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Abstract

A field K admits proper projective extensions, i.e. Galois exten-
sions where the Galois group is a nontrivial projective group, unless
K is separably closed or K is a pythagorean formally real field with-
out cyclic extensions of odd degree. As a consequence, it turns out
that almost all absolute Galois groups decompose as proper semidirect
products.

We show that each local field has a unique maximal projective
extension, and that the same holds for each global field of positive
characteristic. In characteristic 0, we prove that Leopoldt’s conjec-
ture for all totally real number fields is equivalent to the statement
that, for all totally real number fields, all projective extensions are
cyclotomic. So the realizability of any non-procyclic projective group
as Galois group over Q produces counterexamples to the Leopoldt
conjecture, while the non-realizability may produce counterexamples
to the classical inverse Galois problem.

Contents

1 Projective quotients of profinite groups 3
1.1 Prosimple groups . . . . . . ... ... 3
1.2 Examples of indecomposable profinite groups . . . . . 5
1.3 Maximal projective quotients . . . . . . ... .. ... 9
1.4 Demushkin groups . . . .. .. .. .. ... ... ... 10

2 Projective extensions of arbitrary fields 12

*Heisenberg-Stipendiat der Deutschen Forschungsgemeinschaft (KO 1962/1-2)



3 Projective extensions of local fields 16

4 Projective extensions of global fields 17

4.1 Function fields over finite fields . . . . . . . .. .. .. 18

4.2 Number fields . . . . . . . . .. ... .. 20
Introduction

In [K4] it is shown that the absolute Galois group Gg := Gal(K*?/K) of
a field K hardly ever decomposes into a proper direct product G = G X
G5. In contrast, almost all absolute Galois groups are semidirect products
(Corollary 2.4). This will be shown by studying projective extensions of
fields, i.e. Galois extensions L/K where Gal(L/K) is a non-trivial projective
(profinite) group.

Recall that a profinite group G is called projective if all epimorphisms
m . H — G split or, equivalently, if all finite embedding problems for G
have solutions (cf. [FJ], chapter 20, or [RZ], section 7.6). Examples of
projective groups are free profinite groups, but also the (additive) group
Z, of p-adic integers. Projective groups are always torsion-free. Section 1
contains group-theoretic tools on projective quotients of profinite groups. In
particular, we prove that pro-p Demushkin groups have a unique maximal
projective quotient (Proposition 1.10).

In many cases it is known that a field K admits projective extensions. For
example, if K has cyclic Galois extensions of prime degree p > 2 or of degree
4 for p = 2, then, by a result of Whaples (Theorem 2 in [W]), K admits Z,-
extensions, i.e. Galois extensions L/K with Gal(L/K) = Z,,. In section 2, we
will show that this is a general phenomenon: Any field K admits projective
extensions, unless K is separably closed or K is a pythagorean formally
real field without cyclic extensions of odd degree (Theorem 2.3). And any
projective extension L/K gives rise to a semidirect product decomposition
of Gk, as the canonical exact sequence

1—- G, —Gg — Ga(L/K) — 1

splits by the projectivity of Gal(L/K).

It is one of the main open questions in Galois theory to give a group-
theoretic characterization of those profinite groups which occur as absolute
Galois groups. The most well-known group-theoretic obstruction for a profi-
nite group to be an absolute Galois group, is — by Artin-Schreier theory —



the presence of torsion-elements of order > 2. The lack of non-trivial pro-
jective quotients of a torsion-free profinite group may now be regarded as a
new group-theoretic obstruction: there are non-trivial torsion-free profinite
(or even pro-p) groups without non-trvial projective quotients (cf. Example
1.4 and 1.5).

Apart from this general Galois-theoretic observation it can be rewarding
to study, for a specific field K which projective groups can be realized as
Galois groups over K. We made ‘field studies’ on local and global fields
(section 3 and 4). The outcome for a (non-archimedean) local field K is that
any projective extension L/K of K is wild in the sense that L is contained
in the maximal Galois extension K*"¢ of K without tame ramification, and
that K always has a unique maximal projective extension (Proposition 3.1).
We prove the same conclusions for global fields of positive characteristic
(Proposition 4.2). As consequence for a profinite inverse Galois problem one
obtains e.g. that if As is the (unique) smallest projective group with quotient
As then As (a projective group on two generators) is not realizable over any
global field of positive characteristic.

For global fields of characteristic 0, i.e. for number fields, we obtain a
surprising connection to Leopoldt’s conjecture. Let us, for simplicity, con-
sider a totally real number field K. Leopoldt’s conjecture then says that for
cach prime p there is exactly one Z,-extension of K, namely the cyclotomic
Z,-extension in K (fu,e ), where 1,00 is the group of all p-power roots of unity.
It turns out that Leopoldt’s conjecture holds in all totally real number fields
iff in all totally real number fields K the cyclotomic Z-extension is the unique
maximal projective extension of K (Propostion 4.9). So, for example, if As
is realizable over Q then Leopoldt’s conjecture is false for infinitely many
totally real number fields. If not, then there is a good chance that a large
finite quotient of As is not realizable over Q, thus giving a negative answer
to the inverse Galois problem.

1 Projective quotients of profinite groups

1.1 Prosimple groups

We recall that the Frattini subgroup ®(G) of a profinite group G is the in-
tersection of all maximal subgroups of GG. It is the pronilpotent characteristic
subgroup of non-generators of G. We also recall that any profinite group Gy



allows a unique universal Frattini cover, i.e. an epimorphism ¢ : G — Gy,
where G is projective and ker ¢ C ®(G) (cf. [CKK] or [FJ], sections 20.6
and 20.7). If Gy is a finite simple group, this implies ker ¢ = ®(G). We say
that a profinite group G is prosimple! if G is projective and Gy := G/®(G)
is a finite simple group, i.e. G is the universal Frattini cover of Gy.

Any prosimple group occurs naturally as absolute Galois group, not only
because, by [LvD], any projective profinite group is the absolute Galois group
of some PAC-field, but also by the following canonical construction:

Example 1.1 Let Gy be a finite simple group, let L/ K be a Galois extension
of number fields with Gal(L/K) = Go, and let F' be a mazimal algebraic
extension of K such that Gal(LF/F) = Gy. Then G := G is prosimple
with G/¢(G) = Gy or G = Gy = Z/2Z.

Proof: ®(Gr) = Gpp, because any minimal proper algebraic extension
F'/F is contained in LF: otherwise F' N LF = F and so Gal(LF'/F') =
Gal(LF/F) = Gy, contradicting the maximality of F.

Now assume that Gr % Z/2Z. We have to show that G is projective.
If Gy is abelian, i.e. = Z/pZ for some prime p, then, as the rank of Gp
is the rank of the Frattini quotient Gr/®(Gr) = Gy, G is procyclic, and
pro-p, and, by Artin-Schreier, torsion-free. So G = Z,, which is projective.
If Gg is non-abelian, it has no proper abelian quotient, and this property is
inherited by G (any miminal proper quotient of G is a quotient of Gy).
So F contains the maximal prosolvable extension Q*' of Q. But Ggso is
projective and then so is the subgroup Gp. q.e.d.

We say that a profinite group G decomposes as proper semidirect
product, if there is a nontrivial proper normal subgroup N < G having a
complement in G, i.e. a subgroup H < G with G = NH and NNH =1. In
this case we write G = Nx H.

Lemma 1.2 Let G be a profinite group such that Gy := G/®(G) is a finite
simple group. Then:

(a) Any proper normal subgroup N <G is contained in ®(G). In particular,
G does not decompose as proper semidirect product.

!There will be no confusion with the standard terminology of a pro-x group being a
projective limit of finite x-groups: there is no non-constant inverse system of finite simple
groups.



(b) tGo and G have the same prime divisors.
(c) G is of rank at most 2.

Proof: (a) Choose some maximal subgroup U of G containing N and let M
be the intersection of the conjugates of U in G. Then M is a proper normal
subgroup of G with N C M and ®(G) C M. As G/®(G) is simple, this
implies ®(G) = M, and so N C &(G).

If G = NxH then G = NH = ®(G)H = H, as ®(G) is the set of
nongenerators of G. Hence N = 1.

(b) Assume there is a prime p with p | G but p J#Gy. Let P be a p-
Sylow subgroup of G. Then P is the unique characteristic p-Sylow subgroup
of ®(G), and hence P is normal in G. Thus, by the well-known Zassenhaus
theorem, P has a complement H in . But then any maximal subgroup
M of G containing H has p-power index in G, and so p | [G : M] | §Go:
contradiction.

(c) follows from the classification of finite simple groups Gy: they all have
rank 2 in the nonabelian case. q.e.d.

Prosimple groups can now be characterized in terms of semidirect prod-
ucts:

Lemma 1.3 Let G be a nontrivial projective profinite group. Then G has a
prosimple quotient. In particular, G is prosimple iff G does not decompose
as proper semidirect product.

Proof: Let Gy be a finite simple quotient of G and let G’ be the universal
Frattini cover of Go. Then, by [FJ], Proposition 20.33(c), there is an epimor-
phism 7 : G — G, i.e. G’ is a prosimple quotient of G. As G’ is projective,
the epimorphism 7 : G — G’ splits, so there is a subgroup H < G which
maps isomorphically onto G’ via 7. So G = N x H, where N = ker .

If GG is not prosimple, then NN is nontrivial, and G decomposes as proper
semidirect product.

If G is prosimple, then, by Lemma 1.2(a), G does not decompose as proper
semidirect product. q.e.d.

1.2 Examples of indecomposable profinite groups

If one drops projectivity one still finds other torsion-free profinite groups
which do not decompose as proper semidirect product (as we will see in
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Corollary 2.4 such groups cannot occur as absolute Galois groups):

Example 1.4 Let H be a non-abelian prosimple group such that all Sylow
subgroups of H/®(H) are abelian (e.g. the prosimple group with Frattini
quotient As). Let G := H/|®(H),®(H)]. Then G is a non-projective torsion-
free profinite group which does not decompose as proper semidirect product.

Proof: G/®(G) = H/®(H) is a finite simple group, so, by Lemma 1.2(a),
G does not decompose as proper semidirect product.

Let P be the (finite) set of primes for which H (or, by Lemma 1.2(b),
equivalently H/®(H))has non-trivial p-Sylow subgroups. For each p € P
choose a p-Sylow subgroup H, of H and let @, := H, N ®(H). Then Q,
is a p-Sylow subgroup of ®(H). As ®(H) is nilpotent, @), is the unique
characteristic p-Sylow subgroup of ®(H), and hence normal in H. As H is
projective, H, is a free pro-p group, say of rank 7.

The rank 7, is finite because the canonical epimorphism

H—>—>pH::H/HQp
q#p

maps H,, isomorphically onto an open subgroup of ’H. By Lemma 1.2(c), the
rank of H is 2, so the rank of PH is < 2, and so any open subroup has finite
rank. And, as open subgroup of the free pro-p group H,, @), is again a free
pro-p group of finite rank s, > r, (by the Nielsen-Schreier Theorem, cf. e.g.
[RZ], Theorem 3.6.2). Note that there is some py € P with r,, > 1 because
in the non-abelian simple group H/®(H) at least one Sylow subgroup is non-
cyclic (finite groups with cyclic Sylow subgroups are metacyclic, cf. e.g. [H],
Satz [V.2.11).
®(G) is the abelianization of ®(H) = [[ep @), s0

o(G) =[] Zy.
peEP

This implies that G is not projective: cdp, (G) > cdp, ®(G) = sp, > 15, > 1.

In order to check that G is torsion-free it suffices to check this for all Sylow
subgroups of G. Since [®(H), ®(H)| N H, = [Q,, @], the p-Sylow subgroups
Gy of G are of the shape G), = H,/[Q,, Qp]. The subgroup Q, := Q,/[Q,, @,
of G, is torsion-free: it is as abelianization of the free pro-p group @), of rank
sp isomorphic to Z;r. On the other hand, the epimorphism

(M Gp - Hp/[Hpv Hp] = er?p
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has ker 1, C @p because, by assumption, the p-Sylow subgroup H,/@, of
H/®(H) is abelian. But this means that ¢, maps any =z € G, \ @, to a
non-zero element of Z;», which implies that z is not torsion. q.e.d.

There is even a pro-p example 2:

Example 1.5 Let p be a prime, let n be an integer > 3, and let G be the first
congruence subgroup of SL,(Z,), i.e. the kernel of the canonical epimorphism

m : SLy(Z,) — SL,(F,).

Then G is a non-procyclic torsion-free pro-p group which does not decompose
as proper semidirect product.

Proof: Let I',(Z,) be the first congruence subgroup of GL,(Z,), i.e. the
kernel of the canonical epimorphism GL,(Z,) — GL,(F,). Then

G=T,2,)NSL,(Z,),

and one has the following well-known facts:

Fact 1: T',(Z,) is a torsion-free pro-p group.

Fact 2: All normal subgroups of SL,(Z,) of infinite index are central, i.e.
contained in the center of SL,,(Z,).

Fact 1 clearly implies that G is a torsion-free pro-p group as well. And
Fact 2 implies that G is just infinite, i.e. all proper quotients of G are
finite, because the center of SL,(Z,) has trivial intersection with G. Since
G is obviously not procyclic, this proves everything.

ad Fact 1: Let 1,, be the identity matrix of size n. Then

Ln(Zp) = 1y + pM,(Zy) = lim(L,, + pM,,(Z/p"Z)).

Since §(1, + pMa(Z/P"Z)) = tMo(Z/p*Z)) = P, Tu(Z,) is a pro-p group.
Any nontrivial A € T',,(Z,) can be written (uniquely) as A =1, + p™B
with m > 1 and B € M,(Z,) \ pM,.(Z,). So

AP =1, + p™ T B + ™20 £ 1,

for some C' € M,(Z,). Hence I',,(Z,) contains no elements of order p, and
therefore (as pro-p group) no torison elements at all.

2T would like to thank Marcus du Sautoy for pointing out this example to me
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ad Fact 2: SL,(Z) is dense in SL,(Z,), since the natural homomorphism
SL,(Z) — SL,(Z/p*Z) is surjective for each k € N (cf. e.g. [RZ], p.
158). So for any open normal subgroup N <SL,,(Z,), one has SL,(Z,)/N =
SL,(Z)/SL,(Z)NN.

Consider for each k£ > 1 the canonical epimorphisms 7, and 7:

SLu(Z,) ™ SL.(Zy/p'Z,)
i H
SL.(Z) = SL.(Z/p"Z)

and define the (open normal) congruence subgroups

G*(Z,) == ker 7y, and G¥(Z,) := 7, (C(SL,(Z,/p"Z,)))
G*¥(Z) := kerm, and G¥(Z) := 7, (C(SL.(Z/p*Z))),

where C(x) denotes the center of x. Then, obviously, the G* form a neigh-
bourhood of 1 for the p-adic topology on SL,, and the bottom groups are
the intersection of the top groups with SL,(Z). Note also, that for any com-
mutative ring R, the center of SL,(R) consists of scalar matrices ¢ - 1,, with
¢ an n-th root of unity in R. In particular,

Gi(zp) n G]:H(Zp> = GkH(ZP) ) C(SLn(Zp))'

Now it follows from [Mc], that for each open normal subgroup N<SL,,(Z,)
there is a unique k = k(N) with

G*(Z,) C N C G3(Zy).

Indeed, let k be minimal with G¥(Z,) € N. Then G¥(Z) C NN SL,(Z) 2
G*1(Z). Hence, by the main Theorem and (1.1) of [Mc| (cf. also [BLS]),
NNSLy(Z) C G¥Z) and so N C G¥(Z,). Tt is for this result of Mennicke
that the assumption n > 3 is needed.

Finally, assume that N < SL,(Z,) is of infinite index. Then there is

a properly descending chain Ny D Ny D ... of open normal subgroups of
SL,(Z,) with N = N N;. Hence the k(V;) get arbitrarily large, i.e. N C
N2 GH(2,) = O(SLu(Z,)). qe.d.



1.3 Maximal projective quotients

Observation 1.6 Let G be a profinite group. Then G has a mazimal projec-
tive quotient, i.e. a minimal normal subgroup N <G s.t. G/N is projective.

Proof: Projectivity can be expressed in terms of finite embedding problems:
A profinite group G is projective iff for any pair of epimorphisms a : A — B,
B : G — B there is a homomorphism v : G — A with 8 = a oy (cf. e.g.
[RZ], Prop. 7.5.4).

There is always the trivial projective quotient G/G. And if A is a family
of normal subgroups N < G such that G/N is projective and N is linearly
ordered by inclusion, then G/ Nyen N is again projective, since any finite
embedding problem for this group factors through some (in fact almost all)
G/N with N € N. By Zorn’s Lemma this implies existence of a maximal
projective quotient. q.e.d.

Note that for a non-trivial maximal projective quotient G/N it may hap-
pen that cd N = cd G < oo. For example, if H is a group with 1 < cd H < 00
but without proper projective quotient (e.g. the group constructed in Exam-
ple 1.4 or 1.5) then G := H % 7 with N the normal subgroup of G generated
(as such) by H has this property.

If G is projective, GG is its own unique maximal projective quotient. In
general, however, maximal projective quotients are not unique. For example,
if G = Z x Z there are ¥, many distinct maximal projective quotients, all
isomorphic to Z: any subset S C P := {p | p prime} gives rise to a quotient
of the form [],cg Zy X [lep\s Zqg-

For non-projective groups one has the following

Observation 1.7 Let G be a non-projective group and let G = G/N be a
projective quotient of G. Then N € ®(G).

Proof: Since? is projective, the canonical epimorphism 7 : G — G has

a section p : G — G, and so G = Nxp(G). Assume N C ®(G). Then

G = Nxp(G) = ®(G) - p(G). Since ®(G) is the group of non-generators of
G this implies that G = p(G) = G. But G is projective and G is not. q.e.d.

Corollary 1.8 Let G be a non-projective pro-p group of finite rank, and let
G = G/N be a projective quotient of G. Then rkG < rkG.
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Proof: Let 7 : G — G be the canonical epimorphism. As G is pro-p,

O(G) = (GP, |G, G]), and so 7(®(G)) = ®(G). Hence m canonically induces
an epimorphism of Frattini quotients

e : G/P(G) — G/®(G)

(cf. e.g. [RZ], Lemma 2.8.7 and Corollary 2.8.8). Since, by the observation,
N ¢ ®(G) this epimorphism is not injective. So

rk G = dimg, G/®(G) < dimg, G/®(G) = rkG.

q.e.d.

Note that the Corollary does, in general, not hold if G is not pro-p: For
example, if p and ¢ are primes with p | ¢ — 1, if

G = ({p) x (o)) x(7)

with N = (p) = (1) 2 Z,, (0) 2 Z,, p” = pand 07 = (, -0 then rkG =
rkG/N =2, G/N is projective, but G is not.
Another consequence of Observation 1.7 is the next

Corollary 1.9 Let G be a non-projective pro-p group with G torsion-free.
Then G has distinct maximal projective quotients.

Proof: Let G = G/N be a maximal projective quotient of G. Then, by
Observation 1.7, N ¢ ®(G). Pick v € N\ ®(G), let a : G — G be
the abelianization of G and observe that a(v) # 1. By assumption, G%
is torsion-free, and so (a(v)) = Z,. The (nontrivial) image of (v) in the
(elementary abelian) Frattini quotient has a complement which lifts to a
complement M of (a(v)) in G®. Hence a~1(M) is a normal subgroup of G
with projective quotient G’ := G/a (M) =2 Z,. But a (M) € N, because
v € N\ a (M), and so any maximal projective quotient of G above G’
differs from G. q.e.d.

1.4 Demushkin groups

If G is not torison-free, the Corollary above may become false. A prominent
example which we will need in section 3 are Demushkin groups. Recall that
a finitely generated pro-p group G is called a (pro-p) Demushkin group if
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o cd,G =2
o H*(G)=Z/pZ and

e the cup product H'(G) x H'(G) = H?(G) is a non-degenerate bilinear
form

(Here H'(G) is the i-th cohomology group H'(G,Z/pZ)). Pro-p Demushkin
groups occur as maximal pro-p quotients of the absolute Galois groups of
local fields of mixed characteristic (0,p) containing a primitive p-th root of
unity. We shall need two facts:

If G is a Demushkin group of rank n then

ab ~v s n—1
G = (Z/pZ) x 717,

where sg is an integer > 1 or sq¢ = oo (and then Z/p°Z := Z,). Pro-p
Demushkin groups are classified up to isomorphism by these two invariants
n and sg (cf. e.g. [NSW], p. 185 ff).

If G is a Demushkin group of rank n > 1 with sq < oo, and if H is an
open subgroup of G then H is a Demushkin group of rank 2+ [G : H](n — 2)
with sy < oo (cf. [NSW], Theoremn 3.9.15).

Now we can prove the following

Proposition 1.10 Let G be a pro-p Demushkin group of rank n > 1 with
sg < oo. Then G has a unique mazimal projective quotient (of rank n —1).

Proof: For any pro-p Demushkin group D of rank d with sp < oo let
ap : D — D® = (Z/p*PZ) x ZI~! be the abelianization of D and define

/(D) := ®(D) - 0\ (B/p* D).

Then [D : ®/7¢(D)] = p?~! and so ®/"¢(D) is a Demushkin group of rank
2+p?~1(d—2) with Sefree(py < 00. Note also, that d/ree(D) is a characteristic

subgroup of D.
Now let & = &/m¢(G) and for i > 1, let &1 = ®/7¢¢(d?). Then the P°
form a chain of characteristic open subgroups of G:

Grdled?. ..
Observe that for each 7 > 1:

rk® /Ot =1+ [G : ®(n - 2).
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This is because ®' is a Demushkin group of rank d = 2 + [G : ®'|(n — 2) and
(@ : @] = pi=L 50 P/DIHL is of rank d — 1.

Let N = N2, ®". Then G := G/N is a quotient of G with characteristic
open subgroups ® := ®'/N such that ®(G) = &L, &(d) = L (for i > 1)
and N;°, ® = 1. Then

kG =rkG/® =rkG/®' =n —1

and for each ¢ > 1,

rk®l = rk®/dH! = rk &'/ = 14+[G : ®](n—2) = 1+[G : ®|(rkG—1).

This means that the Nielsen-Schreier index formula holds for all the sub-
groups ® of G, and therefore for all open subgroups of G (each open sub-
group contains some ®¢, and if the Nielsen-Schreier index formula holds for
some open normal subgroup of a profinite group then it holds for any larger
open subgroup as well). By Theorem 8.4.7 of [RZ] this implies that G is free
pro-p, i.e. projective.

As G is, by Corollary 1.8, a projective quotient of maximal possible rank,
it is maximal: any epimorphism between free pro-p groups of the same finite
rank is an isomorphism.

Now let G’ := G/N' be an arbitrary projective quotient of G with pro-
jection T : G — G'. Then G'® is free abelian and so ®! = ®/7¢(G) C
7 H(®(G")). Since ®(G’) is again projective we may continue like this to
see that ®* C 77 1(®(P(G"))), and, more generally, & C 7~1(P;(G")), where
®,(G’) is the i-th iteration of applying Frattini to G’. Hence

N = aqﬂ C fj T (D(G) = w—l(a@(G’)) =N’

q.e.d.

2 Projective extensions of arbitrary fields

Let us first recall Whaples’ criterion for the existence of Z,-extensions. We
shall use the following terminology: for a field K and a prime p, K (p) denotes
the maximal pro-p Galois extension of K and Gg(p) its Galois group.
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Fact 2.1 ([W], Theorem 2)

(a) Assume that G (p) is non-trivial. Then Z, is a quotient of Gk (p) unless
p =2, and K is formally real and pythagorean.

(b) K is formally real and pythagorean iff K admits cyclic extensions of
degree 2, but none of degree 4.

Corollary 2.2 If Gk(p) is not procyclic, it is a non-trivial semidirect prod-
uct.

Proof: If p = 2 and K is formally real then G (2) = Gy (=)(2) xZ/2Z.
This is a non-trivial semidirect product unless K(y/—1) = K(2) and so
Gk(2) &2 Z/27 is procyclic. If p > 2 or if K is not formally real, then,
by the fact, Gk (p) has a Z,-quotient, so for some Galois subextension L/K
of K(p)/K, Gal(L/K) = Z,. As Z, is projective, the canonical epimorphism
Gk(p) — Gal(L/K) splits, and Gk(p) = GrxGal(L/K), which, again is
a non-trivial semidirect product unless L = K(p), and so Gg(p) = Z, is
procyclic. q.e.d.

Theorem 2.3 Let K be a field which is not separably closed. Then Gy has
a prosimple quotient unless K is a pythagorean formally real field without
cyclic extensions of odd degree.

Proof: We may assume that char K = 0: if char K = p > 0 one easily
constructs a valued field (F,v) of characteristic 0 with v extending the p-adic
valuation on Q and with residue field F'v = K; passing to the henselisation
we may take v to be henselian and use the fact that then the canonical
projection Gp — Gp, = Gk splits (by [KPR]).

If K admits cyclic Galois extensions of degree d > 2 we may choose d to
be a prime > 2 or d = 4. Then, by Proposition 2.1, Gk(p) and hence G
has a quotient Z, for some prime p.

If K admits cyclic extensions of order 2 but of no larger order then, again
by Proposition 2.1, K is a pythagorean formally real field not allowing cyclic
extensions of odd degree, i.e. we are in the ‘unless’ situation and nothing
need be proved.

So it remains to consider the case that K is radically closed, i.e. that
K =K®.

If K is algebraic over Q, then Q** C K. That implies that all completions
of K are algebraically closed, and so, by the local global principle for the
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Brauer group, G is projective and we may apply Lemma 1.3 to obtain a
prosimple quotient of G.

If K is not algebraic over Q, we denote the relative algebraic closure of
Q in K by K% which will be, again, radically closed and hence projective.
If K9 is not algebraically closed then, by what we have just seen, G aig
has a prosimple quotient which is a quotient of G as well via the canonical
projection G g —= G galg.

If K% is algebraically closed we may choose a maximal algebraically
closed subfield Ky of K and choose some t € K \ Ky. Then the relative alge-
braic closure L of Ky(t) in K is not algebraically closed, but G, is projective
since G, (1) is projective (in fact, a free profinite group of rank §Ky, cf. [D]).
By the same procedure as above we obtain a prosimple quotient of G, and
take it as quotient of G via the restriction epimorphism G — G.q.e.d.

Corollary 2.4 Let K be a field. Then Gk decomposes as proper semidirect
product iff K is not separably closed, not real closed and G is not prosimple.

Proof: This is immediate from the previous Theorem: if K is formally real
then G = Gy /=1 X2 /27, and this is a proper semidirect product unless
K is real closed. If K is non-real, then Gx has prosimple quotients which
are proper unless G is prosimple. By projectivity, any such quotient gives
rise to a semidirect product decomposition of G . q.e.d.

The exceptional case in Theorem 2.3 that K is a pythagorean formally
real field without cyclic extensions of odd degree, can be characterized in
purely Galois-theoretic terms. To do this, let us denote the maximal abelian
resp. prosolvable extension of K by K resp. K* and the corresponding
maximal abelian resp. prosolvable quotient of Gx by G% := Gal(K®/K) =
Gr/|Gr,Gr] resp. G52 = Gal(K*"/ K).

Lemma 2.5 For any field K the following conditions are equivalent:

1. K 1s a pythagorean formally real field not allowing cyclic extensions of
odd degree > 1

2. G% is of exponent 2

3. G2 is non-trivial and generated by involutions.
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Proof: The equivalence of 1 and 2 follows from Fact 2.1(b) and the fact that
K has no cyclic extensions of odd degree iff G4 is a pro-2 group.

3 = 2 follows as G% is a quotient of G32': if the latter is generated by
involutions then so is the former. But non-trivial abelian groups generated
by involutions are of exponent 2. And G is non-trivial because G52 is.

1 = 3: Assume 1. Let K™ be the maximal totally real algebraic exten-
sion of K, i.e. the intersection of all real closures of K. Then K™ /K is a
Galois extension and, hence so is L/K, where L := K™ N K" If [ # K,
then there is a cyclic subextension L'/ K of L/K of prime degree p. By 1, K
has no cyclic extensions of odd degree, so p = 2, and L' = K(v/d) for some
de K\ K? As L'/K is totally real, d must be a sum of squares in K, and
hence, by pythagoreanity of K, a square: contradiction. So L = K, and the
restriction homomorphism Gge.r. — G321 is onto. As G is generated by
involutions, the same holds for G52, And K being formally real implies that
G52 is non-trivial. q.e.d.

There are fields K satisfying the equivalent conditions of the Lemma
and also allowing projective extensions. For example, if R is a real closed
field and if L is a field with G, non-procyclic prosimple then there is a field
K with Gx = G+ G, where x denotes the free product in the category
of profinite groups (by a theorem of Melnikov-Ershov-Pop, absolute Galois
groups are closed under free profinite products, cf. e.g. [K2|, Theorem 1).
Then G¥ =~ G x G = Z./2Z x 1, and condition 2 of the Lemma is satisfied.
On the other hand, by the universal property of the free product, G, occurs
as quotient of G, and hence K admits a projective extension with group
Gr.

However, we have no answer to the follwoing

Question 2.6 [s there a formally real field K without projective extensions
such that G52 is generated by involutions, but Gy is not.

If no such field exists then Theorem 2.3 can be sharpened to a characteriza-
tion of fields allowing projective extensions: they would be exactly the fields
which are not separably closed and which are not intersections of real closed
fields.

By the Lemma and its proof, the smallest candidate for a positive answer
to the above question would be K = Q*°"VNQ!™. It is clear that K is formally
real, that G52 is generated by involutions, and that Gk is not (there are
e.g. totally real Galois extensions of Q — and hence of K — with group
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As). What is open is whether K admits projective extensions. This question
is closely related to the question whether Q allows non-procyclic projective
extensions discussed in section 4.2.

3 Projective extensions of local fields

If K is an archimedean local field then, obviously, the unique maximal projec-
tive extension of K is K itself. The non-archimedean case is more interesting;:

Proposition 3.1 Let K be a non-archimedean local field with residual char-
acteristic p. Let K" be the maximal unramified extension of K, and let
K" be the mazimal Galois extension of K without tame ramification, i.e.
the compositum of all finite Galois extensions of K with ramification index
a power of p.

Then K¥% = K" (p) and K has a unique maximal projective extension
F. Moreover, K* C F C K" qgnd F = KU iff {, ¢ K“ (e.g. if
char K =p).

Proof: Let G = G and let G = Gal(F/K) = Gg/Gr be a maximal
projective quotient of G. Then for any prime ¢ the maximal pro-¢ quotient
G(q) of G is a projective quotient of G(q) and any ¢-Sylow subgroup G, of
G is a projective quotient of a ¢-Sylow subgroup G, of G.

If ¢ # p, the only non-trivial projective quotient of G(gq) resp. of G, is
the Galois group Z, of the maximal unramified g-extension K, of K resp.
K,Fiz G, of FixG,. So res : G, — G(q) is an isomorphism and ¢ | §G
iff K, C F. But if ¢ /G then FK, is a proper extension of F, Galois
over K, with Gal(FK,/K) = G x Z, still being projective. This contradicts
maximality of F', and hence K, C F for all ¢ # p.

Let L be the compositum of all K, with ¢ # p. Then Gal(L/K) = 11 , Z,
and Gal(F/L) is a projective pro-p group. Moreover, L(p) = K" (p) =
K" and so FF C K*". (Note that L(p) is Galois over K since G is a
characteristic subgroup of Gy, and thus normal in G.)

If char K = p then ¢d,GL(p) = cd,G, = ¢d,Gx = 1, and hence, by
maximality, F' = L(p) = Kvd,

If char K = 0 and (, ¢ K" then ¢, € L, and, for any finite subextension
L'/K of L/K, Gr/(p) is a free pro-p group of rank [L' : Q,]+1. So GL(p) is a
free pro-p group of rank Ny and, as in the char K = p-case, F' = L(p) = K¥d,
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If char K = 0 and (, € K" then ¢, € L and Gg(p) is a pro-p Demushkin
group of finite rank [E : Q] + 2, where E is a any finite extension of Q,
with K((,) € E C L. By Proposition 1.10, Gg(p) has a unique maximal
projective quotient, and, by uniqueness, if £ C E’ are two such fields then
the maximal projecitve quotient of Gg/(p) projects onto that of Gg(p). Hence
G (p) has a unique maximal projective quotient G (p)/Gr(p). But then F
is the unique maximal projective extension of K and F # L(p) = K,

Finally, in all cases K*" C F since K" /K is projective and F' is the
unique maximal projective extension of K. The inclusion is proper since
Gal(F/L) is a pro-p group of infinite rank while Gal(K""/L) =2 Z,. q.e.d.

4 Projective extensions of global fields

For a global field K we define K% to be the compositum of all finite Ga-
lois extensions of K which are tamely unramified, i.e. where for each non-
archimedean place of K the ramification index is a power of the residual
characteristic, and, if char K = 0, we require the extension to be totally real.

Corollary 4.1 For a global field K any projective extension F/K is con-
tained in K",

Proof: This is immediate from the previous proposition: If Gal(F/K) is
projective then so is the subgroup Gal(FK,/K,) for each completion K, of
K. So, for non-archimedean v, FK, C K¥% and, for real v, FK, = K,.
q.e.d.

We will see in Corollary 4.4 and 4.8 that K*#/K is, in general, not
projective, so projective extensions of K are properly contained in K¢

A prominent example of a projective extension of a global field K is the
cyclotomic Z-extension K% of K. If char K = p > 0 then Kevel ig just
the (unramified) constant field extension K'F,. If char K = 0 then for each
prime p there is a unique Z,-extension of K inside K (pp~), and Keve is the
compositum of them all.

In general, Kevel /K is not a maximal projective extension of K. For
example, if char K = p > 0, then, arguing as in the proof of Proposition 3.1,
the p-closure Kevel (p) of K is a much larger projective extension of K,
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and, in fact, as we will see, it is the unique maximal projective extension of

K.

4.1 Function fields over finite fields

In view of Proposition 4.9(b), the following proposition may be considered
as (proven) analogue to the Leopoldt conjecture in positive characteristic.

Proposition 4.2 Let K be a global field of characteristic p > 0. Then
K% (p) = (F,K)(p) is the unique mazimal projective extension of K.

Proof: As we have already observed above, the p-closure Kevel (p) of Kevel
is a projective extension of K.

Now let F//K be an arbitrary projective extension of K, and let G =
Gal(F/K). We have to show that F C K (p).

If G is pro-p then F C K(p) € K% (p) and we are done. So we may
assume that G is not pro-p.

Let | # p be a prime with [ | #G. Let K'/K be the Z;-subextension of
K je. the cyclotomic Z; extension of K inside K (o).

We claim that K* C F and that | J$Gal(F/K").

To prove this let L/K be a finite subextension of F//K admitting a cyclic
extension /L of degree [ with F C F. Such an extension exists because
[ | 4G. The subgroup H := Gal(F/L) of G is again projective, and hence
the Z/lZ-quotient Gal(E/L) of H factors through some Z;-quotient of H,
i.e. there is a Z;-subextension E/L of F/L with E C E.

By [NSW]|, Proposition 10.3.20, the global function field L of positive
characteristic p # [ has a ‘unique Z-extension, the cyclotomic extension
L' = LK'. Hence £ = LK', and so K! C F. It also follows that there
is exactly one Galois subextensmn of F/L of degree I. As this holds for
any finite subextension L/K of /K, G = Gal(F/K) has pro-cyclic [-Sylow
subgroups, all of them mapped isomorphically onto Gal(f( !/K) under the
restriction map G — Gal(K'/L). So J/Gal(F/Kl) and the claim is proved.

Now let K’ be the compositum of the K', where [ runs through all prime
divisors of #G with [ # p. Then K’ C F' N Kcyd and F'/K' is a pro-p Galois
extension. Hence F' C K'(p) € K (p). q.e.d.

Observe, that the Proposition, in particular, implies that any projective
extension of K is prosolvable. The following example therefore provides in
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some sense the smallest nonabelian profinite counterexample to the inverse
Galois problem over a global function field K.

Example 4.3 Let K be a global field of positive characteristic and let As
be the universal Frattini cover of As, i.e. the prosimple group with Frattini
quotient As. Then As is not realizable as Galois group over K.

Of course, there is also the abelian counterexample Z; x Z; for primes [ # p
over K: by the quoted Proposition 10.3.20 of [NSW], there is just one Z;-
extension of K (the one inside K% = F,K).

Corollary 4.4 Let K be a global field of characteristc p > 0. Then K* /K
18 not projective.

Proof: By Proposition 4.2 it suffices to prove that the inclusion K (p) C
Kwid is proper. To this end let L/ K be a finite subextension of K< (p) / K vt
such that the genus g = gy, of the function field L/F, is > 1. This is possible,
because either gx > 1 (so we may take L = KCyCl), or gk = 0 and so (as
function field over a finite field) K is a rational function field, say K = F(¢)
and then L = K% (z) with 2?7 — 2 — t%! — ¢ = 0 has genus > 0, if a € F,
is chosen such that the polynomial X?” — X — a has no zero in Fy: L is the
function field of a curve defined over F, without F ,-rational point.

Choose any prime [ # p. Then, by [SGA], the maximal unramified pro-I
Galois extension L(l) of L has as Galois group the pro-l group generated by
elements a1, 01, ..., a4, 3, with the single relation [aq, 1] - - [y, Bg] = 1. In
particular, L(l)/L is a non-trivial pro-I subextension of K*% /[ and hence

K% (p) ¢ K (p)L(1) C K™,

where the first inclusion is proper. q.e.d.

Remark 4.5 Proposition 4.2 can be used to describe, for a function field K
of characteristic p > 0 all semidirect product decompositions Gg = NxH,
where H is a projective profinite group: they are all composed from the (by
now) canonical decomposition G = G’Kcycl(p)xGal(KcyCl(p)/K) with some
semidircect product decomposition of Gal(K%¥(p)/K) = T'xZ, where T is a
free pro-p group of rank W.

However, G may decompose in other semidirect products. If, for exam-
ple, T € K is a uniformizing element for some valuation v on K (i.e. v(w) is
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the minimal positive element in the value group of v), then F := K ({z'/n |
p Jn € N}) is a well-defined Galois extension of K, because K contains
all roots of unity of order prime to p. Now assume that the residue field of v
is the constant field K N'F, of K. Then v extends uniquely to F, and if K,
15 a henselisation of K w.r.t. v, then FK, is the maximal tamely ramified
extension of K,, i.e. the fized field of the ramification subgroup V of G,. By
[KPR], V has a complement W in Gk,. So Gk, =V xW and the restriction
maps
W — Gal(FK,/K,) — Gal(F/K) = ([ Z,)
q7#p

are isomorphisms. Thus W is a complement of Gr in Gk and so Gx =
GrpxW. Note that W is not projective: cd,W = 2 for all primes q # p.

4.2 Number fields

Let us now turn to number fields. We don’t know how large K% is for
number fields, not even for K = Q. We will see that the solvable part, i.e.
Qv N Q*" is not cyclotomic (by the proof of Corollary 4.8). The nilpotent
part, however, is: denoting by Q™ the maximal pronilpotent extension of
Q, we obtain the following

Lemma 4.6
szld N anl Qcycl

Proof: Let F = Q¥ N Q™. Then, clearly, F D Qcyd. Since G =
Gal(F/Q) is pronilpotent, the Frattini quotient G/®(G) is a direct product
of cyclic groups of prime order. For each prime p, there is, by Kronecker-
Weber together with the well-known ramification structure in cyclotomic
fields, exactly one cyclic extension of Q of degree p in Q“"?, the one inside
Q<. Hence G [/®(G) Z T, prime Z/PZ is procyclic, and, therefore, sois G. As
7 =~ Gal (Qcyd /Q) allows no proper procyclic extension, G = Gal(Qcyd /Q)
and F' = Qcyd. q.e.d.

Recall that the Leopoldt conjecture for a number field K and a prime
p says that i,(K) = sk + 1, where si is the number of complex (nonreal)
archimedean places of K and i,(K) is the free rank of Gg(p)®, i.e. the

maximal ¢ € N for which Z; is a quotient of Gx. One always has

1
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where rg is the number of real archimedean places of K (for a detailed
exposition to the various forms of the Leopoldt conjecture cf. [NSW], X.3).

By a deep result of Brumer, the Leopoldt conjecture is known to be true
for finite abelian extensions of Q ([NSW], Theorem 10.3.16). We use this to
prove our next result:

Proposition 4.7 Qcyd 15 the unique mazximal projective prosolvable exten-

sion of Q.

Proof: Assume F'/Q is a projective prosolvable extension not contained in
Q<. Then there is a finite subextension K /Q of Qevel /Q and, for some
prime p, a Galois extension L/K of degree p with L C KF, but L € Qcyd.
The Galois extension K'F'/K is projective, since F'/Q is projective and the
restriction homomorphism

res: Gal(KF/K) — Gal(F/Q)

is injective. Hence K admits a Z,-extension L'/K with L C L'. But then K
has two independent Z,-extensions: L’ and the cyclotomic Z,-extension. As
K/Q is totally real, this contradicts Leopoldt’s conjecture for K and p. But
since K /Q is finite abelian, Leopoldt’s conjecture is true for K and all p, by
the result quoted above. So our F' cannot exist. q.e.d.

As a consequence we obtain the promised
Corollary 4.8 Qv/Q is not projective.

Proof: Let L/Q be a finite subextension of Qcyd with class number Ay > 1.
Then the small Hilbert class field F' of L, i.e. the maximal unramified totally
real abelian extension of L, is a proper finite extension of L (of degree hp).
As G is a characteristic subgroup of G, F' is Galois over Q. Moreover,
F ¢ Qe because for any pair L C F of distinct subfields of Qcyd the
extension F'/L ramifies. And, by definition, FF C Lv#d = Quid,

So FQevel /Q is a prosolvable Galois subextension of Q¥#4/Q strictly
larger than Qcyd. If Qud/Q were a projective extension, then the maximal
prosolvable subextension Q*?*NQ¥? of Q¥4 /Q would be projective as well.
But then Proposition 4.7 implies that Q" N Qwild = Q¥ contradicting the
existence of a field F' as constructed above. So Q“#4/Q cannot be projective.
q.e.d.
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The weak Leopoldt conjecture for a number field K, a prime p and a
Z,-extension L/K says that there is some d = d(p, K, L) € N such that for
all finite subextensions K'/K of L/ K, i,(K') < sgr+14d. (cf. e.g. [NSW],
X.3)

Proposition 4.9 (a) Assume the weak Leopoldt conjecture holds for all num-
ber fields K C QU for all primes p and for all Z,-extensions L/K. Then
Qcyd 15 the unique maximal projective extension of Q.

(b) The following are equivalent:
(i) The Leopoldt conjecture holds for all totally real number fields and all
primes p
(1) Kl s the unique maximal projective extension of K for all totally real
number fields.

Proof: (a) Let F'/Q be a projective extension with group G. Then, by Corol-
lary 4.1, F C Q% If G is not prosolvable then there are finite extensions
Fy C Fy C F of Q such that Fy/Fjy is Galois with a finite nonabelian simple
Galois group H. For some prime p, H has a non-cyclic p-Sylow subgroup,
say with fixed field K. Then Gal(F/K) is projective with (again projective,
i.e. free) maximal pro-p quotient P = Gal(FE/K) of rank > 1. Let L/K be a
Z,-subextension of E/K. Then for each finite subextension K'/K of L/K,
Gal(E/K') is, by the Nielsen-Schreier theorem, a free pro-p group of rank
1+n(rk P—1) > n, where n = [K’" : K|. Hence i,(K’) > n contradicting the
weak Leopoldt conjecture for L/K. Hence G is prosolvable, i.e. I C Q%W.
Then the previous Proposition implies F' C Qcyd.

(b) Assume (i), let K be a totally real number field and let F/K be a
projective extension. Then F' C K" and, in particular, any finite subex-
tension K'/K of F'/K is again a totally real number field. By (i), this implies
that, for each prime p, the maximal pro-p extension of K’ inside F' is the
cyclotomic Z,-extension of K’. But then F' C Kevel,

(ii) = (i) is obvious. q.e.d.
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