THE VALUATIVE TREE

CHARLES FAVRE AND MATTIAS JONSSON

ABSTRACT. We describe the set V of all R U {co} valued valuations v on the
ring C[[z, y]] normalized by min{v(z),v(y)} = 1. We show it has a natural
structure of R-tree, induced by the order relation v1 < vy iff v1(¢) < v2(¢) for
all ¢. The space V can also be metrized, endowing it with a metric tree struc-
ture. We explain how to obtain these structures directly from the Riemann-
Zariski variety of CJ[[z,y]]. The tree structure on V also provides an identifi-
cation of valuations with balls of irreducible curves in a natural ultrametric.
Finally, we show that the dual graphs of all sequences of blow-ups patch to-
gether, yielding an R-tree naturally isomorphic to V.
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Introduction

In this paper we study valuations on the regular local complete ring R =
C|[z,y]] of formal power series in two variables. Our study is motivated by local,
two-dimensional, questions in dynamical systems and complex analysis and even
though the present work makes no explicit reference to any of these fields, some
of our findings bear their mark.

The earliest systematic study of valuations in two dimensions was done in the
fundamental work by Zariski [Z], who, among other things, identified the set Vg
of (not necessarily real valued) valuations on R, vanishing on C* and positive
on the maximal ideal m = (z,y), with sequences of infinitely nearby points.
The space Vi carries a natural topology (the Zariski topology) and is known as
the Riemann-Zariski variety. It is a non-Hausdorff quasi-compact space. The
obstruction for Vi being Hausdorff comes from the fact that certain valuations,
the divisorial ones, do not define closed points. Namely, their associated valuation
rings strictly contain other valuation rings. As a remedy to this, we may consider
only valuations whose valuation rings are maximal under inclusion. This produces
a new space V which is now Hausdorff and compact. We call it valuation space;
our aim is to describe its structure in detail.

We identify the elements of V with valuations v : R — Ry = [0, 00|, normalized
by v(m) = 1 (see Theorem 11.6). The quotient topology on V induced from Vi
is the topology of pointwise convergence: v,, — v iff v,(¢) — v(¢) for all ¢ € R.
We call it the weak topology. A strong topology can similarly be defined by
(normalized) uniform convergence. This topology is metrizable.

Our main result is that these two topologies endow )V with the structure of a
tree modeled on the real line. Thus we also refer to V as the valuative tree. We
distinguish between two different types of tree structures. A tree is a partially
ordered set having a unique minimal element (its root) in which segments are
isomorphic to real intervals. A metric tree is a metric space in which two points
are joined by a unique path isometric to a real interval (a metric tree is often
called R-tree in the literature.)

The non-metric tree structure arises as follows. For vq,19 € V, we say 11 < 15
when v1(¢) < v,(¢) for all ¢ € R. The valuation vy, sending ¢ to its multiplicity
m(¢) at the origin is then dominated by any other valuation. This natural order
defines a (non-metric) tree structure on V, rooted at vy (Theorem 7.1). An
interesting consequence of the tree structure is that any subset of valuations in
YV admits an infimum. Moreover, any tree carries a natural weak tree topology.
On V it coincides with the weak topology (Theorem 9.1).

As for the metric tree structure, any irreducible ¢ € m defines an irreducible
local formal curve as well as a curve valuation vy € V. A curve valuation is a
maximal element under < and the segment [vy,vy] is isomorphic, as a totally
ordered set, to the interval [1,00]. We construct a natural parameterization
[1,00] 3 o — Vg € [Vm,Vp) which is invariant in the following sense: if f :
R — R is a ring automorphism, then the induced map on V takes vy, to
Vf(¢),a- LThe number a is hence an invariant of a valuation called its skewness L

Lthe skewness is the inverse of the volume of a valuation as defined in [ELS] (see remark 8.5)
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It can be computed directly through the formula a(v) = supyv(¢)/m(¢). We
use skewness to define a metric on valuation space V, giving it the structure of
a metric tree (Theorem 8.8) and show that this tree metric induces the strong
topology (Theorem 10.1).

There are four kinds of points in the valuative tree V. The interior points are
valuations that become monomial (i.e. determined by their values on z and y)
after a finite sequence of blowups. We call them toroidal. They include all diviso-
rial valuations but also all irrational valuations such as the monomial valuation
defined by v(r) = 1, v(y) = v/2. The ends of V are curve valuations and infinitely
singular valuations, which are valuations with infinite multiplicity.

In going from Vg to V we discarded certain valuations, namely the ones with
nonmaximal valuation rings. These valuations nevertheless do have a natural
place in the valuative tree. They are tree tangent vectors at points correspond-
ing to divisorial valuations (see Theorem 11.7). Geometrically they are curve
valuations where the curve is defined by an exceptional divisor.

The valuative tree is a beautiful object which may be viewed in a number
of different ways. Each corresponds to a particular interpretation of a valua-
tion, and each gives a new insight into it. Some of them will hopefully lead to
generalizations in a broader context. Let us describe three such points of views.

The first way consists of identifying valuations with balls of curves. For any
two irreducible curves defined by ¢1, @2 € m, set d(¢1, p2) = m(p1)m(d2)/(¢1-d2)
where ¢1 - ¢ is the intersection multiplicity of ¢1 and ¢9. It is a nontrivial fact
that d defines a ultrametric on the set of all irreducible formal curves C (c.f. [G]).
This fact allows us to associate to (C,d) a metric tree 7¢ by declaring a point in
Tc to be a closed ball in C, the partial order given by reverse inclusion of balls,
and the metric derived from radii of balls. Theorem 15.2 states that the tree 7¢
is isometric to the valuative tree V with its end points removed (i.e. to the set
Vior Of toroidal valuations). We use this result to extend intersection products
and multiplicities to any valuation.

The second way uses Zariski’s identification of valuations with sequences of
infinitely nearby points. We let I'; be the dual graph of a finite sequence of
blow-ups 7. It is a simplicial tree and as such defines a nonmetric tree. When
one sequence 7’ contains another 7, the dual graph I'; is naturally a subtree
of I's. This allows to take the union I' of I'; over all sequences m of blow-ups
above the origin. The result, called the universal dual graph, is a nonmetric
tree that we show is isomorphic to the set Vi, of toroidal valuations. Moreover,
we may recursively and consistently attach to any vertex in any I'; a vector
(a,b) € (N*)2, called its Farey weight and the associated Farey parameter a/b
(see also [HP]). The Farey parameter induces on Vi, a new invariant of valuation
called the thinness which is a modified version of skewness using the multiplicity
of valuations. We may use the thinness to parameterize Vi,,: this induces a new
metric tree structure on Vi, the thin metric. See Theorem C.2.

A third way is to view the valuative tree in the context of Berkovich spaces and
Bruhat-Tits buildings. As a nonmetric tree, V embeds as the closure of a disk
in the Berkovich projective line P!(k) over the local field k = C((z)). The thin
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metric on V then also arises from an identification of a subset of the Berkovich
projective line with the Bruhat-Tits building of PGL,.

The applications of the tree structure of V to dynamics and analysis will be
explored in forthcoming papers [FJ1, FJ2].

We have divided this paper into five parts and an appendix. In the first part
we give basic definitions, examples and results on valuations. In particular we
describe the relationship between valuations and blow-ups (in dimension two).

Part 2 is the technical heart of the paper. We encode valuations by finite or
countable pieces of data that we call sequences of toroidal key polynomials, or
STKP’s. This encoding is an adaptation of a method by MacLane [M] which
was indicated to us by B. Teissier. An STKP (or at least a subsequence of it)
corresponds to generating polynomials and approximate roots in the language of
Spivakovsky [Sp] and Abhyankar-Moh [AM], respectively. We are thus able to
classify valuations on R. This classification is well-known to specialists (see [ZS],
[Sp] for instance) but we feel that our concrete approach is of independent interest.
The representation of valuations by STKP’s is the key to the tree structure of
valuation space. We note that while the method of STKP’s depends on a choice of
coordinates (i.e. writing R = C[[z]][[y]]), the resulting tree structure is completely
coordinate independent.

The third part, consisting of Sections 5-7, concerns tree structures. Section
5 contains generalities on metric and non-metric trees. In Section 6 we show,
using the encoding by STKP’s, that V has a non-metric structure induced by its
natural partial ordering. In Section 7, we introduce skewness and use it to define
a natural metric tree structure on V. A tree structure was also described in a
context similar to ours in [AA], but without any explicit mention to valuations.

In Part 4 we analyze different topologies on V. We start by giving the main
properties of the weak (Section 8) and strong (Section 9) topologies on V. In
Section 10, we describe the Zariski topology on Vg and show that it projects
onto the weak topology on V. Then we show in Section 11.3 that the “discarded”
valuations in Vg \ V correspond naturally to tangent vectors in the valuative tree.
Yet another topology on Vi, and hence on V, is given by the Hausdorff-Zariski
topology. It is studied in Section 12 where we show that it is equivalent to the
weak tree topology induced by a natural discrete tree structure on Vg. Finally
in Section 13 we compare all these topologies on V.

The fifth part makes precise the identification of toroidal valuations with balls
of curves. We also extend the concept of the multiplicity of a curve and intersec-
tion multiplicity of two curves, to arbitrary valuations. This will be important
for our applications to analysis and dynamical systems.

In the appendix we explore the nonmetric tree structure on V using Puiseux
expansions. This approach also gives a metric tree structure defined in terms of
thinness. We show how these structures are connected to the Berkovich projective
line and Bruhat-Tits building of PGLy over the local field C((z)). Finally we
build the universal dual tree I' described above, and show that it is isometric to
the set of toroidal valuations endowed with the thin metric.
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Part 1. Generalities

In this part, we give basic results on valuations on a complete regular local
ring R of dimension 2 with algebraically closed residue field k of characteristic
zero. For definiteness we assume k = C. By choosing regular parameters (i.e.
fixing coordinates) we may assume R = C[[z,y]], the ring of formal power series.
Let K be the fraction field of R and m = 2R 4 yR the maximal ideal.

We distinguish between valuations and Krull valuations?. Valuations will al-
ways be RU {00} valued, whereas Krull valuations more generally take values in
an abstract totally ordered group. This distinction may seem unnatural but is
important for our purposes.

We start by giving precise definitions of (Krull) valuations and their associated
invariants. Then we describe some important examples and discuss the link be-
tween valuations and Krull valuations. Finally we prove Zariski’s correspondence
between Krull valuations and sequences of blow-ups.

All results of this part are basic, and will be freely used in the sequel. Our two
references are [ZS] and [V]; see also [Sp].

1.1. Valuations. We set R := R, U {00}, extending the addition and multi-
plication on Ry to R4 in the usual way.

Definition 1.1. A wvaluation on R is a nonconstant function v : R — R with:

(V1) v(¢9p) = v(¢) + v(¢) for all ¢, 4 € R;

(V2) (6 + ) > min{u(6), v(¥)} for all 6,9 € R;

(V3) v(1) =0.

This implies v(0) = oo and v|c+ = 0. The set p := {¢p € R | v(¢) = ¢} is a
prime ideal in R; we say v is proper if p C m. It is centered if it is proper and if
v(m) := min{r(¢) | ¢ € m} > 0. Two centered valuations vy, vo are equivalent,
vy ~ vy, if v;1 = Cuy for some constant C' > 0. Any centered valuation v is
equivalent to a unique valuation v normalized by v(m) = 1. We denote by V
the set of all centered valuations and by V the quotient of V by the equivalence
relation ~, i.e. the set of normalized valuations.

We endow V and V with the weak topology: if v, v are valuations in V V),
then v, — vin V (V) iff v4(¢) — v(¢) for all ¢ € R. As we will see, the weak
topology on V is induced by a tree structure.

Finally V and V come with natural partial orderings: vy < vy iff v1(9) < va(e)
for all ¢ € R.

1.2. Krull valuations. We now introduce the concept of a Krull valuation.

Definition 1.2. Let I' be a totally ordered group. A Krull valuation on R is a
function v : R — T satisfying (V1)-(V3) above.

A Krull valuation is centered if v > 0 on R and v > 0 on m. Two Krull
valuations v : R — I'y, 15 : R — I's are equivalent if h ovy = v for some strictly
increasing homomorphism h : I'y — I's. Any Krull valuation extends naturally
to the fraction field K of R by v(¢/v) = v(¢) — v(v).

2This is not standard terminology but will be used throughout the paper.
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A wvaluation ring V is a local ring with fraction field K such that x € K* implies
x €V oraz~! €V. Say that x,y € V are equivalent iff zy~! is a unit in V. The
quotient T'y, is endowed with a natural total order given by x > y iff zy~! € my,.
The projection V' — I'yy then extends to a Krull valuation vy : K — T'y.

Conversely, if v is a centered Krull valuation, then R, := {¢ € K | v(¢) > 0}
is a valuation ring with maximal ideal m, := {v(¢) > 0}. One can show that v
is equivalent to vg, defined above. In particular, two Krull valuations v,v’ are
equivalent iff R, = R,.

We let ]}K be the set of all centered Krull valuations, and Vg be the quotient
of Vi by the equivalence relation. Equivalently, Vi is the set of valuation rings
V in K whose maximal ideal my satisfies RNmy = m.

A Krull valuation carries several numerical invariants (see e.g. Table 1 in Sec-
tion 17).

Definition 1.3. Let v : R — I be a centered Krull valuation.

e The rank rk(v) of v is the Krull dimension of the ring R,,.

e The rational rank of v is defined by rat.rk(v) := dimq(v(K) ®z Q).

e The transcendence degree tr.deg(v) of v is defined as follows. Since v is
centered, we have a natural inclusion k := R/m C k, := R, /m,. We let
tr.deg(v) be the transcendence degree of this field extension.

One can show that rk(v) is the least integer [ so that v(K) can be embedded
as an ordered group into (R, +) endowed with the lexicographic order. Hence
both rk(v) and rat.rk(v) depend only on the value group v(K) of the valuation.
We will give a geometric interpretation of tr.deg(v) later (see Remark 1.8).

Abhyankar’s inequalities state that:

rk(v) + tr.deg(v) < rat.rk(v) + tr.deg(v) < dim R = 2. (1.1)

If rat.rk(v) 4 tr.deg(v) = 2, then v(K) is isomorphic (as a group) to Z¢ with
e = rat.rk(v). When rk(v) + tr.deg(v) = 2, v(K) is isomorphic as an ordered
group to Z° endowed with the lexicographic order.

To v we associate a graded ring gr, R = @rer{v > r}/{v > r}. It is in bijection
with equivalence classes of R under the equivalence relation ¢ = v modulo v iff
V(¢ — ) > v(¢p). We have ¢ -1 = ¢ -1 in gr, R for any ¢,¢ € R.

Any ring homomorphism f : R — R, induces actions on V and Vi given by
fav(0) = v(f(¢)). When f is an automorphism f, is a bijection and preserves all
three invariants rk, rat.rk and tr.deg defined above. It also restricts to a bijection
on V preserving the natural partial order: f,v < f,/ as soon as v < v/,

1.3. Examples. Let us describe a few examples and introduce some terminology.
See also Definition 3.7.

(E0) The m-valuation. As R is a local ring with maximal ideal m, the function

Um(¢) :=min{k | ¢ € mk},

defines both a normalized valuation and a Krull valuation. Notice that vy(¢) is
the multiplicity of ¢ at the origin; we will often write m(¢) instead of vm(9).



THE VALUATIVE TREE 9

(E1) Monomial valuations. Pick a > 0, set v(x) = 1, v(y) = o and declare
v(6) = min{i + aj | ay # 0},

for ¢ = " a;;z'y’. This defines a normalized valuation (and a Krull valuation)
called a monomial valuation. We have rk(v,) = 1 for any . When a € Q,
tr.deg(v,) = 1 and rat.rk(v,) = 1; when o ¢ Q, tr.deg(v,) = 0 and rat.rk(v,) =
2. Of course, vy, is the monomial valuation with oo = 1.

(E2) Divisorial valuations. Consider a finite sequence m; : X; — X;_1 of
blow-ups at points p; 1 with exceptional divisors E; = 7, 1(p,~_1), 1 <1i<n,
po = (0,0). We say that (p;) is a sequence of infinitely nearby points if p; € E;.
Set w:=m o---om, and E := E,, the last exceptional divisor. For ¢ € K let
divg(¢) € Z be the order of vanishing of ¢ along E. There is then a unique integer
b = b(E) > 0 such that vg(¢) := b~ ! divg(r*¢) defines a normalized valuation
(and a Krull valuation) on R, called a divisorial valuation. Its invariants are
rk(vg) = ratrk(vg) = 1 and tr.deg(vg) = 1; any valuation with these invariants
is in fact divisorial (see [ZS]). Any monomial valuation with o € Q is divisorial.

(E3) Toroidal valuations. Let w, E be as in (E2), pick p € E and fix local
coordinates at p. The image v = m,v, of any monomial valuation is a toroidal
valuation. When s € Q it is divisorial. When s ¢ Q, we say that v is an irrational
valuation. Its invariant are rk(v) = 1, rat.rk(v) = 2 and tr.deg(v) = 0.

(E4) Curve valuations. Let V' = {¢ = 0} be an irreducible formal curve. For

Y € R, write ¥ = ¢F1) with k € N, 1) prime with ¢, and define
vo(1) = ¢-9/m(9) € Qs U{oo} and vy (¥) = (k,ve(¥)) €Z x Q.

Here ¢-1) denotes the intersection multiplicity and m(¢) the multiplicity as in E1.
Then v is a normalized valuation and vy a centered Krull valuation, where Z x Q
is lexicographically ordered. The invariants of vy are rk(vy) = ratak(vy) = 2
and tr.deg(vy) = 0. Such (Krull) valuations are called curve valuations.

(Eb) Exceptional curve valuations. This is an modification of (E4). Let 7, E,
b and vg be as in (E2) and pick p € E. Assume E = {u = 0} in local coordinates
(u,v) near p = (0,0). For ¢ € R write 7*¢ = u?#(®) .4}, where 1(0,v) # 0. Then
¥(0,v) = vFe)(v), where v { ¢ and

vEp(¢) = (bvg(¢). k) € Z X Z

defines a centered Krull valuation with invariants rk(vg ,) = rat.rk(vg,) = 2 and
tr.deg(ve,p) = 0. We call vy, an exceptional curve valuation.

The remaining valuations on R are infinitely singular valuations. They are
defined by rat.rk = rk = 1 and tr.deg = 0. One can show that their value groups
are not finitely generated over Z.

Let us include the following result, which will be used on several occasions.

Lemma 1.4. Let p,v be non-trivial Krull valuations on R with R C R, C R,.
Then either v ~ vE is divisorial and | = v is an exceptional curve valuation;
or v(¢) = max{k | ¢*|v} for some irreducible ¢ € m and any ¢ € R, and
[~ Vg-1(0) 18 a curve valuation as in (E4).
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Proof. As R, C R,, p :=m,NR, is a prime ideal, strictly included in R, and the
quotient ring I, /p is a non-trivial valuation ring of the residue field k, = R, /m,,.
Conversely, a valuation x on the residue field k,, determines a unique valuation p’
on K with R,y C R,, and R,y/m, N R,y = R,. One says that 4’ is the composite
valuation of v and k. When the value group of v is isomorphic to Z, we have
W () = (v(¥), k(¥)), where ¢ is the class of ¢ in k, (see e.g. [V] p.554).

Suppose v is centered. By Abhyankar’s inequality, tr.deg(v) is either 0 or 1.
In the first case, k, is isomorphic to C, which admits no nontrivial nonnegative
valuation. Hence tr.deg(v) = 1, v ~ vg is divisorial and the valuation s defined
above has rank 1. We may hence assume x(K) C R and = (v,k) € R x R.

Performing the suitable sequence of blow-ups and lifting the situation, one
can suppose v = v, the m-adic valuation. Assume v(y) > v(x), or else switch
the roles of x and y. Since p # vy there exists a unique § € C for which
u(y — 0x) > p(x). Then p is equivalent to the unique valuation sending = to
(1,0) and y — 6z to (1,1). This is the exceptional curve valuation attached to
the exceptional curve obtained by blowing-up the origin once and at the point of
intersection with the strict transform of {y — 6z = 0}.

When v is not centered, the prime ideal R N'm, is generated by an irreducible
element ¢ € m, and v(+) = max{k | ¢*|1/}. The residue field k, is isomorphic to
C((t)), on which there exists a unique valuation vanishing on C*. Therefore p is
equivalent to vg-1(g). O

1.4. Valuations versus Krull valuations. Consider a centered valuation v :
R — Ry and let p = {v = co} € m. When p = (0), v defines a Krull valuation
whose value group is included in R. In particular rk(v) = 1.

When p = (¢) is nontrivial, ¢ € m irreducible, then v is equivalent to the curve
valuation vy in (E4) by Lemma 1.4. Define krull[v] : R — Z x R to be the Krull
valuation vy associated to V = {¢ = 0} as in (E4).

It is straightforward to check that if two valuations give rise to equivalent Krull
valuations, then the valuations are themselves equivalent. In particular we may
define the numerical invariants rk, rat.rk and tr.deg for all valuations.

Conversely, pick a Krull valuation ». When rk(v) = 1, its value group can be
embedded (as on ordered group) in (R, +) so that v defines a valuation. When
rk(v) = 2, two cases may appear.

(1) There are non-units ¢1, ¢poo € R with nv(¢1) < v(¢p) for all n > 0. Then

p:={¢ | nv(é1) < v(¢) for all n > 0}

is a proper prime ideal generated by an irreducible element we again denote by
®oo- We define a valuation vy : R — R4 as follows. First set vo(¢1) = 1, and
vo(¢p) = oo for ¢ € p. For any ¢ € R\ p, let

ng == max{n € N | n-v(¢1) < v(¢)}.

One checks that k~1ng, < (k) 'ny < k™ ing + k=1 — (kI)~! for all k,1 > 0. This
implies that the sequence ny/k converges towards a real number we define to be
vo(¢). The function v is a valuation, and krull [1] is isomorphic to v.

(2) For all non-units ¢, % € R there exists n > 0 so that nv () > v(¢). In this
case, there can be no valuation vg : R — R so that krull [y] ~ v. Let us show
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that v is an exceptional curve valuation as in (E5). As rkv = 2, we may assume
v(R) C R x R, and v = (vp,v1). The function vy : R — R is also a valuation,
as v is and R x R is endowed with the lexicographic order. Since R, C R,,
Lemma 1.4 shows that vg is divisorial and v an exceptional curve valuation.

We have hence proved

Proposition 1.5. To any Krull valuation v not of type (E5) above is associated
a unique (up to equivalence) valuation vg : R — Ry with krull [vg] ~ v.

In other words, the image of the map vo — krull [vy] from the set of valuations
V to the set of Krull valuations Vi is exactly Vi with all exceptional curve
valuations removed.

1.5. Sequences of blow-ups and Krull valuations. Let us now describe the
geometrical point of view of valuations as developed by Zariski (see [ZS],[V]).

We start by a naive approach. Let v € Vg be a centered Krull valuation
on R = Cl[z,y]]. Assume v(y) > v(z). Then v > 0 on R[y/x] C K and
Z, :={¢ € Rly/z] | v(¢) > 0} is a prime ideal containing =.

When Z, = (x), the value v(¢) for ¢ € R[y/z| is proportional to the multiplic-
ity of ¢ along x. Thus v = vy, (see Example (E0)). Otherwise Z, = (y/x — 0, x)
where § € C. Define 1 = x and y; = y/z — . Then v is a centered Krull
valuation on the local ring C[[z1,y1]] D R. When v(y) < v(z) we get the same
conclusion by replacing x and y. We may now iterate this procedure.

A more geometric formulation of this construction requires some terminology.
If (Ry,my), (R2,mg) are local rings with common fraction field K, then we say
that (Rl, ml) dominates (Rg,mg) if R{ D Ry and my = Ry Nmy.

Definition 1.6. Let X be a scheme whose field of rational functions is K and
v a Krull valuation on K with valuation ring R,. The center of v in X is the
unique point € X whose local ring Ox , C K is dominated by R, .

Again consider v € Vi. The center of v in Spec R is m. Blow-up the origin (i.e.
m) 7 : X; — SpecR, and let E; = 7, *(0) be the exceptional divisor. Consider
the center of v on X;. Either this is the generic point of F1, in which case v ~ vy,
or a unique closed point p; € Ej.

In the latter case we consider the restriction of v to the local ring O,,, whose
fraction field is K, and repeat the procedure. That is, we blow up p; to obtain
X5, and consider the center of v in Xy. This is either the generic point of the
exceptional divisor Ey, in which case v ~ vg, is divisorial, or a unique closed
point py € Ey. Iterating this, we obtain a sequence II[v] = (p;) of infinitely
nearby points above the origin pg, the length of which is finite iff v is divisorial.

Conversely, let p = (p;)g be a sequence of infinitely nearby points with asso-
ciated blowups m; and exceptional divisors F;. Write w; := w1 o --- o ;. Define
R; C K as follows. When n < oo, then ¢ € R iff w;,¢ is regular at a generic
point on E,,. If n = oo, then ¢ € R} iff there exists ¢ > 1 such that @] ¢ is regular
at p; (which implies that w;qb is regular at p; for j > 4.) A direct check shows
that R is a ring, and since any curve can be desingularized by a finite sequence
of blow-ups, we get either ¢ € Rj or ol e Rj for any ¢ € K*. Thus R; is a
valuation ring, and we denote by val (p) its associated Krull valuation.
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One can show that Rpy,y = R, so that val [II(v)] ~ v. Conversely, for a fixed
sequence p, the sequence associated to Rj is again given by p.
Summing up, we have

Theorem 1.7. The set Vg of centered Krull valuations modulo equivalence is
in bijection with the set of sequences of infinitely nearby points. The bijection is
gwen as follows: v € Vi corresponds to (p;) iff R, dominates Op, for all i.

Remark 1.8. The correspondence above is a particular case of a general result
(see [ZS]). Moreover, the residue field k, = R, /m, of a valuation is isomorphic
to the field of rational functions of the “last” exceptional divisor of the sequence
II[v]. In our case, either v is non divisorial and k, = C; or v is divisorial and
k, = C(T) for some indeterminate. We will explicitly produce such isomorphisms
in Section 3.

Example 1.9. The sequence II[v] is finite iff v is a divisorial valuation. In this
case, II[v] coincides with the defining sequence of v. For instance II[vy,] = (po).

Example 1.10. When v is defined by a formal curve V', then II[v] is the sequence
of infinitely nearby points associated to V.

Example 1.11. If v = vg , is an exceptional curve valuation, then II[v] = (p;)3°,
where I[vg] = (pi)]g_l, pr = p and, inductively, p;;1 is the intersection point of
Ej11 and the strict transform of £ = Ej,.

Example 1.12. Let s > 1, and v = v, the monomial valuation with v(z) = 1,
v(y) = s. Then (p;) = II[v] is determined by the continued fraction expansion

s=a1 + ——— = a1, ag,...||.
! as+... [lo1, a2 I

See [Sp] for details.
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Part 2. MacLane’s method

In this part we do the preparatory work for obtaining the tree structure on
valuation space. Namely, we show how to represent a valuation conveniently by
a finite or countable sequence of polynomials and real numbers.

Our approach is an adaptation of MacLane’s method [M] and can be outlined
as follows. Pick a centered valuation v on C[[z,y]]. It corresponds uniquely to a
valuation, still denoted v, on the Euclidean domain C(z)[y]. Write Uy = = and
U, = y. The value fy = v(Up) determines v on C(z) and the value 3 = v(U)
determines v on many polynomials in y. The idea is now to find a polynomial
Us(z,y) of minimal degree in y such that 8y = v(Us) is not determined by the
previous data. Inductively we construct polynomials U; and numbers Bj =v(U;)
which, as it turns out, represent v completely.

More precisely we proceed as follows. First we define what data [(U;); (5;)]
to use, namely sequences of toroidal key polynomials, or STKP’s. These are
introduced in Section 2 where we also show how to associate a canonical valuation
to an STKP. In Section 3 we study such a valuation in detail, describing its graded
ring and computing its numerical invariants. Then in Section 4 we show that in
fact any valuation is associated to an STKP. Finally, in Section 5 we compute
v(¢) for ¢ € m irreducible in terms of the STKP’s associated to v and vy. The
latter computation is the key to the metric tree structure of valuation space as
described in Section 8.

We formulate almost all results for valuations rather than Krull valuations,
but the method works for both classes. We leave it to the reader to make the
suitable adaptation in the notation and statements.

2. SEQUENCES OF TOROIDAL KEY POLYNOMIALS.
2.1. Key polynomials. Let us define the data we use to represent valuations.
Definition 2.1. A sequence of polynomials (Uj)?zm 1 <k < oo, in Clz,y] is
called a sequence of toroidal key-polynomials (STKP) if it satisfies:
(PO) Uy =z and Uy = y; .
(P1) to each polynomial U; is attached a number 3; € R4 (not all co) with
j—1
Bj+1 > njfB; = Zmﬂﬁl for 1 <j <k, (2.1)
1=0
where n; € N* and m;; € N satisfy, for j > 1 and 1 <14 < j,
nj=min{l € Z |15; € Zfo+---+ZB;—1} and 0 <m;; < n; (2.2)
(P2) for 1 < j < k there exists #; € C* such that
Ujpr =U7 —60;- Uy - U5 (2.3)

-
In the sequel, we call k the length of the STKP.

Remark 2.2. If an abstract semi-group I' is given, a sequence of polynomials
satisfying (P0)-(P2) with 3; € I" will be called a I'-STKP.
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Remark 2.3. If (U;)% is an STKP of length k& > 2, then (4;)¥"! are deter-
mined by Gy and (Uj)lg. Conversely, given a sequence (Bj)lfH satisfying (P2) and
any sequence (Gj)]f in C* there exists a unique associated STKP. Despite this
redundancy we will typically write an STKP as [(U;); (5;)]-

Lemma 2.4. For 1 < j <k, the polynomial U; is irreducible and of Weierstrass
form U = y% + ay(@)y® = + -+ + aq, () with a;(0) = 0 for all I. Moreover,
dj+1 = ’I”Ljdj for1<j<k.
Proof. The proof of all assertions is by induction. The fact that Uj is irreducible is
not obvious and will follow from the proof of Theorem 2.7. We included this fact
here for clarity. Let us show by induction on k that d; 1 = n;d; for 1 < j < k.

By (2.2) and the induction hypothesis, we have m;; < n; = d;41/d;, hence
mj; + 1 < dij11/d; as both sides are integers. We infer

7j—1
mjid; < Z (diy1/d; — 1)d; = dj — 1 < njdj,

i=1
hence deg, (Uj+1) = nj;d;. O

Remark 2.5. In the notation of Zariski and Spivakovsky the sequence (B;) can be
extracted from (BZ) as follows. One has (; = Bm where r; is defined inductively
to be the smallest integer r; > 7;_1 so that n,, > 2. In the Abhyankar-Moh
terminology [AM], the U,, are the approximate roots of U.

We include a result of arithmetic nature which will be used repeatedly.

Lemma 2.6. Assume [, ... 7ﬂk+1 are given so that for all j = 1,...k one has
ﬂjﬂ > n; - ﬂj with n; := min{l € N* | lﬂj Z] 1Zﬂz} Then for any j =
1,...,k there exists a unique decomposition njﬁ] 20 m;, lﬁl where m;, are
non-negative integers, and mj; <mny forl=1,...,5— 1.

Proof. By assumption there exist m; € Z with n; BJ Z(rl myf3;. By BEuclidean
division, m;_1 = gj— 1751 +7j—1 with 0 < rj_1 < nj_1 so by the fact that

nj_1 - BJ 1 € Zj 27 3; we can suppose that 0 < mj—1 < nj—1. Inductively
we get 0 < m; < n; for 1 < i < j. It remains to prove that mg > 0. Set
= Z{_l myB;. We have m181 < ni181 < By and my < ng so mo + 1 < ng and
m1B1 +mafs < (1+ma)Be < nofe < Ps.
We infer that S < (1 + mjfl)ﬁj,l < njflﬁjfl < Bj so that moBy > Bj -S>
0. O

2.2. From STKP’s to valuations I. We show how to associate a valuation v
to any finite STKP in a canonical way.

Theorem 2.7. Let [(U;); (B])f] be an STKP of length 1 < k < co. Then there
exists a unique centered valuation v, € V satisfying

(Q1) we(U;) = B; for 0 < j <k;

(Q2) v < v for any v € V satisfying (Q1).
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Further, if k > 1 and vy_1 is the valuation associated to [(U;)e1; (6;)6"], then

(Q3) ve—1 < wg;
(Q4) v—1(9) < vi(®) if and only if Uy, divides ¢ in gr,, C(z)[y].

Remark 2.8. The valuation vy is normalized, i.e. v € V, iff min{ﬁo,ﬁl} =1.

The proof of Theorem 2.7 occupies all of Section 2.3. It is a subtle induction
on k using divisibility properties in the graded ring gr,C(z)[y].

First, v; is defined to be the monomial valuation with v, (z) = 8o, v1(y) = B,
Le. v1(3 a;jz'y’) = min{ify + jB1 | aij # 0}. Property (Q2) clearly holds.

Now assume k > 1, that the STKP [(U;)E; (Bj)lg] is given and that vy, ..., vp_1
have been defined. First consider a polynomial ¢ € C[xz,y]. As Uy is unitary in y,
we can divide ¢ by Uy, in Clz][y]: ¢ = ¢o + Urtp with deg,(do) < dj, = deg, (Uy)

and ¢ € C[z,y]. Iterating the procedure we get a unique decomposition
6= U} (2.4)
J
with ¢; € Clz,y] and deg,(¢;) < di. Define
V(@) := min v(6;U7) = min{ve_1(¢;) + Bk} (2.5)

The function vy is easily seen to satisfy (V2) and (V3). We will show it
also satisfies (V1), hence defines a valuation on C|xz,y], which automatically
satisfies (Q2). Theorem 2.7 then follows from

Proposition 2.9 ([Sp]). Any centered valuation v : Clx,y] — Ry has a unique
extension to a valuation on R = Cllz,y]]. This extension preserves the partial
ordering: if v1(¢) < va(d) holds for polynomials ¢, it also holds for formal power
series.

Proof. We may assume v € V is normalized, v(m) = 1. Pick ¢ € R, and write
¢ = ¢k + Pk where ¢y, is the truncation of ¢ at order k. Then v(¢) := limg v(¢y)
exists in Ry . Indeed, for any k, [, we have

V(prr) = min{v(or), v(Pryi — ¢r)} = min{v (o), k}

Thus the sequence min{v(¢y), k} is nondecreasing, hence converges.

Uniqueness can be proved as follows: v(¢) > min{v(¢.,), m} for all m. If
v(¢pm) is unbounded, then v(¢) = oo. Otherwise v(¢) = v(ds,) for m large
enough. By construction the extension preserves the ordering of valuations. [J

The extension above need not preserve numerical invariants. For example, if v
is a curve valuation at a non-algebraic curve, then rk(v|c;,) = 1 but rk(v) = 2.

Remark 2.10. The expansion (2.4) holds for any ¢ € Cl[z,y]]. Using Weier-
strass’ preparation theorem, we can assume that ¢ is a polynomial in y. Weier-
strass’ division theorem then yields (2.4) with ¢; € C[[z]][y]. The valuation vy
can be hence defined by (2.5) for any formal power series.
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2.3. Proof of Theorem 2.7. By Proposition 2.9, we will restrict our attention
to centered valuations defined on the Euclidean ring C(x)[y]. We first make the
induction hypothesis precise.

(Hp): vk is a valuation satisfying (Q1)-(Q4).

(Ek): the graded ring gr,, C(z)[y] is a Euclidean domain.

(Ix): Ug and Uyyq are irreducible in gr,, C(z)[y].

(Ix): Uj is irreducible both in Clz,y], and C(z)[y] for 1 < j < k.

For the precise definition of a Euclidean domain we refer to [ZS] p.23. One
immediately checks that H; and Iy hold. Our strategy is to show successively
Iy & Hi = Ey; I & Hi = I;; E} & I & Hp = Hk—f—l; I & I & Hk-i—l = Ik-i—l-
Step 1: I}, & Hj, = Ej. We want to show that gr, C(z)[y] is a Euclidean
domain. Let ¢ € R and consider the expansion (2.4). We define

k() = max {j | mi(6;U]) = mi(9) }

By convention we let §;(0) = —oo. Note that if ¢ = ¢’ modulo v, then d;(¢p) =
0r(¢'). Hence dy, is well defined on gr,, C(x)[y].

Lemma 2.11. For all ¢,¢ € C(x)[y], dr(p) = d(6) + 5k (1).

Proof. First assume 03(¢) = dx(¢)) = 0. Then ¢ = ¢, ¥ = 1o in gr,, C(x)[y], so
we can assume deg, (¢), deg, (v)) < d. Thus deg, (¢9) < 2dj. so ¢ = g + a1 Uy,
with deg, (ao), deg, (1) < di. Suppose vi(a1U) = v (¢9). Then vg_1(a1Ux) <
vp(a1Ug) < vg(ap) = vg—1(ap). Thus

vi—1(1Uk) = vi—1(¢9) = vi—1(®) + vk-1(¢) = V() + i (¥) = vi(9¥).
Hence vi_1(1Uy) = vi(a1Uy) contradicting (Q4). So ¢y = ag in gr,, C(z)[y]
and 6y, (¢) = 0. , »
In the general case, ¢ = Y. ¢;U}, ) = > ;U}, we have ¢1p = Z(@%’)U;ﬂ-
By what precedes 0 (¢;1;) = 0 for all 4, j so dx(¢1) = 0k(¢) + 0k (¢). O
Lemma 2.12. For ¢ € C(x)[y], 6x(¢) = 0 iff ¢ is a unit in gr,, C(z)[y].

Proof. 1f 6.(¢) = 0, then ¢ = ¢g in gr,, C(x)[y]. As U} is irreducible in C(z)[y]
and degy(Uk) > degy(qbo), the polynomial Uy is prime with ¢¢. Hence we can
find A, B € C(z)[y] with deg, A,deg, B < dj. so that A¢g = 1 — BUy. Then,
comparing with (2.4), we have vi(A¢o) = vk(1) < v, (BUy). Therefore Agy = 1
in gr,, C(z)[y] so ¢o, and hence ¢, is a unit in gr, C(z)[y].

Conversely, if ¢ is a unit, say A¢ = 1 in gr,, C(z)[y] for some A € C(x)[y],
then 0 (¢) + 0k (A) = dx(1) =0, so Jx(¢) = 0. O

Lemma 2.13. If ¢,9 € C(z)[y|, then there exists Q,R € C(z)[y] such that
¢=Qy+ R in gr, C(z)[y] and o0(R) < 01 (¢).

Proof. Write ¢ = Zj ) U,Z. It suffices to prove the lemma when 1; = 0 for j >
M := 6j,(3) and using Lemma 2.12 we may assume ¢ = 1. As deg, (¢;) < di
for j < M we have deg, (1)) = Mdj,. Euclidean division in C(x)[y] yields @, R' €
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C(z)[y] with deg,(R') < deg,(¥) so that ¢ = Q¢ + R'. Write R' = >, R;U}
and set N := 6,(RY), R := doi<N R;U}. Then ¢ = Q¢ + R in gr, C(z)[y] and
deg, (R) = deg, (RN) + Ndy < Mdj, = deg, ().

Hence N < M and we are done. O
This completes Step 1. The Euclidean property of ngkC(a:)[y] makes every

ideal principal and supplies us with unique factorization and Gauss’ lemma.

Step 2: I, & Hy = I. We want to show that U and Ui, are irreducible in

gr,, C(z)[y] and proceed in several steps.

Lemma 2.14. Uy, is irreducible in gr,, C(x)[y].

Proof. We trivially have 0;,(Uy) = 1 so if ¢1b = U}, in gr,, C(z)[y], then 6(¢) =0
or 0x(1) = 0. Hence ¢ or ¢ is a unit in gr,, C(x)[y] (see Lemma 2.11 and 2.12). O

Lemma 2.15. If j < k then U; is a unit in gr,, C(x)[y|.

Proof. By Lemma 2.12 it suffices to show that §;(U;) = 0. If d; < dj, then this is
obvious. If d; = di, then U; = (U; — Uy) + Uy, where deg, (U; — Ug) < di. Now
Vk(Uj) = ﬁj < ﬁk = Vk(Uk), SO I/k(Uj — Uk) < I/k(Uk) and 5k(Uj) =0. O

Lemma 2.16. If 6;(¢) < ny, then ¢ = ;U in gr,, C(z)[y] for some i < ny.

Proof. Suppose uk(gbiU,i) = yk(gbjU,g) = vk(¢), where i < j < ng. Then (j —
DBk = ve1(61) —ve_1(¢;) € N6 Z5;. By (2.2) ny, divides j—i hence i = j. O
Lemma 2.17. Uyyy is irreducible in gr,, C(x)[y].

Proof. We have Uy = U* — Uk+1, where Uk+1 = 0 Hf;é Ujmk’j. Assume
Uks1 = ¢ in gr,, C(x)[y] with 0 < 6x(¢), ox(¥)) < ng. By Lemma 2.16, we can
write (25 = ¢ZU£,, w = w]Ug Then Uk+1 = gbﬂbjng SO (1 — ¢Z¢j)U:k = UkJrl. As
Uy, is irreducible and Uy, is a unit, we have ¢;1; = 1 in gr,, C(z)[y]. But then
Upp1 = 0 in gr,, C(z)[y], which is absurd. So we can assume 05(¢) = ny, and
0k (1) = 0. Hence v is a unit, completing the proof. O

Step 3: Ey & Iy & Hy = Hy1. We must show vg11(09Y) = vkp1(9) + vir1(¥)
for ¢, € Clz,y] where vy is defined as in (2.5). We first note

(i) degy(¢) < dpy1 implies vy41(9) = v (9);

(i) vk (Ukt1) = neBr < Br+1 = Ve41(Ug41);

(iil) vky1(Ugs10) = vks1(Ugs1) + vis1(9) for all ¢ € Clz, y].
The second assertion follows from (2.1). We now show
Lemma 2.18. For ¢ € Clz,y] we have viy1(¢) > vi(9).
Proof. We argue by induction on degy(gb). If degy(gb) < dg41, then we are done
by (i). If deg,(¢) > dpy1, then we write ¢ = >, ¢;Up, as in (2.4). By the
induction hypothesis and (ii)-(iii) above we may assume that ¢o # 0. Write
¢ = ¢o + ¢ with ¢ = 371 ¢iUp, . When v4(¢) = min{wy(¢o), ve(¢)}, one has

Vir1(¢) = min{vg41(¢0), vir1 ()} > vi(e),
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proving the lemma in this case. Otherwise, ¢o+1 = 0in gr,, C(x)[y]. This implies
that Uy, 1 divides ¢ in this ring. But deg, (¢o) < dk41, hence 6 (¢o) < ny, so that
¢o is a power of the irreducible Uy times a unit in gr,, C(x)[y] by Lemma 2.16.
By Lemma 2.17, Uy is also irreducible, a contradiction. ]

Introduce p := {vpy1 > v} C gr,, C(x)[y]. Using the preceding lemma, one
easily verifies that p is a proper ideal, which contains the irreducible element Uy
by (ii). As gr, C(z)[y] is a Euclidean domain, p is generated by Up, 1.

Fix ¢, € R. We want to show that vgi1(¢¢) = vg1(P) + ves1(¢). First
assume ¢, € p. Then ¢y & p. By Hy, vy is a valuation, so

Vi1 (90) = vi(90) = vi(d) + (V) = viet1 () + Vi (4).
In the general case, write ¢ = $Ug+1, ES $Uﬂ1 in gr,, C(z)[y| where &5\, 1; are
prime with Ug4q. In particular they do not belong to p so that
ve+1(9Y) = Vk+1($1;U/?ﬁn)

~ -~

= Vp+1(®) + Vi1 (¥) + (m + 1) Vi1 (Ug1) = vi1(9) + i1 (¥).
This completes Step 3.

Step 4: I}, & I}, & Hjy1 = I41. What we have to prove is
Lemma 2.19. Uy is irreducible in Clz,y] and C(x)[y].

Proof. As Uy is monic in y, irreducibility in C[z,y] implies irreducibility in
C(z)[y]. So suppose ¢p¢' = Ugyq for ¢,¢' € Clx,y]. As Ugyq is irreducible in
gr,, C(z)[y], we may assume that the image of ¢ in gr, C(z)[y] is a unit i.e.
0r(¢) = 0 and 6x(¢’') = ng. On the other hand, one has 05 (¢)dy < deg,(¢) for
any ¢ € Clz,y]. Using Lemma 2.4 (except the assertion of irreducibility which
we want now to prove), we infer

dox(¢) = ding = degy(Uy+1) = deg,(¢) + deg, (¢') > deg, (¢') > didy(¢'),

hence deg,(¢) = 0 and deg,(¢') = deg,(U+1). Now Uy is unitary in y so
¢ ¢ m and is hence a unit in R. O

This completes the proof of Theorem 2.7.

Remark 2.20. Since Uy is monic in y we may use Weierstrass’ division theorem
and the argument above to show that Uy is also irreducible in Cl[z, y]].

2.4. From STKP’s to valuations II. We now turn to infinite STKP’s.
Theorem 2.21. Let [(U;); (3;)] be an infinite STKP and let vy, the valuation

associated to [(U;)§; (3;)K] for k > 1 by Theorem 2.7.

(i) Ifnj > 2 for infinitely many j, then for any ¢ € R there exists ko = ko(¢)
such that vi(p) = vk, (@) for all k > ko. In particular, vy, converges to a
valuation Vso.

(ii) Ifn; =1 for j > 1, then Uy converges in Cl[x,y]] to an irreducible formal
power series Uso and vy, converges to a valuation vs. More precisely, for
¢ € R prime to Uy, we have vi(¢) = v, (¢) for k > ko = ko(¢), and if
Uso divides ¢, then vi(¢) — oo.
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Proof of Theorem 2.21. If n; > 2 for infinitely many j, then deg,(Upy1) =

dp+1 = Hlf n; tends to infinity. Pick ¢ € R. By Weierstrass’ division theorem we
may assume deg, (¢) < oo. By Remark 2.10, v4(¢) is defined using formula (2.4).

For k > 1, deg,(¢) < deg,(Uky1), so that v(¢) = v(¢) = vi(¢) = vk(d) =
Vi+1(@) for all I > 0. Thus vy converges towards a valuation ve.

If n, =1 for k > K, then set d := max; deg, (U;). For k > K,
k—1
Uk+1 =U — 0, H U]mkd . (2.6)
0

Af deg, (Ug+1) = deg, (Ux) = d one has my, ; = 0 for any j > K by (2.2). Then
{Br} x>k is a strictly increasing sequence of real numbers belonging to the discrete
lattice zg Z3;, so B, — oo. Write

Ue =y +ag_ (2)y*! + - + ag(@),
the Weierstrass form of Uy. As my, ; = 0 for any j > K we get

bt (z) = ak(z) - 6, Z al'(z)...al'(x)

where #{j = a | j € I} = myq, and iy + -~ + iy = n. Hence af™(2) — af(z) €

mX6 ™ki . But the sequence ﬁj is increasing so

51N 5 Bk
ka,i = B Zﬁzmm = =— — 00,
0 0 BK

and Uy converges towards a polynomial in y that we denote by Us. By (2.6)
we have Uiy = Uy modulo vg_1 and Upy; = U, modulo vi_; for all I > 0. So
Uso = Uy, in vg_1. Therefore voo(Us) := lim vk (Uso) = lim vy (Uy) = lim G, = oo
Let ¢ € R and write ¢ = ¢ + Usop1 with deg, ¢o < deg, Usc = d. When ¢ =0,
then set Voo (@) := lim vg(¢) = co. Otherwise for k > K large enough, for all [ > 0,
Ve+1(®) = vkri1(d0) = vie(¢o). Hence the sequence vg(¢) is stationary for k > K
and we can set Voo (¢) := lim v (¢). One easily checks that v is a valuation. As

Voo () = 00 iff Uso|gp it follows that Uy is irreducible in C[[z, y]]. O

3. GRADED RINGS AND NUMERICAL INVARIANTS

The aim of this section is to give the structure of the valuation associated to
a finite or infinite STKP. That is, we describe the structure of the graded ring
gr, C(x)[y], and compute the three invariants rk(v), rat.rk(v) and tr.deg(v). We
refer to [T2] for general results in higher dimensions.

Given a finite or infinite STKP we denote by v := val [(U;); (6;)] its associated
valuation through Theorem 2.7 or 2.21.

3.1. Homogeneous decomposition I. The following theorem gives the struc-
ture of the graded ring of a valuation defined by a finite STKP.

Theorem 3.1. Let v := val [(U;)k; (B;)], where 1 < k < oo, define ny :=
min{j > 0|73, € 6 Z-3;}, and pick 0 # ¢ € R = Cllz, y]].
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(i) If ng, = oo or equivalently B Q- Bo, then

k
o=« H U;j in gr,R and gr, R, (3.1)
j=0
with o« € C*, 0 <15 <n; for 1 <j <k andig, i, > 0.
(ii) If ng < oo, write nkBe = Zlg*l m/wﬂj with 0 <my ; <nj for 1 <j <k
and mg > 0 as in Lemma 2.6. Then

k
¢ =p(T) H U;j in gr, R, (3.2)
j=0
with 0 < i; <nj for 1 <5 <k, ig,i > 0 and where p is a polynomial in
k=1 7—mu,;
T = U [y Uy ™.
Both decompositions (3.1), (3.2) are unique.
Recall that the ring gr,C(z)[y| is a Euclidean domain. Let us describe its
irreducible elements.
Corollary 3.2. Let v be a valuation as above.

(i) When ny, = oo the only irreducible element of gr, C(x)[y] is Uy.
(il) When ny < oo the irreducible elements of gr,C(x)[y] consist of Uy and
all elements of the form U;'* — HH;:OI Ujmk’j for some 6 € C*.

Proof of Corollary 3.2. Assume ¢ € gr,C(z)[y] is irreducible. If ny = oo, then
¢ = O‘Hf:o U;j by (3.1). But Uj is a unit for j < k by Lemma 2.15, so U}, is the
only irreducible element in gr, C(x)[y].

When ny < oo, then we use (3.2) and factorize p(T) = [[(T" — 6;). Modulo
unit factors, we hence get

- '
p=Ur"" I (upe =6 U™ |, (3.3)
l J
where L = degp. On the other hand Lemma 2.17 shows that all elements of the
form U,'* —0, T Ujmk’j are irreducible in gr, C(z)[y]. So (3.3) is the decomposition
of ¢ into prime factors in gr, C(z)[y]. This concludes the proof. O
Proof of Theorem 3.1. First assume that deg, ¢ < dj, = deg, Uy. We will show
that (3.1) holds. Write ¢ = Y0*' " ¢;Uj_, with deg,¢; < dy_; for all i.
Iterating this procedure we get ¢ = ZOqUéO e U,i'“:f with ay € C, 79 > 0 and
0<ij<njforj>1 Ifv(UL...U ") =vU...U") then Y if = 3 jif
so that (ix_1 — jp—1)Bk_1 € Zlg*z ZBJ-. Thus ny_; divides ip_1 — Jr—1 SO ip_1 =
Jr—1 as 0 <ig_1,jk—1 < ng_1. Iterating this argument we get (3.1).
In the general case, we can assume deg, ¢ < oo by Weierstrass preparation
theorem. Write ¢ = ) qSiU,i, with deg, ¢; < di. By what precedes, we have

6= agUY .. .U 'Uk in gr, R



THE VALUATIVE TREE 21

with oy € C*, 0 <45 < nj for 1 < j <k, ig,4; > 0. We may assume Zlgijﬁj =
v(¢) for all I with oy # 0. If (3.1) is not valid, there exist I # J with a, ay # 0.
Thus (i —jk)Bk € zg_l Zﬁj implying ny < oco. This shows (3.1) when nj = co.

Now assume njp < oo, and write nkﬁk = Zgil m;wﬁj as in Lemma 2.6. Let
I = (ig,...,ix) be any multiindex with a; # 0. Make the Euclidean division
iy = rEng + 2 with 0 <7, < nyg, and write

k ) k—1
[[o =oer]]vr
j=0 7=0

with aj :== i + rpymy,; and T == U'* H;?;ol U;mk’j. The key remark is now that
U;L T =0, Hé_l Ulmj’l in gr, R for 1 < j < k. Making the Euclidean division
p—1 = Th_1Nk_1 +2—1 with 0 <71 < ng_1, we get

k—1 k=2
. iy a.

[Tvy =0 v I o)

J=0 J=0

for some a;- € N. We finally get by induction that

k k
G |
j=0 0

in gr, R, with ; € C*, ri(=r;) > 0,0 <% <nj for 1 <j <k and7 > 0.

Now Zlg ijﬁj =v(¢) and v(T') = 0, hence ZIS/Z\]B] = v(¢). Suppose zlg/z\]ﬁ] =
Zlg ijﬁj with 0 <7; < n; for 1 < j <k. Since [1, — | < ng, the definition of ny
gives 7, = 7. By induction we get 7; = 7; for all j > 0. We have proved that ¢
can be written in the form (3.2).

Uniqueness of both decompositions (3.1), (3.2) comes from unique factorization
in gr,C(z)[y]. Indeed, when nj = oo, i, = 0x(¢). From >i;3; = v(¢) and
ij < nj for 1 < j < k we deduce uniqueness of the decomposition (3.1). When
ny < 00, v(¢) determines 4; for all j > 0, and the polynomial p(T) is determined
as ¢ admits a unique decomposition into prime factors (see Corollary 3.2). This
concludes the proof of the theorem. O

3.2. Homogeneous decomposition II. We now turn to infinite STKP’s.

Theorem 3.3. Let v := val [(U;)$; (3;)5°]. Pick 0 # ¢ € R.
(i) If nj > 2 for infinitely many j, then there exists k = k(¢) such that
k
b=« H U]Z-j ingr,R (3.4)
j=0
with o € C*, 0 <15 <nj for 1 < j <k, and ig > 0.
(i) If nj =1 for j > 1, then there exists k = k(¢) such that

k
p=a UL - H U;j in gr, R (3.5)
=0
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with o € C, 0 < <mnj for1 <j<k,ig>0andn > 0.
Both decompositions (3.4), (3.5) are unique.

The analogue of Corollary 3.2 is

Corollary 3.4. Assume v is associated to an infinite STKP.

(i) When n; > 2 for infinitely many j, the ring gr,C(x)[y| is a field.
(ii) Whenn; =1 for j > 1, the only irreducible element of gr, C(x)[y] is Uso.

Proof of Theorem 3.3. Fix ¢ € R, and suppose it is in Weierstrass form, poly-
nomial in y. First assume that n; > 2 for infinitely many j. For j > 1
deg, ¢ < deg, Uj;, hence ¢ = aH{;Ol Ul” in grl,jR for some o € C*, and 7; < ny
for I > 1 (see the beginning of the proof of Theorem 3.1). As v > v;, we get
p=a Hf;ol Ulil also in gr, R.

When n; = 1 for j > 1, write ¢ = UlL¢’ with ¢/, Uy prime. For j >
1 vjt1(¢') = vj(¢') = v(¢'). Hence ¢/ = aH{;Ol Ul” in gr, R and gr, R as
above. O

Proof of Corollary 3.4. The first assertion is immediate by Lemma 2.15. Assume
n; =1 for j > 1 and pick ¢ € R. If Uy does not divide ¢, then (3.4) holds. For
k> 1 we get 6x(¢) = 0. Thus ¢ is invertible in gr,, C(x)[y], hence in gr,C(z)[y].

On the other hand Uy = ¢ in gr,C(x)[y| implies either v(¢) = oo or v(y)) =
oo. Hence Uy, divides either ¢ or ¢ as formal power series hence in gr, C(z)[y]. We
conclude noting that Us, cannot be a unit in gr, C(z)[y]. Indeed v(Usp) = v(1)
implies that Uy ¢ is prime with Uy. U

3.3. Numerical invariants. Knowing the structure of the graded rings allows
us to compute the numerical invariants introduced in Section 1.2.

Theorem 3.5. Let v := val [(U;)E; (3,)k], 1 < k < oo.
(i) If @0 =00 or B@: 00, then rk(v) = rat.rk(v) = 2 and tr.deg(v) = 0.
(i) If Bo < 0o and B € QF, then tk(v) = 1, rat.rk(v) =1 and tr.deg(v) = 1.
(iii) If Bo < 0o and By & QF, then rk(v) = 1, rat.rk(v) = 2 and tr.deg(v) = 0.

Theorem 3.6. Let v := val [(U;); (5;)] be defined by an infinite STKP.

(i) If nj > 2 for infinitely many j, then rk(v) = rat.rk(v) = 1, tr.deg(v) = 0.
(i) If nj =1 for j > 1, then rk(v) = rat.rk(v) = 2, tr.deg(v) = 0.

Before proving these theorems we introduce some terminology.

Definition 3.7. Consider a centered valuation v on R. We say that v is
(i) toroidal if rk(v) = 1, rat.rk(v) + tr.deg(v) = 2;
(i) divisorial if rk(v) = rat.rk(v) = tr.deg(v) = 1;
(iii) drrational if rk(v) = 1, rat.rk(v) = 2, tr.deg(v) = 0;
(iv) infinitely singular if rk(v) = rat.rk(v) = 1, tr.deg(v) = 0;
(v) a curve valuation if rk(v) = rat.rk(v) = 2, tr.deg(v) = 0;
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Remark 3.8. Theorems 3.5 3.6 and 4.1 below show that any centered valua-
tion is of exactly one of types (ii)-(v). Definition (ii) of divisorial valuations is
consistent with (E2) in Section 1.3 (see [ZS]). The same is true for curve val-
uations, as follows from the analysis in Section 1.4, and for toroidal valuations.
Infinitely singular valuations are characterized by the property that any (weakly)
approximating sequence of curve valuations have multiplicity tending to infinity.

Proof of Theorem 3.5. The two invariants rk(r) and rat.rk(v) can be read directly
from the value group v(R) so their computation is straightforward. For the
computatlon of tr. deg( ) we rely on Theorem 3.1 and proceed as follows.

When Gy = o0, B = oo or (B € QF (so Br & Zlg L ZB]) then (3. 1) applies.
Pick ¢,1 € R with V(gb) = v(¢). Then ¢ = O‘Hz:o Ul”, = 'VH[:O Uy modulo
v, With Zo Wb = Zo j13. Hence i = ji since ny = co. Now Zo LaB =
Zo jlﬁl and 0 < i;,5; < my for all 1 < j < k so iy = j; for all [ by (2.2).
Hence ¢/¢ = a/y € C* in gr,R,. We have shown that k, := R,/m, = C so
tr.deg(v) = 0.

If By < co and f, € QF, then ny < co. For ¢,v € R with v(¢) = v(¢) write

k k
T) H Ulil and ¢ = ¢q(T) H Uljl in gr, R,
=0 =0
as in (3.2), with 0 < 4,5 < ny for 1 <1 < k, ig,jo > 0 and p,q € C[T]. As

SKiB = Sk 5By, one has 4, = j; for all I. Hence ¢/¢) = p(T)/q(T) in gr,R,.
This shows k, = C(T)) so tr.deg(v) = 1. O

Proof of Theorem 3.6. First assume n; > 2 for infinitely many j. Set v} :=

val [(U;)E; (6;)k]. Then the sequence v (¢) is eventually stationary for any ¢ € R.
One easily checks that rk(v) = rat.rk(v) = 1. Let us compute tr.deg(v). Fix

¢, € R with V(¢) = v(¢). For k > 1 we have vi(¢) = v(d) = v(v) = vi(¥).
Write ¢ = aHl Ul” and 1 = ’YH[ OU] where a,v € C*, 0 < 4;,j; < my for
[ > 1 and apply the preceding arguments. We get ¢/9) = oz/7 in gr, R, hence
in gr, R,. This shows k, = C.

We leave to the reader the last case when n; =1 for j > 1. O

4. FROM VALUATIONS TO STKP’s

We now show that every centered valuation on R is represented by an STKP.

Theorem 4.1. For any centered valuation v on R, there exists a unique STKP
(U (B8], 1 < n < oo, such that v = val[(U;); (3;)]. We have v(U;) = 5

for all j. Further, if k < n and vy, := val [(U;); (Bj)lg], then v(¢p) > vi(p) for all
¢ € R and v(¢) > v(9) if and only if Uxy 1 divides ¢ in gr,, C(z)[y].

Remark 4.2. If v is a Krull valuation, the same result holds for a I'-STKP.

Remark 4.3. In Spivakovsky’s terminology [Sp]|, the subset of (U;) for which
n; > 1 forms a minimal generating sequence for the valuation v.
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Proof of Theorem 4.1. We construct by induction on k£ a valuation vg so that
vp(Uj) = Bj for j < k. Let Uy =z, Uy = y and Sy = v(z), B1 = v(y). Assume
vy = val[(U;)k; (B;)] has been defined. By Theorem 2.7, v(¢) > vp(¢) for
¢ € R. As v(z) = vi(x) this also holds for ¢ € C(z)[y]. If v = vy, then we are
done. If not, set Dy, := {¢p € C(z)[y] | ¥(¢) > vi(p)}.

Lemma 4.4. Dy, defines a prime ideal in gr,, C(z)[y].

Proof. Let us check that Dy is well defined in gr,, C(z)[y]. Pick ¢,¢" € C(x)[y]
with ¢ = ¢/ modulo vg. If ¢ € Dy but ¢’ ¢ Dy, then v(¢') = vi(¢') = vi(9) <
v(g). Sov(p—¢') =v(¢) = () < vk(éd — ¢'), a contradiction. To show that
Dy, is a prime ideal is easy and left to the reader. O

We continue the proof of the theorem. Recall that gr,, C(z)[y] is a Euclidean
domain. Hence Corollary 3.2 and Lemma 2.6 show that Dy is generated by a
unique irreducible element Uy = U* — 6 H?;é U;nk’j with 0, € C*, 0 <
my; < nj for j > 1 and myo > 0. Define Bk+1 := v(Ug41). It is easy to check
that [(Uj)g"'l; (Bj)g"'l] is an STKP. This completes the induction step.

Either the induction terminates at some finite k, or we get an infinite STKP
[(U;); (B;)]. In the latter case we claim that v = val [(U;); (f;)]. This amounts to
showing that if ¢ € R, then the increasing sequence v (¢) converges to v(¢).

If vk (¢) = v(¢) for k > 1 then we are done, so assume vi(¢) < v(¢) for all k.
Then ¢ € Dy, so Uy divides ¢ in gr,, C(z)[y]. In particular, vgy1(¢) > vi(9),
and deg, (¢) > deg, (Ugy1) = diy1. Hence di is bounded, and ny = 1 for k> 1.
By Theorem 2.21, Up — Uy in R. Moreover Uy, divides ¢ in R or else vg(¢)
would be stationary for k large. But then v(¢) > lim vg(¢) = 0o so vg(¢) — v(¢).
This completes the proof of the theorem. O

5. A COMPUTATION

We now compute v(¢) for a normalized valuation v and ¢ € m irreducible in
terms of STKP’s. This computation will be crucial to describe the metric tree
structure of valuation space; see Proposition 8.3.

Let v4 be the curve valuation associated to ¢. Write v = val [(U;); (3;)] and

vy = val [(Uj)), (Bj))] Assume v # v4 and define the contact order of v and vy by
con (v,vy) = max{j | U; = Uj)} (5.1)

Let nf be the integers defined by (2.2) for v, and set 'y;f =I5k nf for k > 1.

These products are in fact finite as nf =1 for j > 1.

Proposition 5.1. If ¢ =z (up to a unit), then v(¢) = By. Otherwise
v(#) = min{fe, 5} min{1, 5o/ 57}, (5.2)
where k = con (v,vy).

Later on we will be interested in the quotient v(¢)/m(¢). Applying Proposi-
tion 5.1 to v = vy, we obtain m(¢) = 'yf/ﬁg if ¢ # x; this leads to



THE VALUATIVE TREE 25

Proposition 5.2. If v € V and ¢ € m is irreducible, then

y(¢) _1 X ~ ~¢ . ~ ~¢
=d, m m
) . min{G, 8, } min{fo, 57},
where k = con (v,vy) and dj, = deg, Uy, = ]f_l n;.

Proof of Proposition 5.1. The case ¢ = x is trivial, so assume ¢ # z, i.e. Bg <
00. We may then assume ¢ = Ul¢, where [ := lengthvy € [k,00]. Note that
min{fy, 41} = min{Bg, ?} = 1 since v and v4 are normalized.

Let us first consider the case when 3y = Bg) and 3, = Bf ; this holds e.g. if
k > 2. Then 3; = B¢ for 0 < j < k. If | = k, then ¢ = Uy so v(¢) = f
and B,f = 00, which implies (5.2). Hence assume [ > k. Define ¢; = B,f i and
n; = min{Bk,Bg}ylf/vgﬂ for 0 < j <Il—k. Then 1/¢(Ulf+j) = ¢ for j > 0 and
V(U](P) = (3, for 0 < j < k. We will prove inductively that V(U,(fﬂ.) =, for j > 1;
when j = — k this gives (5.2). The induction is based on (2.3), which reads

" k+j—1 o
(UL, )"+ — 07, (U?)™+ii =: Aj — Bj. (5.3)
=0

UI?+J+1
Let us first show that V(U;f_H) = 11, using (5.3) for j = 0. There are three
cases, depending on Bk and B,f The first case is when Bk > Bk Then n;, ﬁk >
nf B;f = 15—1 mfﬁ,, so using (5.3) we obtain V(U;fﬂ) ;fni = 1. Similarly,
in the second case, 3 < B;f, then Zkfl mz Zﬁz = nkﬁk > nkﬁk, so that I/(Uk+1)
nkﬁk = 1. The third case is when [, = ﬁl‘f Set vy, := val[(U;)E; (6;)k]. Then
U;irl is irreducible in gr,, C(r)[y] and uk(Ugﬂ) ﬁknk = . If length v = k then
v =y, and V(U]?+1) = 11 so assume length v > k. By assumption Ul(f—kl # Ugy1,
hence Uk+1 does not belong to the ideal generated by Uy in gr,, C(z)[y]. But
this ideal coincides with {v > vy} by Theorem 4.1, so V(U]?+1) = Vk(U;fH) =n.
Now fix 1 < j < [ — k and assume that Z/(U;fﬂ) = for 1 <i < j. We will
prove that V(U]f+j+1) = 1j4+1 using (5.3). Write a; = mﬁ_m,ﬁ_i for 0 <i < j and

c= nfﬂ.. Then v(A;) = cn; and

k Jj— k+j—1
= Z mﬁ.ﬂﬂ‘ﬁi + Z a;1; = Z mk.w Zﬁd) + aO(Bk - 50 + Z az i 52
=1 i

k+] 1

S S S WU
1=0

To show that V(U]f+j+1) = 1,41 we only need to show v(Bj) > cn; or simply
Zéfl a;(& —n;) > (& — ;). Note that zj a;& < ¢ and that the sequence
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(77@/52)6 is strictly decreasing. Set p; = a;&;/ 2671 a;&;. Then Z%flpi =1so

j—1 j—1 j—1 ' '
ai(& —mi) = (Z azfz‘) > pi (1 - &> <& < - ﬂ) = c(& — mj)-
i=0 i=0 & &

This completes the proof when 8y = Bg and 3, = Bf . The remaining cases all
have £ = 1 and are as follows: Bo > Bl =land 1= B{f < Bf, BO > Bl =1 and
30 > B =1;1= 0y < frand 1 = 3§ < 3731 =B < B1 and B > ] = 1. These
are handled in the same way as above. The details are left to the reader. O

=0
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Part 3. Tree structures

In this third part of the paper we study tree structures on valuation space
V. We will use the term “tree” instead of “R-tree” even though all trees will
be modeled on the real line. We first describe a notion of tree in terms of a
partially ordered set. This notion seems to be new, although related to the
approach of Berkovich [B]. A natural weak tree topology is defined from the
ordering. We then recall the definition of a metric tree (typically called R-tree
in the literature [MO]). In both cases, a tree is a one-dimensional object where
any two points are connected by a unique arc or segment.

In Section 7, we show that the natural order on V induces a (non-metric) tree
structure, which we describe in some detail. We then define in Section 8 a numeri-
cal invariant of a valuation, its skewness. This leads to a natural parameterization
of V, and to a natural metric turning V into a metric tree.

6. TREES
6.1. Trees. A partially ordered set (7, <) is a tree if:

(T1) 7 has a unique minimal element o, called the root of T;
(T2) every full, totally ordered subset of T is isomorphic to a real interval.

Here a totally ordered subset S C 7 is full if 0,0’ € S, 0" € T and 0 < 0" < o’
implies ¢’ € S. Statement (T2) asserts that there exists an order preserving
bijection of any such S onto a real interval.

Remark 6.1. More generally, if A is a totally ordered set, then a A-tree is a
partially ordered set such that (T1) and (T2) hold, with the interval in (T2)
being an interval in A. Interesting examples include A = Z and A = N U {o0}.

It follows from the completeness of R that every subset S C 7 admits an
infimum, denoted by A;cs7. Indeed, the set {o € 7 | o0 < 7 V7 € S} is isomorphic
to the intersection of closed real intervals with common left endpoint.

Any point in a tree can serve as a root. Indeed, if (7, <) is a tree rooted at o
and o(, is any point in 7, then we may define a new partial ordering <’ on 7 by
declaring o1 <’ oy iff

op <01 <0y or oy>01>09 Or oy>01, 01 £0g, 01 % 0o

Then (7,<’) is a tree rooted at o(. As is easily verified, none of the following
constructions is dependent on the choice of root.
If 01, 09 are two points in 7, then we set

[01,09] :={0 €T |o1Noa<o<o01 or o1Nogs <0 <09}

We call [01,09] a segment, and define [o1,09[:= [01,02] \ {02} and, similarly,
lo1, 03], Jo1, o9].

Two trees 71 and 75 are isomorphic if there exists an order-preserving bijection,
or tree isomorphism ® : 77 — Ts.

Given a point o € 7 we define an equivalence relation on the set of nonempty
segments |o, 0’| in 7 by declaring two segments to be equivalent if they intersect.
An equivalence class is called a tangent vector at o and the set of tangent vectors
is called the tangent space at o, denoted T,7. (The tangent spaces should be
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thought of as projectivized.) We say that the segment |o, '] (or simply the point
o') represents the tangent vector.

A point in 7 is an end if its tangent space has only one element. It is a regular
point if the tangent space has two elements, and a branch point otherwise.

A subset § C 7 is a subtree if the segment [01,09] is in S for every 01,09 € S.
Clearly S is a tree in the induced partial order (rooted at any point in §).

A tree 7T is complete if every increasing sequence (0;);>1 in 7 has a majorant,
i.e. an element o, € 7 with 0; < 0o, for every i. Any tree 7 has a completion
T obtained by adding points corresponding to unbounded increasing sequences
o; in 7. All points in 7 \ 7 are ends. We write 7¢ for the set of ends in 7.

A parameterization of a tree 7 is an increasing mapping « : 7 — [0, 00) whose
restriction to any full, totally ordered subset of 7 gives a bijection onto a real
interval. The tree is then parameterizable. It is convenient—and equivalent—to
allow parameterizations with values either in [0,00] or in [0,1]. Thus a tree 7
is parameterizable iff its completion 7 is. We do not know if there exists a non
parameterizable tree. All trees we consider in this paper will be parameterizable.

6.2. The weak topology. A tree carries a natural weak topology defined as
follows. If ¥ € T, 7 is a tangent vector at a point o € 7, then set

Vi = {7 € T | the segment |o, 7] represents v/}.

Then the weak topology is generated by the sets Vi (i.e. the open sets are unions
of finite intersections of such sets). This topology is Hausdorff. Any complete
subtree S of 7 is weakly closed in 7 and the injection S — 7 is an embedding.
In particular, any segment v = [0,0'] in 7 is closed, and the induced topology
on v coincides with the standard topology on [0, 1] under the identification of -
with the latter set. However, the branching of a tree does play an important role
for the weak topology:

Proposition 6.2. If T is a tree and o,,0 € T, then o, converges weakly to o
iff for every tangent vector v € T, T such that the set Iz :== {n | o, represents U}
is infinite, the segments |o,0,], n € Iz have empty intersection. In particular, if
13 is finite for every v, then o, — o.

We leave the proof to the reader as we will not use this result. A fundamental
property of the weak topology is given by

Proposition 6.3. Any parameterizable complete tree is weakly compact.

Sketch of proof. Consider a parameterization o : 7 — [0,1] of a complete tree
(T,<). Let E = [0,1]7, which is compact in the product topology. Define a
mapping j : 7 — E by j(0)(7) = a(o A 7). One shows (with some work) that j
is an embedding of 7 into E and that j(7) is closed. Thus 7 is homeomorphic
to a closed subset of a compact space, hence is itself compact. O

Note that a tree 7 which is not complete cannot be weakly compact: a sequence
in 7 that increases to an element in 7 \ 7 cannot have a convergent subsequence.
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6.3. Metric trees. A metric tree is a metric space 7 in which every two points is
joined by a unique arc, or segment, and this segment is isometric to a real interval.
It is known [MO] that a metric space is a metric tree (i.e. admits a compatible
metric under which it becomes a metric tree) iff it is uniquely pathwise connected
and locally pathwise connected.

Any metric tree gives rise to a tree in the previous sense. Indeed, fix g9 €
7 (the root) and define a partial ordering on 7: o < ¢’ iff o belongs to the
segment between oy and o’. Clearly (T1) and (T2) hold. We say that the
metric is compatible with the nonmetric tree structure. Notice that 7 is naturally
parameterized by setting a(o) = d(og, o).

Conversely, consider a nonmetric tree 7 with a parameterization o : 7 — [0, 1].

Defined: 7 x T — [0,2] by d(o,7) = (a(0) — a(oc AT)) + (a(T) — alc A T)).
Lemma 6.4. (7,d) is a metric tree.

Proof. 1t is straightforward to verify that (7, d) is a metric space in which every
two points is joined by an arc isometric to a real interval. What remains to be
seen is that there is a unique arc between any two points in 7. For this, consider
a continuous injection ¢ : I — (7, d) of a real interval I = [t1,t9] into 7, and let
o; = 1(t;). By declaring o1 to be the root of 7', we may suppose o1 < g9. Define
7(t) = 2(t) Aoa, and suppose 7~ 1{t} has an interior point for some ¢ € I. If [a, b],
a < b denotes a non trivial connected component of 7~ {t}, the tree structure of
7 implies 7(a) = ¢(b). This contradicts the injectivity of +. From the fact that the
preimage by 7 of any point in [01, 03] has empty interior, we infer that ¢+ maps I
into the segment [o1,09]. The injectivity of ¢ then gives that ¢ is an increasing
homeomorphism of I onto [o1,09]. This completes the proof. O

As the following example shows, two metric trees may be isomorphic as trees
without being homeomorphic as topological spaces.

Example 6.5. Fix a set X and set 7 = X x R/ ~, where (z,0) ~ (y,0) for any
x,y € X. Then 7 is a tree under the partial ordering < defined by (z, s) < (y,t)
iff either s =t =0, or x =y and s < t.

Given g : X — (0,00) define a metric d, on 7 by dy((z, s), (z,t)) = g(z)|s — ¢t
and dy((z,s), (y,t)) = g(x)s + g(y)t if © # y. Then (7,d,) is homeomorphic to
(7,dp) iff there exists C' > 1 such that g(x)/h(z) € [1/C,C] for all x.

If a metric tree 7 is complete as a tree, then (7,d) is a complete metric space
for every tree metric d on 7. As a partial converse, if a nonmetric tree 7 admits
a compatible, complete tree metric d of finite diameter, then 7 is complete as a
tree. Notice, however, that R with its standard metric is complete as a metric
space but not as a tree.

If a metric tree 7 has finite diameter, then the completion of 7 as a metric
space agrees with the completion of 7 as a tree. Moreover, it is always possible
to find an equivalent metric in which 7 has finite diameter.

A metric tree admits two natural topologies, the weak topology as a (non-
metric) tree and the topology as a metric space, which we will also refer to as the
strong topology. As we noted above, the latter depends on the choice of metric.
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Proposition 6.6. The strong topology on a metric tree T is at least as strong
as the weak topology.

Proof. Let o, be a sequence of points in the metric tree (7,d) that converges
strongly to 0o, € 7. Use 04 as aroot. If o, 4 0o weakly, then there would exist
0 > 0 such that o, > o for infinitely many n. Thus d(oy,,000) > d(0,00) > 0
for these n, which contradicts that o,, — 0 strongly. U

Remark 6.7. If 7 is as in Example 6.5 with X infinite and g(x) = 1, then the
weak and strong topologies are not equivalent: if (x,),>0 are distinct elements
in X then (x,,1) converges weakly, but not strongly to (z,0).

6.4. Trees associated to ultrametric spaces. We next show how to construct
a tree from an ultrametric space. This will be used to illustrate the connection
between toroidal valuations and curves in Section 15. Recall that a metric d on
a space X is an ultrametric if d(x,y) < max{d(z, z),d(y, z)} for any z,y,z € X.

Let X be an ultrametric space of diameter 1. Define an equivalence relation
~ on X x (0,1) by declaring (x,s) ~ (y,t) iff d(z,y) < s = t. Note that (z,1) ~
(y,1) for any z,y. The set Tx of equivalence classes is a tree rooted at (x,1)
under the partial order (x,s) < (y,t) iff d(x,y) < s > t. It is a metric tree under
the metric defined by d((z, s), (x,t)) = |s—t| and d(o,7) = d(o,0 AT)+d(T,0 AT)
for general o, 7 € Tx.

If the diameter of any ball of radius r equals r (!), then we may think of
(z,t) € Tx as the closed ball of radius ¢ in X centered at z.

7. TREE STRUCTURE ON V

We now show that the natural partial ordering on valuation space V turns it
into a (non-metric) tree, the valuative tree, and describe its structure.

7.1. Tree structure. Recall the partial order < defined on V: v < p iff v(¢) <
wu(¢) for all ¢ € R.

Theorem 7.1. Valuation space V is a complete tree rooted at v,.
The general properties of trees then give:
Corollary 7.2. Any subset of V admits an infimum.

Remark 7.3. If (v;) are valuations in V, then v := Av; € V can be constructed
using the properties v(¢) = inf; 1;(¢) for all irreducible ¢ € m and v(¢yp) =
v(¢) + v() for all ¢, € m.

This construction does not work on more general rings. For instance, consider
monomial valuations v;, ¢ = 1,2,3 on Clx1,22,23]] defined by v;(z;) = 3 if
i # j and v;(x;) = 1. Define v = min; v; by the construction above and consider
¢ = x1T9 — Tows + T3T1, Y = T1x9 + Tox3 — x3x1. Then v(p) = v(¢vh) = 4 but
v(¢ — ) = 2, so v is not a valuation.

A similar calculation shows that the natural partial order on the set of centered
valuations on Cl[z1, 22, x3]] does not define a tree structure.

Recall that an automorphism f : R — R induces a bijection f, :V — V given
by f.(v)(¢) =v(f(¢)). If p < v, then fiu < fiv. Hence we get:



THE VALUATIVE TREE 31

Proposition 7.4. Any ring automorphism f : R — R induces a tree isomorphism
fe: V=V with fivm = v,

Theorem 7.1 is proved by describing the partial order on V in terms of STKP’s:

Proposition 7.5. Consider v,v' € V with 1 = v(z) = v'(x) < min{v(y),'(y)}.
Write v = val [(Uy); (8;)], v' = val[(U}); (8))]. Then v <v' iff v #v" and

length (/) > length (v) =1k < oo, U;=U} for0<j<k and B> f.

Proof. First suppose the three displayed conditions hold. Then property (Q2) of
Theorem 2.7 implies v/ > vy = val [(U;)E; (6;)671, 8,]. But vy > v, so v/ > v.
Conversely assume val [(U7); (B})] =V > v = val[(U;)k; (6;)k] with 1 < k <
o0o. Let us show inductively that U ]/ = U; for j < k. This is true by definition
for 7 = 0,1. Assume we proved it for j < k. Define v;_; = val [(Ul)éfl; (Bl)%fl].
Then v'(U;) > v(U;) > v;j—1(Uj). Hence Theorem 4.1 implies U} = U;. Finally,
k < oo (or else v = v/') and B, = v/ (Uy) > v(Uy) = Br- O

Proof of Theorem 7.1. Fix v € V with v > v,,. We will show that the set I =
{p | vm < p < v} is a totally ordered set isomorphic to an interval in R

Write v = val[(U;)&; (5;)E]. First assume 1 = v(z) < v(y) and k < co. Set
dj = deg, (U;) for j <k (do = 00) and recall that the sequence (3;/d;) is strictly
increasing. We claim that I is isomorphic to the interval J = [1, 8;/d)]. To see
this, pick ¢t € J. There exists a unique integer [ € [1,k] such that §_1/dj_1 <
t < Bi/dy. Set vy = val [(U;); (Bj)é;h,tdl]. Proposition 7.5 then shows that this
gives an isomorphism from J onto I. The case k = o is treated in a similar way.

The remaining case to check is when 1 = v(y) < v(z). But then we may apply
the automorphism f of R exchanging x and y and use Proposition 7.4. The
details are left to the reader. Hence V is a tree.

The tree V is rooted at vy as vy < v for any valuation v. To show complete-
ness, pick an increasing sequence (vg) in V. Let us assume 1 = vi(z) < vi(y)
for all k. By Proposition 7.5 the STKP defining v, has increasing length. When
length vy, — oo Theorem 2.21 shows that v, tends to a curve valuation or an
infinitely singular valuation dominating all the vy’s. Otherwise length () is
constant for k large and we can write vy, = val [(U;)5; (6:)a~*, 3¥]. By Proposi-
tion 7.5, the sequence B,’j increases, hence converges to Bn € R,. The valuation
v = val [(U;)%; (3;)3] dominates all the v;. Thus V is a complete tree. O

7.2. Dendrology. We now turn to the fine tree structure of valuation space V.

Proposition 7.6. The tree structure on valuation space V satisfies:

(a) the root of V is the m-adic valuation vy;
) the ends of V are the infinitely singular and curve valuations;

) any tangent vector in V is represented by a curve valuation;

) the regular points of ¥V are the irrational valuations;

) the branch points of V are the divisorial valuations. Further, the tangent
space at a divisorial valuation is in bijection with P1.
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FIGURE 1. Valuation space V. The valuations marked by dots
are, from left to right: the m-adic valuation vy, an irrational val-
uation, a divisorial valuation, an infinitely singular valuation and
a curve valuation. The horizontal position indicates skewness (so
the infinitely singular valuation has finite skewness in this case).

We will have more to say about (e) in Section 11.3.

Proof. We have already proved (a). As for (b), any STKP of length k£ < co with
Br < oo can be extended to an STKP of length k + 1. By Proposition 7.5 this
means that no toroidal valuation is an end. The same proposition also shows that
no valuation with an STKP of infinite length or with length & < oo and B = 00
can be dominated by another valuation. Thus curve valuations and infinitely
singular valuations are ends in V, proving (b). A similar argument proves (c).

Next consider a toroidal valuation v and ¢ € T,V represented by a curve
valuation vg. First assume that vy A v < v. Then the segment |v, vy4] intersects
v, vm] at vy A v so ¥ is the tangent vector represented by vp,.

Otherwise, vy > v. If v is irrational and vy > v is another curve valuation,
then p := vy A vy is toroidal by (b). But p(R) C Q, so rat.rk(p) = 1. Thus u is
divisorial, so 1 > v. It follows that |v,vy] and |v, vy4] intersect. This proves (d).

When v is divisorial, write v = val [(U;)§, (3;)E]. For p > v, either u(Uy) >
v(Ug) = Bk, or u(Uy) = Bk In the former case, u represents the same vector

as Voo = val [(U;)E, ()67, 00]. In the latter case Theorem 2.7 (A2) shows that
there exists a polynomial Uy 1 = U — 0T[5 U]m'“j with 6 = 6(u) € C*, such
that if ¢ € R then u(¢) > v(¢) iff Ugyq divides ¢ in gr,C(z)[y]. Define vp = vy,
and Byi1 = p(Ugs1). Then pAvg > val (U (3))5%1] > v so that p and vy
define the same tangent vector. Conversely vy A vy = v as soon as 0 # 6'. The

set of tangent vectors at v is hence in bijection with {vy, Voo, Vg }oec+ which is in
bijection with P!, O

Remark 7.7. The (non-metric) tree structure on V does not allow us to distin-
guish between a curve valuation and an infinitely singular valuation. In Section 16
we will define the multiplicity of a valuation. This multiplicity is an increasing
function on V with values in N U {oo} and the infinitely singular valuations are
the ones with infinite multiplicity.

Remark 7.8. The identification of valuations with STKP’s gives an explicit
model for the tree structure on V. Namely, let 7 be the set consisting of (0) and
of pairs (5,0) with 5 = (s1,...,8m+41), 0 = (01,...,01,), 0 <m < 00, s; € Q. for



THE VALUATIVE TREE 33

1<i<m+1, spmp1 € (0,00] if m < o0, 0; € C*. Define a partial ordering on
T by (5,0) < (s 0') iff m < m/, s; = s, and 6; = 0. for i < m and s, < s/, if
m>1,and1fm:1,1§81§s’10rs'1§31§1.

Define + : 7 — V as follows. First set 2(0) = v,. If 0 = (5,0) € T,
then set 50 =1/ mm{l sih, B = s1/min{l, s1}, and define, inductively, ny =
min{n | nf € Zo Y32} and fj11 = nifk + Sgp1. Define Uy by (P2) and set
1(0) := val [(Us); (Bx)]. Proposition 7.5 shows that 7 is a tree isomorphism.

8. METRIC TREE STRUCTURE ON V
Our next goal is to equip the valuative tree V with a natural tree metric.

8.1. Skewness. We first introduce a new invariant of a valuation which in an
intrinsic way measures how far the valuation is from the m-adic valuation vy,.

Definition 8.1. For v € V, define the skewness a(v) € [1,00] by
U |4 ¢ m} . (8.1)

a(v) == sup {—
This quantity is an invariant of a valuation, in the following sense:

m(¢)

Proposition 8.2. If f: R — R is a ring automorphism and f. :V — V is the
induced map on valuation space, then a(f.v) = a(v) for any v € V.

Proof. This is immediate since

o vF9) W) _
o fr) =50 @) o gy ~ W)

Let us compute the skewness of a valuation in terms of its STKP.

Proposition 8.3. Let v € V and write v = val [(U;)E; (3)E].
(i) If v is toroidal, then a(v) = d;lﬁkﬁo, where dy = deg, Uy. In particular
a(v) is rational iff v is divisorial.
(ii) If v is a curve valuation, then a(v) = co. o
(ili) If v is infinitely singular, then a(v) = lim;_ d;lﬁjﬁo, which can be any
number in (1, 00].
Proof. If v = vy is a curve valuation, then a(v) > v(¢)/m(¢) = oo, which
proves (ii). As for (i) and (iii) note that it suffices to use ¢ irreducible in (8.1).
Indeed, if v(¢) < am(¢p) for ¢ € m irreducible and ¢ = [] ¢; is reducible, then

mw=ZMW§azmmﬁwmw

So assume ¢ irreducible and write v4 = val [(Uf), (Bf)] Let | = con (v,vy4) as

defined in (5.1). Then [ < k. Recall that the sequence (d;lﬁj)]f is increasing. We
apply Proposition 5.2:

T’:L((Z)) = d; ' min{f, 5} min{Gy, 3} < 22 4 B, (8.2)
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FIGURE 2. The value v(¢) for ¢ € m irreducible depends on the
multiplicity m(¢) and the relative position of v and the curve
valuation v4 in the valuative tree V. See Proposition 8.4.

If v is toroidal, i.e. k& < oo, then equality holds in (8.2) if [ = k and B,‘f = B,
proving (i).

If v is infinitely singular, so that k < oo, then for any j we may pick ¢ with
=7 and Bld) = ;. Then v(¢)/m(¢) > d;lﬁjﬁo. Letting j — oo yields (iii). O

As a first example of how skewness can be used, let us prove the following
result, which will be used repeatedly in the sequel.

Proposition 8.4. For any valuation v € V and any irreducible ¢ € m we have

v(¢) = alv Avg)m(g).
In particular v(¢) < a(v)m(¢) with equality iff vy > v.

Proof. Keep the notation of Proposition 8.3 and its proof. If v = v, then v A
vy = vy and the result follows from (ii). Otherwise I := con (vg,v) < oo and

v A vy = val [(Uj)f); (Bj)é_1,6]7 where 3 = min(Bl,Bl‘b). Then

a(v Avg) = d; BB = v()/m(9),
which completes the proof. O

Remark 8.5. Skewness is closely related to volume as defined in [ELS]. Indeed,
if we define Vol (v) = limsup,_,, 2¢~2dimgc R/{v > c}, then we have

Vol (v) = a(v) L. (8.3)
We sketch the proof, referring to [ELS, Example 3.15] for details. Write v =
val [(U;)E; (8;)5] and suppose for simplicity that k is finite. For any ¢ > 0, a
basis for the vector space R/{v > ¢} is given by the monomials Uy’ ... U* where
0<i;<mnjforl1<j<k-1,and ZS ijﬁj < ¢. The number of such monomials
is given (up to a bounded function) by lffl nj - Area{ip + Brir < ¢ | i, >
0} >~ dic®/283). This gives (8.3).
8.2. Parameterizations. We now show that skewness naturally parameterizes
valuation space:

Proposition-Definition 8.6. Fiz ¢ € m irreducible and pick t € [1,00]. Then
there is a unique valuation v = vy in the segment [V, V] with skewness a(v) = t.
Further, if v € V satisfies v(¢) > tm(¢), then v > vy,.
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Vi Vos = Vis,s Vo Ny

Uy

FIGURE 3. Skewness is used to parameterize the segment [V, V]
by vgs, 1 <t < oo. We have vy = vy iff s =t < avg A vy).
See Proposition 8.6.

In other words, the function a : V — [1,00] defines a parameterization. The
latter is essentially equivalent to the parameterization by STKP’s but has the
appeal of being simpler and coordinate independent.

Proof of Proposition 8.6. To construct v4; we consider the curve valuation vy
and write v, = val [(U;); (6;)]. We can assume that Gy = 1 < (1 by permuting
coordinates if necessary. Pick ¢ > 1, and define vy, as follows: if t = 1,00, then
v = vy and v = vy, respectively. If 1 < ¢ < oo, then there exists a unique k£ > 1
with ¢ E]Bk,l/dk,l,ﬁk/dk], where dj = deg, Uy (and dp = 1). We set

v = val [(U3)G: (Bi)g "t - di)-

Then vy € [Vm, Vp] and by Propositions 8.3 and 8.4 we have v4+(¢) = tm(¢) and
a(v) =t.

On the other hand, if v € V satisfies v(¢) = tm(¢), then a(v Avyg) =t by
Proposition 8.4. Since vAvy € [vm, Vy] the previous argument implies vAvg = vy,
and hence v > v ;. O

Corollary 8.7. Ifv € V, ¢ € m is irreducible and v(9) is irrational, then v = vg4
where t = v(p)/m(o).

Proof. Define t = v(¢)/m(¢). By Proposition 8.6 we have v > v4;. Since vg
is irrational, either equality holds, or else v > vy ¢ for some s > ¢, in which case
v(¢p) > sm(¢p) > tm(¢), a contradiction. O

8.3. An invariant tree metric. For v, € V set

winn) = (somn o) * (e —aw): O

Theorem 8.8. The metric dy gives valuation space V the structure of a metric
tree. Further, dy is complete and is an invariant metric in the sense that if
f: R — R is an automorphism and f. :V — V is the induced map on valuation

space, then dy(fv, fup) = dy(v, ) for any v, € V.

Proof. We know by Proposition 8.6 that skewness « : V — [1,00] defines a
parameterization of V. A simple adaptation of the proof of Lemma 6.4 then shows
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that (V,dy) is a metric tree. Completeness of (V,dy) follows from completeness
of V as a tree. Invariance follows from Proposition 8.2. O
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Part 4. Topologies

In this part we analyze different topologies on V. We start in Section 9 by
considering the weak topology, defined either in terms of pointwise convergence or
in terms of the non-metric tree structure. Then in Section 10 we study the strong
topology, induced either by uniform convergence or by a natural tree metric. Next
we have the Zariski topology on the set of all centered Krull valuations. This is
analyzed in Section 11. A refinement of the Zariski topology is the Hausdorff-
Zariski topology, considered in Section 12. Finally we compare the different
topologies on V in Section 13.

9. THE WEAK TOPOLOGY

At this stage we have two weak topologies on valuation space: the weak topol-
ogy defined by pointwise convergence and the weak tree topology induced by the
tree structure on V. In this section we show that these two topologies are in fact
identical. We also study its main properties.

9.1. The equivalence. We defined the weak topology on V by describing con-
verging sequences: v — v iff vp(¢) — v(¢) for every ¢ € m. Equivalently, a
basis of open sets is given by {v € V | t < v(¢) < t'} over ¢ € m irreducible and
t' >t > 1. The weak tree topology is generated by {Vz}, where ¥ runs over all
tangent vectors in V.

Theorem 9.1. The weak topology on V coincides with the weak tree topology.

Proof. We use Proposition 8.4 repeatedly. If ¢ € T,V is a tangent vector not
represented by vy (true e.g. if v = vy), then Vi = {u | u(¢) > am(o)}, where
a = a(v) and vy represents v. If instead ¢ is represented by vy, then Vi = {p €
V| u(¢p) < am(¢)}, where vy, > v. In both cases Vg is open in the weak topology.

Conversely, every nontrivial set of the form {v(¢) > t} or {v(¢) < t} with
t > 1 and ¢ € m irreducible is of the form V. This completes the proof. ([

9.2. Properties. We now investigate the weak topology further.
Proposition 9.2. The weak topology is compact but not metrizable.

Proof. Compactness follows from Theorem 9.1 and the fact that any complete tree
is weakly compact (see Proposition 6.3). Alternatively, V is naturally embedded
as a closed subspace of the compact product space [0, co] .

To prove that V is not metrizable it suffices to show that vy, € V has no
countable basis of open neighborhoods. For 6 € C*, let vy := vy 44,2 (see Propo-
sition 8.6) and Qp := {v 2 vp}. Any Qp is an open neighborhood of vy,. Suppose
{Vk}r>1 is a countable basis of open neighborhoods of vy. Then for any 6 there
exists k = k(0) > 0 with V, C Qp. As C* is uncountable, one can find k£ and a
sequence ¢; with 0; # 6; for 7 # j such that Vi, C Qy,. Now vy, — vm, so vy, € Vj,
for > 1. But vy, € Qp,. This is a contradiction. O

Proposition 9.3. The four subsets of V consisting of divisorial, irrational, in-
finitely singular and curve valuations are all weakly dense in V.
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Proof. Instead of proving all of this directly we will appeal to Proposition 10.3
which asserts that the divisorial, irrational and infinitely singular valuations are
all (individually) dense in V in a stronger topology that the weak topology. Hence
it suffices to show that, say, any divisorial valuation can be weakly approximated
by curve valuations. But if v is divisorial, then by Proposition 7.6 there exists a
sequence ¢, of irreducible elements in m such that the associated curve valuations
Vg, represent distinct tangent vectors at v. Then vy, — v as n — oo. O

10. THE STRONG TOPOLOGY

As with the weak topology, we have two candidates for the strong topology on
V: one defined using uniform sequential convergence (see (10.1) below) and one
induced by the tree metric (8.4) on V. We now show that these two coincide and
analyze the properties of the strong topology.

10.1. The equivalence. A strong topology on V can be defined in a quite general
setting (i.e. for other rings than R) in terms of the metric

m(¢) — m(¢) '

n(¢)  1(9)

This topology is stronger than the weak topology and any automorphism f : R —
R induces an isometry fi : V — V for dg,. In fact, the metric dg, is compatible
with the tree metric dy defined in (8.4):

dstr (V1,v2) = sup (10.1)

¢em irreducible

Theorem 10.1. The strong topology on V is identical to the strong tree topology.
More precisely, if dy is the tree metric on V given by (8.4), then, for vi,vs € V:

dstr(yla V2) < dV(Vla V2) < 2dstr(7/1’ V2) (102)
Proof. Let us consider ¢ € m irreducible. Set v = v; A 5. We first show that

(@) = v (9)] = max {v7'(6) v (@)} (10.3)

To see this, notice that Proposition 8.4 implies p(¢) = (uAvg)(¢) for any p € V.
Thus we may replace v; by v; A vg, so that v < v; < vy, @ = 1,2. But this means
that v =11 <y <y or v =1y < vy < vy and then (10.3) is immediate.
Multiplying (10.3) by m(¢) and taking the supremum over ¢ € m we get
dstr (11, v2) = max; dy (v, v), which implies (10.2). O

10.2. Properties. We now investigate the strong topology further.

Proposition 10.2. The strong topology on V is strictly stronger than the weak
topology. It is not locally compact.

Proof. The last assertion implies the first one as the weak topology is compact.
Consider v € V divisorial and pick ¢, € m irreducible with v, > v, such that
Vg, represent distinct tangent vectors at v. For fixed € > 0, set v, = vy, ate,
where « is the skewness of v. Any v, is at distance ¢/a(a + ¢) from v. Further,
Vp — VU, SO v, has no strong accumulation point. If v had a compact strong
neighborhood, it would contain a ball of positive radius, say bigger than €. Then
v, would have a strongly convergent subsequence. This is impossible. O
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Proposition 10.3. The three subsets of V consisting of divisorial, irrational
and infinitely singular valuations are all strongly dense in V.

The strong closure of the set C of curve valuations is the set of valuations of
infinite skewness. In particular, C\C contains only infinitely singular valuations.

Proof. For the first assertion, we first prove that any valuation v € V can be
strongly approximated by divisorial and irrational valuations. If v is not infinitely
singular, then v = vy ; for some irreducible ¢ € m and ¢ € [1,00]. Then p = vy,
converges strongly to v as s — t and p is divisorial (irrational) if s is rational
(irrational). If v is infinitely singular, then v = lim v, for an increasing sequence
v, where v, can be chosen to be all divisorial or all irrational.

To complete the proof of the first assertion we show that any divisorial val-
uation can be approximated by an infinitely singular valuation. So let v =
val [(U;)E; (8;)k] be divisorial and fix ¢ > 0. Pick an arbitrary ; € C* and
define Uy := U.* — 0y, ng_l U;nk’j. where ny and my, ; are defined by (2.2).

Pick Blﬁ—l rational with 0 < Blﬁ—l - nkﬁk < 27'dy 416, so that Blﬁ—l does not
belong to the discrete subgroup Zlg Z3; of Q. Set vyy1 := val (U5 (B)E).
By construction ng4q > 2. This method produces divisorial valuations v;; =
val [(Us)6 ™5 (B:)5 ™), 5 > 1 satisfying ngy; > 2 and 0 < Brpjp1 — ey Bray <
2*(j+1)dk+j+1€. The sequence (vj4;); increases towards an infinitely singular
valuation v, and

dy(Voo,v) = a1 (v) — o Hveo) = lim Bi'd; — B de < ) 277e =
J—00 -
Jj=z1

This concludes the proof of the first assertion.

For the second assertion, first notice that skewness defines a strongly continu-
ous function « : V — [1, 00|, so since every curve valuation has infinite skewness,
so does every valuation in C. Conversely if v = val[(U;); (3;)] has infinite skew-
ness, then v, := val [(U;)§; (Bi)n ", 00 is a curve valuation with

dy(Vn,v) = (@ v Avp) —a V) + (@ v Avy) —a ) =28, d, — 0,
SO v, — v as n — oo. This completes the proof. ]

We end this section by discussing another tree metric. By Proposition 10.3,
the subset V' of V consisting of valuations with finite skewness is a strongly open
subtree that contains all toroidal valuations. It is obviously not complete as a
tree, but can be given a natural complete metric. Namely, for v, u € V' set

vi(g)  1a(9)

m(¢)  m(¢)

We may check that the supremum can be taken over irreducible ¢’s. Following
the proof of Theorem 10.1, we infer that dy(u,v) = (a(p) — a(p Av)) + (a(v) —

a(pAv)).

Proposition 10.4. The metric space (V',dy) is complete.

dyr(j1,v) = sup
pEM
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Proof. Any dy-Cauchy sequence v, in V' is dy-Cauchy, hence dy (v, v) — 0 for
some v € V by completeness of dy. But it is easy to see that v, must have
uniformly bounded skewness, so a(v) < co and then dy/(vy,,v) — 0 as well. O

11. THE ZARISKI TOPOLOGY.

We now turn to the Zariski topology, which is not Hausdorff as divisorial
valuations do not define closed points. We show how to make it Hausdorff by
identifying a divisorial valuation with the valuations in its closure. This gives
back V endowed with the weak topology. We also show that tangent vectors in
the tree V at a divisorial valuation are canonically associated with exceptional
curve valuations.

11.1. Definition. The Zariski topology is defined on the set Vi of all centered
Krull valuations on R = C|[[z,y]] (not necessarily R ;-valued see Section 1.2). A
Krull valuation v is determined by its valuation ring R, = {v > 0} C K, so an
open set in Vi is a set of valuation rings satisfying certain conditions.

Definition 11.1. A basis for the Zariski topology on Vy is given by
V(A):={v | R, D A},
where A ranges over subrings of K of the form A = R[z1,..., 2], zi € K.

Note that V(A) NV (A’") = V([A, A]), where [A, A'] denotes the algebra gen-
erated by A and A’. Thus we have a well-defined topology whose open sets are
arbitrary union of V(A)’s.

Remark 11.2. The topological space Vg endowed with the Zariski topology is
called the Riemann-Zariski variety of R (see [ZS], [V]).

Proposition 11.3. Vi is quasi-compact but not Hausdorff. Moreover,

(i) Any non-divisorial valuation is a closed point.
(ii) The closure of a divisorial valuation associated to an exceptional curve E
is the set of exceptional curve valuations v, whose centers lie on E.

Proof. That V is not Hausdorff follows from (ii). Quasi-compactness will be
proved in Theorem 12.2. Both (i) and (ii) are consequences of Lemma 1.4 since
a valuation p lies in the closure of another valuation v # p iff R, C R, . U

Remark 11.4. V C Vg is neither open nor closed for the Zariski topology.

Remark 11.5. The Zariski topology can be geometrically described as follows:
a basis is given by V(w, ('), where w ranges over compositions of finitely many
blow-ups and C over Zariski open subsets of the exceptional divisor @ ~!(m).
Here C is the complement in w~!(m) of finitely many irreducible components
and finitely many points, and V' (w, C) is the set of all v € Vi whose associated
sequence of infinitely nearby points II[v] = {p;} are eventually in C.
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11.2. Recovering V from Vg. We can try to turn Vi into a Hausdorff space 17[(
by identifying v and v’ if they both belong to the Zariski closure of some valuation
p. By Proposition 11.3 this amounts to identifying exceptional curve valuations
with their associated divisorial valuation. Let p : Vg — Vg be the natural
projection and endow Vi with the quotient topology. Then Vi is compact,
being the image of a quasi-compact space by a continuous map.

Consider the natural injection ¢ : V — Vg, where V carries the weak topology.

Theorem 11.6. The composition poi:) — 1~/K is a homeomorphism.

Proof. Since V contains all divisorial valuations but no exceptional curve valua-
tions, injectivity and surjectivity of p o ¢ follow from Proposition 11.3. Since V
is Hausdorff and V is compact, continuity of (po1)~! will imply that po is in
fact a homeomorphism.

Therefore, let us show that (p o1)~! is continuous. A basis for the weak
(tree) topology is given by the open sets Vy, over tangent vectors U at divisorial
valuations v € V. For ¢,¢ € m irreducible and ¢ > 0 define

V(1) = {M cy | Mo _, 1) }

m(@) = m()

Proposition 8.4 implies that if ¥ € T,V is not represented by vy, (true e.g. if

V = Uy), then Vi = V (6,9, 1), where vy, represents v and vg A vy, = v. If instead

U is represented by v, then Vi = V(¢, 9, a(v)), where vg > v and vy A vy = v,
Hence it suffices to show that (po)(V) is open in Vi for any V =V (¢, 0, t).

This amounts to p~!(p o 1)(V) being open in V. Define

W=w(ob0) = |J {vevi|v(wm@/pm@))>o}.
p/g>t
Then W is open in Vi and «(V') = «(V)NW. We claim that if v € Vi is divisorial
and v/ € {v} an exceptional curve valuation, then v € W if and only if v/ € W.
This claim easily implies that p~1(po1)(V) = W is open, completing the proof.
As for the claim, v € W implies t' := v(¢)m(¢) /v(¢)m () > t. Pick ¢ € (¢,t')
rational, / = p/q. Then v belongs to the closed set {u | ()P /pam(¥)) >
0} € W, hence so does v'. Conversely, if v/ € W then v € W as R, C R,. O

11.3. The tangent space at a divisorial valuation. Fix v € V divisorial. We
have seen in Proposition 7.6 that the tree tangent space T,V is in bijection with
P!. Here we make this isomorphism precise. As a byproduct we also see that
tree tangent vectors act as a kind of derivative.

Theorem 11.7. Let v € V be a divisorial valuation. There is a natural 1-
1 correspondence between tree tangent vectors v at v and Krull valuations, also
denoted U, satisfying Ry C R,,. These valuations are exactly the exceptional curve
valuations centered at points on the exceptional divisor associated to v.

Remark 11.8. The space of Krull valuations ¢ with Ry C R, is canonically
isomorphic to the space of Krull valuations on the residue field k,. As k, ~ C(T),
this space of valuations is isomorphic to P! with the Zariski topology, but this
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identification is not canonical. Moreover, the weak (or strong) topology on V
induces the discrete topology on the tree tangent space.

Let us first prove a preliminary result.

Lemma 11.9. Let v € V be divisorial, I = [0,¢] an interval and I >t — vy € V
a mapping with vy = v such that A := %a(yt) s constant and non-zero on 1.
Consider R x R with the lexicographic order. Then the function

o) = (v 5 5| o)

defines a centered Krull valuation on R.

Proof. Clearly v'(¢) = v'(¢) + V' (¢) for ¢,9b € R. Further, vi(¢d + ¢) >
min{v;(¢), v (1)} for any ¢. If strict inequality holds at ¢t = 0, then v/(¢ + ¢) >
min{v/'(¢), ()} by the lexicographic ordering. Otherwise ¢t — v(¢ + ), and
t — min{w(¢), (1)} are affine functions near ¢ = 0, coinciding at ¢ = 0. Then
the slope of the latter cannot exceed the slope of the former, and this implies
that /(¢ + ) > min{/(¢),v'(¢)}. This completes the proof. O

t=0

Proof of Theorem 11.7. Consider a a tree tangent vector ¢ at v. This is repre-
sented by a segment that can be parameterized by skewness. Lemma 11.9 gives
us a Krull valuation, also denoted by #. It does not depend on the choice of the
segment, as two segments defining the same tree tangent vector intersect in a
one-sided neighborhood of v, hence define the same Krull valuation.

It is clear by construction that Rz C R,. Let us show that Ry C R, that is ¢/
and v are not equivalent. For simplicity we assume that ¢' is not represented vy,
but by some v4 > v, where ¢ € m is irreducible. Then

i) = (0 | vorraw(®). (111)

for any ¢ € m. Pick ¥ € m irreducible with v4 A vy, = v and set x = ™ /¢",
where m = m(¢), n = m(y)). Then (11.1) shows that that ¥(x) = (0,—n) < 0,
whereas v(x) = 0. Hence Ry C R,. By Lemma 1.4 this implies that ¢ is an
exceptional curve valuation.

The same argument shows that the assignment ¥ — Ry from tree tangent
vectors to exceptional curve valuations centered at F, is injective.

Conversely, by Lemma 1.4 any valuation ¥ with Ry C R, is equivalent to an
exceptional curve valuation of the form ¢ = (v, u) for some function p: R — R.

t=0

Let us show that ¥ corresponds to a tangent vector. Write v = val [(U;)5; (6;)k].
We have v(Uj11) > V(Ufj) for 0 < j < k, hence #(Uj41) > 17(U;Lj) also. Thus ¢/
has the same sequence of key polynomials as v up to order k.

First suppose that the length (¥) > k, i.e. 0(Ugy1) > ng-0(Uy) for some Uy =
Ut =611 U;-nkj. As v(Ugi1) = ng-v(Uy), it follows that o(Ugy1) —ng - 9(Ux) =
(0,7) for some ~ > 0. In particular, ¥(Uy,1) & z]g Z-9(U;) C Q-9(Uy). Hence
7 =val [(U;)6*"5 (85, 7)6 '], with Brga = ik, vj10j = By for j <k, and
Ye+1 > ngYk. We may assume that v(z) = (8o,0). Hence 9(U;) = (5;,0) for
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§ <k, and G(Uys1) = (niSk,7y) for some v > 0. It is then easy to verify that @
corresponds to the tangent vector represented by ¢ = U1 in the sense of (11.1).

If instead length (¥) = k, the same type of argument shows that ¢ corresponds
to the tangent vector represented by vy,. O

12. THE HAUSDORFF-ZARISKI TOPOLOGY

We now present a natural refinement of the Zariski topology, the Hausdorff-
Zariski topology on Vg . This turns out to be the weak tree topology for a natural
Z-tree structure on Vi . We compare the two induced tree structures on V.

12.1. Definition. Let us embed Vg inside the set F of functions from K to
{0,+, —} by setting v(¢) = +,—,0 iff v(¢) > 0, v(¢) = 0, v(¢) < 0, respec-
tively. The Zariski topology coincides with the product topology associated to
the topology on {0,+, —} whose open sets are given by 0, {0,+}, {0,+,—}. We
define the Hausdorff-Zariski topology on Vi to be the topology induced by the
product topology associated to the discrete one on {0,+, —}. This is Hausdorff
by construction and we have

Lemma 12.1. A sequence v, € Vi converges towards v in the Hausdorff-Zariski
topology iff for all ¢ € K with v(¢) > 0, v(¢) = 0 and v(¢) < 0 one has
Un(@) >0, vp(p) and vy (@) < 0, respectively, for sufficiently large n.

From Tychonov’s theorem, and the fact that Vg is closed in F (see [ZS]) one
deduces the following fundamental result.

Theorem 12.2 ([ZS]). The space Vi endowed with the Hausdorff-Zariski topol-
ogy is compact. Thus Vi is quasi-compact in the Zariski topology.

12.2. The Z-tree structure on Vg. We now introduce a tree structure on Vi
which plays the same role for the HZ topology as the R-tree structure plays for
the weak topology on V. The new tree will be modeled on the totally ordered set
N U {oo} (see Section 6.1), although we will refer to it as a Z-tree.

Definition 12.3. Define a partial order < on Vg by
v1 < vy iff the sequence of blow-ups II[vs] contains IT[vy].

Proposition 12.4. The space Vi, <) is a Z-tree rooted at vy,. Any divisorial
valuation is a branch point, with tangent space in bijection with P1. The ends of
the tree are exactly the non-divisorial valuations.

Proof. That (Vk,<) is a Z-tree (or rather N U {co}-tree) is a straightforward
consequence of the definition, as is the fact that the set of ends coincides with
the set of non-divisorial valuations.

A tangent vector at a divisorial valuation v is given by a point on the excep-
tional component F defining v. Hence the tangent space at v is in bijection with
E ~ P!, This completes the proof. U

Proposition 12.5. The Hausdorff-Zariski topology coincides with the weak tree
topology induced by <.
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Proof. Pick a tangent vector ¢/ at a divisorial valuation vg, and consider the weak
open set Vz. If 1y corresponds to the exceptional curve E, and ¢ to the point
p € E, Vz coincides with the set of valuations that are centered at p. Choose
¢,¢ € K defining two smooth transversal curves at p disjoint from E. Then
Vo ={v | v(d),v(¢") > 0} is a weak tree open set. Hence the identity map from
Vi endowed with the HZ-topology onto Vi endowed with the weak tree topology
associated to < is continuous. These two topological spaces are compact, hence
homeomorphic. O

Appendix C contains a comparison of Z-tree and R-tree structure on V as-
sociated to < and <, respectively (see the proof of Lemma C.4). For example,
consider the segment I = [V, 1] in V, consisting of monomial valuations with
1 = v(z) < v(y). The restriction of < to I coincides with the natural order
on [1,00], whereas < gives the lexicographic order on the continued fractions
expansions of elements in [1, 00].

13. COMPARISON OF TOPOLOGIES

We now have three topologies on valuation space V: the weak topology, the
strong topology and the restriction of the Hausdorff-Zariski topology to V C V.
The latter will be referred to as the HZ topology.

Theorem 13.1. The strong topology and the HZ topology are both stronger than
the weak topology. Moreover:

(i) if v has infinite skewness and v, — v weakly, then v, — v strongly;
(ii) of v is non-divisorial and v, — v weakly, then v, — v in the HZ topology.

Note that no other implications hold as the following examples indicate.

Example 13.2. Let v, := vy 14,,-1. Then v, — vy strongly (hence weakly).
But v, (y/x) =1/n > 0 and vw(y/z) =0, so v, / v in the HZ topology. In fact,
it converges to the exceptional curve valuation val [(z,y); ((1,0), (1,1))].

In this example, the HZ limit valuation is in the closure of vy, in Vg. This is
a general fact for limits of sequences in the weak and HZ topology.

Example 13.3. Pick p,,, g, relatively prime with p, /g, — V2. Set ¢,, = y9 —
af, vy = vy, and v = v, 5. Then v, — v weakly but dy(vp,v) — 1/V/2 so
vy /> v strongly.

Proof of Theorem 13.1. We know from Proposition 10.2 that the strong topology
is stronger than the weak topology. The natural injection j: (V,HZ) — (Vk,Z)
is continuous as the HZ topology is stronger than the Zariski topology. By The-
orem 11.6 there is a continuous mapping q : (Vk,Z) — (V,weak) which is the
identity on V C Vg. Since g oy = id, we see that id : (V,HZ) — (V, weak) is
continuous. Hence the HZ topology is stronger than the weak topology.

For (i), suppose v, — v weakly. As a(v) = co we may find ¢, € m such that
v(gr) > (k4 1)m(¢y). For n> 1, vp(dr) > km(¢y). Thus v, v, > vy, i, SO

dy (Vn,v) < dy(Vn, Vg ) + dy(Voe ko v) <71+ k7L
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We let £ — oo and conclude that v, converges strongly towards v.

For (ii), suppose v,, — v weakly. Consider ¢ € K. If v(¢) > 0 (< 0), then
Un(¢) > 0 (< 0) for n > 1. If v(¢) = 0, then as the residue field k, is isomorphic
to C, we may write ¢ = A+, where A € C* and v(¢)) > 0. For n > 1 v, (¢)) >0
so that v, (¢) = 0. Thus v, — v in HZ. O
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Part 5. Valuations and curves

In this part we describe how toroidal valuations can be identified with balls
of irreducible curves in a particular (ultra-)metric. This allows us to extend
concepts such as multiplicities and intersection multiplicities to valuations.

14. VALUATIONS THROUGH INTERSECTIONS

The starting point is the observation that a curve valuation acts by inter-
section (see (E4) in Section 1.3). More precisely, given ¢,9 € m let ¢ - ¢ :=
dimc(R/(¢,v)) denote the intersection multiplicity between ¢ and 1. Then
m(¢) = ¢-1 for a “generic” smooth 1 and if ¢ is irreducible, then for any ¢ € m:

¢
vg () @)
Spivakovsky [Sp] showed that a divisorial valuation v acts (up to normalization)
by intersection with a v-generic curve. If v is associated to the exceptional divisor
E of a sequence of blow-ups 7, a v-generic curve is by definition an irreducible
curve whose strict transform under 7 is smooth, transversal to E and intersects
E at a smooth point. By Corollary C.6 below, any v-generic ¢ satisfies vy > v.
Here we extend Spivakovsky’s result to a general toroidal valuation.

(14.1)

Proposition 14.1. If v € V is toroidal and ¢ € m then
v(¢) = min{vy(¥) | ¢ € m irreducible, vy > v}

= min {% ‘ ¢ € m irreducible, vy > 1/} .

Proof. By (14.1) we only have to show the first equality. Pick ¢y € m. The
inequality v(v) < vg() for vy > v is trivial. For the other inequality write
Y = 1 - - Yy, with ¢; € m irreducible. First assume that v is divisorial. Pick
a tangent vector U at v which is not represented by any ; nor vy, and choose
¢ € m irreducible representing ¥. Then vy > v and vy A vy, = v for all i. so by
Proposition 8.4 we get v(1);) = vg(;) so that v(¢) = v4(¢).

Thus Proposition 14.1 holds for v divisorial. But if v € V is irrational, then we
may pick v, divisorial with v,, > v and v,, — v (say weakly). Fix ¢ € m. For each
n there exists ¢, € m irreducible with v4, > v, > v such that vy, (¥) = v, (¥).
Since v, (1) — v(¢) we obtain the desired equality. O

15. BALLS OF CURVES

Proposition 14.1 shows that a toroidal valuation v is determined by the irre-
ducible curves ¢ satisfying v4 > v. We proceed to show that this gives an isome-
try between the subtree of toroidal valuations, and the set of balls of irreducible
curves in a particular (ultra)-metric. Namely, let C be the set of local irreducible
curves. The map ¢ — vy naturally embeds C in V. Define d¢(¢,1) = %dy(l/(b, Vyp)-

Lemma 15.1. [G, Corollary 1.2.3] For ¢1,¢2 € C, we have

_1 _ L _ m(¢1)m(¢2)
de(¢1,¢92) = §dv(u¢,1/¢) S AU ) b1 b (15.1)
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Further, dc is an ultrametric on C; the diameter of (C,d¢) is 1.

Proof. Let us first show (15.1). The first equality holds by definition and the
second follows from (8.4) as vy, and vy, have infinite skewness. For the third
equality we will make repeated use of Proposition 8.4. Assume vy, # vy, and
set v = vy, A Vg,. This is divisorial and a(v) = v(¢1)/m(é1) as vy, > v. But
V(1) = Vg, (1) = ¢1 - p2/m(¢2). Thus the last equality of (15.1) holds.

The fact that d¢ is an ultrametric for which C has diameter 1 follows easily
from the formula de(¢1,¢2) = a™1(vg, A vg,) and the tree structure of V. The
details are left to the reader. O

In Section 6.4 we constructed a rooted metric tree associated to an ultrametric
space of diameter 1. Let 7¢ be the metric tree associated to (C,dc¢). A point in
Tc is a closed ball in C of positive radius. The order on 7¢ is given by reverse
inclusion. The distance between two comparable balls B; C By of radius 1 < 79
is d(By, B2) = ro — 1. The distance between two arbitrary balls is d(B1, B2) =
d(Bl, BN Bg) + d(BQ, Bin Bg)

Theorem 15.2. Let C be the set of irreducible curves endowed with the ultra-
metric dc given by (15.1), and let T¢ be the associated metric tree (see (6.4)).

If v €V is a toroidal valuation, we set B(v) = {¢ € C | vy > v}. This defines
a ball in Tc. Conversely, if B € Tc is a ball we set vp = Ngcplg.

The map B — vg is an isometry from 1¢ to the subtree Vior of V consisting of
toroidal valuations. The inverse is given by v — B(v).

Proof. This is essentially a consequence of Proposition 8.6. The main observation
is that if B is centered at ¢ and of radius r € (0,1], then vp = vy ,-1. Indeed, if
Y € C, then v, -1 and vy4 A vy both belong to the segment [V, vg]. Hence

de(9,0) <r & a(vy Avy) > rl s Vo ANV 2 Vg pm1 & Uy 2 Vg 1.

Since every toroidal valuation is of the form vy, this shows that the mappings
B — vp and v — B(v) are well defined and each others inverse. The fact that
they are in fact tree isomorphisms is easy to verify and left to the reader. O

Remark 15.3. Similarly one may show that open balls in C correspond to tree
tangent vectors at toroidal valuations in V.

16. MULTIPLICITIES

The fact that toroidal valuations can be identify with balls of curves allows us
to extend certain notions from curves to arbitrary valuations.
We first define the multiplicity m(v) of a toroidal v € V to be the integer

m(v) = min{m(¢) | ¢ € m irreducible, vy > v}.

This multiplicity can be extended to nontoroidal valuations by observing that
v — m(v) is increasing. We also define m(?) for a tangent vector at a divisorial
valuation as follows: if ¥ is represented by vy, then m(¢) = m(v). Otherwise
m(?¥) is the minimum of m(¢) over all v, representing v.
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In terms of STKP’s, the multiplicity of v = val [(U;); (3;)] equals the maximum
of the degree in y of the polynomials U; as long as v(y) > v(z). This implies that
m(v) = oo if and only if v is infinitely singular. Moreover

Proposition 16.1. If v € V is infinitely singular, then v(K) C Q is infinitely
generated over Z. Otherwise, m(v) < oo and
1

v(K)NQ = )

7.

Here v(K) denotes the value group of v.
We now define a natural intersection product on V extending the one in C.

Proposition-Definition 16.2. We define the intersection multiplicity between
two valuations v1,vy € V to be the number

vy - vy = alvy Avg).

The assignment V x V 3 (v1,19) — v - 19 € [1,00] is strongly continuous.
When neither vy nor ve are infinitely singular, then

. b1 - P2 : . }
v -y =inf{ ————— i € m arreducible, vy, > v; o . 16.1
o=t | | ¢ (16.)
In particular, if ¢1,¢2 € m are irreducible, then vy, - vy, = m(il).f(@)'

Proof. The only thing to show is (16.1). If ¢; are irreducible curves with vy, > v;,
then (14.1) and Proposition 8.4 give

d1 - P2 _ VY (¢2) _ a(u¢1 A V¢2) > a(yl Avg) (16.2)

m(¢1)m(g2)  m(¢2)

If v; and v are not comparable, then equality holds above in (16.2), proving
(16.1). Otherwise we assume Vg, = V1 > vo and choose a sequence of curves (25]5
such that vyr > vy and vy, A vy, converges strongly to vy. Then (16.2) implies

o1 - 5
m(é1)m(eh)
which completes the proof. O

— a(v; A),

17. CLASSIFICATION

Let us conclude this part by the following summarizing table.

Type rk | rat.rk | tr.deg | skew | mult Tree term
. Divisorial 1 1 Branch point
Toroidal 1
OO rational 2 0 R e Regular point
Curve Nonexc'eptlonal 9 9 0 ®© | o5 End
Exceptional < 00 Tangent vector
Infinitely singular 1 1 0 < oo | o0 End

TABLE 1. Elements of valuation space.
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Appendix. Alternative approaches to the valuative tree

In this appendix we outline two alternative routes to the valuative tree V. The
first one is based on Puiseux series. Any local irreducible curve, save for x = 0,
is represented by a (non-unique) Puiseux series in x; similarly we can represent a
toroidal valuation by a ball of Puiseux series. This approach is closely related to
Berkovich’s theory of analytic spaces and we show how V naturally embeds (as
a nonmetric tree) as the closure of a disk in the Berkovich projective line P!(k)
over the local field k = C((z)).

The second approach is to view V as the universal dual graph of sequences of
point blow-ups above the origin. This graph is a tree isomorphic to Vio;.

Both approaches lead to the same natural metric tree structure on Vio,. In
the case of Puiseux series it derives from radii of balls or, equivalently, from an
identification of a subset of the Berkovich projective line with the Bruhat-Tits
building of PGL». In the case of the universal dual graph, the metric stems from
a natural Farey parameterization. We call this tree metric the thin metric. It is
obtained from an invariant of valuation the thinness. The thinness is obtained
from skewness after multiplication with an integer-valued weight.

As references for this appendix we point out [T1] for Puiseux expansions,
and [B] and [BT] for Berkovich spaces and Bruhat-Tits buildings, respectively;
see also [RL] for a concrete exposition in a similar, p-adic, context.

A. THINNESS

We define the thinness of a valuation v € V by

v
Alv) =2 +/ m(p) da(p).
Um
Concretely for v toroidal there exists a unique, strictly increasing sequence (v;)7_,
of divisorial valuations with vy = v, vy < V441 := v such that m(u) is constant,
m(p) = m; for p €y, viqq]. Then A(v) = 2 + Y9 mi(eiy1 — o). Here
a; = a(v;). This formula extends naturally to nontoroidal valuations.
Notice that if v/ < v < vy and m(vg) = m(v'), then A(v)—A(V') = v(¢)—v/(¢).
We have A(v) > 1+ «a(v) with equality iff m(v) = 1. Clearly A(v) < oo for v
toroidal and A(v) = oo for curve valuations v. When v is infinitely singular A(v)
can be any number in (2, +oo].

Remark A.1. The name “thinness” was chosen with the following picture in
mind. If v = vy, is toroidal, and 7 > 0 is small, then the region

A= {(m,y) € C? | |(z,y)] <m0z, y)| < |(x,y)|tm(¢)} cC?

is a small neighborhood of the curve ¢ = 0. A large value of ¢ (and hence A(v))
corresponds to a “thin” neighborhood. In fact the diameter and volume of A,
are roughly r and 724(*) respectively. This point of view is important in [FJ2].

Example A.2. Define §; = (471 —1)/(3-2%), and 6, = 1 for k > 1. Then ny, =2
and we define Uy by induction using (P2) of Section 2. Set v = val [(Ug); Bkl
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This is an infinitely singular valuation, and we have

v) =2+ (B;—281)=2+) 27 <.
1

There is a unique tree metric D on Vi, the thin metric satisfying D(vq,1v9) =
A(v1) — A(v) when v > vy, The completion of Vi, with respect to D is the
union of Vi, and infinitely singular valuations with finite thinness.

B. VALUATIONS THROUGH PUISEUX SERIES

We have seen how to parameterize valuations with irreducible curves and real
numbers. Irreducible curves have Puiseux expansions and this leads to an alter-
native approach for classifying valuations.

B.1. Puiseux series and valuations. Let k = C((x)) be the fraction field of
C[[z]] and k its algebraic closure, the elements of which are of the form

(;AS: Z ajxﬁj, with a; € C, Bj+1 > Bj €Q (B.1)
FEN*
and mBj € Z for all j for some integer m. We endow k and k with the standard
valuation v,|c+ = 0, and v,(z) = 1, and we let k be the completion of k with
respect to v,. Its elements are of the form (B.1) with Bj — 00.

Let V be the set of valuations o : k[y] — Ry extending v, on k and satisfying
o(y) > 0. To V we also add the valuation 7, defined by 2,(y — ¢) = 0 for all
qS € k. There is a natural partlal ordering < on V with minimal element 7,. As k
is algebraically closed, any o € V is determined by its values on y — (b over qﬁ ck.

Proposition B.1. If 7 € V, U # Dy, then there exist B >0 and a series ¢ =
S a;xB with a; # 0, Bi-i—l > B; > 0 such that

oy — ) = min{f, v4(¢) — 9)} (B.2)

for all 1/1 € k. The couple ((ﬁ B) s unique as long as B > BZ for all i, and
B = lim; f3; if this limit is finite.

Sketch of proof. As noted above, ¥ is determined by its values on y — b, ¢ € k.
Write 2(y) = 1 > 0. Then (y — ¢) > min{(1, ,(¢)}, and either equality holds
for all ¢ € k, or v(y — ngﬁl) =B >peqQ, ¢ = 913:31 for a unique 6; € C*.
Inductively we construct éj = qgj_l —|—6’ij1 with 0; € C* and 3j+1 > ﬁj € Q, such
that o(y — (ﬁ) > min{ﬁjﬂ, y*(qg (ﬁj)} If this process stops at some finite step 4,
then we set ¢ = ¢, 21 6, o0 B = 6,+1 Otherwise (6]) j>1 is strictly increasing

with limit ﬁ and ¢j converges to a series qﬁ (not necessarily in k). Equation (B.2)
and uniqueness are easily verified.

0

Definition B.2. For ¢ = > aixﬁi with a; # 0, Bit1 > B;, and 3> 0, let val [QAS, B]
be the valuation » € V satisfying (B.2). Set val [QAS, 0] = v, for any .



THE VALUATIVE TREE 51

Definition B.3. Let 7 = val [qg, ﬁ] ev. If € k and 3 = oo then v =: 19(23 is of
point type. If ¢ € k but 8 < oo then ¥ is of finite type and (ir)rational if B is
(ir)rational. If b= S a;z% ¢ k and 3> (3 then 1 is of special type.

Corollary B.4. The partial ordering < gives V the structure of a complete tree
rooted at Uy. Its ends are the valuations of point type or special type. Its branch
points are the rational valuations.

Corollary B.5. The parameterization [0,00[3 3 — val[p; ] € [0, 04 induces

a metric tree structure on the set ﬁﬁn of valuations of finite type.

We call this metric on ]7ﬁn the Puiseuxr metric. As in the case of V it induces
an ultrametric on k£ and we may view a valuation in V of finite type as a ball of
Puiseux series.

B.2. Two trees. We can relate the two trees V and V by noting that any val-
uation on kly] extending v, extends, non-uniquely, to a valuation on k[y]. For
example, the valuations val [y &+ 2%/2;5/2] on k[y] both restrict to Vy2_g3 9 ON
k[y]. The non-uniqueness is encoded by the action on k of the Galois group
Gal(k/k), which can be identified with the group U of roots of unity: if w € U,,
is a primitive m-th root of unity and § > 0 is rational, then w,(z”) = wPaf,
where 3 = p/q with p, ¢ minimal such that m|q. The natural induced action on
valuations satisfies w*v, = v,. A

Consider a series (i = ijl a;z% with a; € C*, 3j+1 > Bj € Q. Write
Bj = p;/q; with ged(pj;,q;) = 1 and define the multiplicity m((i) of ¢ to be the
number lem(g;) € N U {oc}. Clearly m(¢) < oo iff ¢ € k and in this case the

minimal polynomial of ¢ over k is given by o(x,y) = H?L;Ol (y — wi(gz@)) where

m = m(¢) and w is a primitive m-th root of unity. If 3; > 1, then m(¢) = m(e)

As with V we can extend the notion of multiplicities from elements in k to
valuations in V of finite type, using the tree structure. Namely, we let m(0) =
min{m(¢) | » < ﬁq;} and define U(#) to be the the quotient group Gal(k/k)/G
where G = {w | w*P = 0}. We leave to the reader to check that U(?) is isomorphic
to Uy,3) C U. Note that & — m(?) and © +— U(?) are both increasing functions
on Vg, so we may define U(D) also for & € V not of finite type.

We define a natural mapping @ : ﬁﬁn — Vior letting ®(2) be the unique
normalized valuation equivalent to the restriction 7[,). When = val [; 5] for
¢ € k, s > 0, then v is the restriction of ©/min{l,s,v,(4)} to k[y]. In the
following theorem V is equipped with the partial ordering < rooted at the curve
valuation v,. On the subtree {v > vy} this ordering coincides with the usual
partial ordering < rooted at vy. We also let 0y, = val [0; 1].

Theorem B.6. The map  : 17ﬁn — Vior 1S a surjective tree map. More precisely:

(i) @ restricts to an order preserving bijection of the segment |vy, ;[ onto
the segment vy, vy[;
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(ii) if 0,4 €V, then ®(0) = ®(p) iff UD) = U(i) and there exists w € U(D)
such that w*D = [i;

(i) if 0 = val[g; s] and s > v, (¢) > 1, then m(®(D)) = m(v) and the thinness
of ®(v) equals s+ 1.

In particular, the Puiseuxr metric on V restricts to a tree metric on V, and the
latter coincides with the thin metric D on the subtree {v = vy} C V.

Note that ® extends uniquely to a surjective tree map of V onto V.

Remark B.7. The proof below makes use of the fact, proved in Part 3, that V
is a tree. Alternatively, the analysis in this section could be used to prove the
tree structure on V.

Proof. Notice that ® is continuous in the weak topology by the definition of the
latter in terms of pointwise convergence.

Pick ¢ € k with v,(¢) > 0. Set sop = min{l,v(¢)} € Q4, D5 = val[o;s],
vs = ®(Us). First consider s < so. Then vs(z) = 1/s so if s is irrational, then
Corollary 8.7 implies vs = v, 1/s. By continuity this must hold for all s < sq.
Now consider s > so and use the factorization ¢(z,y) = [[;(y — wld) above.
It yields vs(¢) = sy 0s(p) = s5* > max{s, A;}, where A9 = 0 and A; > 0
is rational for j > 0. The same argument as above gives v = vy where
g(s) == (som(s))~1 Y max{s, A;}. This proves (i).

For (ii), it is clear that for any w € Gal(k/k), the restriction of w*¥ coincides
with 2 on k[y]. Hence ®(w*v) = . Conversely, suppose ®(v) = ®(f1). Write

g(s)

U = val [gzg, s] as before. We may assume s > s by replacing ¢ with x if necessary.
We have fi = val [w*}; §'] for some w, s’ > 0, otherwise the map v/ — 1/(¢) would
be locally constant around p on the segment [v,, ®(f1)] = [z, ®(P)] in (V, ). The
previous calculation shows that ¢ — val [(]3, t](¢) is strictly increasing for t > s,
hence ®(v) = ®(f1) implies s = s'.

To prove (iii) we need to control the multiplicity and skewness of ®(7) for
D > D We claim that m(®(0)) = m(p) for & > by, Indeed, if ¢ € k satisfies

~

g > v and m(¢) = m(¥), then vy = ®(D), where ¢ is the minimal polynomial

of ¢ over k. Since the order relations = and > coincide on {v = vy}, and

m(¢) = m(¢), we infer m(®(2)) < m(¥). On the other hand, any irreducible
¢ € m is the minimal polynomial over k of some ¢ € k. When v4 > v, then
Vg = U for some w by what precedes. This gives the reverse inequality.

As for skewness we consider 2,0/ € V with Dy < 2/ < 7 and m(9) = m(9') =:
m. Pick ¢ € k with 05 > 7 and m(¢) = m. Write v = ®(?) and ' = ®(¥’). Then
U = val [§; s] and 0/ = val [p; s'] for s < s. Let ¢ be the minimal polynomial of ¢
over k. We have ¢ =[], cy, ¥ —w«p. Our assumptions imply that vy (wsp—¢) <
s’ for w # 1. Hence

AWw) = AW) =v(9) = V(@) = Y oy —wed) — ¥y —wed) =5 -5 (B3)

welU,,
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For s = 1 and 75 > vm we have val [¢: 5] = Dy and A(P(0y)) = A(vm) = 2. A

simple induction based on (B.3) now gives (iii). O
V Y
2 —
v 01 [053] 0 Ve Vo Y3 y

FIGURE 4. The tree structure on the spaces Y and V and their
relation given by Theorem B.6. The notation has been simplified.

B.3. The Berkovich projective line. We next indicate how the valuative
spaces V and V are naturally embedded (as nonmetric trees) in the Berkovich
projective lines over the local fields k and k, respectively.

The Berkovich affine line A!(k) is defined ([B] p.19) to be the set of valuations
v : kly] — (—o0, +oc] extending v,. The line Al(k) is defined analogously. We
will write v for elements of Al(k) and # for elements of Al(k).

Both lines are endowed with the weak topology. By definition, V is a subset of
A'(k). Berkovich defines ([B] p.18) the open disk in A'(k) with center ¢ € k and
radius 7 > 0 to be D(¢,r) = {0 | o(y—) > log r}. It follows that V is the closure
of the open disk in A'(k) of radius 1 centered at zero. Disks in A'(k) are defined
as images of disks under the restriction map A'(k) — Al(k). It follows that the
disk D(0,1) in Al(k) is the set of valuations v : k[y] — (—o00, 00| extending v, and
satisfying v(y) > 0. But any such valuation becomes a normalized valuation v :
C[[z,y]] — [0, o] after dividing with the factor min{1, v(y)} and extending. The
curve valuation v, € ¥V cannot be obtained in this way, but V is homeomorphic
to the closure of the open disk in Al(k) of radius 1 centered at zero.

The Berkovich projective line P1(k) is defined as Al(k) U {voo} where vy :
kly] — [—o0, 0] equals v, on k and —oco elsewhere. The line decomposes as

P'(k)={v}u || Da,

aeP1(C)

where D, := D(y — a,1) for a € C and Dy, := {v € A'(k) | v(y) < 0} U {veo}
and v, € Al(k) denotes the valuation V(225 a;y’) = min; v, (a;).

Any translation y +— y + 7, 7 € C, induces an isomorphism of P!(k) sending
D, homeomorphically to D4, . Similarly, the inversion y +— y~! induces a
homeomorphism of D, onto Dy. The open disks D, are hence all homeomorphic,
and their closures are D, = D, U {v,}.

On any disk D, we can put the tree structure induced by V rooted at v,
(see Section 6.1). For instance, on Dy, the tree structure is given by v < pu iff
v(p) < u(o) for all ¢ € k[y|. Patched together, these partial orderings endow
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P!(k) with a natural tree structure rooted at v, (see [B, Theorem 4.2.1]). By
Theorem 9.1, the weak tree topology on P!(k) coincides with the weak topology.
This discussion goes through, verbatim, with k replaced by k.

B.4. The Bruhat-Tits metric. The standard projective line P!(k) embeds
naturally in the Berkovich line P(k): ¢ € k corresponds to the valuation © with

D(y — $) = 0o and 0o to Dso. The points in P1(k) are ends of the tree P1(k);
hence H := P!(k) \ P!(k) has a nonmetric tree structure rooted at . The group
PGLy(k) of Mébius transformations acts on P!(k) and this action extends to
P! (k) by (M.0)(y — ¢) = H(My — ¢).

Berkovich noted that H is isomorphic (as a non-metric tree) to the Bruhat-
Tits building of PGLa(k). We will not define this building nor the isomorphism
here. Suffice it to say that the building is a metric tree on which PGLy(k) acts
by isometries. This last condition in fact defines the tree metric on H up to
a constant. To see this, consider the segment in H parameterlzed by val [0;¢],
0 <t < oo. Fix any rational ty > 0 and pick ¢0 with y*((bo) to. Then
M € PGLy(k) defined by My = ygo gives M,val [0;¢] = val[0;t + to]. But the
only translation invariant metric on R is the Euclidean metric (up to a constant),
so after normalizing we get that [0,00[> ¢ — val[0,¢] € H is an isometry. Now
if (5 € k, then M(y) ==y — (b induces an isometry of the segment [y, U ¢[ onto
[0, o[. Similarly, M (y) = 1/y gives an isometry of [Iy, oo[ onto [, 0[. Thus the
metric on H is uniquely defined.

In particular we see that if ¢ € k and v,(¢) > 0, then [0, 00[3 ¢ — val [¢, 1] € H
is an isometry. Thus the Puiseux metric on V is induced by the Bruhat-Tits metric

onH> V. Passing to V we conclude using Theorem B.6 than the thin metric on
V is induced by the Bruhat-Tits metric.

B.5. Dictionary. We end this section with a dictionary between valuations in
V (i.e. on k[y]), their preimages in V (i.e. on k[y]) under the restriction map (see
Theorem B.6), and Berkovich’s terminology [B, p.18].

‘ Valuations in V ‘ Valuations in V ‘ Berkovich ‘
. Divisorial .. Rational Type 2
T 1 F
oroida Irrational mite type Irrational Type 3
. Curve Point type U()] < oo Type 1
Nontoroidal y A =00 U(v)| =0
Inf singular _
A< o Special type Type 4

TABLE 2. Terminology

C. THE UNIVERSAL DUAL TREE

We finally describe a geometric construction of the valuative tree using dual
graphs of sequences of blow-ups. This gives the nonmetric tree structure as an
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inductive limit of finite simplicial trees. The metric tree structure corresponds to
a natural Farey parameterization of dual graphs.

C.1. Constructions. To any finite sequence 7 of blow-ups (not necessarily of
infinitely nearby points) is attached a dual graph I';: vertices are in bijection
with irreducible components of the exceptional divisor of 7, and edges with point
of intersection between two components. Thus I';; is a finite simplicial tree and
can be viewed as a nonmetric tree, still denoted I';, in the sense of Part 3. A
natural choice of root is the vertex vy corresponding to the (strict transform of)
the exceptional divisor from blowing up the origin once.

We can also put a metric tree structure on I';. To this end we first associate to
each vertex in I'; a vector (a,b) € (N*)2, its Farey weight, recursively as follows
(compare with [HP]). If 7 is a single blowup of the origin, then I'; is a single
point vy, whose weight is defined to be (2,1). Otherwise we may write 7 = 7o/,
where 7 is the blowup of a point p on the exceptional divisor (7/)~%(0). The
Farey weights of the vertices in I'; that are strict transforms of vertices in '
inherit their weights from the latter graph. The only other vertex in I'; is the
exceptional divisor F,, obtained by blowing up p. The weight of F, is determined
as follows. We say that p is a free (satellite) point if p is a regular (singular)
point on (7')~1(0). When p is free, i.e. p € E for a unique exceptional divisor
E C (7')71(0), then the weight of E,, is defined to be (a+ 1,b), where (a,b) is the
weight of E. When p is a satellite point, it is the intersection of two components
E and E’ whose respective weights are (a,b) and (a’,b’). The weight of E,, is
then (a+a’,b+1¥'). See Figure 5.

g I (a+1,b) o (atd b))
o o © —0—0 0 —
(a,b) (a,b) (a,b) (a',b") (a,b)  (a',b)

FIGURE 5. Elementary modifications on the dual graph

The Farey parameter of a vertex with weight (a,b) is now defined to be the
rational number a/b. We leave to the reader check by induction that if E, F' are
vertices in I'; and F < F' in the partial order on I'; rooted at vy, then the Farey
parameter of E is strictly smaller than that of /. Thus the Farey parameter
defines a metric tree structure d, on I';.

If 7 is a sequence dominating another sequence 7/, i.e. m = 7 o w’ for some
blow-ups 7, then there is a natural map 2/, : I'v — I'; sending a vertex ~
corresponding to a component of (7/)~1(0) to its strict transform by 7. Thus '/
is naturally a subtree of I';,. Moreover 1./, is an isometry. This leads us to define
the universal dual graph T' as the inductive limit

/

I'=1limIl;
—
over all sequences of blow-ups 7 above the origin. We leave to the reader to verify

Proposition C.1. The universal dual graph is a rooted metric tree containing no
ends. Its branch points are exactly the vertices in some ' and the tree tangent
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space at a branch point is naturally in bijection with P1. The set of branch points
further equals the set I'q of points in I' with rational distance to ym and is hence
strongly dense in T.

A point in I'q corresponds to a vertex E in some I';. We may assume that 7
is the blowup at a finite sequence of infinitely nearby points above the origin and
that E is the last exceptional divisor. Hence E defines a divisorial valuation vg.
This gives a map ® : I'q — Vgiy that is a bijection by definition. Equip Vior with
the thin metric D defined in Appendix A.

Theorem C.2. The bijective map ® : I'q — Vaiy extends uniquely to a tree
isomorphism and isometry ® : I' — Vior.

C.2. Proofs. Since I'q and Vg;, are strongly dense in I' and Vi, respectively,
the theorem follows from the following two results.

Lemma C.3. If E € I'q, then the thinness of vy = ®(FE) equals the Farey
parameter of E.

Lemma C.4. ® is order preserving.
Before proving these lemmas we need two computational results.

Lemma C.5. Let vy € V be a (normalized) divisorial valuation associated to the
last exceptional component E of a sequence m of blowups. For ¢ € m, denote by
divg(¢) the order of vanishing of ¢ along E. Then

W*diVE = bI/E7 (Cl)
where (a,b) is the Farey weight of E

Proof. The statement holds for v = vy. We have to check that (C.1) remains
true when v is replaced by p obtained by blowing up a point p on E. Suppose
first that p is a free point. The Farey weight of p is then (a + 1,b). At the point
p, the valuations v and p are given by two normalized valuations divg and pp,
respectively. By assumption m,divg = brv. Write mu, = b . We claim that
b ="V. For a generic ¢ the strict transform of ¢~1(0) by 7 does not contain the
point p, hence p,(7*¢) = divg(r*¢$). Thus

o' =¥/ min1(¢) = min (") = min divp(r"¢) = minbup(9) = b.

Suppose now that p is a satellite point lying at the intersection of E and another
exceptional divisor E’. Let v/ with Farey weight (a’,’) be the divisorial valuation
associated to E’. The Farey weight of u is then (a + a’,b+ b'). By assumption
mdivg = br, and m.divg: = b’ /. We proceed as before. For a generic ¢ € m
pp(1*¢) = divg(n*¢) + dive (7*¢). We conclude that e, = (b+b') . O

Corollary C.6. Let vg € V be divisorial, with associated exceptional divisor E.
Pick v € V with center at a smooth point p € E. Then vg < v.

Proof. As in Lemma C.5, denote by v, the normalized valuation defined at p by
the lift of v through 7. As v}, is normalized, we have v,(E) > 1, hence v, > divg.
By (C.1) above we infer v > vp. O
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Lemma C.7. Pick a point p infinitely near to the origin. Suppose p is a free
point on an exceptional component E with Farey weight (a,b). Then the critical
set of the contraction map 7 at p is given by the divisor (a — 1)[E].

Proof. We show more precisely the following result. At a free point p the critical
set of 7 is given by (a — 1)[E], where E is the exceptional component containing
p with Farey weight (a,b). At a satellite point p = E N E’ the critical set is given
by (a — 1)[E] + (a’ — 1)[E’] with obvious notations.

The proof proceeds by induction on the number of blow-ups. There is nothing
to prove when p is the origin in C?. Suppose the claim has been proved for a
point p, let ©’ be the blow-up at p, and pick a point p’ on the exceptional divisor
created by 7’. The critical divisor of the composition map 7 o 7’ is given by

[Cron] = W/*[CW] + [Cxr]

There are now four cases depending on whether p or p’ is free or satellite. We
only consider the case when p is free and p’ is satellite, the other three cases being
similar. Write p € F and {p'} = ENFE’ for exceptional divisors E, E’ with Farey
weights (a,b), (a’,b), respectively. Then

[Cron] = 7" (a = 1)[E] + [E']
= (a = DIE] +alE] = (a — D[E] + (a' — 1)[E']
as a’ = a + 1 in this case. This concludes the proof. O

Proof of Lemma C.3. We use Puiseux series as in Section B. Let (a,b) be the
Farey weight of E, v = ®(FE) € V the associated divisorial valuation and 7 the
contraction map, respectively. In local source coordinates at a generic point on
E = (z = 0) and target coordinates at the origin we have m(z,y) = (2, z%%),
where x denotes elements of R\ m. By permuting the two target coordinate axes
if necessary, we can assume that ¢ < d. Hence ¢ = min{m.divg(z), m.divg(y)} =
b min{v(z),v(y)} = b. After changing = slightly we obtain 7(z,y) = (2%, 2%%).
By Lemma C.7, the Jacobian determinant of the contraction map m is given by
2% 1%, which becomes 2%~ ! after changing the source coordinates slightly. Thus
d=a— b and 7 is of the form

w(ey) = (o aly + 3 )
i>0
with a; # 0, ¢jy1 > ¢; > ¢g = 0. We have m,divg = bv by Lemma C.5. Notice
that v(z) =1 < d/b=—1+a/b=v(y). Thus v extends to a valuation on k[y|
of the form v = val [gz@, B] for a Puiseux series gzg € 12:, and where 1 + B € Q. is the
thinness of v. See Theorem B.6. On the other hand, B is also the maximum of
v(y — 1&) when 1[1 ranges over all Puiseux series. But

v(y — ) = b 'rdivg(y — ) = b M divg <ymd + Z a;zcitd — 1[1(.%'b)) < d/b,
with equality when ¢ (z%) € m?®. Hence § = d/b and A(v) =1+ 3 = a/b. O

Proof of Lemma C.4. Let us fix some notation and terminology. A vertex I/ € I'q
can be viewed as the last exceptional divisor of a blowup 7 at a finite sequence
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(p;)} of infinitely nearby points above the origin. Any finite truncation (p;)&
defines a blowup 7 with last exceptional divisor Ej. The point pg,1 is thus a
free (satellite) point depending if it belongs to the regular (singular) set of 7, *(0).

We order the free points: set n; = 1 and, inductively, nj the minimal integer
greater than ny_ such that p,, is free. Set E, = E,,—1. The dual graph I'; of ™
then looks as in Figure 6. See [Sp] for more information. We let vy, = ®(E}) be the

EO E2 Ek Ek+1 )

.—T - I I .
E, E”kfl E”k

FiGure 6. The dual graph

divisorial valuation associated to Fj and write v, = vy, 1. Proving Lemma C.4
now amounts to showing:

(1) Vny > Ug.
(ii) 7 < vj <wp, for ng <j <ngyp — 1.
(ili) v, AVny_y, = Uk

Notice that (i) is a consequence of Lemma C.6. As for (ii) and (iii) we consider
the restriction of m = m,,_1 to a neighborhood of p,,. The critical set of 7 has
one irreducible component E,, _1. Choose coordinates centered at p,, so that
Enk—l = {$ = 0}

Consider the monomial valuations s defined by ps(x) = 1, us(y) = s for
s < 1. Their associated sequences of infinitely nearby points contain only satellite
points: these are located at the singular set of the total transform of E,, _;.
Conversely any valuation centered at p,, whose associated sequence of infinitely
nearby points consists of only satellite points is of the form p s (see Example 1.12).

In particular, this is the case for the lift of v; to p,, for ny < j < nppq —1,
hence v; is proportional to m.us; for some s; < 1. Note that puo = divEnk—l?
hence myp9 = Cvp,—1 for some C > 0. As p,, is a free point, the proof of
Lemma C.6 implies that the valuation C~!m, s is normalized for any s. In
particular, C~! Talls; = Vj for np < j < mnggp — 1. As c-1 Txfl1 = Up, and
ps < pr for s <1, we conclude that v; < v, . This proves (ii).

To prove (iii) we note that the image under m of the curve {y = 0} is an
irreducible curve {¢ = 0} whose total transform is given by 7*¢ = 2™y for some
m > 1. The argument above shows that vy, (¢) = C71(1 4+ m) and Ty41(¢) =
Vngsr—1(¢) = C71(s +m) for some s < 1. Thus Tj11(¢) < vp,(¢). On the other
hand, the strict transform of ¢ =0 (i.e. of y = 0) does not contain py, 41, hence
does not pass through py, . Thus Uyy1(¢) = vp,,(¢). This proves that v,, and
Vn,,., do not define the same tree tangent vector at ;. Hence (iii) holds. This
completes the proof of Lemma C.4. U
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