such that the local ring Ox ¢
is dominated by the valuation ring V associated to v.
Moreover the irreducible closed subvariety Z of X defined by Z = {?} 18
the subset of the points x € X whose the local ring Ox , is contained in
the valuation ring V' associated to v.

Proof. Since X is an algebraic variety, the morphism f: X —

Speck is separated, and the unicity of the point ¢ is a consequence of
the valuative criterion of separatedness, where the morphism g: U =
SpecL. — X is defined by the inclusion F(X) C L and where the
morphism h: T = SpecV — Speck is defined because the valuation
v is trivial on k. Then there exists at most one morphism h: T =
SpecV — X, i.e. at most one point ¢ on the variety X such that its
local ring Ox ¢ is dominated by the valuation ring V.
To show that the set Z = {¢} is equal to {z€eX/Ox,CV}, wecan
assume that X is an affine variety X = SpecA and that Z is exactly the
closed subscheme of X defined by the center p of the valuation v on A.
Then it is enough to see that for any prime ideal q of A we have p C g
if and only if Aq C V.

Definition. The center of the valuation v on the variety X is the
point &, when it exists, defined in the proposition. We say also that the
center of the valuation v on the variety X is the subvariety Z = @ If
there doesn’t exist £ we say that the valuation v has no center on the
variety X or that the center Z is empty.

The valuation ¥ may have no center on the variety X, for instance
if X is an affine variety X = SpecA, with A non contained in V. But, if
X is a projective variety, any valuation v has a center on X. In fact we
have the following result. We recall that an algebraic variety X over a
field k is complete if the morphism X — Speck is proper.

Theorem 2.2. If X is a complete variety over a field k, any val-
uation v of L/k, L an extension of the function field K = F(X) of X,
has a center on X.

Conversely, the variety X 1is complete over k if all the valuations v of
K/k have a center on X.

Proof. If X is a complete variety, the morphism f: X — Speck is
proper, and we can apply the criterion of properness where the morphism
g: U = SpecL — X is defined by the inclusion F(X) C L and where
the morphism h: T' = SpecV — Speck is defined because the valuation
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v is trivial on k. Then we obtain a morphism h: T = SpecV — X and
the image of the closed point of T is the center of the valuation v on X.

If X is an algebraic variety over a field k, then the transcendence
degree of the function field K = F(X) of X over k is equal to the
dimension of X. Let v be a valuation of the function field K, then
we are going to show that the dimension of v, i.e. the transcendence
degree of the residue field k of v over k, is always bigger or equal to the
dimension of its center Z on X.

Proposition 2.3. Let X be an algebraic variety over a field k with
function field K = F(X), and let v be a valuation of K/k with residue
field k. Then if the center Z of v on X is non empty whe have dimZ <
dim(v). Moreover if we have a strict inequality, there exists a proper
birational morphism Y — X such that the dimension of the center of
v onY is equal to dim(v).

Proof. Let Z be the center of the valuation v on X and let £ be
the generic point of Z. We denote by A the local ring Ox ¢ of X in &
and by p its maximal ideal, then the valuation ring V associated to v
dominates A and we have A/p C V/m, i.e. an inclusion of the function
field F(Z) of Z in the residue field k. Since Z is an algebraic variety
over k we have dimZ =tr.deg.F'(Z)/k, then dimZ <tr.deg.x/k.

If the inequality is strict, let z1,...,z, be elements of V' such that
their images Z1,...,Z, in & is a transcendental basis of x over F(Z),
and we can write z; = p;/q with p; and ¢ in 4, ¢ = 1,...,r. We
consider an ideal Z of Ox which is locally generated by ¢, p1,...,p, and
Y the blowing up of Z in X. Then the center Z’ of v on Y satisfies
F(Z)(z1,...,%Zy) C F(Z') and we obtain dimZ’ = tr.deg.x/k.

Remark 2.2. Let v be a prime divisor of the function field K of an
algebraic variety X over k (cf exemple 5), let Z be the center of v on
X and we assume that Z is non empty. Then we have codimZ > 1 and
we deduce from the proposition 2.3 that there exists a proper birational
morphism 7: Y — X such that the center D of v on Y is a prime Weil
divisor, moreover if we choose Y normal, the valuation ring V' associated
to v is equal to the local ring Oy,p of D in Y.

Conversely, if we consider a prime Weil divisor Z on an algebraic variety
X over k, then we deduce from the proposition 2.3 that any non trivial
valuation v of the function field K of X with center Z is a prime divisor.
It is possible to show that the set of prime divisors v of the function field
K of X which have center Z on X is finite and non empty. Moreover
if the variety X is normal there exists only one prime divisor v with
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center Z, this the valuation v associated to the local ring Ox,z, which
is a noetherian valuation ring ([Za-Sa]).

Let X be an algebraic variety over a field k& with function field K =
F(X) and let v be a valuation of K /k with residue field k. We assume
that the transcendence degree of k over k is positive, then there exists
non trivial valuations 7 of x/k and we can define the composite valuation
v/ = v o which is also a valuation of K /k. If the center Z of v on X is
non empty the function field K = F(Z) of Z is contained in the residue
field x and we can consider the center on Z of a valuation 7 of x/k.

Proposition 2.4. The center on Z of the valuation U is equal to
the center on X of the composite valuation v/ = v o b.

Proof. We may assume that X is an affine variety X = SpecA. We
denote respectively V, V', V and m, m’, m the valuation rings associated
to v, v/, v and their maximal ideals, then we have (0) Cm Ccm/ C V' C
VCcKandmCV =V'/mC K =V/m. The centers of the valuations
v and v/ on X are defined by the prime ideals p = ANm and p’ = ANm’
of A, and the center of the valuation 7 on Z = SpecA, with A = A/p is
defined by the prime ideal p = AN m of A. Then the proposition is a
consequence of the equality p = p’/p.

We have seen that if v/ is a composite valuation v’ = v o v of K/k,
where K is the function field of an algebraic variety X over k, the cen-
ter Z' of v/ is contained in the center Z of v. This a consequence of
the proposition 2.4 if the center Z of v is non empty. If the center Z
is empty, no local ring Ox , for x € X is contained in the valuation
ring V associated to v, then none is contained in the valuation ring V'
associated to v’ since we have V' C V. More generally if the valuation
v is composite with the family (1/1, Vo, e,y 1/,.), and if we denote uzt) the
valuation of K defined by Vft) =wv10...014,0<t <7, and & the center

of Vzt) on the variety X, we obtain a family (51, &yt ,§T) of points of X

such that & is a specialization of {41, i.e. & € {41}, for 1 <t <r—1.
Conversely, we have the following result.

Theorem 2.5. ([Za-Sa], Chap.VI, §16, Theorem 37, page 106.) Let
X be an algebraic variety over a field k of dimension d, let v be an
integer such that r < d and let (51,52, . ,fr) be a family of points of
X such that & 1is a specialization of &1, 1 <t < r — 1. Then there
exists a valuation v composite with a family (Vl,yg, ey V,«), such that
the center of the composite valuation Vft) = vy 0...01; is the point &,
fort=1,...,r.
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Remark 2.3. Let v be a valuation of K/k of rank r, where K is
the function field of an algebraic variety X over k of dimension d. We
assume that the center Z of v on X is non empty and that we have
dimZ = d—r. Then we are in the case of equality of the corollary of the
theorem 1.20 for the rank, and we know that we can write the valuation
vasv = vjovg0...ou, (cf example 6), where each valuation v; is a prime
divisor. In that case the center & of the valuation I/Zt) =V10Uy0...0U

defines a divisor in {11} and the valuation v is the composition of the
orders of vanishing along these divisors (cf remark 1.6).

2.2. Riemann variety

Let k be a field, we want to study the set of all the valuations v of
K/k where K is an extension of k, i.e. the set of all the valuations v of
K which are trivial on k.

Definition. ([Za-Sa], Chap.VI, §17, page 110.) The Riemann variety
or the Rieman manifold or the abstract Riemann surface of K relative
to k is the set of all the valuations v of K which are trivial on k. We
denote this set by S = S(K/k).

More generally we can define the Riemann variety of K/k when k is
a subring of K, not necessarily a field. In that case the Riemann variety
is the set of all the valuations of K which are not negative on k, i.e. the

valuations of K such that the valuation ring V associated to v contains
k.

Remark 2.4. We deduce from the remark 1.10 that the Riemann va-
riety S(K/k) and S(K/k) are isomorphic, where k is the integral closure
of k in K, and if K is an algebraic extension of k, the Riemann variety
contains one unique element, the trivial valuation.

We give sometimes another definition of the Riemann variety, we
consider only the non trivial valuations v of K which are trivial on k,
and we denote this set S*(K/k), i.e. S(K/k) = S*(K/k)U {vo} where
v is the trivial valuation of K. With this definition, if K is an algebraic
extension of k, the Riemann variety S*(K/k) is empty.

We introduce a topology in the Riemann variety S = S(K/k), by
defining a basis of open sets.

Definition. Let A be a subring of K containing k, then we denote
E(A) the set of all the valuations v of K/k which are non negative on A,
i.e. the set defined by E(A) = {v € S(K/k) /A CV,}, where V, is the
valuation ring associated to v. We define the topology in S by taking
as basis of open sets the family of all the sets E(A) where A range over
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the family of all k-subalgebras of K which are finitely generated over k.
We call this topology the Zariski topology.

If A and A’ are two finitely generated k-subalgebras, we denote
[A, A’] the subalgebra of K generated by A and A’. This algebra is
finitely generated over k and we notice that the intersection E(A) N
E(A’) is equal to E([A, A']). Therefore the intersection of two basic
open subsets is again a basic open subset, and hence we have indeed
defined a topology in S. Any finitely generated k-subalgebra A of K
is of the form A = k[x1,...,x,], where z1,...,x, are elements of K.
Then we can write the basic open set E(A) = E(k[z1])N...N E(k[z,]),
and hence the topology in S is generated by the open sets E(k[z]) =
{v € S(K/k) /v(z) > 0}, where z range K*. We may also notice that
if A and A" are two k-subalgebras of K with A C A’, then we have
E(A") C E(A).

Theorem 2.6. Let v be a valuation of K/k, then the closure of
the set {v} consisting of the single element v in S is the set of all the
valuations V' of K/k which are composite with v:

{v}={v €S8 /v is composite with v} .

More precisely the closure m is isomorphic to the Riemann variety
S(k/k) of the residue field k of the valuation v.

Proof. Let v and v/ be two valuations of K, then v/ is composite
with v if and only if the valuation ring V' associated to v/ is contained in
the valuation ring V associated to v. If v/ is in the closure of {v}, for any
finitely generated k-subalgebra A of K we have v’ € E(A) = v € E(A),
ie. ACV' = A CV, hence V' is contained in V. Conversely, il v/ is
not in the closure of {v}, there exists a finitely generated k-algebra A
with A C V' and A € V, hence V' is not contained in V.

We deduce from the proposition 1.12 that the map ¢ of m to
the Riemann variety S(x/k) of the residue field x of v, which sends a
composite valuation v/ = v o I to the valuation 7 of k, is a bijection.
By definition of the valuation ring V associated to 7, we see that for
all the elements = in the valuation ring V', we have v/(z) > 0 if and
only if 7(Z) > 0, where Z is the image of = in k, hence the map ¢ is an
homeomorphism.

Remark 2.5. Let vy be the trivial valuation of K, all the valuations
of K are composite with 1y. The valuation ring associated to vq is the
field K, hence the valuation vy belongs to all the non empty open sets
E(A), and vy is a generic point of the Riemann variety S(K/k).
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Even if we consider the variety S*(K/k) = S(K/k) >~ {vo}, we see that
this space is never a Hausdorff space, in the case where k is a field.

Theorem 2.7. ([Za-Sa], Chap.VI, §17, Theorem 40, page 113.) The
Riemann variety S = S(K/k) is quasi-compact, i.e. every open covering
of S contains a finite subcovering.

Proof. We give a sketch of the Chevalley’s proof which is exposed
with more details in [Za-Sa] or in [Va).
Any valuation v of K is uniquely determined by its valuation ring, hence
to know a valuation it is enough to know the sets of the elements x of
K where v is positive, equal to zero or negative and we can consider the
Riemann variety S = S(K/k) as a subset of the set Z¥ of the applica-
tions of K to Z = {+,0,—}.
We define a topology in Z by taking as open sets (), {0,+} and Z
and we introduce the product topology on Z¥. Then the induced
topology in S has for basis of open sets the sets E defined as follows:
E={veS/v(x;)>0,i=1,2,...,r} where {z1,22,..., 2} is a finite
subset of K. This definition agree with the preceding definition, hence
we can consider the Riemann variety as a subset of the topological space
VA
We shall modify temporarily the topology on Z¥, we introduce the dis-
crete topology on Z, then Z is compact and by Tychonoft’s theorem the
product space ZX is also compact. With this new topology S becomes
closed in Z¥, hence is compact. Since this topology is stronger that the
preceding one, we deduce that the Riemann variety is quasi-compact
with the Zariski topology.

We shall show that the Riemann variety S(K/k) may be regarded as
the projective limit of an inverse system of integral schemes: S = lim X,,.
More precisely, if k is a field anf K a function field over k, i.e. a finitely
generated extension of k, we define a model M of K (over k) as an
algebraic variety M over k such that K is the function field of M. We say
that M is a complete, resp. projective, model of K if M is a complete,
resp. projective, algebraic variety over k.

We call L the set of local k-subalgebras P of K, and for any P we
denote m(P) its maximal ideal: L = {Plocal k-algebra/k C P C K }.
For any k-subalgebra A of K, non necessarily local, we call L(A) the
subset of L of the local k-algebras P containing A: L(A) = {PeL/AC
P}. Then we define a topology in L such that the set of the L(A), for
A ranging the finitely generated k-algebras, is a basis of open sets.

Let A be a finitely generated k-subalgebra of K and let SpecA be the
affine scheme associated to A, then we can define a map fa: L(4) —
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Spec A by fa(P) = m(P)N A = p. We have a topology in SpecA, the
Zariski topology, such that the closed subsets are the sets V(Z) = {p €
SpecA /T C p}, where 7 range the ideals of A. Moreover the closed
subset V(Z) is isomorphic to the affine scheme SpecA/Z.

Proposition 2.8. The map fa is continuous from L(A) to SpecA,
and induces an homeomorphism of V(A) into SpecA, where V(A) is the
subset of L(A) defined by V(A) = {A, /p € Spec A}.

Proof. To show that the map f 4 is continuous, we have to show that

the inverse image of any open subset O of SpecA is open in L(A), and we
may consider only the open sets O = D(z) = {p € SpecA /z ¢ p}, and
we recall that D(x) is isomorphic to the affine scheme SpecA,. We shall
see that the inverse image f ' (D()) is equal to the open set L(A;). A
local ring P of L(A) belongs to f;" (D()) if and only if the prime ideal
p = m(P) N A doesn’t contain z, i.e. x doesn’t belong to the maximal
ideal m(P), and as x belongs to A C P and P is local this equivalent to
demand to 7! to belong to P, hence to demand to A, to be contained
in P.
By definition the map f4 induces a bijection of the subset V(A) into
SpecA and we have to show that fa identify the topology in V(A) in-
duced by the topology of L to the Zariski topology in SpecA. Any open
set in V(A) is a finite intersection of sets O(z) of the following type
O(z) = {P € V(A) /x € P}, for z a non zero element of the fraction
field of A, and it is enough that the set fa (O(:c)) is open in SpecA. In
fact we see that this set is the complementary in SpecA of the closed
subset V/(Z) where T is the ideal Z = (A : z) = {c € A/cx € A}. An
element x of the fraction field of A belongs to the local ring A, if and
only if we have z = a/b with a € A and b € A>~p, i.e. if and only if
there exists b with b € Z and b ¢ p.

Remark 2.6. If M is a model of the field K, i.e. if M is an algebraic

variety over k with function field K, then we can associate to any point
x of M the local ring Oz, in L. By the preceding proposition, the map
f defined by f(x) = On,p is @ homeomorphism of M, with the Zariski
topology, into a subset of L.
In the same way, if we associate to any valuation v of the Riemann
variety S = S(K/k) the valuation ring V = V,,, we see that S is a subset
of L. And by definition we see that the topology in L induces the Zariski
topology in S.

Let A be an integral k-algebra, finitely generated over k& and with
fraction field K, then the set of valuations v of the Riemann variety
S(K/k) which have a non empty center on the affine scheme X = SpecA
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is equal to the open set E(A). We can define a map g4 of E(A) to X
by ga(v) = x where & = p is the center of v on X, and as the center p
is by definition equal to ANm(V), where m(V) is the maximal ideal of
the valuation ring V', this map is the restriction of the map f4, hence is
continuous. More generaly, we have the following result.

Proposition 2.9. Let X be an algebraic variety over k with function
field K. The set of valuations v of K/k which have a non empty center
on X is an open set U(X) of the Riemann variety S(K/k) and the map
gx which associate to any valuation v of U(X) its center x, on X is
continuous. Moreover, the variety X is complete if and only if the open
set U(X) is equal to the whole Riemann variety, and we get a continuous
map gx: S(K/k) — X.

Proof. We deduce from the proposition 2.1 that the center of a

valuation v of K/k on X is well defined, and from the theorem 2.2 that
all the valuations v of K/k have a center on X if and only if the variety
X is complete over k.
We can write the algebraic variety X as the union of a finite number of
affine open sets X = U?zl X, where X; = SpecA; and A; is a finitely
generated k-algebra with fraction field K. Then the subset U(X) of
the valuations v in S(K/k) which have a center on the variety X is the
union of the open subsets E(A;), hence U(X) is open in S(K/k). The
restriction of the map gx on each subset E(Ai) is the continuous map
fa;, hence the map gx is also continuous of U(X) to X.

Let X and X’ be two algebraic varieties over k, with the same

function field K, and let h: X’ — X be a birational morphism of X’
to X. Let v be a valuation of K/k belonging to the open set U(X’),
then there exits a birational morphism f’ of T' = SpecV to X', where V
is the valuation ring associated to v, and the image £’ of the closed point
t of T is the center of v on X’. Then the composite morphism f = ho f’
is a birational morphism of T' = SpecV to X, hence the valuation v has
also a center on X, i.e. the valuation v belongs to the open set U(X),
and this center £ = f(t) is equal to the image h(£’) of the center of v on
X',
We can also notice that for any point 2’ of X', its image = = h(a’) is
the point of X such that the local ring Ox , is dominated by the local
ring Ox/ 4. Then if £ is the center of the valuation v on X', we have
the local ring Ox/ ¢ which is dominated by V', and since the relation of
domination is transitive, the local ring Ox ¢ is dominated by V', where
&= h(g), ie. £is the center of v on X.

We have shown that the open set U(X’) is contained in the open set
U(X) and that the restriction of the map gx to U(X") is equal to hogx-.
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Moreover, if the morphism h: X’ — X is proper, for any valuation v
of K/k having a center £ on X, we can apply the valuative criterion of
properness to the following commutative diagram:

U = Spec K J.ox

| |

T = SpecV J0x

where the morphism f: T'— X is defined by the existence of the center

of the valuation on X. Then we deduce the existence of a morphism

/' V — X' and the image &’ of the closed point ¢ of T is the center of

the valuation v on X’ and h(¢') is equal to . Hence, if the birational

morphism h: X’ — X is proper, any valuation v having a center on X

has also a center on X', i.e. the open sets U(X) and U(X’) are equal.
We have proven the following result.

Proposition 2.10. Let X and X' be two algebraic varieties over
a field k, with the same function field K. If there exists a birational
morphism h: X' — X, then we have the inclusion U(X') C U(X) in
the Riemann variety S(K/k).
Moreover, the morphism h: X' — X 1is proper if and only if we have
equality U(X') = U(X).

Let X be an algebraic variety over k, with function field K, and
let U = U(X) the open subset of the Riemann variety S = S(K/k)
of the valuations v having a center on X. For any algebraic variety Y
such that there exists a proper birational morphism hy:Y — X, the
open subset U(Y") of S is equal to U and the continuous map gy : U —
Y satisfies gx = hy ogy. Let Y and Y’ be two algebraic varieties
with proper birational morphisms hy:Y — X and hy : Y/ — X,
we denote Y < Y7 if there exists a morphism hyy of Y’ to Y such
that hys = hy o hys y, in that case the morphism hy y is also proper
birational. We call D the inverse system of the (Y, hy) with the relation
< and we may define the projective limit

X =limY.
Jm
D

This projective limit is the subset of the product space [[,Y of the
elements T = (acy) such that hy y (l‘y/) = zy for any couple (Y,Y”)
with Y < Y’. We introduce in X the topology induced by the product
topology on [[5 Y, and the natural maps ty: X — Y are continuous.

Theorem 2.11. ([Za-Sa], Chap.VI, §17, Theorem 41, page 122.)
There exists a natural homeomorphism g: U — X of the open subset
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U =U(X) of the Riemann variety S(K/k) to the projective limit X =
Jim Y. Hence the Riemann variety S(K/k) may be identified with the
projective limit of the inverse system C of the complete algebraic varieties
Z over k, with function field K: S :lz'(_mc Z.

Remark 2.7. The algebraic varieties Y of the inverse system D are

models of the function field K, and if we have two algebraic varieties Y
and Y in D with Y < Y’, we say that Y’ dominates Y. To calculate the
projective limit X = (li_mD Y of the inverse system D, we can consider a
cofinal subset D’ of D, i.e. a subfamily D’ of D such that for any Y in
D there exists an element Z in D’ with Y < Z.
The algebraic varieties of the system C are the complete models of K,
and the Chow lemma says that the inverse system of projective models
‘P is cofinal in the inverse system of complete models, hence we have
also the equality S(K/k) = (li_mp P.

Remark 2.8. The complete algebraic varieties are quasi-compact
topological spaces, hence we could deduce the quasi-compacity of the
Riemann variety as projective limit of quasi-compact spaces, but to
prove the theorem 2.11 we use the quasi-compacity of S(K/k).

Proof. For every couple (Y,Y”) of the inverse system D with Y < Y|
the maps gy: U — Y and gy : U — Y’ are continuous and satisfy
gy = hy’y o gy. Hence we obtain a continuous map g of the open
subset U of S in the projective limit X, such that ¢ty o g = gy on U.
We shall show that this map g: U — X is onto. Let £ = (zy ) be a point
in X and let Ry the local ring of the point xy = ty(Z), Ry = Oy s, -
Since for Y < Y’ the local ring Ry is dominated by Ry, the ring
R = Uycp Ry is a local ring, contained in K, with maximal ideal
maz(R) = Uy cp maz(Ry). There exists a valuation ring V', associated
to a valuation v of K/k, which dominates the local ring R. For all the
Y in D the valuation ring dominates also the local rings Ry = Oy,
then the center of the valuation v on Y is zy, i.e. v belongs to the open
subset U and its image by g, is zy, hence the image of v by the map g
is the point Z.

To show that the map g: U — X is injective, we shall show that for
any point = (zy) of &, the local ring R = [y ¢p Ry defined by
Ry = Oy,4y, is a valuation ring of K. Let w be an element of K, and
we have to show that either w, either w™! belongs to the ring R. We can
write w = u/v with v and v in R, and there exist Y and Y in D such
that v € Rys and v € Ry, and since there exists Y in D with Y/ <Y
and Y” <Y, we may assume that u and v belong to the same local ring
Ry . Let 7 be a sheaf of ideals on the variety Y such that Zy ,, is equal



Valuations and local uniformization 35

to the ideal (u,v) of the local ring Ry = Oy, and let r: Z — Y be
the blowing up of center Z in Y. Then Z belongs to the inverse system
D and let xz be the point in Z with xz = tz(z). By definition the
ideal ZR  is principal, i.e. is generated by one of the elements u or v.
If ZRy is generated by u, then w™! = v/u belongs to Rz anf if TRy
is generated by v, w = u/v belongs to Rz, hence we deduces that w or
w™! belongs to R.

We have to prove that the map g: U — X is closed. We deduce from
the proposition 2.8 that the maps gy : U — Y are closed, then the map
g: U — X is also closed because for any closed subset F' of U we have

g(F)=4&n (HYEDQY(F))'

Proposition 2.12. A waluation v of K/k is a closed point of the
Riemann variety S(K/k) if and only if the residue field k of v is an
algebraic extension of k, i.e. if and only if the valuation v is zero-
dimensional.

Proof. The valuation v is a closed point of S(K/k) if and only if
m is reduced to one point, hence from the theorem 2.6, if and only if
the Riemann variety S(x/k) of the valuations of the residue field x of
v which are trivial on k, contains one element, and we deduce from the
remark 2.4 that this is equivalent to demand to s to be an algebraic
extension of the field k. By definition of the dimension of a valuation v
of K/k, this also equivalent to say that the dimension of v is zero.

§3. Uniformization and resolution of singularities

3.1. The general problem

Let X be a scheme, a point = of X is said non-singular, or simple, if
the local ring Ox ; is a regular ring. If we assume that X is an excellent
scheme, for instance if X is a scheme of finite type over a field K, and
if X is reduced, the set of all the non-singular points of X is a dense
open subset X, of X. We say that the scheme X is non-singular if
all the points x of X are non-singular, i.e. if X = X,..,. Hence all the
connected components of X are irreducible. By definition a resolution
of singularities of a reduced scheme X is a proper birational morphism
7m: X — X of a non-singular scheme X onto X, which induces an
isomorphism over the non-singular open subset X,., of X. We may
also demand more conditions on the morphism 7, for instance that the
exceptional locus, i.e. the closed subset F in X where 7 is not an
isomorphism, £ = X \7T_1(X.,-eg), is a normal crossings divisor in X,
or that 7 is a composition of blowups in regular centers.

If we assume that X is an algebraic variety over a field k, any resolution
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of singularities : X — X of X will give a non-singular model X of
the function field K = F(X) of X, i.e. a non-singular algebraic variety
X over k with function field F(X) equal to K. Moreover, if the variety
X is complete, the variety X is also complete because the morphism m
is proper, then we get a complete non-singular model X of the function
field K. Then we may also define a problem, which is weaker than the
resolution of singularities, by the following:

let K be a function field over a field k, then does there exist a
complete non-singular model Y of K?

The stategy of Zariski to solve the problem of the resolution of sin-

gularities of an algebraic variety X over a field k, with function field
F(X) = K, is to study all the valuations of K/k, which belong to the
open subset U(X) of the Riemann variety S(K/k), and to try to find
for each valuation v of U(X) a model Y of K such that the center £ of
v on Y is a non-singular point, i.e. such that the local ring Oy is a
regular ring. This is this problem we call the local uniformization of a
valuation v.
We may notice that there are also two ways to define the problem of the
uniformization, one we call the abstract form, or the invariantive form in
Zariski’s terminology, and one we call the strong form, or the projective
form in Zariski’s terminology ([Za 2]).

Uniformization problem in the abstract form. Let K be a
function field over a field k and let v be a valuation of K/k, then does
there exist a complete model V' of K over k on wich the center & of the
valuation v is a non-singular point?

Uniformization problem in the strong form. Let X be an alge-
braic variety over a field k, with function field K, and let v be a valuation
of K/k which belongs to the open subset U(X) of the Riemann variety

S(K/k), then does there exist a proper birational morphism : X —X
of an algebraic variety X onto X, such that the centerf of the valuation
v on X is a non-singular point?

Remark 3.1. Zariski gives a different definition of the uniformization
problem in the strong form. He considers a model X of the field K and
a valuation v of K/k with center £ on X and he wants to find a new
model X of K such that the center f of v on X is a non-singular point
and such that the local ring Ox ¢ is contained in the local ring OX,&'
Since the two local rings Ox ¢ and O % ¢ are dominated by the valuation
ring V" associated to the valuation v, we have Ox ¢ contained in O ¢ if
and only if Ox ¢ is dominated by (9)275. Hence if there exists a proper

birational morphism 7: X — X the local ring O x,¢ is contained in the
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local ring O ¢ ¢» and conversely if the local ring Ox ¢ is contained in the
local ring O ¢ & there exists locally in a neighbourhood of §~ a birational
morphism 7 of X to X with m(£) = &.

To see how the uniformization problem is a step to get the resolution
of singularities, we need the following result.

Proposition 3.1. (cf. [Za 2], Chap.II, §5, , page 855.) Let X be
an algebraic variety over a field k, with function field K, then the set of
valuations v of K/k wich have a center & on X which is a non-singular
point of X is an open subset of the Riemann variety S(K/k).

Proof. The set V of valuations v of K/k wich have a non-singular
center £ on X is a subset of the open subset U = U(X) of valuation
which have a center on X, and to prove that V is open we have to show
that V is stable under generalization, i.e. that for any valuation v in V'
and for any valuation p in U with v € m, we have p which belongs to
V. If £ and ( are the centers on X respectively of the valuations v and
u, then ( is again a generalization of &, because the map gx: U — X
is continuous. Since the subset of non-singular points of an algebraic
variety is an open subset, we see that if v has a non-singular center £ on
X, then p has also a non-singular center ¢ on X.

Corollary. The uniformization theorem for zero-dimensional valu-
ations implies the uniformization theorem for all the valuations of K/k.

Proof. By the proposition it is enough to show that for any valuation
1 of K/k, there exists a zero-dimensional valuation v such that v € {u}.
If the valuation p is of dimension d > 0, then by definition deg.tr.x/k is
positive and there exists a zero-dimensional valuation 7 of x/k. Hence
the composite valuation v = pow is a zero-dimensional valuation of K/k
which belongs to {u}.

However, to prove the uniformization theorem we do not prove the
result for zero-dimensional valuations and then use the corollary to get
the result for all the valuations of K/k, i.e. we don’t uniformize a zero-
dimensional valuation v = pov to get the uniformization of the valuation
. We do the converse, we first uniformize the valuation y and we then
use this result to get the uniformization theorem for the valuations v
which are composite with pu. The reason for this is that we get the
proof by induction on the rank of the valuations and we have seen that
for v = p o 7 we have rank(v) = rank(u)+ rank(#) by proposition 1.10
([Za 2], Chap.III, §7, , page 857).
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We may enonce the local version of the uniformization theorem in
the strong form in the following way. Let R be an integral finitely gen-
erated k-algebra, R = k[x1,22,...,2,] and let v be a valuation of K,
where K is the fraction field of R, K = Fr(R), with v(z) > 0 for all
the elements = in R, i.e. we assume that the valuation v has a center
on R. We denote V the valuation ring associated to v, m its maxi-
mal ideal and p = R N m the center of ¥ on R. Then there exists a
finitely generated k-algebra S, with fraction field Fr(S) = K, i.e. we
have S = Rluq,ua,...,u] with u; € K for ¢ = 1,2,...t, such that the
center ¢ = S Nm of v on § is regular, i.e, such that the local ring S,
is regular, and such that the local ring R, is contained in the local ring
Sg. Since the local rings R, and S; are dominated by the valuation ring
V', we have also R, dominated by S, and the inclusion R, C S; induces
a birational correspondence 7: SpecS --+ SpecR which is defined in a
neighbourhood of q and with n(q) = p. We may replace the ring S by
S* = Slvy,va,...,vs] in such a way that the ring S* is a regular ring
and R is contained in S*. This ring S* corresponds to a non-singular
affine open subvariety U = SpecS™* of the affine variety SpecS, which
contains the non-singular point ¢, a such subvariety U exists because the
set of non-singular points of SpecS is open. Then we get a birational
morphism 7*: SpecS* — SpecR with SpecS™* a non-singular affine al-
gebraic variety and such that the valuation v has a center on SpecS™.
Let d be the dimension of the ring R, then d is equal to the transcendence
degree of the fraction field K over k. We can find d elements &1, &2, ...,&;
of K algebraically independent over k, and the field K is an algebraic
extension of k(&1,&2,...,£4). Let X be the affine algebraic variety asso-
ciated to the k-algebra R. If we write R = k[X1, Xo, ..., X,|/1I, where
X1, Xs, ..., X, are algebraically independent over k, then X is the closed
subvariety of the n-dimensional affine space A} defined by the ideal I
of the polynomial ring k[X1, Xo, ..., X,]. We say that the k-algebra R
is an hypersurface ring if we may write R = k[z1,za, ..., x441] with d =
dimR, i.e. if the affine variety X associated to R is an hypersurface in
the affine space AZH. In that case the ideal I is generated by only one
element, I = (f).

Proposition 3.2. (cf. [Za 2], Chap.IV, §9, , page 858.) Let k be a
field of characteristic zero and let K be a function field over k. If the
uniformization problem is resolved for all the k-algebras R with fraction

field K which are hypersurface rings, then it is resolved for any k-algebra
with fraction field K.

Proof. Let R = k[x1,x2,...,2,] be an integral k-algebra with frac-
tion field K and let v be a valuation of K/k with valuation ring V', we
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assume that v is non negative on R, ie. R C V and let p = RNm
be the center of ¥ on R. By the Emmy Noether normalization theorem
there exists d elements y1, ya, . . . Y4, with d = dimR = tr.deg.K/k, such
that R is integral over the k-algebra k[y1,ye, ..., yq]. Then K is a finite
extension of L = k(y1,y2,...,y4), and since the characteristic of k is
zero, there exists z in K with K = L(z) and we may assume z € R. Let
R* be the k-algebra R* = kly1,y2,...,Yd, 2], then R* satisfies R* C R,
Fr(R*) = Fr(R) = K and R is integral over R*. Moreover, by construc-
tion R* is an hypersurface ring. Let p* be the center of the valuation v
on R*, p* = R*Nm, and by hypothesis there exists an uniformization of
v over R*, i.e. a k-algebra S with R* C S, Fr(S) = Fr(R*) = K, and
such that the center ¢ = .S Nm of v on S is non-singular. Since the ring
Sy is regular, Sy is integrally closed in its fraction field K, then we get
also R, C Sy and S is a uniformization of v over R.

The most important result on the uniformization problem is the
theorem of Zariski for algebraic varieties over a field of characteristic
zero. For varieties over a field of positive characteristic, we have the
theorem for the dimensions d < 3, and there are also results for some
special valuations ([Kn-Ku]).

Uniformization theorem. ([Za 2]) Let X be an algebraic variety
over an arbitrary ground field k of characteristic zero, with function field
K, and let v be a valuation of K /k which belongs to the open subset U(X)
of the Riemann variety S(K/k), then there exists a proper birational
morphism 7: X — X of an algebraic variety X onto X, such that the
center & of the valuation v on X is a non-singular point.

Now, if we assume that we have the uniformization theorem we
shall see that the resolution is a consequence of a gluing problem of
a finite number of local uniformizations. More precisely, let X be a
complete algebraic variety over a field k, with function field K, and we
assume that for any valuation v of K/k, there exists a proper birational
morphism 7(v): X(v) — X such that the center £(v) of v on X (v)
is a non-singular point. By the proposition 3.1, there exists an open
subset V(v) of the Riemann variety S(K/k), such that the center of
any valuation p in V(v) is also a non-singular point of X (v). By the
quasi-compacity of the Riemann variety (theorem 2.7), there exists a
finite number of valuations vi,vs,...,1; of K/k such that the family
V(11),V(va),..., V() is a covering of the Riemann variety S(K/k). We
have obtained a finite family of proper birational morphisms 7;: X; —
X,i=1,2,...,t, such that for any valuation v of K/k there exists i
such that v has a non-singular center on X;. Hence, the problem of the
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resolution of singularities is reduced to the following gluing problem.

Let X be an algebraic variety, and let 7 : X}- — X and ms: Xg — X
be two proper birational morphisms. Then, does there exist a variety Y
and two proper birational morphisms p;: Y — X1 and p2: Y — X,
with 71 0 p1 = T30 p2, and such that the open subset Y,..4 of non-singular

points of Y satisfies p; ! (Xlreg) U po~t (Xgreg) C Yeq-

The Zariski proof of resolution of singularities of surfaces over an
algebraically closed field k of characteristic zero is the first algebraic or
arithmetic proof. He used the uniformization theorem and the theory
of integrally closed ideals to show that we can obtain the resolution of
singularities by a finite sequence of normal blowing ups ([Za 1]. Zariski
give a new proof of the resolution of singularities for surfaces and later
a proof of resolution of singularities for three dimensional varieties over
an arbritary ground field of characteristic zero by using the method of
the uniformization of valuations and by showing that it is possible to
solve the gluing problem ([Za 3|, [Za 4]).

3.2. The case of algebraic surfaces

In this section, we give an idea of the Zariski proof of the uniformiza-
tion theorem for surfaces over an algebraically closed field of character-
istic zero ([Za 1]).

Let k be an algebraically closed field of characteristic zero, let K
be a function field over k with transcendence degree d = 2. First of all
we shall study all the valuations v of K which are trivial on the ground
field k. Let v be a non trivial valuation of K/k, we recall that we have
the inequalities (remark 1.14):

rank(v) + dim(rv) < ratrank(v) + dim(v) < tr.deg.K/k =2,

where the dimension of the valuation is the transcendence degree of the
residue field x of v over the ground field k. Since the valuation v is non
trivial its rank is positive, then we have the four following possibilities:

i) rank(v) =1 = ratorank(v) = 1 and dim(v) = 1.
i) rank(r) =1 = ratrank(v) = 1 and dim(v) = 0;
iti) rank(v) =1 < ratrank(v) = 2 and dim(v) = 0;
iw) rank(v) =2 = ratrank(r) = 2 and dim(v) = 0;

We are going to give a description of the valuation v in the four
cases.

Remark 3.2. Since K is finitely generated over the ground field k,
we deduce from the corollary of the theorem 1.20 that in the cases 7),
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i4i) and v) the value group I' of the valuation v is finitely generated
over Z and the residue field k is finitely generated over k, and moreover
in the cases i) and iv) the value group T is discrete, i.e. is isomorphic
to (Z,+) or to (Z2, +)iex-

Moreover since we have assumed that the field k is algebraically closed,
in the cases i), iii) and v) the residue field &, which is algebraic over
k, is equal to k.

1) rank(v) = rat.rank(v) = 1, dim(v) =1

The valuation v is a prime divisor of the function field K (cf example
5). If X is a model of the field K such that the valuation v has a center
& on X, the dimension of the center Z = @ is either zero, i.e. £ is a
closed point of X, either a curve, which we may call an algebraic arc on
X.
Let U = SpecR be an affine open neighbourhood of ¢ in X, then R is
contained in the valuation ring V' associated to v, and let p the center
of v in R, i.e. the prime ideal of R corresponding to £. There exists an
affine normal model Y = SpecS of K, i.e. S is a finitely generated k-
algebra, integrally closed in its fraction field K, and there exists a prime
ideal g of S with height one, such that R C S and Sq; = V. Hence the
valuation v is the g-adic valuation, and we may write v(f) = orderq(f)
for any element f in S.
The residue field k of the valuation v is a function field of transcendence
degree one over the ground field k. Let C' be the center of the valuation
v on SpecS, i.e. let C' be the affine algebraic curve defined by the prime
ideal g, then the residue field of the valuation is the function field of C"
k= F(C).
i1) rank(v) = rat.rank(v) = 1, dim(v) =0

We consider first the case where the valuation v is discrete, i.e. that
its value group I' is isomorphic to Z, and we may assume I' = Z. Let u
be an element of the field K such that v(u) = 1. Then for any element
x in K, x # 0, we have v(z) = ng with ng € Z, hence v(xz/u™) = 0.
Since the residue field k of the valuation v is equal to k, there exists a
uniquely determined element ¢y of k such that a/u™ and ¢y have the
same image in &, i.e. such that v(z/u™ —cg) > 0. Hence we may define
z1 in K such that:

x = cou™ + x1, with v(z1) =n1 >ng .

By induction we may construct uniquely determined sequences (¢;) in
k, (n;) in Z and z; in K by:

x = cou™ +cru™ +eou™ 4.+ ui Tt +x; with v(x) =ng >
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Let £(x) = ) 5 ciu™ be the power series expension for x, hence the
map x — &(x) defines an injective morphism of K to the field k((u)) of
integral power series of u with coefficients in k. The restriction to K of
the u-adic valuation of k((u)), i.e. the valuation by the order in u, is the
valuation v.

If we choose any model X of K such that the valuation v has a center on
X, for instance if we choose a complete model of K, then the center of
the valuation is a closed point p of X because the dimension of the center
is always non greater than the dimension of the valuation. In a neigh-

bourhood of the center p, we may choose coordinates (x1,xa,...,Zy),
i.e. we choose an affine neighbourhood U = Spec k[z1, 2, . .., Ty, with
v(z;) > 0fori=1,2,...,n, and we may write the power series expen-

sions for these coordinates:
x; = cou" + e u" Fegu™ 40 1<i<n .

These expensions represent an analytic arc on U which is not algebraic,
i.e. which is not supported by an algebraic curve in U.

We consider now the case where the value group I is not discrete, by
hypothesis we may assume Z C I' C Q. There exists a family of prime
numbers P = {p;}, which may be finite or infinite, and for any prime
number p; in P a number n;, 1 < n; < oo such that the value group I'
consists of all the rational numbers whose denominators are of the form
pitpe?ps® ... with 0 < a; < n,; for any 7.

Since I' is non discrete, the denominators of the elements of I' are not
bounded, hence if all the numbers n; are finite, the family P must be
infinite.

ii1) rank(v) = 1, rat.rank(v) = 2, dim(v) =0

Since the field K is finitely generated over k, we deduce from the
corollary of the theorem 1.20 that the value group I’ is finitely generated
subgroup of R with dimg(I' ®z Q) = 2. Then the group I' is generated
by two elements linearly independent over Q and we may assume I' =
7 & BZ, with 8 € R~Q and 8 > 0.

Let « and y be elements of K with v(z) = 1 and v(y) = (3, then z,y
are algebraically independent over k and K is a finite extension of the
field K* = k(z,y). We denote R* the polynomial ring R* = k[z,y]
and v* the restriction of the valuation v to K*, since 8 ¢ Q the value
v (xiy?) =i+ jB is equal to v*(z' yi') = i’ + j/F if and only if (i,j) =
(¢,7"), then the valuation v* is defined on the polynomial ring R* by
the following: for any polynomial f = ZZ j a;jz'y’ in R*, we have

v*(f) =min{i+ jB / a;; #0}.
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The valuation v* on K* is obtained by putting formally y = 27, i.e. we
may define an injective morphism of K* in the field k((z')) of power
series of x with exponents in the group I' (cf example ), and the valuation
v* is the restriction of the natural valuation y defined on k((x")) to the
field K*. The equation y = 2” represents formally an arc on the affine
plane A2 = SpecR*, which we call a transcendental branch on A%.
iv) rank(v) = rat.rank(v) = 2, dim(v) =0

The valuation v is composite of prime divisors: v = v/ o i, the
valuation v/ is a prime divisor of K and the valuation 7 is a prime divisor
of the residue field &’ of v/, which a function field of transcendence degree
one over k (cf example 6).
For the valuation v/ we are in the case i), and we can consider an affine
normal model Y = SpecS, with S integrally closed in its fraction field
K and such that the center q of v/ in S is a height one prime ideal.
Then the residue field ' is equal to the function field of the algebraic
curve C and the valuation 7 is a valuation of F(C) whose center & is
also the center of the valuation v. The local ring Sy is the valuation
ring associated to the discrete valuation v’ of rank one, and let u be a
generator of its maximal ideal q5;. Then we can write the composite
valuation ¥ = v/ o ¥ in the following form:

V(f) = (Vl(f)vp(f)) = (Orderq(f)vfj(f))a

where we denote f the image of fu_”/(f ) in the residue field x/'.
Moreover, if the center £ of the valuation v is a regular point of the curve
C, the local ring O¢ ¢ is the discrete rank one valuation ring associated
to v and we can write

7(f) = ordern(f) ,
where m is the maximal ideal of O¢¢.

Uniformization

We shall give an idea of Zariski’s proof of the uniformization theorem
in the abstract form for a valuation of rank one and of rational rank two,
i.e. in the case iii), the proof in the other cases are simpler, cases i) and
iv), ore are quite similar, case i) ([Za 1]).

Let I be the value group of the valuation v, we may write I' = Z®717Z,
with 7 € R>~Q and 7 > 0, and we choose two elements x and y in the
function field K such that v(z) = 1 and v(y) = 7. Then the elements x
and y are algebraically independent over k£ and since the characteristic
of k is zero, there exists a primitive element z for the algebraic extension
K/k(z,y), i.e. K =k(x,y,z), and we choose z with v(z) positive.
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Hence we consider the affine model M = SpecR of the function field K
where R is an hypersurface ring R = k[, y, 2], i.e. M is a surface defined
in the affine space A3 = Speck[X,Y, Z] by a polynomial f(X,Y,Z2) =
> a5 XY Z" which satisfies the equality:

(1) f(x7y7z) = Zans,txryszt == 0 .

Since we have v(x), v(y) and v(z) positive, the center £ of the valuation v
is the point £ = (0,0, 0), then ag 0 = 0. Moreover, since f(z,y,z) =0
there must exist at least two monomials a, s 2"y*z" in f(x,y,z) for
which the minimal value v (2"y®z") is reached. If 2" y*1 2"t and z™2y"2 2"
are two distinct terms of f which have the same value, then we have
t1 # to. In fact if t1 = ta, we get v(z™y*?) = v(z™y"2), then r1 + 517 =
ro + so7 and since 7 ¢ Q this implies r1 = ro and $1 = sa.

We may write the polynomial f in the form:

d D
(2) f(xayaz) = Zari,si,tixrinizti + Z arj,sj,tjzrjysjztj )
=1 j=d+1

such that the monomials 2" y% 2%, 1 < i < d, have the same value
v(x"iysizt) = v and such that the monomials 2™ y% 2% d+1 < j < D,
have a value v(2™y% z%) > 7, and we may assume t; < ta,... < tq. If
v(z) = u+ o7, with w and v in Z, and if vy = M + N7, with M and N
in Z, we get the equalities:

(3) M=ri+uti =ro+uts=...=rq+uty,
(4) N =351 +0t1 =83+ vly=...=8qg+vtg,

and for any 7 > d we have:
(5) (rj +ut;) + (s; +vtj)r > M+ N7

We may assume that f(0,0, z) is not identically zero, i.e. that the z-axis
Z does not lie on the model M C A%; it is enough if necessary to replace
z by z + 'z + 'y for sufficiently general ¢’ and ¢” in k. We may write
7(0,0,2) = Zthm ao,0,¢2", with ago,m # 0, i.e. £ =(0,0,0) is an m-fold
point of the zero-dimensional subvariety Z N M. If £ is a regular point
of ZN M, then ¢ is also a regular point of the variety M, i.e. the center
of the valuation v on the model M is a non-singular point. Hence we
may assume that £ is a singular point of Z N M, which is equivalent
to m > 1, and the polynomial f(z,y,z) contains the term az™ with
a = ap,0.m € k*. Moreover, since we have v(z™) > v = v(z"y%2'), we
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must have
(6) tg < m.
We consider the expansion of 7 in continued fraction:

T = h1+
h

N 1
2 hs+ ...

We denote (f;/g;) the sequence of convergent fractions of 7:

) 1
fi _ hi + , with  (fi,90) =1,
9i 1
ha +

1
-+

i
and moreover for all 7 > 2 we have:
fic19i — figi-n = (=)' and (-1)""'(7— fi/g:) > 0.

Since we have lim,_.o fy/9; = 7 and since we have a finite number

of terms z"iy% 2% with v(z"y%i2%) > ~, we can find an integer p,

sufficiently high, such that for any ¢ > p — 1, we have also the inequality
fq fq

(7) (rj—l—utj)—l—(sj—i—vtj)— > M+ N=—= |
Y9q 9q

for all these terms 2™7y%i 2%, d+1 < j < D.

We want to construct a new ring Ry = k[z1,y1,21], with R C Ry C

K, or in other words we want to construct a birational morphism M; —

M, such that the situation is better in some sense for the singularity of

the center & of v on M;. We pass from the elements z, y, z to the

new elements x1, y1, z1 of the function field K, by doing the following

Cremona transformation:

®) @ o= alrylt oy = a2 = 2yt o),

where ¢ is the element of k* determined as follows: since v(z) = u +
v = v(a¥y), and since the residue field of the valuation v is equal
to the ground field k, there exists a unique element ¢ in k* such that
v(z — cx"y?) > v(z). Hence we have

(9) v(z) = 1/( : fc) > 0.

xuyv
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If we denote e = (—1)P~1, we deduce from the equality fp—19p— fpgp—1 =
¢ and from the inequalities e(—7+ fp—1/gp—1) > 0 and (7 — f,/gp) > 0,
that we have:

fo-1\ ¢ gr \ ©
x Y
(10) r = <ygp1) and y1 = (pr> )
whence:

(11)
v(ry) = sgp1<§p1 7'> >0 and v(y1) = sgp<7&) > 0.

p—1 9p

Then the center of the valuation v on R; is the maximal ideal (21, y1, 21),
i.e. the center of v on the model My = SpecR; is the point & = (0,0, 0).

The ring R; is again an hypersurface ring, i.e. R; is isomorphic to
the quotient ring k[ X1, Y1, Z1]/(f1) where f; is the polynomial defined as
follows. Every monomial z"y*z? is transformed by the Cremona transfor-
mation into the polynomial 7} y5 (21 +¢) with 7/ = (r+tu)g,+(s+tv)f,
and s’ = (r+tu)gp—1+(s+tv) fp—1. Hence, we deduce from the equalities
(3) and (4) and from the inequality (7) that all the terms of f are divis-
: : Mgp+Nfp Mgp—1+Nfp—1 3 3
ible by the monomial z; Y1 , and that this monomial
is the biggest factor of all the terms. We may write:

(12)  fle,y,2) = ay TNy Mot NIt g gy )

with f; irreducible.

More precisely we notice that all the terms x"y*z" of f with minimal
value have exactly xiwg"+Nf”yiwgp’l+pr’l as factor, and that the other
terms acquire a factor #7 y5 with r/ > Mg, + Nf, and s’ > Mg,_1 +
N fp—1. Then we deduce from (2) that the polynomial fi(x1,y1,21) has
the form:

t

(13)
d

fil@,y,z) = (o)t (Z ry 5., (21 +C)“‘“) + z1y1g(w1,y1,21) -
i=1

We put a,, s,+, = a; fori =1,2,...,d and we notice h(u) the polynomial

ta—t1

defined by h(u) = a1 + agu’>~" + ... + aqule~" = 3710,

we have

h;u?, hence

fi(zi,y1,21) = (21 + C)tlh(zl +¢) + z1y19(21, Y1, 21) -

Since the center &; of the valuation on M; is the point (0,0, 0) of A3, we
have (0,0,0) € My, i.e. we must have f1(0,0,0) = 0, and since ¢ # 0,
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u = ¢ is a root of the polynomial h(u). If ¢ is an mq-fold root of h(u),
i.e. if we have h(u) = (u — ¢)™ h'(u) with h'(c) # 0, then &; is also a
mq-root of Z3 N My, where Z; is the zj-axis. Since degh(u) = tq — t;
and from the inequality (6) we deduce:

(14) mi Stdftl §m

To prove the theorem of uniformization, we have to show that with
this process, we can get a point £; which is better than the point £. If we
have m; < my = m, then we have succeeded, we can make an induction
on m; and for my = 1 we have a non-singular point.

We assume that we have m; = m, then from (14) we deduce that we
have:

t1 =0, t¢d = m and h(u) = aglu—0c)™ .

Then the sum of the terms of minimal value of f(x,y, z) is equal to:
d
Zaixrinizti — my9p+pryi\49p—1+pr71zrlm
i=1

= hox"y 4+ hiatryizt + .+ hpatmytm ™ |

with h; # 0 and v(2%y%27) = 4 for all j, and we may deduce v(z) =
bm_l + Cp—1T.

Then we have the following result: if by the transformation (8) the
multiplicity m does not decrease, the value v(z) is of the form v(z) =
u + v7 with u,v > 0.

We assume that we have choosen the element z with v(z) = u+ v,
with w,v > 0. Since the residue field of the valuation v is equal to the
ground field &, there exists a unique ¢ € k* such that v(z—ca“y") > v(z).
Let

A= ety v > ()
My 2 = flay.caty’ +2Y) = fla.y,2).

We have found a new presentation of the model M as closed subvariety
of A3, now defined by the polynomial f (1. The center ¢ of the valuation
v on M belongs to the zM-axis Z[!, and the multiplicity of £ on ZIHNM
is also equal to m, i.e. 2l = 0 is also a m-fold root of f[1(0,0, z11) = 0.
We can apply a Cremona transformation such as (8), and we get a new
model M; with a center & of “multiplicity” my. If we have m; < m,
then we have got a better variety.

We assume that we have again the equality m; = m, then we deduce
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from the previous result that the value of z[1] is also of the form
1/(2[1]) = uy +wvi7, withuy,vy >0.

Then we put again

A2 2 0 gy

where the constant ¢; € k* is choosen such that v(z[) > v(z2[1), and
we make the same construction as before.

Hence we may assume that we have found by induction a sequence
(z[1), 0 < i < p, of elements of K, with z[% = 2z, such that

(15) 20U = 20 —cgmigve and w0 > w0 = w +ur

BEach 2! defines a polynomial f[ (:U,y,z[i]) and an embedding of the
model M in A}, or equivalently, if we have fixed the first embedding
defined by f(z,y, 2), each element z[! defines a curve Cl7) on A3, ClI
corresponds to the z[1-axis on A%. The center £ of the valuation v on M
belongs to all the curves Cl and the multiplicity m = multe (C1 N M)
does not depend from i.

Such as (8), we can associate to each 21,0 < j < p—1a Cremona

transform Mlm — M, and the center Ey] of the valuation v on this

model Ml[i] satisfies
m[li] = multg[li] (CF] N Ml[z]) =m.

If for j = p we have an inequality, i.e. m[lp ) < m, then we consider

the new model M; = Ml[p | of K for which the situation is better.

If for j = p we have again an equality m[lp I = m, then we have shown

that we can find a new element 2P+ of K with z[P+1 = 2Pl — ¢ zuryve
and v(zlPH1]) > v (P,

Hence it is enough to show that it is impossible to find an infinite se-
quence (z[1) of elements of K which satisfies the property (15).

By definition, for any i, i > 0, we have

U (@, y, 2 = (g, ety 4 20

hence we deduce

o fliti] afl

0z[i+1] ozl -
Since in each polynomial fI7 the term in (z[i])m must be among the
minimum value terms, it follows that

(i
y(%) > (m—1)w(zl) > (M),
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hence we have for all i the inequality

(16) v(z) = u; 4 v < V(%) .

If we have an infinite sequence (z[i]), we find an infinite sequence ((uz, vl))
in N? such that the sequence of real numbers o; = u; 4+ v;7 is increasing,
but in that case the sequence (a;) is non bounded, which contradicts
the inequality (16).

In fact we have proven that the sequence is finite, i.e. there exists
a curve C' = CP! which is better than the other ones. In particular we
have shown that the Cremona transformation associated to this curve
C will give a new situation which is better than the initial one because
the multiplicity mq is srictly smaller than the multiplicity m. This is
the curve which corresponds to the mazimal contact.
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