ON IZUMI’'S THEOREM ON COMPARISON OF VALUATIONS

MOHAMMAD MOGHADDAM

ABSTRACT. We prove that the sequence of MacLane key polynomials con-
structed in [7] and [3] for a valuation extension (K,v) C (K(z),p) is finite,
provided that both v and p are divisorial and p is centered over an analyti-
cally irreducible local domain (R, m) C K[z]. As a corollary, we prove Izumi’s
theorem on comparison of divisorial valuations. We give explicit bounds for
the Izumi constant in terms of the key polynomials of the valuations. We show
that this bound can be attained in some cases.

1. INTRODUCTION

We give a proof of the finiteness of the sequence of MacLane key polynomials of
the extensions of the valuations, in the case of divisorial valuations centered over
an analytically irreducible domain (Theorem[3.6]). As a result, we are able to prove
Izumi’s theorem:

Theorem 1.1. Suppose p and p' are two divisorial k—valuations of a field K/k
such that K is the quotient field of an analytically irreducible local domain (R, m) C
K. Furthermore, suppose that p and p' are centered over (R,m) (with common
center nﬂ) Then there exists a real number ¢ > 0 such that u(y) < cp'(y), for
y € R\ {0}. Therefore, the Izumi constant of these two valuations, namely the

number cg(p, p') = SupyGR\{O}{%}’ is well-defined.

In [6] Izumi proved an analogous result of Theorem [ T]in the case where R is the
local algebra of a point £ € X for a reduced and irreducible complex space (X, Ox),
and when p is the order function in the point £ and p’ is the pullback of p under a
morphism ¢ : (Y, n) — (X, ) (However, notice that in this case the mappings p and
u' are not necessarily valuations). In [10] Rees stated Izumi’s result in an algebraic
setting and proved Theorem [Tl In [5] Theorem [[1]is proved when (R, m) is an
analytically irreducible excellent domain.

In Section [2] we describe the main results of the theory of key polynomials.

In Section Bl we prove the finiteness of the key polynomials of the divisorial valu-
ation extension (K, v) C (K (z), u), provided that p is centered over an analytically
irreducible local domain (R, m) C K|[z].

In Section [ we use the theory of key polynomials to prove Izumi’s theorem
(Theorem [[T]). From a computational point of view, an interesting question is
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to compute the Izumi constants. In [5], the Izumi constants are computed for
some special examples. In [II], the Izumi constants are used to give bounds for
the Artin functions which arise in the Artin approximation theory. Here, we give
explicit bounds for the Izumi constant ¢(u, ') in terms of the key polynomials of
the valuation p. We show that in certain cases this bound is equal to the Izumi
constant; For example we compute ¢(u,ord, g) for any divisorial valuation u which
extends v (Theorem 3] (ii)).

Acknowledgments. I would like to thank Bernard Teissier for his helpful com-
ments and questions, Shahram Mohsenipour for discussions on the valuations and
Tirdad Sharif for his comments. Also, I would like to thank the referee for pointing
out a serious mistake in an earlier version of this paper, his helpful comments and
interesting examples.

2. VALUATIONS AND KEY POLYNOMIALS

In this section we fix the notation and recall the main results of the theory of
key polynomials.

Throughout this section (K, v) is a field with a valuation v whose value group is
an ordered subgroup of the ordered group (R, <). However, the theory presented
in this section is generalized in [13] and [3] for valuations with value groups of
arbitrary rank. If we allow that the value v(y) of some nonzero elements y € K can
be oo then we say that v is a pseudo-valuation. A k—valuation v of a field K/k is a
valuation of K such that v |g~= 0. In this paper, all the fields K that we consider
are extensions of a base field k and all the valuations v of K are k—valuations. We
consider the field extension L = K(z). In the case where z is transcendental over
K we say L/K is of transcendental type, and when z is algebraic over K we say
L/K is of algebraic type. We assume pu is a (not necessarily divisorial) valuation
on L extending v, i.e., (K,v) C (L,u). If L/K is of algebraic type, we denote
the minimal polynomial of z over K by P(X) (X is a new variable transcendental
over K), and assume degP(X) = N. Notice that in the algebraic type case we
have L = K[X]/(P(X)), and every element y € L has a unique representative
y(X) € K[X] of degree strictly less than N. For y € L we define degy = degy(X).

The valuation ring of the valuation v is denoted by R,; It is the ring consisting
of nonzero elements whose value is > 0, and the zero element. It is a local ring with
maximal ideal m, = {y € R, : v(y ) > 0}. The residue field of the valuation v is by
definition equal to the field x, = 2. Let R be an integral domain, and suppose v
is centered on the ring R, which means R C R,. In this situation the center of the
valuation v over the ring R is defined to be the ideal p = m, N R. By defenition, in
the case v is centered on the local ring (R, m) the center of the valuation over R is
equal to m. A valuation v with value group isomorphic to Z, centered over a local
domain (R, m, k) is called divisorial if tr.deg(x,/k) = dimR — 1. For ¢ € R, set

Py(R) ={x € R|v(z) > ¢},
’P;F(R) ={x € R|v(z) > ¢},
where we agree that 0 € Py for all ¢, since its value is larger than any ¢, so that

by the properties of valuations the Py are ideals of R.
The graded algebra associated with the valuation v over the ring R is defined as

gr, R = P Py(R)/P}(R).

PER
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See [12] for the foundational facts about this graded ring and its role in the local
uniformization problem.
For each non-zero element x € R, there is a unique ¢ € R such that = € P, \73; ;

the image of x in the quotient (gr, R)y, = 73(;5/73;' is the initial form in,(z) of x.

Definition 2.1. A sequence of key polynomials for the extension (L,u) of (K,v),
with respect to a ring R C R, is a well-ordered set U = {Ui}i<a C R, where « is
an ordinal number, which has the following properties: For each 8 € R the additive
group Pg(R) is generated by all the products of the form c[],., U, where c € K

and a; = 0 except for a finite number of i, such that v(c) + >, aifi > [, where
Bi = u(U;). Moreover, the set U is minimal with this property.

For any i < « we define U‘[’i] = ngi U]“Zj7 where a € N* and a; = 0 except
for a finite number of j. All the sequences of key polynomials of the extension
(L, 1)/ (K, v) that we study are sequences of key polynomials with respect to the
ring R = K[z]. From now on, we simply call them the sequence of key polynomials
of the extension (L, u)/(K,v).

Next we define a combinatorial sequence of weighted polynomials of the ring
K|[z], called a weighted basis of K[z]. We will see that the sequence of key poly-
nomials associated to a valuation extension (K,v) C (L, ) in [7], [13], and [3], are
also a weighted basis of K[z]. But the converse is not true in general (See the dis-
cussion before Theorem 2.6]). However, the notion of the weighted basis simplifies
the combinatorial part of the description of the extension of the valuation (K, v).

Definition 2.2. A sequence of weighted polynomials U = {U;}i<a C Klz], @ an
ordinal, with weights w(U;) = f; € R, is called a weighted basis for K[z| with
respect to the valuation (K,v), when it satisfies the following conditions.

(a) For every i < a we have
(1) Uipr = U + U fimem1 + -+ Uifin + fio,
where degf; ; < degU;, for j = 0,...,m; —1. Moreover, we have B;11 >
m;B;. In the case L/K is of algebraic type we have degU; < N, fori < a.

(b) For every i < « and every f € L there exists expansions (called i—adic
expansions of f)

(2) f=> U,
4

where cg € K, ag € N, ag; < m; for j <i. In the case that j is a limit
ordinal, and the set E(j) = {7’ : j' <j, j'+w =j, mj» =1} is non-empty,
we allow at most for one jj < j' < j that apjr < mj, where jj is the first
element of the well-ordered set E(j). And in the case L/K is of algebraic
type we have 3., as jdegU; < N.

(c) For any i < a we define a weight map w; : K[z] — R as follows: For any
[ € Kla]

(3) wi(f) = ming{v(c,) + Zaz,aﬂj},

where f =", CgUl[]ﬁ, is an i—adic expansion of f. Then we have

(4) wi(fij) + 3B = mifs,
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forj=0,...,m;—1 in the equation [d). In other words, all the components
in the right hand side of the equation (1) are of the same w;-weight.

(d) When L/K is of transcendental type we have a < Wl In this case: If
o = w, either deg;_, U; = oo, in which case we write U, = 0. Or, there
exists a natural number ig such that for j > iy we have degU; = degU;,, in
which case we have

(5) U, = lim U; € K[z].
1—w
The field K is, by definition, the completion of K with respect to the valu-
ation v. Moreover, in this case 3, = lim;_,,, B; = oc.
(e) For any i < a we have Biy1 > m;fB; (As a result, for any j < i we have

Bi > (I;<jr<i mj')Bj)-

The existence of the i—adic expansions is a result of the Euclidean division
algorithm ([7], [I3], [3], [8]): Given an element f € L, by successive division of f
with U, one can write

(6) f=Uf++Uifi + fo,
where degf; < degU;. Now, for any f; let j/ be the largest index such that
degf; > degU;s, and repeat the same procedure for f; and Uj. This produces
the i—adic expansion of f in the equation (2)). This algorithm shows that in the
i—adic expansion we have ag ;s < my, for i’ <.

For i < ov a monomial of i—adic form is a product cUf,, such that a; < m;, for
j <iand ¢ € K. Thus equation () shows that every element f € L has a unique
expansion in terms of the monomials of i—adic form.

Remark 2.3. (i) We have degU;+1 = m;degU;.

(i) When L/K of algebraic type, in the construction of [3] the key polynomial
Uiy1 is obtained by lifting to L of the minimal polynomial of inU; (which is
an element of a suitable graded ring), so, in general the key polynomials can
have degree N. Some times we consider the reduced form of the U;, denoted
by U;, which are the unique representations of the U; of degree < N —1 (we
get U; after dividing U; by the minimal polynomial of x over K ). Notice
that if deg(U;) < N then U; = U;. For an adic expansion Y, M;(U) we
define the reduced form of the adic expansion by replacing every U; by U,
in every adic monomial M;(U).

(iii) For any j > i it is not necessarily true that the j—adic expansion of U; is
itself (For example if m; = 1 then Uip1 = U; — fi0, and the (i + 1)—adic
expansion of U; is equal to Uiy1 + fio); However, we have w;(U;) = f;.

(iv) If degf < degU; then for any j > i the j—adic expansion and i—adic
expansion of f are identical. Thus, we have w;(f) = w;(f).

(v) For any i < a we have w;(f) < wit1(f), for any f € L.

(vi) For i < a any expansion f = ), caU‘[’i], for a € N and without any
restriction on a;, is called an i—expansion of the element f.

The main result of the theory of the key polynomials clarifies the relation between
the totality of the extensions (K,v) C (L, u) and the weighted bases of K[x] with
respect to the valuation (K, v).

24 is the ordinal type of the set of natural numbers.
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Theorem 2.4. ([7], [13], [3]) Given a valuation extension (K,v) C (L, ), such that
(K,v) is divisorial, there exists a weighted basis U of K|x], with weights w(U;) =
w(U;), which is at the same time a sequence of key polynomials for p. Moreover, if
L/K is of transcendental type (resp., if L/ K is of algebraic type) for this valuation
the weight maps w; are valuations of the field L (resp., of the field K(X), where
X is a new variable) extending (K,v); We have wi(f) < wa(f) < -+ <wu(f), for
any f € L, and we have 1 = wy,.

We remark that Theorem 2.4 is valid without the assumption of (K, v) being
divisorial (see [13] and [3]). One of the technical subtleties of the construction of the
key polynomials is in the case of key polynomials indexed with limit ordinals. Later
we show that in the course of extending divisorial valuations (K, v) to divisorial
valuations (L, ) we do not meet limit ordinals, provided that v is centered over an
analytically irreducible domain (R, m) C K.

Remark 2.5. We have:

(i) In the case L/K is of algebraic type for i < a the valuations (K(X),w;)
are not valuations of the field L (in general). But for any element f € L if
the initial of the i—adic expansion is equal to the initial of its i + 1—adic
ezpansion then for i < j < a we have w;(f) = wa(f) = p(f). In other
words, the i—adic expansion of such elements suffices to determine the value
of f.

(ii) The converse of theorem s not true, i.e., it is not true that to every
weighted basis {U;; B;}i<a of K[z] one can associate a valuation extension
(K,v) C (L,u) such that p = w,. More precisely, in general the weight
maps w; associated to a weighted basis U are not valuations of the field L.

In the construction of key polynomials of [3], only the last weight map will
be a valuation of L. This gives a class of examples of weights maps which are not
valuations, when L/K is of algebraic type. When L/K is of transcendental type the
situation seems to be different; We have a sufficient algebraic condition of MacLane
for weights to be valuations. But, it is not clear whether MacLane’s condition is
automatically satisfied by any weighted basis or not.

Theorem 2.6. ([7] Theorem 4.2, and [13], Theorem 1.2) Suppose {U;}i<q is a
weighted basis of K|x] with respect to the (not necessarily divisorial) valuation
(K,v). Suppose for some i < «, when L/K is of transcendental type (respec-
tively, when L/K is of algebraic type) all the weight maps w; are valuations of the
field L (respectively, are valuations of the field K(X)). If iny, (Uit1) is irreducible
in gr,, K[z] and of minimal degree (in the sense that if for some f € K[x] we have
ing, (Uiy1) | ing, (f) then deg(f) > deg(Uit1)) then the weight map wit1 is a val-
uation of the field L, when L/K is of transcendental type, and a valuation of the
field K(X), when L/K is of algebraic type.

A sufficient combinatorial condition for w; to be a valuation can be given. Sup-
pose {U;; B;i}i<a is a weighted basis of K[x] with respect to the (not necessarily
divisorial) valuation (K,v). Let ®; = (v(K),f1,...,6:;) C R be the group gener-
ated by the first i—weights. Set n; = [®; : ®;_1]. Note that we must have

(7) m; = N;Pi,
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for some p; € N (m; is defined in ({)) and moreover equation () should be of the
form:

(8) Uipr = U7 + U?i(pi_l)fi,ni(pi—l) + -+ U fin + fio-

Theorem 2.7. With the notation of the last paragraph, if m; = n; then the weight
maps w; are valuations.

Proof. The proof of Theorem 4.7 of [8] can be adapted to this situation. O

In the special case where K = k((y)), where k is algebraically closed, we have
a complete combinatorial characterization of the weighted bases of K[z] which
correspond to the key polynomials. In [I], Chapter 3, Favre and Jonsson give an
explicit construction of the key-polynomials of the K[z]. In our settings, they show
that any weighted basis of K [x] corresponds to a valuation only if m; = n; (See [1I,
Corollary 2.5, and Theorem 2.29). Thus, we have

Theorem 2.8. In the case where K = k((y)), and k is algebraically closed, the
converse of Theorem[2.7 is true, i.e., if {Us; Bi}i<a is a weighted basis of K[x] such
that the corresponding weight maps w; are valuations then m; = n;.

Definition 2.9. Let a be an ordinal. Let us denote by K[U] the polynomial
ring K[Uy,...,U,]. We define a sequence &; of Gauss valuations on the fields
K(Un,...,U;) as follows: Fizing values @;(U;) = B;, for j < a, we extend &; to
fo)y=>, CgUElol;] € K[Uy,...,U;] by

@i(f(U)) = ming{v(ce) + Y ar;8i}
J<i

The valuation w; defines a weight map on the space of the i—expansions of the
elements of K[x]. More precisely, if f; =3, caU‘z] is an i—expansion of the element
[ € Klz] then we define @;(f1) = @i(3_, caUf;). Notice that w;(f), is not well-
defined for an element f € K[x]. The next theorem gives an algorithm to get the
adic expansion of the elements of K[x] without making divisions (Although being
general, we explain the algorithm only in the case of finitely many key polynomials,
which is the case we will use later).

Theorem 2.10. Suppose {U;; B;}i<a, & € N, is a weighted basis of K[x] with
respect to the valuation (K,v), and let f € K[x]. Then we have:
(i) If fo = >, caU?, where a € N*, is the i—adic expansion of f then the
(i + 1)—adic expansion of f can be obtained by the following algorithm:
(a) In fo replace any occurrence of U™ by its (i + 1)—adic expansion:

9) U™ =Uir — U™  fiomio1 — - = Uifin — fio-

Suppose fr = >, U, where b € N'T1, is the resulting expansion of
f-
(b) In f1, for any j < i replace any occurrence of U;nj by its (j + 1)—adic
expansion. Suppose fo € K[U] is the resulting expansion of f.
(c) Iterate step (b), as far as possible.
(ii) If fo= >, caU®, where a € Nt is the (i + 1)—adic expansion of f then
the i—adic expansion of f can be obtained by the following algorithm:
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(a) In fo replace any occurrence of Ujp1 by its i—adic expansion:
(10) Uipr = U™ + U™ fim1 + -+ Uifia + fio.
Suppose fi = >, U, where b € N'T1 is the resulting expansion of

I
(b) In f1 for any j < i replace any occurrence of U;nj by its (j + 1)—adic
expansion. Suppose fo € K[U] is the resulting expansion of f.
(c) Iterate step (b), as far as possible.
Both algorithms stop after a finite number of steps and in both cases they generate
a sequence of expansions for f: fi, fo,..., ft, where t € N. In the case (i), fi is
equal to the (i + 1)—adic expansion of f, and in the case (i), fi is equal to the
i—adic expansion of f. Moreover, in the case (i), we have @;i11(f1) < Dit1(f2) <
o S @1 (ft) = wisa(f), where @41 is the valuation of the ring K[Uy, ..., Uit1],
defined in Definition [2.9, and w;1 is the weight map associated to the weighted
basis {Ui; Bi}i<a in Definition[22 And in the case (i), we have &;(f1) < @;(f2) <
@i fr) = wilf)-

Proof. The proof of Proposition 3.10 of [§] can be adapted to this situation (See
also Lemma 6.5 of [9]). O

3. FINITENESS OF KEY POLYNOMIALS

There are delicate relations between valuations over a local domain (R, m) and
its (possible) extensions to the m—adic completion (R, mR). In general, such an
extension need not exist and in case of the existence, such extensions are far from
being unique and the classical invariants of the extension may change in general
[2, [12], and []. However, in the case of divisorial valuations, centered over an
analytically irreducible local domain, such extensions exist and are unique. The
local domain (R, m) is called analytically unramified (resp., analytically irreducible)
if the m—adic completion (R, mR) does not contain nilpotent elements (resp., is a
domain).

Lemma 3.1. ([5], Lemma 1.1) Let (R,m) be an analytically irreducible domain.
Then every divisorial valuation, centered over (R,m), extends naturally to a divi-
sorial valuation centered over (R,mR), where R is the m—adic completion of R.

Proposition 3.2. Suppose v is a valuation of rank 1, centered over the Noetherian
local domain (R, m). Assume that v extends to a valuation u of rank 1, centered
over the local ring (R,mf{), where R is the m—adic completion of R. Then such
an extension is unique. Moreover, given any 0 # f = {fi}ien € R, where f; is
a Cauchy sequence in R, there exists ig € N such that for all j > iy we have

u(f) =v(f)-

Proof. As (R, m) is Noetherian v(m) > 0 exists. Choose i € N such that igv(m) >
u(f) > 0. We have f — f; € m?. Thus, for j > i we have u(f — f;) > p(f), which
shows that 1(f) = u(f;) = v(f;). O

The last two results give us:

Corollary 3.3. Let (R,m) be an analytically irreducible domain. Then for ev-
ery divisorial valuation centered over (R,m) there is a unique extension of v to a
divisorial valuation centered over (R, mR).
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Here we mention an obvious result

Theorem 3.4. Let v be a divisorial valuation centered over an analytically irre-
ducible local domain (R,m). Then R, is analytically irreducible.

Here, we notice an easy consequence of the commuting of the completion with
the quotient:

Lemma 3.5. Suppose R[x] is an analytically irreducible local domain, and K is
the quotient field of R. Assume that = is algebraic over K. Let S (resp., R ) be
the completion of R[x] (resp., the completion of R) with respect to their (respective)
mazimal ideals. And, assume that K is the quotient field of R. Then, the minimal
polynomial of the element x € R over K is identical to the minimal polynomial of
z €S over K.

Finally, we are ready to prove the finiteness result:

Theorem 3.6. If (K,v) C (L,u) is a valuation extension and {U;; Bi}ti<a is a
weighted basis of K[| with respect to (K,v) such that p = wa and v, p be divisorial
valuations. Moreover, assume that p is centered over an analytically irreducible
domain (R,m) C L. Then the number of key polynomials of the divisorial valuation
(L, ) is finite, i.e., we have a < w.

Proof. As (K, v) is a divisorial valuation, we have dimv = tr.deg; k, = tr.deg, K —1.
Suppose we have a > w. As the extended valuation y is discrete, we see that o < w
(Bw > lim;—,, B; = o0). Thus, we only need to consider the case @ = w. We
distinguish the two cases of the transcendental and algebraic type:

e If /K is of transcendental type, and o = w, we show that
(11) dimyk,, = dimyk, = tr.deg,L — 2.

Hence (L, p) cannot be a divisorial valuation (because if  was a divisorial
valuation then dimyx, = tr.deg, L —1). To prove equation () first notice
that as (L, u) is an extension of (K,v), we have k, C k,. It is sufficient
to show that x, is an algebraic extension of k,. Consider the natural map

caUf\ . .
t: R, — k. Clearly, it is sufficient to prove L( Ul[[f]]) is algebraic over

caU[i]
U
induction on ¢. Note that, without loss of generality, we can assume a; > 0

and b; = 0 Suppose the claim is proved for ¢ — 1, we prove it for i. Let
( ) # 0. Write n;8; = Bo + >_, ., m;B;j, where 0 < m; < n; and

Bo € V(K ), and set A= cU{" - U™, where v(c) = By. As M # 0, we
have p(cq ) = u(chH) which shows that a; = n;q;, for some ¢; € N.

aA Uy, c, Ul
Set B = % Notice that U?] , BM € R, and we have

B )L(CGUM _, B )L(Uini )qi

CbU[] B CbU?i] A
B
U,

Ky, for any i < a and a,b € N? such that € R,,. We prove this by

M =

By the induction hypothesis, the factor ¢(

) is algebraic over k,,. Hence,

we should only show that Z = L(Ulni) is algebraic over k,. Dividing both
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sides of equation (B) by AP, we have (notice that by [@): m; = n;p;)

Jin, fi,o) — Uit

Api—1 Api’ T TN Ap
Notice that, by the induction hypothesis, the coefficients of equation (I2)
are algebraic over k,. Thus ([[2) shows that Z is algebraic over x,,.

o If L/K is of algebraic type and o« = w. By Theorem [B4] the valuation
ring R, is analytically irreducible, thus the valuation ;i extends uniquely

(12)  ZPi 4 ZPit

VZ + o

fi,ni(pifl) —
A )=0.

to a valuation (denoted again by p) to the m,—adic completion R,. We
construct a non-zero element Uy, € I/%; which is a coefficient-wise limit for
the sequence of the reduced key polynomials {U;}ien (Remark 2.3.(ii)).
There is some i € N such that for i > iy we have m; = 1 (Suppose this
is not the case, so there are infinite number of ¢ such that m; > 1, but
by Definition 22l (e) we have 5, > (I[,.,, mi)B1. Thus, we have v(U,) =
B = oo which is a contradiction). For i > ig, we set U, = ainflfol +
-4+ a; 17 + a;0, where a;+ € K (Recall that N is degree of the minimal
polynomial of the element z over K). For ¢ > ip, consider the equality
Uiy1 = U;+ fi0 (The reduced form of equation (). Let f; o = Zj ci,jﬁff])
be the reduced ¢—adic expansion of f;o. As my = 1, for k > i, the

power of Uy, is zero in any adic monomial ﬁ%) of fio. So, for these adic

1
Bi — oo(i — w), so for any j, we have v(¢; ;) — oo(i — 00). Now, for
any t < N — 1 we have a;41, — a;y € {(¢;;);. This shows that for any
t < N — 1 the sequence {a;:}ien is a Cauchy sequence for the v—adic

monomials we have wi(ﬁﬁ)) < Ypeio (i — 1)Bx = B, But, we have

topology in I/%; But, the ring I/%; is complete for the m, —adic topology,
so by [12], Proposition 5.10, it is complete for the v—adic topology as
well. Thus, we have as = limi_,, a;¢ € R, C R, is well-defined. In
consequence, the element Uy, := aw7N_1xN_1 + 4 Ao0,1T F Aoo,0 € f%;
is well-defined. Moreover, by Lemma [3.5] the element U, is non-zero, and
thus p(Us) is finite. By the construction of U, it is clear that for i > i
we have iny,(Ux) = U;. So, we have w;(Usx) = B;. This shows that
w(Us) > lim;_,, B; = oo which is a contradiction.

O

Remark 3.7. The proof shows that in the case L/ K is of transcendental type we
do not need the analytical irreducibility condition to meet the finiteness result.

Here we give an example that shows that the analytical irreducibility is necessary
in the case L/K is of algebraic typeﬁ:

Example 3.8. Assume that char(k) # 2. Let K = k(y), v the y—adic valuation.
Let L be the field of fractions of the integral domain k[z,y]/(x® —y? —y3). Then v
admits two extensions to L; their value groups can both be identified with Z, which
we view as the value group of v. Let p be the extension characterized by the fact
that p(x +y) =2. Let /T+y = 0 biy® be the Taylor expansion of /T +y. Set
Uy = z. Then the construction of the key polynomials gives an infinite sequence
U =x+ Z;;ll bj—1y?, for i > 2. One can show that u(U;) = B; = i, for i € N.

31 am grateful to the referee for pointing out this example.
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This gives us an infinite sequence of key polynomials {U;; Bi}ien for the valuation
. There does not exist any finite subsequence of the key polynomials of this infinite
sequence.

4. Izumr’s THEOREM

For any two rank one valuations p and u of a field K with a common center in
a subring R of K, if there exists ¢ € R such that u(y) < cp/(y), for any y € R,
then we write p < cg/. In such situation we define c¢g(u, 1') to be the minimum of
such constants ¢; We call it the Izumi constant of the valuations p, p/. When the
ring R is clear from the context we denote the Izumi constant by c(u, ).

Through this section L is a field extension of a given field K/k, which is of the
form L = K(z), such that L/K is either of transcendental type or algebraic type.

Remark 4.1. The following are immediate from the definition of the Izumi con-
stant.

(i) If both pu and p' are centered over R with the ideal p as center then cg, (i, 1')
exists provided that cr(u, ') exists. Moreover, we have cg, (i, ') = cr(p, pt').

(ii) For any three valuations w,w’,w"” of a field K, such that all of them are
centered over a ring R C K, if cp(w,w”) and cr(w”,w') exist then cg(w,w’)
ezists and we have

(13) cr(w,w’) < cr(w,w”)er(W”,w).

Definition 4.2. Let v be a valuation of K. For 8 € R*, we define ord, g to be the
Gaussian valuation extending v to a valuation of L with ord, g(x) = 8. In other
words, for f =3 c;z' € K|x] we have

ord, g(f) = min;{v(¢;) +i8}.

In the case L/K of algebraic type, this is a valuation of K(X) which we call it a
pseudo-valuation of L (See Remark[23.(i)).

Theorem 4.3. Suppose (L, u) is a valuation extending the divisorial valuation
(K,v). Assume that {U;; Biti<a, o € N, is a weighted basis of K[x] with respect to
(K,v) such that, with the notation of Definition [22, we have p = ws. Moreover,
assume that v is centered over the local ring R C K. Then:

(i) We have w;(Uf, ) = (HZ:J- my).LB;, for { €N, and j <i < a.
ii) For 5 < @ € N, the Izumi constant crp.(wit1,w;) exists and we have
i) Fi J N he I [z] + j d h

CRle] (Wit1, W) = (H:Ji*mlk)ﬁj
Proof. For (i): We prove it for the case £ = 1. The general case is similar. Notice
that U™ + Uimi_lfl-_,mi,l + -+ Uifi1 + fio is the i—adic expansion of U,y;.
We have degUi;1 = degU™ and degf;; < degU;. On the other hand, in the
algorithm of getting the (¢ — 1)—adic expansion of U;;; from its i—adic expansion,
the degree considerations shows that U,  which is generated in the first step
of the algorithm, never cancels in the process of the algorithm. In fact, this is
the unique monomial of degree equal to degU;;1 in the (i — 1)—adic expansion of
Uit1. Thus, the monomial U, "™ appears in the (i — 1)—adic expansion of U;;1;
It has the least w;—1—weight (because it appears starting from the first step of

the algorithm). By induction, we reach to the following: The monomial U Jm 7
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appears in the j—adic expansion of U;11; It has the least &;—weight. Thus, we

have proved w;(Uit1) = (Hk M) B

For (ii): First we prove the clalm when j = i. Let us assume that M = ¢, Uj; ) €

KUy, ...,U;41] is a monomial of adic form. Then w;1(M) = v(c,) + Z”l a;Bj.
Suppose My, ..., M; is the sequence of i—expansions of M generated in the algo-
rithm of getting i—adic expansion of M from its ¢ + 1—adic expansion. We have
@;(My) = v(ca) + 22:1 a;fi + air1m;Bi. Set A =wv(eq) + Z;zl a;B3;. On the other
hand w;(M) = &;(My) > &;(My). Thus, we have

w1 (M) < A+ ai1Bit1 Bz+1
Wwj (M) T A+ miai418; T m’L/B’L

Now, assume that f =}, M; is the i + 1—adic expansion of an element f € R[x].
Suppose that for ig we have w;y1(f) = wit1(M;,). Then we have

wit1(f) o wit1(Mig) _ Binr

Wz(f) - Wz(Mzo) o mzﬁz
This proves ¢(w;t1,w;) < ﬁ”l . On the other hand, by (i) we have “’J(II(JUJ)I) = fﬁﬁl
which shows that c(wl+1,wz) 2 ijﬁt Thus, we have c(w;11,w;) = 51:811
For the general case, using (I3) and the case j = i, we have c(wi+1,w;) <
i Biya i ; S W
Hk:j c(wpt1,wi) < T, mo B But (i) shows that c(wit1,w;) > T, mo 5
Hence, we have the equality. (I

Lemma 4.4. Suppose v and v' are valuations of a field K and both are centered on
the ring R such that the Irumi constant cg(v,v') exists. Then the Izumi constant
CRz)(ord,, g,0rd, gr) exists and we have:

(i) We have cgpg(ord, g,ord,, g) < <%>CR(V7 V'), where

Ié; 8 when 8> f
14 N = B
(14) <B’> 1 otherwise.
(ii) Suppose (K,v) C (L, u) then cgiy(ordy, g, u) < <ﬂfz)>.

Proof. For (i): If M = cz* € R[z] is a monomial then one can easily check that
ord, g(M) < <§>c(u, v')ord,s g/(M). Now, assume that f = Y. M; € R[z]. Sup-
pose that ord, g(f) = ord, g(Mo) and ord, g (f) = ord, g(M1). Then we have
p
ord, g(f) = ord, g(Mo) < ord, g(My) < <@>c(y, vord, g (My),

which shows that ord, g(f) < (g,) (v, )ord, g (f).

For (ii): Set w(z) = B'. It is clear that c(ord, g, ) = 1. By (i) and Remark
11 (ii) we have

By,

c(ord, g, 1) < c(ord, g,ord, gr)c(ord, g/, ) < <5'

O

Theorem 4.5. Suppose that p and p' are two divisorial valuations of the field
L = K(z). Suppose {U;; 8}, where n € N is a weighted basis of K|[x] such that
Wy = p. Assume that p), = v, uiK =/, and v and V' are both centered over
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a ring R, and both pu and ' are centered over the ring R[x]. Moreover, suppose
cr(v, V') € RY exists. Then cpp(p, i') exists and we have

1 n M(Un)
—, ——}er(v, V) —.
ww) 1w O degl,
Proof. Set 8 = p(x) and B’ = p/(z). By (iii) of Theorem 3] and Lemma 4] the
three Izumi constants criy) (i, 0rdy,5), crzj(ord, g,ord,s gr), and cgpy(ord,: g, i')
exist. So, by Remark BJL(ii) the Izumi constant cg,)(u, p') exists and we have

crlz) (1, ') < max{

)

e(p, ') < e(p,ord, g)clord, g, ord,: g)c(ord, g, ')

Un
< dhern (e ).
Now it is sufficient to note that <§>% = max{ﬁ, ﬁ} O

Proof of Theorem [ 1. By Corollary we can assume that R is complete. By
Cohen’s structure theorem we have R 2 k[[X1, ..., X,]]/I. We prove the result by
induction on n. Set S = k[[X1,...,Xn-1]]/(I NK[[X1,...,Xn_1]]). First, notice
that if I = (fi)i=0,....4, after a polynomial change of coordinates (if necessary),
we can assume that f;(0,...,0,X,) # 0 for any ¢« < d. Now, by Weirestrass’
preparation, we can assume that f; € k[[X1,..., X,,—1]][Xn]. This shows that R =

(S[Xn] /(/IFS [X»])), where the completion is taken with respect to the maximal
ideal of the origin. Set R; = S[X,]/(I N S[X,]). By Corollary B3] to show that
cr(p, i) exists, it is sufficient to show that cr, (i |z, 1" |z,) exists (In fact, by
the same corollary we have cg(u, 1) = ¢r, (1 |r,, ' |r,)). But, by the induction
hypothesis the Izumi constant cs(u |g, it |g) exists. So, by Theorem E.5] the Izumi
constant cg, (i |p,, ' |p,) exists. O

Remark 4.6. Instead of considering R as the totally ordered group that contains
all the value groups of divisorial valuations, one can fix a copy of Z as the value
group of all valuations (this is the assumption of [B]). In this situation, as p(x) > 1
for any (L, p), we can make the bound of criy (1, p') sharper; This bound does not

;U'(Un)
degUp

depend on p'. In this case cgpz(p, p') < cr(v, V')
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