FREE SKEW FIELDS HAVE MANY xORDERINGS

JAKOB CIMPRIC

ABSTRACT. The notion of a x-ordering on a skew-field with invo-
lution was introduced by S. Holland in [H] as an analogue to the
notion of a total ordering on a skew-field and developed further in
a series of papers of T. Craven, I. Idris, M. Marshall and T. Smith.
While it is well known that every free skew-field has a total ordering
(see [Le]), it has not been known so far whether every free skew-
field with some natural involution has a *-ordering. The aim of this
paper is to give an explicit construction of a class of x-orderings
on free associative algebras and to prove that x-orderings from this
class extend uniquely to the corresponding free skew fields. The
problem was posed by T. Craven and T. Smith in [CS2].

1. *-ORDERINGS AND *-VALUATIONS

A domain is an associative unital ring without zero divisors. Let
R be a domain, I' an ordered group and oo ¢ I'. A mapping v : R —
['U{oc} is a waluation if

(1) for every z € R, v(z) = oo if and only if z = 0,

(2) v(z 4+ y) > min{v(z),v(y)} for every z,y € R*,

(3) v(zy) = v(x) +v(y) for every z,y € R*,
where R* := R\ {0}. A valuation v : R — I' U {oo} is quasi-
commutative if v(zy — yx) > v(z) + v(y) for every z,y € R.

A - domain is a domain with involution. A valuation v on a *-

domain R is a x-valuation if it has an additional property

(4) v(z*) = v(x) for every x € R.
Note that v(z) +v(y) = v(zy) = v((zy)*) = v(y*z*) = v(y*) + v(z*) =
v(y) + v(z) for every x-valuation v on R and every z,y € R.

For any valuation v on a domain R, we define a relation ~, on R*

by

x ~y Yy = v(z) <v(z—y).
Clearly, z ~, y implies that v(z) = v(y). Let us recall Lemma 5.11
from [H] :
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Proposition 1. Let R be a domain and v a valuation on R. The
relation ~, s an equivalence relation on R* and it has the following
properties:

(1) If x ~, y, and x,y are invertible, then x=" ~ y~'. If x ~, y

and v 18 a *-valuation, then x* ~, y*.

(2) If £1 ~y y1 and xo ~y Y2, then T129 ~y Y1Y2. If also 1 2y —9,
then 1 + T9 ~y Y1 + Yo as well.

(3) If x ~y y and v(z) > v(x), then x + z ~y, Y.

Let R be a *-domain and S(R) the set of all symmetric elements of

R. A subset P C S(R) is a #-ordering if

(1) 1€ P,

()P+PCP

(3) rPr* C P for every r € R,

(4) S(R)=PU-P,

(5) PN—P = {0},

(6) If a,b € P, then ab+ ba € P.

A x-ordering P is compatible with a x-valuation v if for every z € P
and every y € S(R) such that y ~, z we have that y € P.

We will need the following proposition in the proof of the main the-
orem.

Proposition 2. Let K be a skew field, v : K — Z U {oo} a quasi-
commutative valuation and R a subring of K such that K is generated
by R. Then for every z € K* there exista,b € R* such that x ~, ab ',

Proof. We define recursively a sequence Ry C Ry € Ry C ... of
subrings of K by Ry = R and R, 1 = X(G},), where G, is the set of
all finite products of elements from R, U R;! and (G,,) is the set of
all finite sums of elements from G,. Note that UR,, is a subfield of K
containing R. Since R generates K, it follows that K = UR,,.

We claim that for every element z € Ry, | there exist elements a,b €

RX such that z ~, ab™'. We will prove the claim by constructing a se-

quence of representations z = u(k) —i—ug 4l gk) (where k = 0, .

and ugk) € Gy, fori=1,...,m®) such that the last representation sat-
isfies ugt) = a;b; ', a5, by € R and v(ugt)) < min{v(u t)), . .,U(uifl)(t))}.
It follows that z ~, a;b, '

By the definition of R, 1, there exist elements u1, ..., u,, € G, such
that 2z = uy +. . .+ Upm. Set m(®) = m and u§°> =u;fori=1,...,m. As-
sume now that u(k 2 ugk 1), --,U(mk(i)l) have been constructed. Write
m = m*~1. We may assume that v(ugkfl)) = ... = v(u§,k 1)) <
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v( 1(,1111)) <...< v(ugﬁ*l)). For every i = 1,...,p there exist elements
Tij, Yi; € Rp (J = 1,...,q,) such that u(k D= ?i:lxijyigl. Write

= H;J."Zl zi; and y; = J 1 Yij for every ¢ = 1,...,p. Since v is quasi-
commutative, we have for every ¢ = 1,...,p that ugk_l) =2y, T =
(@i [17=1 10 o) (T [7=, %)~ -+o0i, where o; and r; are sums of elements from
G, with value > v(ul* ). Write a; = i1 (i [T/=1 129) € Ry and
by = [[I_, v € RY. It follows that z = agb;' + D iepi Wi + Dy O
Write ugk) = agby ', ugk) =...=4¥ = 0, uffi)l = ui’ill),...,u(mk) =
uF~Y and pick ugjll, . ,u(kzk) € G, such that Y7 0; = Z:n(:n)H ul®.

If v(ugk)) < min{v(ugk)), .. v(u( gk))} then set ¢ = k and stop. Else,
repeat the cycle with & replaced by k+1.

Write Ly, = min{ugk),i = 1,...,m®}. Note that L, < v(z) for
every k =0,...,t. If 1 < k <t, then L, > Ly 1. It follows that the
algorithm terminates in at most v(z) — Lg steps.

By induction on n using the claim and Lemma 1 we prove that for
every z € R, there exist elements a,b € R, such that z ~, ab™!. Now,
the proposition follows from the fact that K =, R,. Q.E.D.

Note that Proposition 2 implies that Corollary 1 in [Li2] is true for
any Lie algebra L.

Lemma 3. Let K be a *-field and v : K — T'U{o0} a quasi-commutative
x-valuation on K. For any s, sy € S(K) write (s1, s9) = %(8182-{-8281).

(1) If s1,89 € S(K)*, then (s1,82) # 0 and v({(s1,52)) = v(s1) +
v(s2).

(2) [f Sl,Sz,tl,tQ S S(K)X, S1 "~y tl and S9 gy tg then <81,82> ~
(t1,1ts).

(3) If s1, 82,83 € S(K)* then ({s1,52),3) ~y (51, (S2,83))-

Proof. For every si,s, € S(K)*, we have that (s1,s0) = s182 +
%(8281 — $182). Since v is quasi-commutative, it follows that v(z(ses1 —
$182)) > v(s182). Hence, v({s1, s2)) = v(s182). It follows that (s, s9) #

0. This proves the first assertion.

To prove the second assertion, note that (s, se) — (t1,t2) = (s1, $2 —
tz) + <81 — tl,t2> for any Si, So,t1,t0 € S(K) If 51 ~, t; and s ~,, ty
then v((s1, s2) — (t1,12)) > min{v(s;) +v(s2 —t2),v(s1 —t1) +v(t2)} >
min{v(s;) + v(s2),v(t1) + v(t2)} = v({s1,$2)) = v({t1,t2)). Hence,
<81a 82> ~o <tla t2>

2)’

Cla N[

Since ((s1, S2), S3) — (51, {S2, 83)) = (82(8153—8381)—(8183—8381)8
it follows that v({{s1, s2), s3) — (s1, <82, s3))) > v(s1) +v(s2) + v(s3)
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v({(s1, $2), 83)) = v({s1, (S2, $3))). The third assertion follows. Q.E.D.

Theorem 4. Let K be a x-field, v : K — ZU{oo} a quasi-commutative
x-valuation on K and R a *-subring of K such that K is generated by
R. Then every x-ordering on R which is compatible by v|gr extends
uniquely to a x-ordering on K compatible by v.

Proof. We claim that for every z € S(K)*, there exist elements s,t €
S(R)* such that z ~, (s,t7'). By Proposition 2, there exist elements
a,b € R* such that z ~, ab™'. Write ¢ = ab* and t = bb* € S(R)*
and note that ab=! = ct~'. We have ¢t~ ! ~, t !c* since z = z* and
ct ! ~, tlc since v is quasi-commutative. It follows that ¢ ~, c*.
Write s = 1(c+ ¢*) € S(R)* and note that z ~, ct™! ~y st™! ~,
(s,t71). This proves the claim.

Let P’ be a v-compatible %-ordering on K. Then P := P'N S(R) is
a v|g-compatible *-ordering on R. We claim that

P'={z€ S(K)|3s,t € P:2zn~, (s,t7")}.

If z € (P')*, then there exist s,t € S(R)* such that z ~, (s,t71).
Changing signs if necessary, we may assume that ¢ € P. Since P’ is v-
compatible and s ~, {{s,t7'),t) ~, (2,t) € P’ by Lemma 3, it follows
that s € PN S(R) = P. So, z belongs to the set on the right side.
The other inclusion is trivial. This proves uniqueness.

To prove existence, take any v|g-compatible x-ordering P on R and
define P' as above. We claim that P’ is a v-compatible x-ordering
which extends P.

Compatibility follows directly from the definition. Clearly, P C P'N
S(R). Conversely, if z € P' N S(R), then there exist elements s, € P
such that x ~, (s,t7'). Since P is v-compatible and (z,t) ~, s, it
follows that (x,t) € P. If x € —P, then (z,t) € PN—P = {0}, so that
z = 0. It follows that x € P. Hence, P = P'NS(R). We have to verify
that P’ satisfies properties 1-6 from the definition of a *-ordering.

Clearly, 1 € P'. If z,y € (P')* then there exist sy, s, t1,t, € P* such
that z ~, (s1,t; 1) and y ~, (sy,2,'). Tt follows that (z, (t1,t3)) ~y
(s1,t2) € P and (y, (t1,12)) ~y (S2,t1) € P. Since (s1,t2) oy —(S2,11),
it follows that (x + vy, (t1,%2)) ~y (S1,t2) + (S2,t1) € P by assertion 2
of Lemma 1. Hence, z +y € P'.

If x € (P')* and d € K*, then there exist s,t € S(R)* and a,b € R*
such that z ~, (s,t7!) and d ~, ab™!. By assertion 1 of Lemma 1 we
have that d* ~, (b*)"'a*. It follows that dzd* ~, {(asa*,(btb*)~1).
Since asa* € P and btb* € P, it follows that dzd* € P’.
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If x € S(K)*, then by the claim in the first paragraph of this proof
there exist s,t € S(R)* such that z ~, (s,t7!). If s and ¢ have the
same sign with respect to P, then x € P, otherwise x € —P'.

If x € P'N —P' is nonzero, then there exist sq, sq,t1,ts € P> such
that © ~, (s1,17') and —x ~, (so,15 ). It follows that (x, (t1,ts)) ~y
<81,t2> € P and <—£E, <t1,t2>> ~y <82,t1> € P. It follows that <81,t2> ~y
—(s2,t1), a contradiction with P N —P = {0}.

Ifz,y € (P)*and z ~, (51,17'), y ~y (s2,15 "), then ({z, y), {t1, 1)) ~y
({x,t1), (y,t2)) ~y (s1,82) € P. Hence {z,y) € P'. Q.E.D.

2. ENVELOPING ALGEBRAS AND THEIR SKEW-FIELDS OF
FRACTIONS

Let L be a complex Lie algebra and U(L) its enveloping algebra.
In [Lil] Lichtmann gives a construction of a skew field D(L) which
contains U(L) and is generated by it. We recall the basic steps of the
construction for later reference.

The standard filtration ... C Fy C Fo C F_1 C ... of U(L) is defined
by F; = {0} ifi > 0, F; = C and for i = —k < 0, F; is a vector subspace
of U(L) generated by all products containing < k elements from L.
The mapping v : U(L) — Z U {+oco} defined by v(z) = sup{n|z € F,}
is a valuation called the standard valuation. Let U(L)[t,t'] be the
ring of Laurent polynomials in a central variable ¢. Extend v to a
valuation on U(L)[t,t7'] by v(} ¢;t!) = min{v(¢;) + ¢}. Write R :=
{z € ULt t7'| v(z) > 0} C U(L)[t]. Note that U(L)[t,t™] is
canonically isomorphic to the localization R[1/t] and that the valuation
v on U(L)[t,t 1] corresponds to the t-adic valuation on R[1/t]. For
every n = 1,2,... write R, = R/t"R and U, for the projection of
U= R\tR in R,. It turns out that U, is a regular Ore set in R,
for every n and we denote by S, = (R,)y, its Ore localization. Write
S for the inverse limit of S,. The localization D = S[1/t] is a skew
field. There exists a natural embedding of R into S which extends to
a natural embedding of U(L)[t,t™'] = R[1/t] into D = S[1/t]. Write
D(L) for the minimal subfield of D containing U(L). The restriction
of the t-adic valuation from D = S[1/t] to D(L) will be called the
standard valuation on D(L). Tt extends the standard valuation on
U(L) and it is known to be quasi-commutative.

Let L be a complex Lie algebra. A mapping * : L — L is an
involution if for all z,y € L and ¢ € C, (x +y)* = z* +y*, (cx)* = ¢z,
[z, y]" = [y*,2*], 2™ = .
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Proposition 5. Every involution on L has a canonical extension to
D(L) such that the standard valuation on D(L) is a x-valuation.

Proof. Every involution extends uniquely from L to its enveloping
algebra U(L) and the standard valuation on U(L) is a x-valuation.
Setting t* = ¢t we get an involution on U(L)[t,t '] which induces an
involution on R. Since (t"R)* C t"R for every n, we have an induced
involution on R/t™R which will also be denoted by *. Note that the
natural epimorphisms ¢,, : R,;; — R, are x-homomorphisms. The
same proof as in [CS2], Lemma 2.2 shows that the involution on R,
extends uniquely to an involution of S, = (R,)y,. It is easy to verify
that the natural epimorphisms ¢/, : S,11 — S, are *~-homomorphisms.
It follows that the termwise involution on the inverse system of S,, and
¢!, induces an involution on its inverse limit S. Since t* = ¢, this invo-
lution extends uniquely to an involution of D = S[1/t]. It is clear that
the t-adic valuation on S[1/t] is a *-valuation which extends the ¢-adic
valuation on R[1/t]. Since D(L) N D(L)* is a subfield of D containing
U(L) = U(L)* and since D(L) is the smallest subfield of D containing
U(L), it follows that D(L) = D(L)*. Hence, D(L) is a *-subfield of D.
Q.E.D.

Any involution on a complex Lie algebra L preserves the standard fil-
tration of U(L) and induces an involution on the corresponding graded
ring @; F;/F; 1 which is isomorphic to the complex polynomial ring in
dim L variables by the Poincare-Birkhoff-Witt Theorem.

Theorem 6. Let L be a complex Lie algebra. There exist a canonical
1-1-1 correspondence between

(1) *-orderings on D(L) compatible with the standard valuation,

(2) *-orderings on U(L) compatible with the standard valuation,

(3) *-orderings on the complex polynomial ring in dim L variables
compatible with the total degree.

Proof. The standard valuation v on D(L) is a quasi-commutative *-
valuation. Hence the 1-1 correspondence between *-orderings in 1 and
2 follows from Theorem 4. The 1-1 correspondence between *x-orderings
in 2 and 3 follows from Proposition 2.5 in [M2]. Q.E.D.

If L is a finite dimensional Lie algebra, then U(L) is an Ore domain
and D(L) is its skew field of fractions. Hence, Theorem 6 is a special
case of Corollary 2.5 in [CS2] and Corollary 4.3 in [M2].

Let Ls be the free Lie algebra on a set S, then its enveloping algebra
U(Ls) is isomorphic to the free associative algebra C(S) on S (Theorem
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0.5 in [R] or a remark after Theorem 2.6.6 in [Co|) and the field D(Lg)
is isomorphic to the free field Ag on S. (Theorem 1 in [Li2]). Note
that the group ring C[Fs| of the free group Fs on S contains C(S) and
is contained in Ag.

We can define an involution on Lg by z* = —z for every z € S and
¢* = ¢ for every ¢ € C. This involution extends to C(S), C[Fs] and Ag
by Proposition 5. We have the following corollary of Theorem 6.

Corollary 7. Let § be an arbitrary set, Ls the free Lie algebra on S
with the involution defined above. The standard valuation v on Ag =
D(Ls) is a *-valuation. We have a canonical 1-1-1-1 correspondence
between

(1) *-orderings on As compatible with v,

(2) *-orderings on C[Fs] compatible with v,

(3) *-orderings on C(S) compatible with v,

(4) *-orderings on the complex polynomial ring in dim Lgs variables
compatible with the total degree.

The following example solves a problem posed by T. Craven and T.
Smith in [CS2].

Example. Let the involution on A = Z{a, b) be defined by ¢* = b and
b* = a. By Example 3.2. in [CS2], we know that *-orderings on A exist.
We are able to give an explicit description of a class of x-ordering on
A. Let the involution on A" = C{a, as) be defined by af = —a; and
ay = —ag and ¢* = ¢ for every ¢ € C. The homomorphism ¢ : A — A’
defined by ¢(a) = (a1 + ias), #(b) = 3(—a1 + iay) satisfies ¢(a*) =
¢(a)* and ¢(b*) = ¢(b)*, hence it is an embedding of *-rings. For any
x-ordering P on A’ the set ¢~'(P) is a x-ordering on A. Corollary
7 reduces the construction of x-orderings on A’ to the construction
of x-orderings on the complex polynomial ring C[zy]ren. Replacing
variables xj with y, = ixy, we get S(Clzklren) = Rlyk|ren. Hence,
there is a natural 1-1 correspondence between *-orderings on Clxy|ren
and total orderings on Ry ]ren-

The following example shows that there exist *-orderings on C{a, b)
which are not compatible with the standard valuation

Example. Let R = C(a, b) with involution * defined by a* = —a,b* =
—b and ¢* = —¢ for c € C. Let v be the standard valuation on R and
P a x-ordering on R compatible by v. Let deg : R — Z U {—o0} be
the total degree function in a and b. For every element x € R write
x = lt(z) + o, where 1t(z) is a sum of all terms in z of total degree
deg(z) and deg(o) < deg(x). Write @ = {z € S(R)| 1t(z) € P}. We
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claim that @) is a *-ordering on R which is not compatible by v. We
must, verify properties 1-6 of x-orderings.

Clearly, 1 € Q. Take any z,y € Q. Note that lt(z) and 1t(y) cannot
cancel each other, since they both belong to P. If deg(z) = deg(y), then
lt(z+y) =1t(z) +1t(y) € P. If deg(x) # deg(y), then lt(x+y) is either
1t(z) or 1t(y). In all cases It(z +y) € P,so that x +y € Q. If z € Q
and r € R, then lt(rar*) = 1t(r)lt(z)lt(r)* € 1t(r)Plt(r)* C P, so that
rer* € Q. For every x € S(R), It(z) € PU —P, hence x € Q U —Q.
If x € QN —Q, then 1t(x) € PN —P = {0}. If follows that z = 0. If
z,y € Q, then 1t(zy) = 1t(z)lt(y) and 1t(yz) = 1t(y)1t(z) cannot cancel
each other. Hence lt(zy + yz) = lt(z)lt(y) + 1t(y)lt(z) € P, so that
xy +yx € Q.

Finally @ is not v-compatible. Take z = [a, b]?> and y = i[a, [a, [a, [a, b]]]].
We have z,y € S(R), v(z) = -2 < =1 = v(y) and deg(z) =4 <5 =
deg(y). Changing signs if necessary, we may assume that z,y € P. It
follows that 1t(y —z) =y € P, so that y —x € Q. If Q were compatible
by v, then x — y € (), a contradiction.

3. OPEN PROBLEMS

(1) Do *-orderings on a free algebra which are not compatible with
the standard valuation extend to the corresponding free field?
Is the extension unique?

(2) Do #-orderings always extend from *-domains to their universal
fields of fractions.

(3) Is every x-domain which has a *-ordering embedable in a *-field?
If not find nontrivial sufficient conditions for embedability.
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