LOCAL MONOMIALIZATION OF TRANSCENDENTAL
EXTENSIONS

STEVEN DALE CUTKOSKY

1. INTRODUCTION

Suppose that we are given a system of polynomial equations

U1 :fl(xlw"aajn)

Ym :fm(xlv-” 7xn)

such that m < n and some m X m minor of the Jacobian matrix

a(yh s 7ym)
6($1,... ,.’En)

is not identically zero.

In this paper we show that there exists a finite resolving system of (1). That is, we
show that there are finitely many pairs of charts (Uy,V3),..., (U, V;) such that all
solutions to (1) are transformed to a monomial solution in a pair (U;, V;) of the form

yi(1) =z (1)@ gon
. (2)

ym(l) : xl(l)aml .. xn(l)am"_

The z and y variables are related to the (1) and y(1) variables (in U; and V; respec-
tively) by a sequence of monomial transforms. That is, they are related by a sequence
of changes of variables and transformations of the form

A ifi=1
TT A AL

In our paper [14] we have proven the above result in the case when m = n. Our
method of proof is through valuation theory and the development of other methods
which properly belong to resolution of singularities. There are serious obstacles to be
overcome in generalizing the result of [14] to the main result of this paper.

1.1. Monomialization and toroidalization of morphisms of varieties. We dis-
cuss an application of our Theorem 1.4 to proper morphisms of varieties, and the
problem of monomialization of morphisms of varieties.

Definition 1.1. Suppose that ® : X — Y is a dominant morphism of nonsingular
integral finite type k schemes. ® is monomial if for every p € X there exist reqular

partially supported by NSF.
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parameters (yi,-.. ,Ym) n Oy,a(p), and an étale cover U of an affine neighborhood
of p, uniformizing parameters (x1,... ,x,) on U and a matriz a;; such that

Yy = :L'(fll e x"rllln

Ym = x‘llml e (E?Lmn.

We do not assume that X and Y are separated in the above definition. Since ® is
dominant, the matrix (a;;) must have maximal rank m.

A quasi-complete variety over a field k is an integral finite type k-scheme which
satisfies the existence part of the valuative criterion for properness (Hironaka, Chapter
0, Section 6 of [24] and Chapter 8 of [14]).

The construction of a monomialization by quasi-complete varieties follows from
Theorem 1.4.

Theorem 1.2. Let k be a field of characteristic zero, ® : X — Y a dominant
morphism of proper k-varieties. Then there are birational morphisms of nonsingular
quasi-complete k-varieties o : X1 — X and B : Y7 — Y, and a monomial morphism
U : X7 — Y7 such that the diagram

X, Y n
l l
X % v

commutes and o and 3 are locally products of blow ups of nonsingular subvarieties.
That is, for every z € Xy, there exist affine neighborhoods Vi of z, V' of x = a(z),
such that « : Vi — V is a finite product of monoidal transforms, and there exist affine
neighborhoods Wi of U(z), W of y = B(¥(2)), such that 8 : Wy — W s a finite
product of monoidal transforms.

Theorem 1.2 proves a local version of the toroidalization conjecture stated on page
568 of [9].

A monoidal transform of a nonsingular k-scheme S is the map T — S induced by
an open subset 7' of Proj(®Z™), where Z is the ideal sheaf of a nonsingular subvariety
of S.

The case of Theorem 1.2 when X — Y is generically finite is proven in Theorem
1.2 of our paper [14].

The proof of Theorem 1.2 in general follows from Theorem 1.4, by patching a finite
number of local solutions, as in the proof of Theorem 1.2 [14]. The resulting schemes
may not be separated.

The strongest known result on monomialization is our theorem below.

Theorem 1.3. (Theorem 18.21 and Theorem 19.11 [17]) Suppose that ® : X — S
is a dominant morphism from a 3 fold X to a surface S (over an algebraically closed
field k of characteristic zero). Then there exist sequences of blow ups of nonsingular
subvarieties X1 — X and S1 — S such that the induced map &1 : X1 — S1 is a
monomial (and toroidal) morphism.

Theorem 1.3 proves the toroidalization conjecture of page 568 [9] for morphisms
from 3 folds to surfaces.

A generalization of this result to prove monomialization (and toroidalization) of
strongly prepared morphisms from N-folds to surfaces appears in the paper [19] with
Olga Kashcheyeva.
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1.2. Local Monomialization. Suppose that R C S is a local homomorphism of
local rings essentially of finite type over a field £ and that V is a valuation ring of
the quotient field K of S, such that V' dominates S. Then we can ask if there are
sequences of monoidal transforms R — R’ and S — S’ along V such that V' dominates
S’ S’ dominates R’, and R — R’ is a “monomial mapping”,

R — S'cV
i i
R — S

We completely answer this question in the affirmative when k has characteristic 0
in Theorem 1.4. Notations are as in Section 2

Theorem 1.4. Suppose that k is a field of characteristic zero, K — K* is a (possibly
transcendental) extension of algebraic function fields over k, and that v* is a valuation
of K* which is trivial on k. Further suppose that R is an algebraic local ring of K
and S is an algebraic local ring of K* such that S dominates R and v* dominates S.
Then there exist sequences of monoidal transforms R — R’ and S — S’ along v* such
that R’ and S’ are regular local rings, S’ dominates R', there exist regular parameters

(Y1, yn) 0 S, (x1,...,2m) in R', units §1,... ,6m € S and an m x n matriz
(cij) of nonnegative integers such that (c;;) has rank m, and
n
€Xr; = H yjc-ijéi (3)
j=1

for1 <i<m.

When K = k, so that R is just the field k, Theorem 1.4 is Zariski’s classical Local
Uniformization Theorem, proven in [34]. In this case, the condition (3) is vacuous.
Our Theorem 1.4, which is the most general possible relative Local Uniformization
Theorem for mappings, is a substantial generalization of Zariski’s theorem.

The case when the field extension K — K* is finite is solved in Theorem 1.1 of
our paper [14]. When K = K*, Theorem 1.4 (or Theorem 1.1 [14]) implies local
“weak factorization” of birational mappings (Theorem 1.6 [14]). The global version
of this “weak factorization” conjecture has since been proven in [9]. As a corollary of
our local monomialization theorem, we prove the stronger “local strong factorization”
conjecture in dimension 3, which was conjectured by Abhyankar (page 237 [8], [11]).
This is proven in Theorem A [13] and the case n = 3 of Theorem 1.6 [14].

In [15] and [21] we use Theorem 1.1 [14], which is the finite field extension K — K*
case of Theorem 1.4 to prove very strong results in the ramification theory of general
valuations on characteristic zero algebraic function fields, such as Abhyankar’s “ Weak
local simultaneous resolution conjecture” (this is conjectured in [3] and on page 144
[6]). It is expected that Theorem 1.4 can be used to extend this ramification theory
to arbitrary extensions of characteristic zero algebraic function fields.

The standard theorems on resolution of singularities allow one to easily find R’ and
S’ such that (3) holds, but, in general, the essential condition that (a;;) has maximal
rank m will not hold. It is for this reason that we must construct the sequence of
monoidal transforms R — R/, even if R is regular. The difficulty of the proof of the
Theorem is to achieve this condition.

It is an interesting open problem to prove Theorem 1.4 in positive characteristic,
even in dimension 2 ([20], [21]).

We will make a few comments here about the proof of Theorem 1.4. Our starting
point is the proof for finite extensions K — K* of our paper [14]. An overview of the
proof (in the finite field extension case) can be found in Section 1.3 of [14].
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Some parts of this proof generalize readily to the case when K™ is transcendental
over K. For these parts, we give here the modified statements, and indicate the
changes which must be made in the original proofs. However, there are some parts
of the proof which are quite different. The really new ingrediants in the proof are
given in the critical sections 6 and 7 of this paper. As in the proof for the case when
K — K* is finite, we reduce to the case when V* has rank 1. Since V = V*N K
then has rank < 1, and we can assume that V' is nontrivial, we are reduced to the
case when V has rank 1 also. Two new complexities arise in the case when K* is
transcendental over K. The rational rank of a valuation v is the dimension of the Q
vector space I', ® Q, where I',, is the valuation group of v. We have an inequality
7 = ratrank (v) <35 = ratrank (v*). If K* is finite over K this is an equality. The
case when 7 = ratrank (v) < § = ratrank (v*) is significantly more difficult. It is
addressed in Section 7. The second major new complexity lies in the extension of
residue fields of valuations. If k(V*) is the residue field of V* and k(V') is the residue
field of V, then we have trdeg v )k(V*) < trdeg x K*. Thus k(V*) is algebraic
(though not generally finite) over k(V) if K* is finite over K. The new arguments
which are required to handle the case when k(V*) is transcendental over k(V') are in
Sections 6 and 7.

The author would like to thank the Mathematical Sciences Research Institute for
its hospitality while this manuscript was being prepared.

2. NOTATIONS

We will denote the maximal ideal of a local ring R by m(R). If R contains a field k,
we will denote its residue field by k(R). We will denote the quotient field of a domain
R by Q(R). Suppose that R C S is an inclusion of local rings. We will say that R
dominates S if m(S) N R =m(R). Suppose that K is an algebraic function field over
a field k. We will say that a local ring R with quotient field K is an algebraic local
ring of K if R is essentially of finite type over k. If R is a local ring, R will denote
the completion of R at its maximal ideal. If Ly and Lo are 2 subfields of a field M,
then Ly * Ly will denote the subfield of M generated by L; and L.

Good introductions to the valuation theory which we require in this paper can be
found in Chapter VI of [36] and in [4]. A valuation v of K will be called a k-valuation
if v(k) = 0. We will denote by V,, the associated valuation ring, which necessarily
contains k. A valuation ring V of K will be called a k-valuation ring if £ C V. The
value group of a valuation v with valuation ring V will be denoted by I', or I'y,. We
will abuse notation by denoting the valuation v, which is a homorphism of the group
of units of K, as a function on K. If R is a subring of V,, then the center of v (the
center of V) on R is the prime ideal RNm(V,). If R is a Noetherian subring of V,,
and I C R is an ideal, we will write v(I) = p if p = min {v(f) | f € I'}.

We will review the concept of composite valuations. For details, we refer to Section
10 of Chapter II of [4] and Section 10, Chapter VI [36]. If v is a valuation of rank
greater than 1, then v is a composite valuation. That is, there are valuations w and
7 where w is a valuation of K and 7 is a valuation of the residue field of V,, such
that if 7 : Vi, — k(V,,) is the residue map, then V,, = 7=1(V%). For f € V4, such
that 7(f) # 0 we have v(f) = v(n(f)). This gives us an inclusion of value groups
I's; c I'y. I'y is an isolated subgroup of I',,. There exists a prime ideal p in V,, such
that Vi, = (V,),. For f € K, w(f) is the residue of v(f) in Ty, =T, /T'z. We say that
v is the composite of w and 7 and write v = wo D.

Suppose that R is a local domain. A monoidal transform R — R; is a birational

extension of local domains such that Ry = R[£],, where P is a regular prime ideal of
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R, 0# x € P and m is a prime ideal of R[] such that m N R = m(R). R — Ry is
called a quadratic transform if P = m(R).
If R is regular, and R — R; is a monodial transform, then there exists a regular

sustem of parameters (21,...,2,) in R and r < n such that
x x
R1:R[2,... } .
T 1|

Suppose that v is a valuation of the quotient field R with valuation ring V,, which
dominates R. Then R — R; is a monoidal transform along v (along V) if v dominates
R;.

3. VALUATIONS

Lemma 3.1. Suppose that K is a field containing a subfield k, t1,... ,t, are al-
gebraically independent over K and v is a k-valuation of K with valuation ring V.
Then there exists a unique extension U of v to K(t1,... ,ta), such that T(f) = v(f)
for f € K, v(t;) =0, and if V is the valuation ring of U, then the images of ty,. .. ,tq4
in k(V) are algebraically independent over k(V).

Proof. For I = (i1,... ,ia) € N, let t! =1 tia If
0#£h= > frt' € K[tr,... ta
IEN«
with fr € K, define
v(f) = min{v(f1) | fr # 0}.
This induces an extension of v as desired. We will verify that 7(fg) = v(f) +7(g) for

f:ZfItjag:ZgjtJ GK[t17"' atoz]'
I J

fg=2< > fﬂw) .

A \I+J=A
For each A,

v ( > fng> > min {v(fr) +v(gs) [ T +J = A} 2 v(f) +7(g).
I+J=A

Let Iy be such that v(f1,) > v(fr) if I < Ip (in the Lex order) and v(fr) > v(fy,)) if

I > Iy. Similarily, let Jy be such that v(gs,) > v(gs) if J < Jo and v(g7) > v(94,))

if J > Jy. Let Ag = Iy + Jo. Then

v( Y frg0) = v(f195,) = P(f) + P(g).

I+J=Ap

Thus 7(fg) = 7(f) + 7(g).

Suppose that 7 is an extension of v with the desired properties. If h = Y frt! €
Klt1,... ,toa] with f; € K, let f; be such that v(f;) = min{v(f1)}. If v(h) > v(fs),
then 7( ", f—jtl) > 0 so that

> %H] =0in k(V),

where [3] denotes the class of 3 € V in k(V). But by assumption, [t1],...,[ts] are

algebraically independent in k(V') over k(V'). This is a contradiction. O
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Lemma 3.2. Suppose that K is a field containing a subfield k, t1,... ,t, are analyti-
cally independent over K and v is a k-valuation of K with valuation ring V. Suppose
that R is a noetherian local domain with quotient field K such that V' dominates R.
Then there exists a unique extension U of v to Q(R[[t1 ... ,ta]]) such that T(f) = v(f)
for f € K, v(t;) =0 for 1 <i < «, and if V is the valuation ring of U, then the

images of t1,... ,to € k(V) are analytically independent over k(V').

Proof. For a series

=Y at" € R[[ts,... tal]
with a; € R, we define

v(f) = min {v(f1) | fr € R}.
We first verify that 7 is well defined. Suppose that

min {v(f) | f; € R}
does not exist. Then there exists an infinite descending chain of values
ai >ag >az>--->0
and f; € R such that v(f;) = a; for all positive integers i. Let I; be the R ideal
Ii={9€R|v(g) = ai}.
Then we have an infinite strictly ascending chain of ideals in R,
Lcl,cC---,

a contradiction to the assumption that R is Noetherian.
As in the proof of Lemma 3.1, 7 induces an extension of v as desired. As in the
proof of Lemma 3.1, 7 is unique. U

4. RATIONAL RANK 1 VALUATIONS

Suppose that k is a field of characteristic 0 and K — K™ is an extension of algebraic
function fields over k. Suppose that v* is a rank 1 k-valuation of K* with valuation
ring V*. Let v = v* | K with valuation ring V' = V* N K. Necessarily, v has rank
<1 (c.f. Lemma 9.3 and the discussion following Lemma 9.3). Assume that v has
rank 1 and that k(V) is algebraic over k.

Let 7 = ratrank v, s = ratrank v* be the respective rational ranks. Let m =
trdegi K, n = trdegp K* — trdegik(V*). We necessarily have m < n, 7 < m, 35 <n
and 7 < 5.

Suppose that R is an algebraic local ring of K, S is an algebraic local ring of
K* such that R and S are regular, S dominates R, and V* dominates S (so that V'
dominates R).

Suppose that trdegik(S) = trdegpk(V*). Further suppose that t,... ,tg € S are
such that their residues in k(V*) are a transcendence basis of k(V*) over k(V). We
then have that the residues of ¢1,...%5z in k(S) are also a transcendence basis of k(.5)
over k(R).

We define a monoidal transform sequence (MTS) as in Definition 3.1 of [14] and
define a uniformizing transform sequence (UTS), a rational uniformizing transform
sequence (RUTS) and a UTS along a valuation as in Definition 3.2 [14].

We also define, for our R with quotient field K and extension ring S with quotient
field K* a compatable UTS (CUTS), a compatable RUTS (CRUTS) and a CUTS

along v* as on page 29 of [14]. Of course, in a CUTS (R,Eg,?n) and (S, UZ,UR),
we now have that the quotient field of ﬁ;/ is a finitely generated extension field of the
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quotient field of T;/ for all 7, as opposed to the much stronger condition of being a
finite extension, which holds in [14].

Lemma 3.3 of page 29 of [14] on the compatability of a CRUTS and its associated
MTS is valid in our extended setting. The same proof holds.

Suppose that (R,T”,T) and (S, U/,,U) is a CUTS along v*. When there is no
danger of confusion, we will denote by v* our extension of v* to the quotient field
of U" which dominates UH, v our extension of v to the quotient field of T" which
dominates T//7 U* our extension of v* to the quotient field of U which dominates U,
and 7 our extension of v to the quotient field of T which dominates T.

For f € U, we will write v*(f) < oo to mean 7*(f) € T'y«. For f € T, v(f) < oo
will mean v*(f) € T',.

Let p = {f € U | v*(f) = oo}, pz = {f € T | v(f) = oo}. Our extension of v*
to Q(U/pg) and of v to Q(T/pz) are canonical and have value groups I'y« and T',,
respectively. Note that we have natural embeddings T ¢ T/ p and U’ c U/ - We
will in general not be concerned with precise values of elements in Q(U) and Q(T)
which have infinite value.

5. PERRON TRANSFORMS

In this section, assumptions and notations will be as in Section 4.

We define a UTS T — T(1) of type I and a UTS T — T(1) of type I, along v,
using the “Algorithm of Perron” [34] as in section 4.1 of [14]. Since our notations
are a little different, we summarize the final forms of the transformations here. We
assume (as in section 4.1 of [14]) that T has regular parameters (ZT1,... ,Tpp) such
that v(Z1),... ,v(TF) is a rational basis of ', ® Q.

We first state the equations defining a UTS T — T(1) of type I. T (1) =T
has regular parameters (Z1(1),... ,T; (1)) such that

/

(1)
Ty = T1(l1)%r ... Tr(1)%"

Tr = jl(l)aﬂ .. .57(1)%7

and Z; = T;(1) for 7 < i < m. The matrix A = (a;;) of natural numbers is computed
using Perron’s algorithm. We have Det(A) = %1, and v(Z1(1)),... ,v(T#(1)) are a
rational basis of I'), ® Q.

We now state the equations defining a UTS T — T(1) of type II, with 0 < r <

m—T. T”(l) has regular parameters (Z1(1),... ,Z;,(1)) such that
Ty = El(l)all .. .fF(l)aﬁcal,?Jrl
Tr = 51(1)‘1?1 .. .EF(DGWCG?,?H

Trir jl(l)a?Jrl,l .. .EF(I)G?+1,?(§F+T(1) + 1)ca?+1,7+1

and 7; = 7;(1) for 7 < i < m and i # 7+ r. We have that ¢ € k(T(1)) and A = (a;;)
is a matrix of natural numbers such that Det(A) = £1. v(Z1(1)),... ,v(T#(1)) are a
rational basis of I'), ® Q.

We define UTSs U — U(1) along v* in a similar way. Starting with regular
e . .

parameters (g,,...,7,) in U such that v*(7,)...,v*(gs) are a rational basis of

I« ® Q, we define a UTS U — U(1) of type I so that UH(I) = ﬁ/(l) has regular
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parameters (g;(1),...,7,(1)) such that

7 =g (D)0 gg(1)he

¥s =710 ge(1)=
and y; = y;(1) for 5 < i < n. We have that B = (b;;) is a matrix of natural numbers
such that Det(B) = £1 and v*(7,(1)),... ,v*(¥z(1)) are a rational basis of I',« @ Q.
We define a UTS U — U(1) of type II, with 0 < r < n — 3 so that U”(l) has
regular parameters (7;(1),...,%,(1)) such that

7= (Db (1)bsdhEe

Us= (Db gg(1)bsdbaen
Usir =T Gg(1) 57 (g (1) + d)d"sr

and 7; = 9;(1) for s <i <mnandi#35+r. We have d € k(U(1)) and B = (b;;) is a
matrix of natural numbers such that Det(B) = £1 and v*(g;(1)),... ,v*(7s(1)) are
a rational basis of I',» ® Q.

Lemma 5.1. Suppose that (R, T//7T) and (S,U//,U) is a CUTS along v*, T has
regular parameters (T1,... ,Tm) and U has regular parameters (yy,...,Y,,), related
by

_ —¢ _ci3
1 =yt Yyt

7? — g(ll?l .. zgrsa?
such that oy, ... ,ar € k(U), v(T1),... ,v(Tr) are rationally independent, v*(Y,), ... ,v*(Us)
are rationally independent and (c;;) has rank 7. Suppose that T — T(1) is a UTS

) =

of type I along v, such that T/(l
with

Tﬁ(l) has regular parameters (T1(1),... ,Tm (1))

T jl(l)all .. .EF(l)%F

Tz = fl(l)aﬂ .. .EF(l)aF,F.

Then there exists a UTS of type I along v*, U — U(1) such that (R, T”(l),T(l))
and (S, U//(l),ﬁ(l)) is a CUTS along v* and Ul(l) = U/I(l) has regular parameters
@1(1),--. 7n(1)) with

R :yl(l)bu ~-~§§(1)b1§

and

(1) = yl(l)cﬂ(l) .. .yg(l)cﬁ(l)a?(l)

where a1 (1), ... ,ax(1) € k(U(1)) are products of integral powers of the a;, v(Z1(1)), ..., v(T=(1))
are rationally independent, v*(g,(1)),... ,v*(gs(1)) are rationally independent and
(¢i;(1)) has rank 7.
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Lemma 5.1 is a minor extension of Lemma 4.3 [14]. The same proof is valid, after
replacing s in Lemma 4.3 with 7 and 5 as necessary.

Lemma 5.2. Suppose that (R, T//7T) and (S,U”,U) is a CUTS along v*, T" has

regular parameters (T1,... ,Tm) and U has reqular parameters (§q, ... ,7,) with
Ty =77
. f 27671 —Crs
TF *y1 "'Zg Q7 (4)
Tr1 = Usp
Trtl = Ysqi
such that oy, ... ,aF € k(U), v(Z1), ... ,v(TF) are rationally independent, v* (), ... ,v*(Ys)

are rationally independent and (c¢;;) has rank T.
Suppose that T — T(1) is a UTS of type II, along v, with r <1, such that T”(l)
has regular parameters (Z1(1),... ,Tm (1)) with

i) — jl(l)au .. .EF<1)CL1?CG'1,?+1
jl(l)aﬁ c. j?(l)‘l?,?ca?,a_l
51(1)%“,1 .. .EF(l)aF+1,?<§?+r<1) + 1>ca?+1,?+1_

Then there exists a UTS of type I1,. (followed by a UTS of type I) along v*, U — U(1),
such that (R,T”(l),T(l)) and (S,U/,(l),U(l)) is a CUTS along v* and U//(l) has
reqular parameters (y;(1),...,9, (1)) with

7 _ yl(l)bu .. .yg(l)blzdblzﬂ
Ys = ?1(1)51 i '?E(l)bggbg’g“ .
Usgr = G2(1)77000 - Gg(1)75413 (P (1) + 1)d75 1542
and
7(1) =g ® . g(1)asDay (1)
(1) =7 ()70 g(1) = Wag(1)
Zry1(l) ="sn
Tt =Ysn

where a1 (1), ... ,a7(1) € k(U(1)), v(Z1(1)),... ,v(TF(1)) are rationally independent,
v* (1)), ..., v*(Fs(1)) are rationally independent and (c;;(1)) has rank 7.

Lemma 5.2 is a simple variation of Lemma 4.4 [14].

Lemma 5.3. Suppose that (R, TN,T) and (S,U”,U) is a CUTS along v*, T" has

regular parameters (Ty, ... ,Ty) and U has regular parameters (g, ... , 7, ) such that
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T =yt T
= _ %71 —=Crs
Ty =Yy rzy QF
Trt1 = Usi (5)
Tl = Ysq1
_ 4 —de
Lrti+1 = Y1 Yz Ys4i41
such that o, ... ,ar € k(U), v(T1), ... ,v(Tr) are rationally independent, v*(y,), ... ,v*(¥s)

are rationally independent and (c;;) has rank 7.
Suppose that T — T(1) is a UTS of type 1,1 along v, such that Tﬂ(l) has regular
parameters (T1(1),... ,Tm (1)) with

X1 = fl(l)a“ .. 'fF(l)a17ca1,?+1
Tr :jl<)71... ()7?07+
EF‘H‘FI fl(l) 11 . ( ) T (Z‘T+l+1( ) —+ 1)Cu’?+1,?+1

Then there ezists a UTS of type 11111 (followed by a UTS of type I) along v* U —

U(1) such that (R, T ( ),T(1)) and (S, U ( ),U(1)) is a CUTS along v* and U ( )
has regular parameters (y,(1),...,7,(1)) with

Y1 =gy (1) g5(1)mdha
Ys =7, (1) (1)t dlean
Usppr = G (D) gg(1)Psr13 (g, (1) 4 1)dbsrasn
and
(1) =7,1) W g (1)esWay (1)
(1) =7, ()W .y (1) = Dag(1)

Tt =Ysq1
Tr+i+1 = Ysti+1

where ay(1),... ,ax(1) € k(U(1)), v(Z1(1)),... ,v(T=(1)) are rationally independent,
v (g,(1)),...,v*(ys(1)) are rationally independent and (c;;(1)) has rank 7.

Lemma 5.3 is a simple variation of Lemma 4.5 [14].
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Lemma 5.4. Suppose that (R, T//,T) and (S,ﬁ”,ﬁ) is a CUTS along v*, T" has

regqular parameters (Ty, ... ,Tp) and U has reqular parameters (gq, ... ,Y,) such that
T =g TT
— ) —Cry —Crs
Ty =Y Ys aF
Try1 = Ys41
Trq = Usqi 4
Trpi41l = ?ill Y0
such that 6 € U is a unit, oy, ... a5 € k(U), v(Z1),... ,v(TF) are rationally inde-
pendent, v*(y,),... ,v*(¥s) are rationally independent and (c;;) has rank 7.

Suppose that T — T(1) is a UTS of type 11,41 along v, such that T”(l) has reqular
parameters (T1(1),... , T (1)) with

x = f1(1)a11 .- -f;(l)a17cal,?+1

a7 74

ﬂ\
~x\

)

1 (
1(1)a7+1 1. T (1) T (xr+l+1(1) + 1)ca7+1,?+1.

Then there exists a UTS of type I along v* U — U(1) such that (R, T ( ), T(1)) and
(S,U/l(l),ﬁ(l)) is a CUTS along v* andﬁl(l) has regular parameters (41(1),... ,9n(1))
with

U= ()0 gs(1)hE

and U/I(l) has regular parameters (
1 <1 <3 for some units €; € ﬁ”(l),

T1(1) =7, (D)W g (1)asWay (1)

S
-
—
il
N

- 5a(1)) such that 7,(1) = €gi(1) for

T7(1) =7,(1)m M. g (D)m=Wagx(1)

Trq = Ysti

where ay(1),... ,ax(1) € k(U(1)), v(Z1(1)),... ,v(T=(1)) are rationally independent,
v* (7, (1)), ... ,v*(Fs(1)) are rationally independent and (c;;(1)) has rank 7.

Lemma 5.4 is a simple variation of Lemma 4.6 [14]. The last two lines of page 45
[14] must be replaced with the following lines:
After possibly interchanging ¢1(1),. .. ,¥s(1), we may assume that if

011(1> s Cl?(l)
=1 :
cr(l) - em(l)
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then Det(C) # 0. Set (e;;) = C~1, and set

5?1 Ce 551?(751+1 )77161‘1*"‘77?51? for1 <:i< T,
€ = c

T

1 for7<i<3s

6. UTSS OF FORM ™

In this section, assumptions and notations will be as in Section 4.

Definition 6.1. Suppose that (R,TN,T) is a UTS along v, such that T contains
a subfield isomorphic to k(cy) for some ¢y € T and T' has reqular parameters

(Z1,.-+ ,Zm)
Suppose that 0 <m < m —7. We will say that a UTS along v

T—T(1)— - —T(t) (6)
is of form m if for 0 < a <t, T//(a) has regular parameters
Z1(a), ., Zm(@) and (Z)(a),... 2 (@),

where Z;(0) = Z; for 1 <i<m, T”(a) contains a subfield isomorphic to k(cy, ... ,cq)
and there are polynomials

P o €k(co, ... co)F1(c),... ,Zima(a)] forF+1<i<F4+m
such that
:/( )7 Ei(a)—Pi,a Zf?ﬂ-lglg?-i—m
ST () otherwise

Each T(a) — T(a+ 1) will either be of type I or of type I, with 1 <r <7 +m.
In a transformation T(a) — T(a + 1) of type I, T//(a + 1) will have regular
parameters (Z1(a+1),... ,Zm(a+ 1)) defined by

Z1(@) =7zi(a+ 1)t Lz (q 4 1)mr(etD)

F(a) =7z (a+ 1)@t g (o 4 1)err(atD)

and coy1 is defined to be 1. In a transformation T(a) — T(a + 1) of type II,
l<r<7+m) Tﬁ(a + 1) will have regular parameters (Z1(a+ 1),... ,Zm(a + 1))
defined by

Z@)  =m(at et g 4 Darletn) @irn et
%%(a) =Z(a+ 1)@+ g (o + 1)aﬁ(a+1)caai?1+1(a+1)
Zayr(a) =Zi(a+ 1)a?+1,1(04+1) T+ 1)‘1?+1,?(0¢+1)

'(EF+T(a + 1) + 1>CZ?_:11,F+1(04+1)
Theorem 6.2. Suppose that (R, TN,T) is a UTS along v, such that T contains
a subfield isomorphic to k(co) for some ¢y € T and T has reqular parameters
(Z1y- - s Zm)-
: duppose tha <m<m-—T. en there exists a of form m
Al): S that 0 < m < Then th ist Urs (6
such that

pm(i) = {f € k(T (D)[[Z160), - -, Zrm (D)) | v(f) = oo}
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has the form

pﬁ(t) = (Er(l)(t) - Qr(l) (El (t)? s 727‘(1)—1)a s 727‘(771) (t) - Qr(ﬁ%) (El (t)v s 727‘(7%)—%%;

Jor some 0 <m <M and 7 < r(l) <r(2) <--- <r(m) <T+m, where Q)
are power series with coefficients in k(co, ... ,ct)

(A2): Suppose that L is a finite extension field of k(co)(t1, ... ,t5), with0 < B <
@ (For the definition of t1, . . . tg see section 4). Suppose that V' is an extension
of U to Q(L[[Z1,... ,Zrym]]) such that v/ dominates L[[Z1,... ,Zr4m)]- h €
Li[z1,. .. ,Zrym)] for some 0 < withT+m < m and v(h) < co. Then there
ezists a UTS (6), of form m, such that (7) holds in T(t) and

h=7Z(t)" - Z(t) " u

where w € L(cy, ... ,c)[[Z1(t), ..., Zrem(t)]] is a unit power series.
Ifh S L[Zl, . ,Z;er], then u € L(Cl7 . ,Ct)[zl(t), . ,E;er(t)].

(A3): Suppose that L is a finite extension field of k(co)(t1, ... ,tg) with0 < B <
a@ (For the definition of t1, . . . tg see section 4). Suppose that V' is an extension
of U to Q(L[[Z1,... ,Zrym)]) such that v dominates L[[Z1,... ,Zr4m)]- h €
L{[z1,... s Zrym)] for some 0 < withT+mm < m, v(h) = o0 and A > 0 is
given. Then there exists a UTS (6), of form m, such that (7) holds in T(t)
and

h=7z ()" Z ()72

where v(Z; ()4 -+ Z=(4)7) > A and B € L(cy, ... ,c)[[Z1(t), -, Zram)]-
Ifh S L[Zl, ce ,§F+m], then X € L(Cl7 e ,Ct)[§1(t), ce ,E;+m(t)].

Proof. (A1), (A2), (A3) replace (53), (54) and (55) of the proof of Theorem 4.7 [14].
We observe that (A1) is trivial for m = 0 since py = (0). The proof of (A2) when
m = 0 follows from the “Proof of (54) for m = s” on page 50 of the proof of Theorem
4.7 [14].

We will now establish (Al), (A2) and (A3) by proving the following inductive
statements.

A(m’): (A1), (A2) and (A3) for m < m/ imply (A1) for m =m/.

B(m'): (A2), (A3) for m < m' and (Al) for m = m’ imply (A2) and (A3) for
m=m.

The “Proof of A(T) (s < m)” on pages 51-55 of [14] proves A(m’) for 0 < m/.

We now give the proof of B(m') for m’ > 0. By assumption, there exists a UTS
T — T(t) satisfying (A1) for m = m’. After replacing T" with T/’(t) and replacing
co with a primitive element of k(co, ... ,c;) over k, we may assume that

Pmr = (Zr) — Qr1)(Z1y -+ s Zr(1)=1)s -+ 5 Zr(ir) — Qren)(Z1s - -+ 3 Zr(m)—1))
where the @, ;) are power series with coefficients in k(co).
Let R = L[[Z1,... , Zrtm]]- Let
p={f€R|v(f)=oc}.
Let
Dy = P NE(c0)[[Z15- -+ s Zrems]]-
We first establish the following formula:
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We first prove the identity (8) when L = k(co)(t1,... ,tg) for 8 with 0 < g < @.

Let
R= k‘(Co)Hzl, o 727+m']]/]3m"

Let a € p. Suppose that N > 0is given. Chevalley’s Theorem (Theorem 13, Section
5, Chapter VIII [36]) implies there exists M such that g € R and v(g) > M implies
g € m(R)N. There also exists Ny > N such that Q € m(R)™° implies v(Q) > M.
Write a = H + Q with H € k(co)(t1,... ,t3)[Z1,- -+ , Zrem:] and Q € m(R)No. Then
v(H) =v(Q) > M. There exists 0 # h € k(co)[t1,. .. ,t3] such that

hH= Y oyt
I=(i1,... ,ig)

is a polynomial with all ay € k(c)[Z1,... s Z7tm]. Thus v(ay) > M for all T (by
Lemma 3.1). Let &; be the residue of a; in R. &; € m(R)"N for all I implies

oy € ij’ + m(k(C())Hfl, e ,7;%”)]\]
for all I so that a € p,,,, R+ m(R)". Since this is true for all N,
a € ON>0 (pm/ﬁ+ m(E)N) - pm’ﬁ

(8) is thus established when L = k(co)(t1,... ,t3).

Now suppose that L is a finite extension of k(co)(t1, . .. ,tg). Let M = k(co)(t1,... ,t5)
and let M’ be a Galois closure of L over M. Let G be the Galois group of M’ over
M. Suppose that a € p. Set

g = H ola E M 217... ,E;er/]].

oeG
v(g) = oo since a | g in L[[Z1,... ,Zrim]]. Thus g € B, M'[[Z1,... ,Zrim]] which
is a prime ideal invariant under G. Thus there exists ¢ € G such that o(a) €
Do M'[[Z1,- .- s Z7gm]]. Necessarily we then have that
ac (pm’Mlela cee aEF-Q—m’]]) N L[[zh cee aEF-Q-m’H = ﬁm/L[[zh s 527-‘!-771'“'

(8) is now established.

Now suppose that h € L[[Z1, ... , Zr4m]] and v(h) < co. Let M = k(co)(t1, ... ,tp)
and let M’ be a Galois closure of L over M. Let G be the Galois group of M’ over
M. Set

qg= HO’ EM 21,...7§;+m/]].
oeG
It follows from (8) that v(g) < co. We will construct a UTS (6) so that

—€

g=uzi(t)" -2 (1)

where v is a unit power series in k(co, ... ,ci,t1,. .. ,t8)[[Z1(t)s - - s Zrpm (t)]] and b €
Ly, ..., e)[[Z1(t)y - Zrpme (B)]]- Since h | g in L(cy, ... ,ce)[[Z1(t), .-, Zrpm (D)]],
we will have that h has the desired form in L(cy,...,¢)[[Z1(t), .., Zrim (B)]]-

We now follow the argument of the proof of Theorem 4.7 [14] as modified to fit
our notation, from “Set g = z%* - -E?go” on the 17th line of the “Proof of B(m)” of
page 55 of [14] to the fourth line from the last on page 56, ending with “v(cg_1) =
V(Z74m)”. We must substitute k(co, ... ,cq,t1,...,tg) for k(co,... ,cq), T+ m' for
m and T for s in the proof, and for “(54), (55) for m < m” on line 5 of page 56 [14]
we must substitute “(A2), (A3) for m < m'”.

We now argue as follows. o4 is a unit. Let

R=k(co,. . casa)(tr, - ta)[FL(a+2), ... Erime (a + 2)]]-
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Let &4 be the residue of o4 = Ug in k(co)(t1,... ,t3), Gq—1 be the residue of Wg_4
in k(co,...,cat2)(t1,...,t3). After replacing go with &%go, we may assume that
&g = 1. We have

AdTaq + Ag_16q_1 =0, (9)

by the argument of page 53 of [14], where A\gj,A\g—1 € k(co,...,Cat2). Set 7 =
v(og—1) = V(Zrpm) < 0o. Write

_ —i1 —trym/ 1 =11 —trrm/ 1
Od—1 = E 9121 " Zgfgm g T E , grzy - Zp 1
i i 1 i i /4
V@ ET < V@ >

with gr € k(co)(t1,...,tg) for all I = (i1,... ,%54m/—1). Set

a- Y e
vE R <
We have v(Q) = v(oq_1). There exists 0 # h € k(co)(t1,... ,tg) such that hg; €
k(co)lti, ... ,tg] for all g7 in the finite sum . Thus we have
= > wety
J=(j1:---,38)
with all Uy € k(co)[Z1,- - s ZF+m—1]. By Lemma 3.1,

v(Q) = min{v(¥,)}.
Z4=L has residue —raq = —r in k(V)(t1,... ,tg) C k(V*) (by the argument of page

53 of [14]). Let
v,
EFer’

be the residue of =< - in k(V).

Zry

In k(V(t1,...,t3)), we have

_ T . .
A-Slg]
J

Zr4m/!

Since 0 # h € k(co)(t1,... ,t3) and the tJ! ~~~t25 are linearly independent over
k(V), we have that

=
E?—&-m’

] € k(cp) for all J

and .
[JO ] # 0 for some Jp.

Zr4+m/
Let c = [E;\If—;”'] Set

o
Py = Zram — Wy, € k(co)[Z1, . g -
We have
V(Zrpmr) > V(Zrem)-
We further have
V(90) > V(Ze ) = V(Er )
since z7, ,,,» is a minimal value term of go.

Now we finish the proof as on lines 1 - 16 of page 57 of [14]. On line 7 of page 57
we must replace « m,0 € k(Co)[Zl, ce 725_1]” with “Pm/70 € ]{(CO)[Zl, ce ,E;_Hn/_l]”.
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on line 11 we must replace “u is a unit power series with coefficients in k(co, ... ,¢;)”
with “u is a unit power series with coefficients in k(co, ... ,c)(t1,... ,tg)”. (53) on
line 12 must be replaced with (Al). This concludes the proof of Case 1, v(h) < oo of
the proof of B(m').

The proof of B(m’), when v(h) = oo is only a slight modification of the proof of
case 2 on page 57 of [14]. We must replace (53) on line 17 with (Al) and replace

“o; € k(T)[[Z1, ... ,Zm]]” with “o; € L[[Z1,... ,Zrrm]]” on line 21 of page 57.

The final statements that h € L[Z1, ... ,Zr4m) imply h € L(cy, ..., ) [Z1(t), ... , Zrpm(t)]
follow since Zi,...,Zrym € k(c1,...,c)[Z1(t), ... ,Zr4m(t)] by the definition of a
UTS of form m. O

Lemma 6.3. Suppose that

T—T(1)— - —T(t)
is a UTS of form m as in (6) of Definition 6.1. Let

Ai = k(T@)[[Z16), - - - s Zrpm (D],
and let
o(1) = dim A;/pm(i)
where p(i) is defined by (A1) of Theorem 6.2. Then
o(i+1) <o(i)

for0<i<t-—1.
Proof. There exists an ideal ¢ C A;, 0 # A € ¢ and a maximal ideal n in A;[1] such

that

A = (A1)

p= Ui (pm() A3 P AL )

the strict transform of pm(i) in A;[{],. ¢ ¢ pm(i) implies v(f) = oo if f € p. Thus
P Cpm(i+1).

Let

. q ~

Asfm(i) — A L1u/p
is birational (c.f. [24]) and the residue field extension is finite, so by the dimension
formula (c.f. Theorem 15.6 [28]) o(i) = dim A;[{],/p. Thuso(i) = dim A;1/pAia
since completion is flat (c.f. Theorem 8.14 [28]) and by Theorem 15.1 [28]. We thus

have

7. CUTS OF FORM m

Let assumptions and notations be as in Section 4 throughout this section. Sup-
pose that (R, TN,T) and (.S, U”,U) is a CUTS along v*, T" has regular parameters

(T1,... ,Tm) and U has regular parameters (7, ... ,7, ) with
T — yin .. y§1§¢1
— ) —Cx —Cr5
Ly =y g o7 (10)

Try1 = Ysp

Tryl = Yshi
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such that ¢i,...,¢7 € k(U), v(Z1),...,v(T7) are rationally independent,
v*(7,),...,v*(¥s) are rationally independent and (¢;;) has rank 7.

Let C = (C1,. .., Cs) be the ¥ x 3 matrix (¢;;) of (10). Multiplication by C' defines
a linear map ® : Q" — Q?®, ®(v) = vC. ® is 1-1 since C has rank 7.

Suppose that we have a CUTS as in (10), and that f € k(U)[[yy,. .. , ¥si])-

For A € Z%, let [A] denote the class of A in Z5/(Q"C) N Z°. f has a unique
expression

f= 2 hw (11)
[AleZs/(QmC)NZ*
where
hia) = Z TR e (12)
€N7|[a]=[A]
and go € k(U)[[Fzs1s- - Tspill. _
Set G = ®71(Z®). For A = (\1,...,)\s) € N?, define
Py={veQ |vC;+ X\ >0for1<i<5}
For A € N, we have

= AT —v —VF—v =V
h[A]:yi‘l...yES Z (7231 1...¢FU xllw'l'; Gv (13)
v=(v1,... ,07) EGNPx
where each g, € k(U)[[Zrs1,--- ,Tru1]]. Here we have reindexed the g, = 9o (v)+A in
(12) as g,. Let
H={veZ |vC;>0for1<i<5s},
I={veG|vC;>0forl1<i<5s}
and for A = (Al,... ,Ag) S IV'E7
My={veG|vC;+ X\ >0forl<i<s}.
Py is a rational polyhedral set in Q" whose associated cone is
oc={veQ |vC;>0for1<i<5}.
Let W = Q. G is a lattice in W. o is strongly convex and My = Py NG is a finitely

generated module over the semigroup I (c.f. Theorem 7.1 [18]). Let n = [G : Z"]. We
have mx € H for all x € I. Gordon’s Lemma (c.f. proposition 1, page 12 [22]) implies
that H and I are finitely generated semigroups. There exist wi,... ,wm € I which

generate I as a semi-group. Then the finite set
{aqwy + -+ amws |a; e Nand 0 < a; <7 for 1 <i <m}

generate I as an H module. We have then that M, is a finitely generated module
over the semigroup H. Thus there exist vy,... .vz € H and uy,... ,uy € My such
that if v = (vq,... ,v5) € My = G N Py, then

a
v = ﬂi + E nj@j
j=1

for some 1 <i < b and nq,...,ng € N. Thus,

a
gt —Ur Uil Ui I I —Uj,1 —Vj,7\n
xl...xF 71'1 ce o T (xl ...wF )J
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where u; = (U1, .. ,U;r) and T; = (Uj1,...,0,7) for 1 < j < @a. Since each 7; € H,
v(@" - T27) > 0. Thus there exists by Lemma 4.2 [14] and Lemma 5.1 a CUTS
of type I along v*

U — U@
T T (14)
T — T(1)
such that B
TYJ 1, ,f;’ﬁ =7(1 )5(1%',1 .. .*F(l)g(l)ﬁ
with 7;(1) = (v(1)1,...,09(1);7) EN"for 1 <j<a
We then have expressions for all A = (Aq, .. )\g) € N*, where @y,...,u; € Q7
depend on A,
hiay = T (DM D g (1)) Z¢ Tt g T (1) T () g1 (g,

with g; € k(U)[[Z1(1), ... ,Tr4i(1)]],

MO g =g g

and

g
s
~—
—_
S~—"
e
N
—
—
—
—
8
Bl
—~
—_
~—
2|
<
S
—~
N2
S
=g
S
-
8
‘~
S|

for 1 <i<b.

Remark 7.1. If A = 0, we have l/(f?i’l T >0 for 1 < i < b, so we can
construct our CUTS (14) so that u;(1) € Q'} for 1 < i <b. Thus if d is a common
denominator of the coefficients of the w;, then u;(1) € éNF for 1 < i <b, and we
have

hiy = ho € k@)[67,. .. 62T ()F, ... 7)), Fr (1), ..., Trp(D)]].
(16)

Lemma 7.2. Suppose that h € k(U)[[Z1, . . -
v*(h)el, ® Q.

Proof. Recall that ti,... ,tg is a transcendence basis of k(U) over k(T). Let A =

,Tm]] C U is such that v*(h) < co. Then

EO)[Z1,--- ,Tml], B = k(T)(t1,... ,tz)[Z1,.-. ,Tm]]. We will first assume that
h € B. Since v*(h) < oo, there exists s > 0 such that v*(m(B)*®) > v*(h). We have
h=f+g
with f € k(T )(tl,... ,t7)[T1, ..., Tm) and g € m(B)*. v*(h) = v*(f). There exists
0+#a€k(T)[ty,...,ts) such that we have a finite expansion

af: Z altlllt%g

I=(i1,... iz)ENT
with a; € k(T)[Z1,... ,%74;]. By Lemma 3.1,
v*(h) =v*(f) = min {v(as) | ar #0} €T,.

Since A is a finite extension of B, we have v*(h) € T, ®Q if h € B, by the Corollary
to Lemma 3, Section 11, Chapter VI [36].
O
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Lemma 7.3. (1) Suppose that A € N* and v*(h{y)) < oo. Then we have
(A]

v* (h
Y .
yll “ e

) T, eQ
Yz’
In particular, v*(hyyy) € T, ® Q implies [A] = 0.
(2) In the expansion (11), for Ay, Ay € N°, suppose that
V*(h‘[/\l]) = V*(h[Az]) < 0.
Then [Al] = [AQ]
Proof. For A € N¥ such that v*(h,]) < oo, consider the expansion (15) of hyy).
There exists w = (w1, ... ,wy) € N” such that w +%; € Q7 for 1 <i <b.
Let d be a common denominator of the coefficients @; for 1 <i < b. Let

A=k@)e1,... 2@ (D)7, Zr(1)7 Traa (D), .. Fraa(1)]).
Set
h _
f== [A]Jj}’“ Zar €A
yll . gs

If we restrict 7* to Q(k(U)[[y,(1),...,¥s(1)]]), extend it to the finite extension
Q(k’(U)J(ﬁE, s 1¢7E][y1(1)é’ e 7?5(1)%7y§+1(1)) e a?E—&-l(l)H) S0 that lt dominates
k(ﬁ) [leaa cee ,QSFZHyl(]')éa cee 7@?(1)%ag§+1(1)7 s a?§+l(1)]] and restrict to A7 we get

a valuation 7 on Q(A) which extends ¥ restricted to Q(k(T)[[Z1(1),... ,Zrri(1)]]).
By Lemma 7.2 and the Corollary to Lemma 3, Section 11, Chapter VI [36], we have
7 (f) €T, ® Q. Thus, we have

e lia
v (ﬁ) el ®Q.
yl .. .yg'
We now compare v*(hs,)) and v*(ha,))-
A AL
(P _ e [ Py o[ Tuna) N N
v 3 =Vl x| V|2 = +v EVES T
[AQ] yll...ygs yll...ygs yll...ygs
where Ay = (M,...,AL), Ap = (A],... ,A2). Thus v*(hjp,]) = v*(h[a,]) < oo implies
Mo
« | Y1 Y5
Il or e Eheq
yll gt

so that
M =A@+ + s =X (T N @ Q.

Thus, there exists (ag,... ,a7) € Q" such that

A=AV (@0) + -+ 5 = )" (F5) = (@) + - + azv(Ts).
Substituting from (10), we get
7a7')0: ()‘% 7/\%,“- a)‘%fA%)

(al,...

and thus
A — Ay e @(QF) NnZs.
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Remark 7.4. In the expansion (11), Let Ag € N® be such that
v (hia)) = min{v* (hpa)) | A € N°}
This minimum ezists since U is Noetherian. Then, by Lemma 7.3,
vi(f) = v (hag)-
Lemma 7.5. With the notation of (10), assume that f € T and
fekO)Fr- - Tsall-

Then B
fek(@|z,...,Trull

Proof. Let hjp,) be the minimum value term of f in the expansion (11), so that
vi(f) = v (hiag)
(by Remark 7.4). Since f € T, we have v*(f) < co. Since
vi(hipg) = v(f) €Ty,
we have [Ag] = 0 by Lemma 7.3. Thus by Remark 7.1, there exists a CUTS of type I
U — U

N
!
=
=

and d, a positive integer, such that

—_ 1

hing = ho € A= k(T)[6],. .. ,(/)é][[fla)%, B T (1), T ()]

Suppose that f # hg. Then there exists A; ¢ (Q"C) N Z? in the expansion of f in
(11), such that the minimal value term of f — hg is hpp,). Write Ay = (Af,... | AL).

Consider the k-derivation B
S

Ay

0= €ilY; 7—

onU" (and on U) where e; € Q are chosen so that

S
Zeicji:Oforlgjgf
i=1
and

i=1
We have
O ) = (brer + -+ bses)gy' -+
for all monomials 7' - - - . From (12), we see that
O(ha) = X aen|al=a) 90T+ T57) -
=Y (e + -+ ases)gays’ - Ts
= ()\161 —+ -4 )\geg)h[/\}.
In particular, d(hy,)) = 0 and
8(h[A1]) = ()\%O&l +--- )\%Oég)h[/\l} 7& 0.
Thus
o(f —ho) = Z (Arer + -+ Ases)ha
[A]#0
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has value
v (0(f = ho)) = v"(hia,))-
But 8 is a derivation of U, so that o(f —ho) =0(f) € U has finite value, and
V*(h[Al]) = V*(a(f — ho)) < 00.
Thus v*(hp,)) € Tw ® Q, by Lemma 7.3, but v*(hps,)) = v*(f —ho) € ', ® Q, by
Lemma 7.2, since
f - ho € k(U)[d)f, o 7¢FEH[E1(1)%7 oo afF(l)%aff-l‘l(l)v cee 7fm(1)”

which is a finite extension of k(U)[[Z1(1),... ,Zm(1)]], a contradiction. Thus f = hy.
We have

€ ANKD) [z, Tl = KD, .. Fril]
O

Theorem 7.6. Suppose that (R,TN,T) and (S, UH,U) is a CUTS along v*, such
that T contains a subfield isomorphic to k(co) for some ¢y € T and T contains

. . — = _ _ —
a subfield isomorphic to k(U). T  has regular parameters (Z1,... ,Zm) and U has
regular parameters (W1, ... ,Wy) with

Z1 — @511 .. @?%1

EF = ﬁi?l e E%R(ZS?

Zrp1 = Wsga

Zrpl = Wsgy

such that ¢y, ... ,¢7 € k(U), v(Z1),... ,v(Zr) are rationally independent, v*(wy), . .. ,v* (Ws)
are rationally independent and (c;;) has rank 7.
Suppose that one of the following three conditions hold.

f € k(U)[[wy, ... ,Wsym]] for some m such that 0 <m < n —3 with v*(f) < oo.
(17)
f € k(U)[[wy,... ,Wsym]] for some m such that 0 < < n —3 with v*(f) = 0o and A > 0 is given.
(18)
fe (kO)[[w, ..., Wsim]] — kO)[[w1, ..., Ws]]) NT" for some m such that | <m < n —.
(19)
Then there exists a CUTS along v* (R,T//(t),T(t)) and (S, U/I(t),U(t))
U = U@ — U1 — - — U
_ I i T (20)
T = T0) — T(1) — — T(t)
such that Uu(t) has regular parameters (w1 (t),... , W, (¢)).

In case (17) we have
f = El (t)dl s Eg(t)d?u
where u € k(U (¢))[[W1(t), ... ,Ws1m(t)]] is a unit power series.
In case (18) we have

f=wm)h - ws() 5



22 STEVEN DALE CUTKOSKY

where & € k(U (t))[[w1(t), ..., Wsrm(®)]], v* @1 ()% - - ws(t)%) > A.
In case (19) we have

f=P+m )" ws(t)H
for some powerseries P € k(U(t))[[wy(t), ..., wssi(t)],
H = u(Wsym(t) + w1 (£)7 - - ws(t)78)

whereu € k(U (t)[[wy(t), ..., Wsim(t)]] is a unit, ¥ € k(U (t))[[w1(t), ... , Wsim_1(t)]]
and v* (Wsym(t)) < v* (Wi (1) - - ws(t)%).
(20) will be such that T//(a) has regular parameters

(21(a), . Zm(a)) and (Z,(),... . F,(a),

Uﬁ(a) has regular parameters

(@1(q), ..., Wy () and (W)(a),... . W,(x))

where Z;(0) = Z; for 1 <i < m and W;(0) = w; for 1 < i < n. (20) will consist of
three types of CUTS.
(M1): T(a) = T(a+1) and U(a) — U(a+ 1) are of type L
(M2): T(a) — T(a+ 1) is of type I, 1 < r < min {l,m}, and U(a) —
U(a+1) is a transformation of type I1,. followed by a transformation of type
1.
(M3): T(a) =T(a+1) and U(a) — U(a+1) is of type I with[+1 < r < m.

T//(a) contains a subfield isomorphic to k(co,... ,cq) and U//(a) contains a subfield
isomorphic to k(U(a)).
We will find polynomials P; o so that the variables will be related by:

~/

Zi(@):{ Zila) = Po fT+1<i<7T+ min {l,7}

Zi(a) otherwise
Zi—sir(Q) if5+1<i<3+1
Wi(a) — Pro if5+1+1<i<5+m
w; (o) otherwise

We will have P; o € k(co, ... ,cq)[Z1(@),... , Zim1(a)] if i <T+1,

Pio € k(U(a))wi(),... ,Wi—1(a)]

ifi > 5+ 1. For all @ we will have

Z1 (a) =w; (a)cu(a) . 7§(a)01§(a)¢1(04)

ZT(Oé) = w1 (a)crl(a) . @%ﬁ@(a)

Zrp(@)  =ws(e) (21)
Z?-H(O‘) = @g.H(OL)

and
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Zia)  =w (@) wg(@) 7 W gy (a)
) =y ()@ W) D pr(a) (22)
Zraa(0) = Tgpa(0)
Zr(@) =Wy (a)
where ¢1(a), ..., dr(a) € k(U()). v(Zi(a)),... ,v(zx(a)) are rationally indepen-
dent, v*(w1(a)),...,v*(Ws(a)) are rationally independent and (c;;(a)) has rank T

forl1<a<t.
In a transformation T(a) — T(a + 1) of type I, T”(a + 1) will have regular
parameters (Z1(a+1),... ,Zn(a+ 1)) defined by

Z() =z (a+ 1)@z (q 4 1)@r(etD)
: (23)

!

Z—(a) =7Z1(a+ 1)tz (q 4 1)om (et

T

and coq1 is defined to be 1. In a transformation T(a) — T(a + 1) of type II,
(1 <r< min{l,m}) T//(a—&—l) will have regular parameters (Z1(a+1), ... ,Zn(a+1))
defined by

Z (a) =3z (Oé + 1)(111(01-{-1) . 'E?(Oé + 1)@1;(a+1)chT1(a+l)

(a+ 1)@ @)z (q 4 1)om(atD) arlﬂ(aﬂ) (24)

(a + 1) r+1,1(a+1) T(a _|_ 1) T4+1, r(a""l)
a7+1,?+1(a+1)

Grerlat 1) + 1)

=71
=71

In a transformation U(a) — U(a+1) of type I Uﬂ(a—i— 1) will have regular parameters
(Wi (a+1),... ,Wy(a+ 1)) defined by

ﬁ’l (o) =wi(a+ 1)b11(0t+1) - ws(a+ 1)b1§(04+1)
: (25)
We(a) =y (a+ 1)@+ g (q + 1)bm(a+D),

In a transformation U(a) — U(a + 1) of type I, (1 <r < m) Uu(a + 1) will have
regular parameters (Wi(a +1),... ,wy(a+ 1)) defined by

@i(a)  =w(a+ )Pt (a4 1)hserD gl e
Ti(a) =i (e + 1)PErD g 4 1)bletD) gl (F (26)
ﬁ%w(a) =Wy (a + 1)b5+1, 1(a+1) o Ws(a 4 1)be s(a+1)

1
(Wspr(a + 1) + 1)d§;; Fa(atl)

We will call a CUTS as in (20) a CUTS of form m. Observe that the UTS T — T(t)
is a UTS of form min {l,m}.

Proof. We will first assume that f satisfies (17) or (18) with 0 <m <.
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By (A1) of Theorem 6.2, after performing a CUTS of form 7, we may assume that

P = (Zr) — Qr()(Z1, -+ 1 Zr(1)=1)s - -+ > Zr(m) — Qr(m) (Z1s -+ 5 Zr(m)—1) 2
27

where the coefficients of Q,.(;) are in k(co). We have that f € k(U)[[wy, ... , Wsim]]-
Given a CUTS (20), define o(¢) as in Lemma 6.3 for the UTS

T— - —=T(t).
If o(i) drops during the course of the proof, we can start the corresponding algo-
rithm again with this smaller value of o(7). Eventually o(¢) must stablize, so we may

assume that o(4) is constant throughout the proof.
We have the expansion
f=>

[Al€Z®/(QTC)NZs
of (11). Let Ag € N® be such that
V*(h[AO]) = min{u*(h[A]) | h[A} 75 0}.
By Remark 7.4, v*(f) = v*(hja,)). We either have v*(f) < oo and v*(hjx)) >

v*(hiag)) if [A] # [Ao] (by Lemma 7.3) or v*(f) = oo and v*(hjx)) = oo for all [A].
Let I be the ideal

I'= (hyay | [A] # [Ao)) € k(U)[[@r,. .., Ws7m]]-

Let ha,)s- .- 5 hiag) be generators of 1. We will construct a CUTS along v* of form m
U — U(a)
T T
T — T(a)

such that

hia = @1 (@) - w5(a) 5o
for 0 < i < 8, with ¢; € U(a). If v*(hja,)) < 00, ¢; will be a unit.
If v*(f) < o0, so that f satisfies the conditions of (17), then set
B=v'(f) = v (hag)

If v*(h{a,)) = 0o, we will have v* (ﬁl(oz)bli ---Eg(a)b-i*) > B.
If v*(f) = o0, so that f satisfies the conditions of (18), we will have
V(@ (e) - Ws()’5) > A

for all 4. In this case v*(hyy,)) = oo for 0 <7 < 3.
Assume that the above CUTS has been constructed. There exists (by Lemma 4.2
[14]) a CUTS of type (M1) along v*

Ul — U(a+1)
i i
T(a) = T(a+1)
such that if v*(f) < oo, then for 1 < i < 8, hip,) divides hyy,) in U(a + 1). If

v*(f) = oo, then there exists wy (a + 1)* - - - wg(a + 1)% such that
v (wi(a+ D)% wr(a+ 1)%7) > A

and W1 (a + 1)™ - Ws(a + 1) divides hpp,) for 0 < i < 8 in U(a + 1). Thus the
conclusions of the theorem hold for f satisfying the conditions (17) or (18) with
0<m<I.
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We are thus reduced to proving the theorem (with our assumption that f satisfies
(17) or (18) and 0 <7 < 1) when f = hyy] for some A € N®. Assume that f has this
form. There exists a CUTS along v* (using Lemma 5.1)

U — U(l)
T T
T — T(1)

of type (M1) such that there is an expression of the form of (15),
E p— —
hia) = wy (D)MW g1 Zzl(l)uq‘,,l o ZR(D) g |
i=1

d e Nwith; = (Ti1,... Giz) € Y2 for 1 <i < b, g; € k(O)[6F,...,62|[FL (1), ...
and

WY W = w1,

Set L' = k(U)[(;S%7 . ,qu]. There exists ay, ... ,ar € N such that

aj +u;; >0
for 1 <j<7and1<i<bh. Set
h[A]El(l)al - Zr()eT i 1 _ 1 _
= e LB M HE S0, Fram(1)])
and let

o = v(z(1)" - 7(1)).

Let w be a primitive d-th root of unity (in an algebraic closure of L'). Set

v e =0z (1), WTE(1) T, Zr g1 (1), Frym(1))
€ By = LWz 1)7,...,z2+(1)7,Zr41(1), . .. , Zram(1)]]-
Set
d
€= H Ojir g € Av = L'[[21(1), ..., Zrpm(1)]].
Jis---sJ7=1

Identify v* with an extension of (a restriction of v* to Q(F)) which dominates B;.
We will now prove that

v*(hp) = 00 & v (0) = 00 & v*(€) = oo.

We certainly have that
v*(hip)) = 00 & v (0) = o0.
v*(0) = 0o = v*(€) = 0o since J | € in By.

Suppose that v*(€) = oo and v*(J) < co. We will derive a contradiction. pm has
the form of (27) and T — T(1) of type I implies ¢ = prk(T(1))[[Z1(1), ... , Zrym(1)]]
is a prime which is a complete intersection of height m = m — ¢(0). As ¢ C pm(1)
and since, by assumption, o(1) = ¢(0), so that pm(1) is a prime ideal of the same
height, we must have ¢ = pm(1).

By (8),

pa, ={a € A1 | v (a) = o0} = pm(1)A;.
Since A; — B is finite and ps(1)B; is a prime ideal,

pp, = {a € By | v"(a) = o0} = pm(1)B1.

s Zrpm (D]
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Since B; is Galois over A;, the automorphisms of By over A; fix pp, and § | € in
Bj, so that some conjugate of ¢ is in pp,, we have § € pp,. Thus v*(§) = oo, a
contradiction. We have completed the verification that
v*(hpa)) = 00 & v (0) & v (€) = oo.

We now continue with our proof of the theorem for hps) satisfying (17) or (18)
when m <.
_ By (A2) and (A3) of Theorem 6.2 and Lemma 4.2 of [14] there exists a UTS
T(1) — T(2) of form T along v such that

e=7z1(2)% - Z7(2)97%
where
S eC = L wkTEED), .. Zrim@)]

with ¥ a unit in C' if v*(h(s]) < oo and

v(21(2)9" - Z5(2)97) > d" (A + o)

if l/*(h[A]) = 0OQ.
We can further assume that Z;(2) does not divide ¥ if 1 < ¢ < 7. We have
expressions

21(1) Z1 (2)a11 .- '27(2)0’171)1

57(1) =7 (2)“?1 .. .EF(z)anF
with by, ... ,br € k(T(2)) and there exist polynomials
a; €k(T2)[E1(2),... , Zrym(2)] for F+1<i<F+m
such that z;(1) = a; for 7+1 < ¢ <7+m. Thus there exists a series in indeterminates
Liy--- , Tor4+m .
&' € L'« k(T(2)[[z1, .. , zorsm]]

such that

. 1 . - —
Sire = 3 (WM ()T E @) T TR (2)F ()T
for 1 <ji,...,57 < d. Let

D = I+ k(T@))w, b ... bEN[F1(2)F . 22T Zmi1 (2. Zrem(2)].

We have 6;,...;. € D for all ji,...,j7 Since for any natural numbers ay,... ,a7 we
have

a1 ‘T a1

z1(2)a - ZR(2) @ | Ojyoj & zZ1(2)a .- -37(2)(7; |6
in D, we have

in D, so that we have a factorization

§ =7 (2) 0 - Z(2)d 6"
where ¢ € D is such that Zi(Z)ch? does not divide §” for 1 <4 <7 and if v*(hs)) < oo,
6" is a unit.

T(1) — T(2) extends to a CUTS of form m

U1 — U@
T T
T1) — T(2)
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by Lemma 5.1 and 5.2.
21(1)0,1 .. .EF(l)a?h[A] — @1(1))\1(1) . '7§(1)>\§(1)5

in
_ L - N N N L
E = L'*k(U(Q))[w, bfT yee ,brjr 5 ¢1(1) dF7 “e ,qf)?(l) d?][[ﬁl(Q) dF, ce ,E7(2) d?7m?+1(2), N ,Ey+m(2)]].
Since we necessarily have that
(D) 219 | T ()M D (1) Wz,(2)F - z0(2)

in E, there exist ¢ € k(U(2))[¢1(1)a",... ,¢=(1)a"] and eq,... ,er € N such that
W (1M (1)P=7, (2)F - 2x(2) o

- Ws

(0 E ()

‘We thus have that

€1 6j

fl = ﬁa afF: I eN
and 6" = ¢0” € U(2) since hja; € U(2). Thus
hiay = w1 (2)7 - wr(2) 778"

in U(2). If v*(hy)) < oo, we have that 6" is a unit, and if v*(h[y)) = oo, we have
that

V@) w2 = v @ )R 1)) — et G (1) 2 (1))
+v*(Z1(2) " - Z7(2) ")
> %[dT(A—FO')} —o=A.

This concludes the proof of the analysis of f satisfying (17) or (18) when ™ < .
The proof of the theorem when f satisfies (17) or (18) with m > [ is, with some
obvious notational changes, the same as Case 2 of pages 59 -61 of [14]. The induction
on line 9 of page 60 [14] is now on 7 in the conclusions of Theorem 7.6 of this paper.
The proof of the theorem when f satisfies (19) is the same, with obvious notational
changes, and after replacing references to (42), (43) and (44) of [14] with (17) and (18)
and (19) of this theorem, as “the proof when (44) holds” on pages 61-65 of [14]. O

Theorem 7.7. Suppose that (R7TH,T) and (S, UH,U) is a CUTS along v*, such
that T contains the subfield k(co) for some ¢y € T and T’ contains a subfield

isomorphic to k(U). T" has reqular parameters (Z1,...,Zm) and U’ has reqular
parameters (W1, ... ,Wy) with
El = Eill e @glgd)l
= . —Cr5
Zr =w" WG P
2541 = Wit
Zr4l = Wsi
such that ¢1, ... ,¢w € k(U), v(z1), ... ,v(Zr) are rationally independent, v*(wy),. .. ,v*(Ws)

are rationally independent and (c;;) has rank 7.
Suppose that m > 1 and f € T" is such that
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f=Pawh (29

for some powerseries P € k(U)[[wy, ... ,Wswi]],

H = w(Wsim + 07" - W' Y)

where u € k(U)[[w1, ... ,Wsym]] is a unit, ¥ € k(U)[[w1, ..., Wsym_1]] and
v (@] - wY) > v (Wsim)-
Then there ezists a CUTS of form m along v* (R,T//(t),T(t)) and (S, Ull(t),ﬁ(t))
U = UW0) — U1 — - — U
_ 1 T T (29)
T = T0) — T1) — - — T(t)

such that Tﬁ(i) contains a subfield isomorphic to k(co, ... ,¢;) and UH(Z') contains
a subfield isomorphic to k(U (i)). T”(') has regular parameters (Z1(i),... ,Zm (1)) and
U has regular parameters (W1 (1), ..., Wn(i)) with

(i)cu(i) - @;(i)clg(i)éﬁl (Z)

w

21(2)

=

) =m0 (i) (i)

Zrp1(1) = Ws4a (i)

Zrp(i) = Wsp(i)
such that ¢1(i), ... ,¢=(i) € k(U(®3)), v(21(3)), ... ,v(Z=(i)) are rationally independent,
v (wi(2)),... v ( 5(4)) are rationally independent and (c;;(4)) has rank 7 for 1 <i <

t.
We further have that
F=P+w ()" ws(t)=H
with P € k(U(t))[wi(t),...,ws(t)], and there exists a finite extension L of the
algebraic closure of k(T( ) in k(U(t)), and a positive integer d, such that
[ 1O, Z (D), 2 (1), Zra(1)],
(ws+m( ) + W ()7 - T(1)77D)
wherew € k(U(t ))[[ﬁ (t )7 o Weym(D)]] is a unit, ¥ € k(U () [[wy(t), ..., Wsim_1(t)]]
and v* (W1 (t)9" - - Ws(t)97) = v* (W54 ().
Proof. Set p = v* (W - ~ﬁ§ 7). There is an expression
P= Z hia) (30)
AEZT/(QTC)NZT
of the form (11). We can rewrite as
P = Z hiay + Q2
v*(hia)) <p

with v*(€2) > p. For each of the finitely many A with v*(hp)) < p (c.f. Lemma 2.3
[14]), we can further write

hia) = hiap + Q)
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with V*(Q[A]) > p and E[A] € k(U)[@l, . ,@§+l] of the form (12). Set
P1 = ZE[AM
Py = ZQ[A] +Q,

P=P,+ P,
Observe that v*(hja)) = v*(hja)) < p for all A in the (finite) sum Py, and v*(Pz) > p.
By Theorem 7.6 applied to Ps in equations (18) or (19) and by Lemma 4.2 [14],
there exists a CUTS (R,Tﬂ(l),T(l)) and (S, U//(1)7U(1)) along v* of form [

U — U
T T
T — T(1)

such that Py = wy(1)° - - w5(1)® with ® € k(U(1))[[w1(1),... ,ws4:(1)]], and
ol =y (1)E W (1) ED)

with e; > d;(1) for all . Thus

f= P, +@1( )dl(l) ws(1 )d (1) ¢y
where
Q' e mk(UQ))[[wi(1),..., Ws+m(1)]]
and
33?7 gm (k(UM)[[@i(1),... Tsm(1)]]) -
s+m

By the implicit function theorem (the case s=1 of the Weierstrass Preparation The-
orem, Corollary 1 to Theorem 5, Section 1, Chapter VII [36]),

Q = (Wsym (1) + %)
with ' € k(T ())[[@1(1), ... Bsrm(L)]] a unit, T € kT O)[@1(L), .., Tssm1(L)])-
After replacing E§+m(1) = wg_f_m with Eg_;,_ﬁ + ¥ with
Ve kUQ)[@i(1),... , Tsm ()] T (1),
we may assume that -
Ye @), Wsym-1(1)”
where B is arbitrarily large. If v*(£2') < oo, we can choose B so large that
v () = v (wsym (1)) < v* (D).
If v* () = oo, we have v*(X) = v*(Ws1m(1)) < co. Then by cases (17) and (18) of
Theorem 7.6, we can perform a CUTS of the form m — 1,
U1) — U©2)
i 1

T(1) — T(2)
to get
f=7 +w1(2)d1(2) . ,wgg(Q)H/
where
H' = (Wsm(2) + w1 (2) 2 - w5(1)4)5)
with 4/ a unit and v*(w, (1)9 @ .. . wg(1)95?) ) >v (ws+m(2))
Thus we may assume that in (28), P € k(U)[wy, ... ,Ws4), and

P= Y hi

[A]€Z5/QTCNZs
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with v*(hpa)) < p for all A.

Recall that v*(f) < oo since f € T"'. 1t P = 0 we have proven the Theorem. Thus
we may assume that P # 0. There exists Ag such that v*(f) = v*(P) = v*(hs,))
where Ag is such that

V¥ (hia) = min {v"(hia))}
by Remark 7.4. Thus [Ag] = 0 by Lemma 7.3. By Remark 7.1, there exists a CUTS
of type (M1),

and d € N, such that

1 1
ho = hiae € k(D) [0, ..., o271 ()7, .., Zo(1) 4, Z51 (1), ..., Zrp(1)].
Let ) .
— 1 1 1 . 1 —
Ay =k(O)]of, ..., o2[[wi(1)4,... , ws(1)d,Wsr1(1),... ,Wa(1)]].
Extend 7* to the finite extension (A7) so that it dominates A;. Let
By =T1) @ k(t1,. .., tg).

Let v/ = 0* | Q(B;). By Lemma 3.1, v/ is a rank one valuation with value group T,
since it extends the rank 1 valuation v | Q(T(1)").

Let k' be the algebraic closure of k in T'(1)"”, and let

_ — 1 11
C=TQ1)" @ kUQ))e{,...,¢2,27,... ,22].

Let o be the restriction to Q(C) of an extension of 7* to Q(A;). ¥ dominates C.
Since C is finite over By, ¥ hasrank 1 and I'; C '), ® Q.

If P # hg, then there exists h{y,] such that A; ¢ Q"C' N Z* and

v (f = ho) = v (hiay)-

Slag-

f — ho € C implies
vVi(f—ho) el ®Q. (31)
But
vi(hiay) €1, ©Q
by Lemma 7.3, since A; € Q"C N Z?, a contradiction.

Thus we may assume that in (28), P € k(U)[wy,. .. ,Ws4] is such that
1 11 1
Pe k<U)[¢fa B >¢Fd}[§1d7 B 7E$72?+17' e 7EF+Z] (32)
and v*(P) < p.
Recall that t1,... ,tz is a transcendence basis of k(U) over k(T). Write
P=> ami .. wly? (33)
with a; € k(U). Let ay,,... ,ar, be the (finitely many) nonzero terms in the sum.
Let A be the integral closure of
_ 1 1
k(D)t1,... ,tayar,, ... a1, 1, — .., OF, —
(T)[ta n I, ™ b7 ¢?]

in k(U). There exists an algebraic regular local ring B of k(U) such that B dominates

A, and the residue field of B is finite over k(T') (c.f. Theorem 2.9 [14]).
Let (v1,...,vg) be a regular system of parameters in B. We have an inclusion

BHB:L1[[U17~-~ , Va)]
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where L; = k(B) is a finite extension of k(T).

After reindexing Wy, ... ,Ws, we may assume that the matrix
€1 - aF
C =
cr1 r Grp

has positive determinant e = det(C). Let
= 1541
B = (b;;) = —adjC = =
(bij) = dea iC = dC

Let
wi_¢11__, i?

for 1 <i <7, and let

We then have equations

Zr41 = Ws41

Zrpl = Wsy-
e € k(U) for 1 < i < 7. % € B has residue 0 # \; € L;. Let L' =
1 el

Li[A{e, ..., \¥], E = L"[[v1,... ,vg]]. Since

e

3

Ai
has residue 1 in F, there exists a de-th root o; of

e

Ai
in E, with residue 1 in L” for 1 <i < 7. Thus ¢; = A o; € E for 1 <i < 7. Note
that

1/}?1 cahCiT ¢d
for 1 <i <7, so that we have natural inclusmns
K@) C kD)7, . ¢2] C kD), ] C QE).

Let 71,... , 7% € Ry be rationally independent. Let 7 be the L”-valuation on the
quotient field of E defined by 7(v;) = 7; for 1 <i < @. Let

1 i .
AQ:Q(E)[@?, wsii Ws41,* ,wn] 7% 7% _ o
(w1 e W Wy, W)
Let w be an extension of v* to Q(A thich dominates A;. Any element of As is a
quotient of elements of the form g = £ with 0 # @ € L"[[v1, ... ,vg]] and
1 1
T € L”[vll,... gy, . e W, ..., W
1 ES
= L'wy,..., wd, Wst1,...,Wnl[[v1,... ,va]]
We have that the value group of w | Q(L”[w1 . w37w5+17 ..., Wy]) is contained

in I'y» ® Q and thus w(g) = w(T) € I',» ® Q by Lemma 3.2. We further have that
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k(Vy) is an algebraic extension of Q(E). We thus have ', C T, ® Q. Identify ©
with an extension of 7 to k(V,,). Let &’ be the composite w o 7 of w and .

v(v1),.. .,V (vg), U (W01),. ..,V (03)

is a rational basis of I';» ® Q. We have an equality

1 1 1 S o
Q(E)[Ef, ,E;,E;HV“ ,@n] :Q(E)[’Ujld, y ;,wg_H,... ,U)n].
1

Let F = k(T)[z1,... ,Zm), G = L”[Elé,... 22 Zrt1,. .., Zm). The restriction of
w to Q(F) is the restriction of 7 to Q(F') so w | Q(F') has residue field which is an
algebraic extension of k(7).

Now Q(G) is finite over Q(F), so that the restriction of w to Q(G) has a residue
field which is an algebraic extension of k(7).

Thus if h € Q(G) is such that w(h) = 0, then if [h] is the residue class of h in
k(Vi), we have that [h] is contained in the algebraic closure M of k(T) in k(V,,), and
thus by Lemma 1, Section 11, Chapter VI [36], 7([h]) = 0, since ¥ is a k(T) valuation.

For I = (i1,... ,iz) € N%, let vl denote v{' ---v:=. By (32) and (33), there is a

series expansion
P = E gle
I

with each X

1 1
gr € L"[Z],... )22, Zry1, -, Zrgl)-
Suppose that 7' (grv?) = #'(gjv7). Then

J

9y _ )

(2 = (%)
so that w(Z) = 0. Thus , ,
YY) N )

V(=)=v(=—)=0
(gJ) (gJ)

since & € Q(G). We have U(Z—,’) =0, so that I = J. Thus

7 (grot) = (gv?) & T =J. (34)
Let N = k(T)[z1,. .. ,Zm). We will now establish that if 0 # h € Q(N), then
v'(h) € QU (z1) + -+ QU (Zr). (35)
To establish (35), we first observe that since v(h) < oo, there is a UTS T — T
along v, such that 77 has regular parameters (z1(1),... ,Z,,(1)) and
h=z ()" - zZz(1)%u
where a1,... ,ax € Z, u € T is a unit, and
zZr =7z (1) Zm(1)bre
e =m0 Ee(1)re

with b;; € N for all ¢, j, Det (b;;) # 0 and c1,... ,c7 € k(Th).
We identify 7/ with an extension of 7’ to Q(/ig) which dominates As. Now T — T
is also a UTS along 7' since the center of &’ on a UTS of T must be the center of v.
We thus have that
v'(h) =0 (z:(1)*---zx(1)>
/(51(1)% .. .EF(]_)U'T

) +7(u)
)€ QY (z) + -+ QY (ZF)

A}
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Here 7(u) = 0 since v(u) = 0 and k(V,,) is algebraic over k. We have thus established
(35).
Since Q(G) is a finite extension of Q(NV), we have that

7'(h) e QU (z1) + -+ Qi (z7) if 0 £ h € Q(G).

Since L[z 1%, . ,z; 27415 - - - Zrtl)[[V1, - - - s vg]] is a Noetherian ring, there exists

Iy such that
7' (g1,0") = min {7’ (grv’) | gr # 0}.
We necessarily have that 7/ (P) = ¥/(gz,v™°) by (34). Thus
v'(P) € QU (z1) + -+ QU (Zr)

if and only if Iy = 0.

Write P = P; + P, where

P= Y gn',

w(gr)<p
Po= > g
w(fg[)>ﬂ
(each sum is possibly infinite). If P, # 0, let Iy be such that ¥/ (tlog;) = ¥/(Py).
Then 7' (viogr,) = v(f) € T, ® Q implies

7'(v) € QU (Z1) + - 4+ QY (Fr) C F(01)Q + -+ + ¥ (05)Q

1 1
which implies Iy = 0. Thus vlog;, = g, € L"[Z],... 2L Frgl, - Zrgi]. Now
l/(f _glo) elr,® Q implies P = 915+

In the sum P, let g1,... , gg be generators of the ideal
1 1
gI|P2 Zglv L,/ f "aZFaZz+17'--7§T+l]'
Let w be a primitive dth root of unity. Let
d L PR _ i _
d; = H gj(W"Ze, . WwTEL Zr, . Ze) € L7, T
i1, im=1

for 1 < j < 3. The d; are of the form of (A2) of Theorem 6.2 with m = [.
Now apply Theorem 6.2 to d; for 1 < j < /8 (and Lemmas 5.1 and 5.2) to construct
a CUTS of form [ along v*,

so that for 1 < j < g,

d; = z1(1)0) . zx(1)e7 Wy
with w; a unit in k(T(1)) * L"[Z1(1), ... ,Z71(1)]. We have
zZ1 =z ()% Zx(1)%1
Zr =z1(1)* - Zr(1) % cr
for some ¢y, ... ,cr € k(T(1)).
We have

PreD=L"«k(TQ)ct,... . cE M, ... 70) 20 (1), ... 2 (D).
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g; divides d; in D implies g; = w;(1)%0) - .- w5(1)5) f; in

M = Lk(U)ef ... et ()2, . ¢e(DA@ D), ws(1)d, Weir (1), , Wepa(1)

for 1 < j < d where f; is a unit, &(j) € 3N, and v*(w(1)20) - - w5(1)%)) > p for
all 1 < j < 3, where v* is identified with an extension of v* to Q(M ) which dominates
M.

There exists a CUTS of type (M1) along v*

1 — U©®

so that if
wh - .@g? =W (2)h ) . my(2) @)

w1 (2) 1A+ 55(2) 5@ H divides Py in

Lo (DA, or(D)A[@ (2)7, ... T5(2) T, W1 (2),- -, Wa(2)]-

ﬁ?g.\ -

F = L"sk(U©2)[l,. .. ,

P=P + @1(2)d1(2)+1 .. .wg(g)d;(2)+1¢)
with

P e F = L'+ k(T2)cf,... .27 @), 7:2) %, 21 (2), ... Zra(2)].

T

We can thus rewrite this equation to get
P = }51 + @1(2)d1(2)+1 . -@;(2)‘1?(2)""1&)

with P, € F/,® € F and where @, (2)"®*1...555(2)%@+1 does not divide any
monomial in the expansion of P, in F.

Comparing with the extension of the expansion of P in k(U (2))[[w1(2), ... ,Ws+.(2)]]
to the expansion in F, we see that

b € HO@)@1(2), .. . Tsu(]] N F = kO @)[@1(2),... Ds14(2)]
and

d,27+1(2), . ’274,[(2)]

where L is a finite extension of the algebraic closure of k(T(2)) in k(U(2)). As in
the first part of this proof, we can make a change of variables in Wz, (2) to get the
conclusions of the theorem. O

Py € k(U@)[@1(2), ... . T NF' C LE(2)4,... ,7(2)

8. CONCLUSION OF THE PROOF FOR RANK 1 VALUATIONS

In this section, assumptions and notations will be as in Section 4.

Theorem 8.1. Suppose that T"(0) C R is a regular local ring, essentially of finite type
over R such that the quotient field of T"(0) is finite over K, U"(0) C S is a regular
local ring, essentially of finite type over S such that the quotient field of U"(0) is finite
over K*, U"(0) dominates T"(0), T"(0) contains a subfield isomorphic to k(cy), for
some cg € k(T"(0)), U"(0) contains a subfield isomorphic to k(U"(0)). Suppose that
R has regular parameters (x1,... ,Tm), S has reqgular parameters (y1,... ,yn), T7(0)
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has regular parameters (%1, ... ,Tm) and U"(0) has regular parameters (3y,... ¥, )
such that

=~ ~c11 ~C13

1 =Y Y5

= ~Cx ~Crs

Tr :yll'“yg o7

Trtl = Ysta

§F+l = §§+l

where g1, ..., ¢r € k(U"(0)), v(T1),. .. ,v(TF) are rationally independent, v* (i), . .. ,v*(¥z)
are rationally independent and (c;;) has rank 7.
Suppose that there exists an algebraic reqular local ring R C R such that (1,0 X7gy)
are reqular parameters in R, k(R) = k(cy) and
{ Vi 1<i<T+I
Ty = _ _ .
T; T+l<i<m
with v; € k(co)[[z1, .- s xre]NT"(0) for 1 <i <741 andvy; =1 mod (x1,... ,T74+1),
there exist ) € U"(0) such that y; = 7y;, v/ = 1 mod m(U"(0)) for 1 <i < n.
Suppose that one of the following three conditions holds

f € kU)W, Ysyml] for some m with | < <n—3 and v*(f) < co.
(37)
f € kU (O)[[Yy, .- Ysiml] for some m with | <m < n —35,0*(f) =00, and A € N is given.
(38)
Feu”(0) = kU (O)[H- - Usy7ll- (39)

Then there exists a positive integer Ny such that for N > Ny, we can construct a
CRUTS along v* (R, T"(t),T(t)) and (S,U"(¢t),U(t)) with associated MTSs

S — S
T T
R — R(t)

such that the following holds. T"(t) contains a subfield isomorphic to k(co,... ,ct),
U"(t) contains a subfield isomorphic to k(U(t)), R(t) has regular parameters (x1(t), ..., Tm(t)),
T"(t) has reqular parameters (T1(t), ... ,Tm(t)), S(t) has regular parameters (y1 (1), ... , yn(t)),
U"(t) has regular parameters (y,(t),...7,(t)) such that
2i(t) :{ Yt)Ti(t) 1<i<T+1
i T (t) FHl<i<m

where v;(t) € k(co, ... ,c)[[x1(t), ... ,xrpi(t)]] are units such that
~i(t) =1 mod (z1(¢),. .., zrp(t)).

In particular,

k(co,---se)[xi(), ... zrp(®)] = k(co, ... ,e)[[T1(t), ..., Trpi(t)]].

For 1 <i < n there exists v} (t) € U"(t) such that y;(t=~] (t)y;(t),
Y (t) =1 mod m(U"(t)).
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Blt) = TR (40)

d1(t),...on(t) € k(U®R), v@L(t)),... ,v(T(t)) are rationally independent,
v (G (t), ... ,v*(Us(t)) are rationally independent and (c;;(t)) has rank 7. There
exists an algebraic regular local ring R(t) C R(t) such that (zy(t),... 7y are reg-
ular parameters in R(t) and k(R(t)) = k(co,...,ct). Furthermore, z;(t) = x; for
THI+1<i<m,y(t)=y; fors+m+1<i<mn, sothat the CRUTS is of the form
m where s +Mm = n in case (39). Set ny; = m(k(U)[Y1 (1), -, Yspi(D]).

In case (37) we have

f=m®)™ - gs(t)%u mod m(U(t))™ (41)

where u € k(U@)[[Y1(t)s--. Usym(t)]] is a unit power series. Further, if f €

EW)[@1,--- Ysyill; then
=00 - g5(t)%u mod nf’l

where u € k(U ())[[y1(t),. - - jgg(t)]] is a unit power series.
In case (38) we have
fF=n®" g5 mod m(U(¢))™ (42)

fe k),

where £ € k(U)[[1(t), ..., Usym )]l and v* (7, ()" ﬁ?(t)) > A. Further, if
- Ysq1)], then

=)™ Js(t)=S mod nfy

where 2 € kUM (0), - +Toyi®]] and v* G (05 -5 (1) > A.

In case (39) we have
f=P+75,0)% - 5(t)%H mod m(U(t))N (43)

1(t), .. .Uz (t)] and there exists a finite extension L of the alge-
braic closure of k(T'(t)) in k(U(t)) and a positive integer d such that

PeLE(t)i,... . T, Tra(t), ..., Tru(®)],
H = u(Yspy1 (8) + 1 ()7 - T5()57E)
where u € U(t) is a unit series, ¥ € k(U®)[T1(t)s - - Usi (), Uspigo(t)s - Un ()]
and v*(Ysy 41 (1)) < v (@ (07 - - Y5(t)97).
We further have that v*(m(U(t)) is a constant which is independent of N for
N > N,.

Proof. The proof is essentially the same as the proof of Theorem 4.8 [14], with
some modification of notation. On page 67, line 2 of the proof, “By Theorem 4.7
there is a CUTS” should be replaced with “By Theorems 7.6 and 7.7 there is a
CUTS”. On page 67, line 7 of the proof in [14], “notation of Theorem 4.7” should
be “notation of Theorems 7.6 and 7.7”. On page 67, line 18 of the proof, replace
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“Pek(U@)[[wi(t),...,w(t)] with “P € k(U(t))[w1(t),... ,Ws+i(t)] and there ex-
ists a finite extension L of the algebraic closure of k(T'(t)) in k(U(t)), and a positive
integer d such that

PeLlz), ...z, 2 (1),...  Zrp(1)].7

All later references in this proof to Theorem 4.7 and to equations (46), (48), (49),
(50) and (51) should be replaced with references to Theorem 7.6, (21), (23), (24), (25)
and (26) of this paper. References to Lemma 4.4 should be replaced with references
to Lemma 5.2 of this paper.

The independence of v*(m(U(t)) = min{v*(f) | f € m(U(t))} of N follows from
(A3) of page 83 of the proof of Theorem 4.8 in [14]. O

Theorem 8.2. Suppose that T (0) C Risa reqular local ring, essentially of finite type
over R such that the quotient field of T"(0) is finite over K, U"(0) C S is a regular
local ring, essentially of finite type over S such that the quotient field of U"(0) is finite
over K*, U"(0) dominates T"(0), T"(0) contains a subfield isomorphic to k(co) for
some ¢o € k(T"(0)), U"(0) contains a subfield isomorphic to k(U"(0)). Suppose that

R has regular parameters (z1,... ,Tm), S has reqular parameters (y1,... ,yn), T"'(0)
has regular parameters (Z1,... ,ZTm) and U (0) has regular parameters (Gq,... ,¥,)
such that

T =y YTy

TF =y Y

Trtl = Yst

Tryl = Ysq

where ¢1, ... ,¢r € kK(U"(0)), v(Z1), ... ,v(TF) are rationally independent, v*(y,), ... ,v*(¥s)
are rationally independent and (c;;) has rank 7.

Suppose that there exists an algebraic reqular local ring R C R such that (T1,... ,@7yy)
are regular parameters in R, k(R) = k(co) and

r = vz 1<i<7F+1
L T+l<i<m

with v; € k(co)[[x1,-.. 27 )NT"(0) for 1 <i <7+l and~y; =1 mod (x1,... ,T711),
there exist v € U”(0) such that y; = vy;, 7¢ =1 mod m(U"(0)) for 1 <i <n.
Further, suppose that

Trii =P+ PP H + Q

_ — 1 1
where P € k(U"(0))[@y,... ,Usy] and P € L[T{,... T, Try1,... ,Toyi1], where d
is a positive integer, L is a finite extension of the algebraic closure of k(T"(0)) in

k(U"(0)), B

H=0(F5p111 +77" T3 D)
where w € U (0)" is a unit,

i € k(UN(O))[[yl’ s 7?§+l>y§+l+27 s ayn]]’
V Fspis1) S V@ TE) and

Q€ m(U" ()N with Nv*(m(U"(0))) > v* @ - T Fss141)-
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Then there exists a CRUTS along v (R, T"(¢t),T(t)) and (S,U"(t),U(t)) with as-
sociated MTSs

S — S(t)
T 7
R — R(t)

such that the following holds. T"(t') contains a subfield isomorphic to k(cg,... ,cv),

U"(t') contains a subfield isomorphic to k(U (t')), R(t') has regular parameters (z1(t'),. ..
T" (') has regular parameters (Z1(t'),. .. ,?m ("), S(t') has regular parameters (y1(t'), . . .

U"(t") has regular parameters (3, (t'), ... 7, (t')) where

n(t) = Gy () ) Gt g (1)
Fe(t') = Gy () ) () ot
f;+1(tl) = yE—l—l(t/)

%7+l(t/) = @E-ﬁ-l(t/)

vy () = Trpa () = P4+, (8) 20 gg(¢) = H
where P € k(U'))[y,(t'), ... ,Ysp (t)] and
PeL'[m), ... .or(t) 1, T (t'), .., Trna(t)],
where L' is a finite extension of the algebraic closure of k(T(t')) in k(U(t')), H €

EUEN [, (), ... 7, ()] is such that
mult H(O,...,0,¥5,,41(#),0,...,0) =1,

o1(t),...or(t') € K(U()), v(@L(t)),... ,v(@=(t')) are rationally independent,
v (g, (t')), ... ,v*(ys(t')) are rationally independent and (c;;(t")) has rank 7. There
exists an algebraic regular local ring R(t") C R(t') such that (z1(t'),... x5 (t') are
regular parameters in R(t') and k(R(t')) = k(co, ... ,cu).
it = Yi(t’)ii(t’) 1<i<74+I1
ST T FHl<i<m
with v;(t') € k(co, ... ,ce)[[x1(t)y... ;27 ()] VT (') units for 1 <i <741, such
that
vi(t') =1 mod (z1(t), ..., z7(t))
and for 1 <i < n there exists v} (t') € U"(t') such that y;(t') = ~Y )y, ('),
V(') =1 mod m(U"(t)).
The proof of Theorem 8.2 is similar to the proof of Theorem 4.9 of [14].

Theorem 8.3. Let ng; = m(k(U"(0))[[71,- .- ,¥s)] in the assumptions of Theorem
8.2.

(1) IfQ e né\fl in the assumptions of Theorem 8.2, then a sequence of MTSs of
type (M2) and a MTS of type (M1) (so that the CRUTS along v* is of form1)
are sufficient to transform xz4,4+1 into the form of the conclusions of Theorem
8.2.

(2) Suppose that

g:y‘fl -~y§§u+ﬂ
where u € k(U"(0)[[y, - - syl s a unit power series and Q € nf; with

Nv*(ng;) > l/@’li1 --~y§?). Then a sequence of MTSs of type (M2) and a
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MTS of type (M1) (so that the CRUTS along v* is of form 1) are sufficient
to transform g into the form
g =) g(#) =
where @ € k(U" (t')[[G1(t'), ... s ()] is a unit power series.
(3) Suppose that
J= TS 0
where ¥ € k(U"(0)[[T, .- »Tspl], v (T --@g?) > A and Q € n{; with
Nv*(ngy) > v(gh --@g?). Then a sequence of MTSs of type (M2) and a
MTS of type (M1) (so that the CRUTS along v* is of form 1) are sufficient
to transform g into the form
g=7 (t’)dl(t/) .. -ﬂg(t/)d?(t/)i
where £ € k(U ())[51(t), - - - Tspal] and v* (G, (¢) ) - go(#) =) > A
(4) Suppose that
g=T g ut 0
where u € k(U"(0)[[Y1,--- »Yssi]] is a unit power series and Q € m(U(0))™
with Nv*(m(U"(0))) > v*(gh ---y?). Then there exists a CRUTS along v*
as in the conclusions of Theorem 8.2 such that
9g=1 (t/)dl(t/) " '?E(t/)dg(t,)ﬂ
where @ € k(U(t"))[[7,(t'), - .. Js )] is a unit power series.
(5) Suppose that
g=7" - FFT 4+
where % € KU O)[For-- Tyl V'@ 75) > A and @ € mUO)Y
with Nv*(m(U"(0))) > v* (g -~y§§). Then there exists a CRUTS along v*
as in the conclusions of Theorem 8.2 such that
g=7,()"" g =T
where $ € k(UW))[[1(t), - - Fsall and v* (@ ()" - g(#) 1)) > A

Theorem 8.3 and its proof is a modification of the statement and proof of Theorem
4.10 of [14].

Theorem 8.4. Suppose that T"(0) C Risa reqular local ring, essentially of finite type
over R such that the quotient field of T"(0) is finite over K, U"(0) C S is a regular
local ring, essentially of finite type over S such that the quotient field of U (0) is finite
over K*, U"(0) dominates T"(0), T"(0) contains a subfield isomorphic to k(co) for
some ¢y € k(T"(0)), U"(0) contains a subfield isomorphic to k(U"(0)). Suppose that

R has regular parameters (z1,... ,Zm), S has reqular parameters (y1,... ,yn), T"'(0)
has regular parameters (ZT1,... ,ZTm) and U (0) has regular parameters (Gy,... ,¥,)
such that

— ~c Ci—

T = ylll . y§15¢1

Ty =Yy e o

Trp1 = Y541

Tryl = Ysy
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where ¢1, ... ,¢7 € kK(U"(0)), v(Z1),. .. ,v(TF) are rationally independent, v*(y,), ... ,v*(¥s)
are rationally independent and (c;;) has rank 7. Further suppose thatl < m —T.
Suppose that there exists an algebmz'c regular local ring R C R such that (x1, ... ,x7y;)
are regular parameters in R, k(R) = k(co) and
o YT 1<i<T41
L THl<i<m
with v; € k(co)[[x1, ... s xrp]]NT"(0) for 1 <i <7+l andy; =1 mod (x1,... ,T74+1),
there exist v) € U"(0) such that y; = v/y;, v =1 mod m(U"(0)) for 1 <i <mn.
Then there exists a CRUTS along v* (R,T"(t),T(t)) and (S,U"(t),U(t)) with
associated MTSs

S = S
T T
R — R(t)

such that the following holds. T"(t) contains a subfield isomorphic to k(co,... ,ct),
U"(t) contains a subfield isomorphic to k(U(t)), R(t) has reqular parameters (x1(t), ... , zm(t)),
S(t) has regular parameters (y1(t), ... ,yn(t)), T"(t) has reqular parameters (T1(1), ..., Tm(t)),

U"(t) has regular parameters (y,(t), ...y, (t)) where

RO =ROmO G006
Zr(t) :? () @) () D ()
Tr(t) =Yz (t)

%?JrlJrl(t) : §§+l+1(t)

such that ¢1(t), ... ¢=(t) € k(U(t)), v(Z1(t)),...,v(Tx(t) are rationally independent,
v*(y,(t)),. .. ,v*(ys(t)) are rationally independent and (c;j(t)) has rank 7.

zi(t) = T;(t) for 1 <i <m.
For 1 <i < n there exists ) (t) € U"(t) such that y;(t) = ()Y, (t),
Y/ (t) =1 mod m(U"(t)).

Proof. The proof of this theorem is similar to that of Theorem 4.11 [14]. References
to Theorems 4.8, 4.9 and 4.10 must be replaced with references to Theorems 8.1, 8.2,
8.3 of this paper. The argument of Lines 11-13 of page 95 [14], “By Theorem 2.12
...... mult 3(0,...,0,7;,1,0...,0) =17, must be replaced with:

“By Lemma 7.5 and Theorem 8.1 (with f = z7y;41 in (39)) and Theorem 8.2, we
may assume that

_ _d _de
Trpi+1 = Trpip1 = P+ U5 20

where P € k(U"(0))[7, ... ,Jrsy) and P € LT}, ... .72, Trsr,. .. ,Trss), with L a
finite extension of the algebraic closure of k(7" (0)) in k(U"”(0)), d a natural number.
Yo is a series with mult X(0,...,0,77,;41,0...,0) =1".

On lines 21-31 of page 95 [14], “Suppose that v(P) < oo ......
g € k(co)[[Z1(1),...,Zi(1)]][zi+1]” must be replaced with:

“Suppose that v*(P) < co. Let w be a primitive dth root of unity in an algebraic
closure of L. Set

d
. 1 . 1
’ P —x _
g = H (x7+l+1 —P(UJ 1$f,... W Tx%iax7+17"' ,$7+l))-



LOCAL MONOMIALIZATION OF TRANSCENDENTAL EXTENSIONS 41

g € LTy, ... , Trpt, Trgis].
Let G be the Galois group of a Galois closure of L over k(cp). We can define

g= 117

TEG
where G acts on the coefficients of ¢'.
g € k(co)[T1, - Tty wrpi4a)”

On page 97, lines 8-20 of [14], “Set (e;;) = ...... z1(a+1) =7, (a+1)” should be
replaced with: “After possibly interchanging Tp(a+1),... ,J(a+1), we may assume
that Det(C) # 0 where

cir(a+1) - eF(a+1)
C= :
Cr1 P Cﬁ(a + 1)

Set (e;;) = C~1, d = Det(C). We can replace 7;(c + 1) with

gi(a+1)yi(a+1)%" - yp(a+ 1)
for 1 <i <7, y;(a+ 1) with y;(a + 1)vi(a + 1) for 5+ 1 < i < 5+ 1 and replace
U"(a+1) with U”(a+ 1)[y(a+1)7,... ,y5(a + 1)4], where

a=mUa+1) 0 (U @+ Dnla+ 11, e+ 1)i])

to get
zi(a+1)  =pila+ )T a1 Tg (o + 1)
rr(a+1) =g (a+ )Tt goa + 1) (o + 1)
wrpi(a+1) =Fg(a+1)
rrp(a+1) =Ysyla+1)7
On page 98, line 18 to page 99 line 8, “By construction, ...... i a+2) =

gr(a + 2)1 @2 g (o 4 2)%:(@F+2)4) 7 should be replaced with “By construction
there are positive integers f;; such that
(a4 2) =7, (o + 2)f11 Yo+ 2)f1§751,7+17-315+1
Grla+ 1) oo+ 1)

zi(a+2) =7, (a+ 2)f?1 o gela+ Q)fﬁfye?;H €71
f1(a+ 1) - dr(a+ 1)

P (@4 2) s =Ty 2)Fe o (a4 2 sy asi g
-1 (a + 1)€7+1,1 . qb;(a + 1)€7+1,7

in S(a+2)". v(zz, (@ +2) + carz) = 0 implies
frrii="=frit15=0.
Set
& = ¢1(a + 1)€?+1,1 . %(a + 1)67+1,F7-67+1,F+1 c k(U(a + 1))
Substituting

¥ = P{x—&-l + jl (a + 1)61(a+1) .. .jg(a + 1)eg(a+1)za+1
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we have

i (@ +2)+cara = O(Pos1 + 7 (a+ Doty (q 4+ 1)slety e
= QO(?l(a + 2)a v 7y§+l(a + 2))
7y (o + 2)90F2) (a4 2)FOHDNG (G (4 2), .., (a4 2))

where Qg is a unit series and
mult Ag(0,...,0,7541(a+2),0,...,0) =1.

The 7 X 5 matrix (fu) with 1 < i < 7,1 < j <3, has rank 7, so after possibly
reindexing 7; (o + 2), ... ,Js(a + 2), we may assume that

fll te f17
f?l Tt fﬁ
has rank 7. Define o; € Q by
-1
a1 Ju - fiF —€1,741
aF 1o fe —er 1
and set
" vy (a+2) for1<i<T
yl(a+2)_{ Yi(a+2) for 7 < i
to get

rila+2) =g (a+ 2)C1l(a+2) e fslo+ Q)clg(aw)wl

i +2) = gi(a+2) 7@ g 4 2)m @ty

where ¢;;(a+2) = fij, (§1(a+2),...,9:;(a+2)) are regular parameters in S(a+2)7,
Ui, ..., r € k(S(a+2)).

On page 107, lines 3-12 substitute for “z1(t) =...... i=1+1" the following:
“rq(t) = (t/)c“(t/) e yg(t’)clz(t/)ﬁ (")
JZF(t/) = (t’)cﬂ(t/) o yg(t/)cﬁ(t')TF(t/)
e (t)  =ysat)
zrp(t') = ysu(t)

oy () =y ()M -y () g ()
Let ¢;(t") be the residue of (') in k(S(t')),
i (7
7= il ,).
oi(t')
After possibly reindexing yi(t'), ... ,ys(t'), we may assume that

cir(t’) - aFt)

é:
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has rank 7. Let (e;;) = C~'. Define

?zlm __.?;ﬁyi(t/) f1<i<7
7,(t") = vi(t) fr<ii#s5+1+1
?1—611d1(t )= —emdg(t’) .?F_el?dl(t )= —emmdy(t )y§+l+1<t,) ifi=7+1+1"

O

9. MONOMIALIZATION

Theorem 9.1. Suppose that k is a field of characteristic zero, K — K* is a (possibly
transcendental) extension of algebraic function fields over k. Suppose that v* is a
rank 1 valuation of K* which is trivial on k. Suppose that R is an algebraic local ring
of K, S is an algebraic local ring of K* such that S dominates R and v* dominates
S. Letv=v*| K,

5 = ratrank v* > 7 = ratrank v.

Then there exist sequences of monoidal transforms R — R’ and S — S’ along v* such

that R’ and S’ are reqular local rings, S’ dominates R', there exist reqular parameters

(Wi, yp) in S, (2, ... ,x,) in R, where

n = trdeg, K* — trdegpk(V™*),
m = trdegr, K — trdegpk(V),

v(xh),...,v(zk) is a rational basis of I'y ® Q, v*(y1), ... ,v*(y%) is a rational basis
of T'y- ® Q, there are units 61,... ,07 € S’ and an 7 x 5 matriz (¢;;) of nonnegative
integers such that (c;;) has rank ¥, and

o =) (Y5) o

=)

Tit1 = Ysp

.’I/'{m = yéer,;-

Proof. k(V) and k(V*) have finite transcendence degree over k by Theorem 1 [2]
or Appendix 2 [36]. We have rank v < rank v* = 1. By Hironaka’s theorems
on resolution, resolution of singularities Theorem I)"" [24] (c.f. Theorem 2.9 [14])
and resolution of indeterminancy (c.f. Theorem 2.6 [C1], the statement and proof of
Theorem 2.6 are valid if R is not regular) we can assume that R and S are regular
local rings.

By resolution of indeterminancy (c.f. Theorem 2.6 [14]) and Theorem 2.7 [14],
applied to a lift to V of a transcendence basis of k(V') over k, and Theorem 2.7 [14]
applied to a lift to V* of a transcendence basis of k(V*) over k, there exist MTSs
along v* R — R(1) and S — S(1) such that R(1) and S(1) are regular local rings,
V* dominates S(1), S(1) dominates R(1) and

trdegy(r(1))k(V) = 0,
trdegy(sank(V") = 0.

First assume that rank v = 1. Let {¢1,...,tg} be a lift of a transcendence basis
of k(R(1)) over k to R(1). Let L = k(t1,... ,t3) C R(1). By replacing k with L, we
may assume that

trdegrk(R(1)) = trdegik(V) = 0.
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There exist f1,...,fr € K such that v(f1),...,v(fr) are positive and rationally
independent. By Theorem 2.7 [14], there exists a MTS R(1) — R(2) along v such
that f1,...,fr € R(2). By Theorem 2.5 [14], there exists a MTS R(2) — R(3) along
v such that f;--- fr is a SNC divisor in R(3). Thus R(3) has regular parameters
(21(3),... ,2m(3)) such that v(z1(3)),...,v(z7(3)) are a rational basis of T', ® Q.

By Theorem 2.6, there exists a MTS S(1) — S(2) along v* such that S(2) domi-
nates R(3).

As in the construct of R(1) — R(3) there exists a MTS S(2) — S(3) along v* such
that S(3) has regular parameters (y1(3), ... ,yn(3)) such that v*(y1(3)), ... ,v*(y=z(3))
are a rational basis of I',« ® Q.

By (37) of Theorem 8.1, with the R, S, f, m, [ of the hypothesis of that theorem
set to R=5(3) and S = S3), f =21(3)---27(3), m =n —35, 1 =0, and by (4) of
Theorem 8.3, there exists a MTS S(3) — S(4) along v* such that

zi(3) = y1(4)" - ys(4)“F

where 1); € S(4) are units for 1 < i <7, v*(y1(4)),... ,v*(ys(4)) are a rational basis
of ')« ® Q, and rank (¢;;) =T.
After possibly permuting the first 5 variables y;(4), we may assume that the matrix

€11 - aF
C =
Cr1 e Crr

has nonzero determinant.
Let ¢; be the residue of ¢; in k(S(4)). For 1 < ¢ <T, set

o %)
o1 (¢j

J

=l

where (e;;) = C~!, a matrix with rational coefficients. We have ¢; € S(4)" for
l<j<rT.
Set
,() {Ejyj(4) 1<5<7r
P T w@ T<y
we have
S
z(3) = Hfj(4)c”¢
j=1
for1<i<T.

In the notation of Theorem 8.4, set R = R(3), T"(0
1§i§m,fi:xi(3)for1§i§m,cozl,}~%:
qg = m(R(3)) Nk[z1(3),... ,27(3)], s = 1 for 1 < i < 7. Set
S(4)[do, €1, .. ,€7]p where k(do) = k(S(4)), p=m(S({4)) NSH4)[do, €1, 67, ys =
yi(4) for 1 <i<n,y, =7,;(4) for 1 <i<n.

Then the assumptions of Theorem 8.4 are satisfied with [ = 0. By induction on [
in Theorem 8.4, we construct the desired MTSs, and finish the proof of the Theorem
when rank v = 1.

If rank v = 0, then v is trivial, so that V' = K, R = K and 7 = 0. We can then
construct a MTS S — S’ along v* as in the first part of the proof, so that S’ has a
regular system of parameters (yi,...,y,) such that v*(y;),... ,v*(y%) is a rational
basis of I', - ® Q and reach the conclusions of the theorem (see Remark 9.2 below). O
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Remark 9.2. The degenerate case of Theorem 9.1 is when v is trivial on K. This
case can only occur if K* is transcendental over K. When v is trivial, V = K, so we
must have that R = K. The conclusions of Theorem 9.1 are in this case that there
exists a sequence of monoidal transforms S — S’ along v* such that S’ is a regular
local ring (which contains K ), and there exist regular parameters (yi,... ,y,) in S,
where

n = trdeg, K* — trdegpk(V™*),

such that v*(y1),... ,v*(yl,) is a rational basis of T\« @ Q.

We now introduce notation that will be used in the proof of Theorem 9.5. Suppose
that k is a field of characteristic zero, K — K* is a (possibly transcendental) extension
of algebraic function fields over k. Suppose that v* is a valuation of K* of arbitrary
(but necessarily finite) rank which is trivial on k. Suppose that R is an algebraic
local ring of K, S is an algebraic local ring of K* such that S dominates R and v*
dominates S. Let v = v* | K. Let V* be the valuation rings of v* and V be the
valuation ring of v.

Lemma 9.3. Suppose that p is a prime ideal of V. Then there exists a prime ideal
q of V* such that qN'V = p.

Proof. By Theorem 15 of Section 10, Chapter VI [36], there exists an isolated sub-
group A of T, such that
p={a€ K|v(a)=p for some €T, — A with 5> 0} U {0}.
Set
A*={feT, || B|<|a]| for some a € A}.

A* is an isolated subgroup of T',«. Theorem 15 of Section 10, Chapter VI [36] implies
that

q€{a€ K |v(a)=p for some § €T, — A* with § > 0} U {0}
is a prime ideal of V'*.
Ty =AY YNT, =T, - A
implies gNV = p. g
Let 8 =rank V. The primes of V are a finite chain
O0=poC---CpgCV.
Note that if 3 =0 then V = K. The primes of V* are a finite chain

0=¢o1C- - Cqoo0) Cq1C - Cdqgqp)
where p; = ¢;; NV for 1 < j < o(1).
The isolated subgroups of ', are a chain
0=IgC---Ccly=T,.
There is a corresponding chain of isolated subgroups of I",«
0= Fﬁﬂ(ﬁ) c---C 1—\0’1 =TI,

For i < j, v induces a valuation on the field (V/p;),, with valuation ring (V/p;)p,
and value group I';/T';. If j =i + 1 then I'; /T'; has rank 1. For i < j, 1 < a < o(i)
and 1 < b < 0(j), v* induces a valuation on the field (V*/¢;.q)q, , With valuation ring
(V*/4i,a)q,, and value group Ty o/T'jp. Ifi = jand 1 < a < b < o(i), v* induces a

valuation on the field (V*/g;.a)q, , with valuation ring (V*/gi ), , and value group
Lio/Tip.
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We have dominant inclusions of valuation rings
(V/pi)Pj - (V*/Qm>qu
ifi<j,1<a<o(i),1<b<o(j) which induce inclusions of valuation groups
Li/Tj = Tia/Tjp-
We also have dominant inclusions of valuation rings
(V/pl)Pv - (V*/qia)qw
ifi=7,1<a<b<o(i). Note that the value group of the field (V/p;),, is T';/T; = 0.
Lemma 9.4. There exist MTSs along v*

R — 9
i 7
R — S

such that R' and S’ are regular,

trdege(r;  )k(Vp) =0
for all i and

trdegk(S;ijms,)k(Vqtj) =0
foralli,j.

Proof. By Hironaka’s theorem on resolution of singularities (Theorem I5""[24] or
Theorem 2.9 [14]) and resolution of indeterminancy (c.f. Theorem 2.6 [14], the state-
ment and proof are valid if R is not regular) we can assume that R and S are regular
local rings.

For all i, V}, is a valuation ring of K dominating R,,nr. Thus

trdeg(r/p.nR),,an (V/Pi)p, < 00

by Theorem 1 [2] or Appendix 2 [36]. We can lift transcendence bases of (V/p;)p,
over (R/p; N R)p,nr for 1 <i < (B toty,...,t, € V. After possibly replacing the ¢;
with %, we have v(t;) > 0 for all ¢;.

By Theorem 2.7 [14], there exists a MTS R — R’ along v such that ¢; € R’ for all
i. Let p, = R’ Np;. Then

trdeg(r /p;), (V/pi)p, =0 for 1 <i < B.
By Theorem 2.6 [14], there exists a MTS S — S” along v* such that S” dominates R'.
As argued above for R, there exists a MTS S” — S along v* such that if ¢;; = SNy,
then

trdeg(s/q!,),, (V*/4ij)q;; = 0 for all 4, j.

J

Theorem 9.5. Let notation be as above. Suppose that R and S are regular,
trdegr Ry, o p)k(Vp,) =0

for all i and

trdegk(sqijms)k(%tj) =0
for all i,j. Suppose that the rank 1 valuation groups T';—1/T; has rational rank 7; for
1< < B, Tis1,036-1)/Ti,1 have rational rank 5; =5;1 for 1 <i < 3 and T'; o1/l

have rational rank 3;, for 1 <i < and 2 < a < o(i).
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Set t; = dim(R/pi—1 N R)p,nr for 1 <i <, so that

m=dim R=1t +---+tg.

Set
0 ifi=0,7=1
tij = dim (S/Qi—l,o(i—l) N S)qi,lms Zf]- <i< 573 =1
dim (S/qi’jfl n S)qi,jﬁS if0<i<p6,2<j< U(Z)

For1<i<[j set

ti=1ti1 4+ +tion) = dim (S/¢i—1,0¢-1) N S)qmmmS?

and set

to=to1+ - +loeo) = dim Sy, ns

so thatn= dim S =1ty +-- +ig.

Then there exist sequences of monoidal transforms R — R’ and S — S’ such that

V* dominates S', S' dominates R', R’ has regular parameters (z1,

< Zm), S' has
reqular parameters (ws, . .

. wy) and there are units §; € S" such that
piﬂRI:(Z’l,..

© Zt1+“'+ti)

for1<i< 3 and

/ —_ — —_ —_ —_
qij NS" = (wi, ... 7wto+~~+ti_1+t7~,,1+-~~+t7¢,j)

for0<i<pand1l<j<o(i).
V(ztotti+1)s 0 V(2 bt 147,

is a rational basis of T;_1/T; @ Q for 1 <i <,
VWit 1)V (W g ys)
is a rational basis of I';_1 5(;—1)/Ts1 ® Q for 1 <i < 3 and
VI (Wi syttt goa 1) oV (W 448 et 450,5)

is a rational basis of T'; ;_1/T; ; @ Q for 0 <i < g and 2 < j < o(i). Furthermore

47



48 STEVEN DALE CUTKOSKY

g1 (1) 915, (1) Mggr () hin (1)
Z1 = W= ce W= - - ce s Wh 51
to+1 to+s1 to+ti,1+1
g7, 1 (1) g7 5 (D Py Tty 142 (D) hry (1)
27 =aws T g 0T coewn VT O
1 to+1 to+51 to(+)t1,1+1 '
he 17047 1 hy 1
3 o T1+1, 04111 +1 7 +1,n (1) -
AT+ = Wit 1% 47, 111 T Wn 071 +1
hy 747 (1)
o t1.to+t1,1+1 hty,n(1)
Zt1 = wt0+§1+t1 -7 wEO+E1’1+1 ce e Wn 5751
_ hyw e 1(2)
g1.1(2) 91,5, (2) 180+t +%2,1+1 hin(2)
z = w2 et T2 - T2 E Wy 0.
ti+l fo+i1+1 To+T1452  fot+T1+T21+1 n tit+l
2t 47 = 9?2’1(2) Ce wg?z’g2 @ h;2j0+?1+?2’1+1(2) ce wh;Z’"’(2)5 _
t1472 T Yo+t 41 to+t1+32  tottitta1+1 " b1t
e - 2 _
_ Fot1,50+T1 47,1 +1( hzy11,n(2)
F4Ta+ o wzo+zl+§2+lw¥0+z1+fz,1+l ©Wn Oty 47241
o ht230+?1+?2,1+1(2) L ht2m(2)6
Zt1+ts = Wi+t +ta+52—72 Wiy 47, 4101 +1 Wn ti+t2
. _ wgu(/@) __,,wgl*gﬁ(ﬁ) wh1~20+“'+?ﬁ,1+1(ﬁ) ._.whl,n(ﬁ)d
totttg—1+1 T Ttot g1+l to+-+tg_14+5  to+-+tg1+1 " tif g1+l
_ 9?5,1(ﬁ) 9?5,35(5) h?5‘20+-4-+tﬁ,1+1(5) h?ﬁ,n(ﬁ)
Ftatette147s TVttt Vs 45 Vot s 41 n
B o - he i1 7o+ 75,0 +1 B h?ﬁ«l»l,n(ﬁ)(s B
Rty4-ttg 1475+l = wt0+"‘+tﬁ—1+§ﬁ+1wfo+~-+f,3yl+1 cWn ti4-+tg_1+T5+1
o ~ tﬁ,?0+---+?511+1(6) htﬂ,n(ﬁ)a
Aty - wt0+"'+tﬁ—l+tﬁ+§[i*F[jwgo_l'_“‘_l’_gﬁ’l_l’_l T Wn t14-+ip
Where
gui(@) - g15(9)
rank : : =7
gﬂ'l(i) : 975, (Z)
for1 <i<g.

Proof. We prove the theorem by induction on rank V*. If rank V* = 1, then the
theorem is immediate from Theorem 9.1.

By induction on v = rank V*, we may assume that the theorem is true whenever
rank V* =~ — 1. We are reduced to proving the theorem in the following two cases.

Case 1: 0(f3) =1
Case 2: o(83) > 1.

Suppose that we are in Case 1. Then V*/q3_1 5(g—1) is a rank 1 valuation ring
which dominates the rank 1 valuation ring V/ps_1. V*/qg_1,,(3—1) has rational rank
53 and V/pg_1 has rational rank 7.

The proof of Theorem 9.5 in case 1 follows from the proof of Theorem 5.3 [14]
with some changes in notation and references to supporting lemmas and theorems.
We must replace r with 3, p,_1(i) with pg_1 N R(7) and g, _1(i) with gz_1,6(5-1) N
S(i) throughout the proof. Then R(i),,_,(;) has a system of A = #; + -+ + 151

5t1+---+t371+73
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regular parameters, while S(i)q,_, (i) has a system of A = #o 4 -+ +1g_1 > X regular
parameters.

to

References to Theorems 4.8, 4.10 and 5.1 of [14] must be replaced with references
Theorems 8.1, 8.3 and 9.1 of this paper.
Now suppose that we are Case 2, o(f) > 1. Then V*/qg ,(3)—1 is a rank 1, rational

rank 35 ,(gy valuation ring which dominates the rank 0 valuation ring V/ps. That is,
V/pg is a field. The proof in Case 2 is thus a substantial simplification of the proof

in

Case 1. 0

The proof of Theorem 1.4 is now an immediate corollary.
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