SPACES OF R-PLACES OF FUNCTION FIELDS OVER REAL
CLOSED FIELDS

FRANZ-VIKTOR KUHLMANN, MICHAL MACHURA, KATARZYNA OSTAK

ABSTRACT. In this paper an answer to the problem "When do different or-
derings of R(X) (where R is a real closed field) lead to the same R-place?” is
given. We use this result to show that if R is a dense real closed subfield of a
real closed field R, then the spaces of R-places of function fields over R and R
are homeomorphic. We also discuss the problem of metrizibility of the space
M(R(X)).

1. INTRODUCTION

Studies of real places of formally real fields were initiated by Dubois [6] and
Brown [3], and since then have been continued in several papers by Brown and
Marshall [4], Harman [10], Schiilting [15], Becker and Gondard [2] and Gondard
and Marshall [9]. We shall briefly outline some basic notions of this theory. We
will use the notation and terminology introduced by Lam [12], where also most of
the results that we recall in this section can be found. We assume that the reader
is somewhat familiar with valuation theory and theory of formally real (ordered)
fields.

Let K be an ordered field. The set X'(K) of all orderings of K can be made
into a topological space by introducing a subbasis for the topology on X (K)

consisting of Harrison sets, i.e., sets of the form
Hi(a):={Pc X(K): a€ P}, a€ K =K\ {0}.

The space X(K) is known to be Boolean (i.e., compact, Hausdorff and totally
disconnected - see [12, p.2]).
For a fixed ordering P of K the set

AP):={a€e K :Jq € Q+(—q <pa<pq)}
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is a valuation ring in K with the maximal ideal
I(P):={a€ K:YgeQt(—g<pa<pq)}

There is a natural ordering on the residue field K(P) := A(P)/I(P), which is
Archimedean, namely P = (P N U(P)) + I(P), where U(P) = A(P) \ I(P) is
the set of units of A(P). Thus K(P) is naturally embedded in the field R; this
embedding composed with the place K — K (P)U{oo} associated to the ordering
P, gives a real-valued place, or an R-place, for short. Conversely, every place of
K with values in R is determined by some ordering of K in the way described
above (see [12, Prop. 9.1]). The set of all R-places of the field K will be denoted
by M(K).

The above described correspondence between orderings and R-places defines a

surjective map
At X(K) — M(K),

which, in turn, allows us to equip M (K ) with the quotient topology inherited from
X(K). M(K) is a Hausdorff space (see [12, Cor. 9.9]). It is also compact as a
continuous image of a compact space. Unlike X'(K), the space M (K') need not be
Boolean. However, every Boolean space is realized as a space of R-places of some
formally real field ([13]). On the other hand, there are many examples of fields
for which the space of R-places has a finite number of connected components, or
even is connected. In particular, if K is a real closed field, then the space M (K)
has only one point, and the space M (R(X)) is homeomorphic to a circle (see [2],
[15]). A slightly more general result states that the space of R-places of a rational
function field K (X) is connected if and only if M (K) is connected (see [10],[15]).

The main objective of this paper is to describe the space of R-places of the field
R(X), where R is a real closed field. The main theorem of Section 2 explains
how the map Ag(x) : X(R(X)) — M(R(X)) "glues” points. We then apply
this result, in Section 3, to show that if a field R is a dense real closed subfield
of a real closed field R, then the spaces M(R(X)) and M(R(X)) are naturally
homeomorphic. In the last section we find conditions of metrizibility of the space

M(R(X)).
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Throughout this paper we shall denote by S the set S \ {0}, for any subset S
of a field. We shall also use the familiar notion of intervals: if (S, <) is a linearly
ordered set, then

(a,b) ={ceS:a<cAhc<b}
Similarly we define [a, b], [a,b), (a,00) etc. If A, B are subsets of an ordered set

S, then by A < B we mean that a < b for every a € A and every b € B.

2. THE R-PLACES OF R(X)

Let R be a real closed field with its unique ordering R2. Denote by v the
natural valuation of R, i.e., associated to A(RQ), by I' the value group of v and
by k the residue field of v. Since R is real closed, I' is a divisible group and k is
a real closed field (see [7, Th. 4.3.7]). Moreover, using Hensel’s Lemma one can
show that k& can be considered as a subfield of R.

There is a one-to-one correspondence between orderings of R(X) and cuts of
R (see [8], [16]). The cut (Ap, Bp) corresponding to P is given by Ap = {a €
R:a<p X} and Bp={b€ R:b>p X}. Conversely, if (A, B) is a cut in R,
then the set

Q={feR(X):Jac AIbe BVce (a,b) (f(c) € R?)}

is an ordering of R(X), and (Ag, Bg) = (4, B).
The cuts (B, R) and (R, D) are called the improper cuts. The orderings deter-

mined by these cuts are
PL={f€eR(X):3be RVec<b (f(c) € R?)}
and
P, ={feR(X):Ja€ RVec>b (f(c) € R?)},
respectively. A cut (A, B) of R is called normal if it satisfies the following condi-
tion:
Vee R2Jac AFbeB (b—a<c).

If A has a maximal element or B has a minimal element, then (A, B) is called
a principal cut. Principal cuts are normal. Every a € R defines two principal

cuts: ((—o0,a),[a,0)), with the corresponding ordering denoted by P, , and
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((—o0, al, (a,)), with the corresponding ordering denoted by P,. Note that if
R is a real closed subfield of R, then all proper cuts of R are normal. Moreover,
R = R if and only if all proper cuts are principal.

If A does not have a maximal element and B does not have a minimal element,
then we say that (A, B) is a free cut or a gap. If R is not contained in R, then R

has abnormal gaps, i.e., gaps which are not normal. For example, if
A = (—o0,0] U I(R?)

and
B = (0,00) \ I(R?),

then (A, B) is an abnormal gap in R.

In fact, we have three kinds of proper cuts:

(1) principal cuts,
(2) normal (but not principal) gaps,
(3) abnormal gaps.

Note that the correspondence between cuts in R and orderings of R(X) makes

the set X'(R(X)) linearly ordered: if () is another ordering of R(X), then let
P <Q<+= Ap C Ag.

The set X(R(X)) has a minimal element P, and a maximal element PJ. Con-
sider the two orderings corresponding to the principal cuts determined by a € R,
P and Pf. Then P, < P;r. Observe that the interval (P, , P;") is empty — we

a

thus say that < has a step in a.

Proposition 2.1. The Harrison topology on the space X(R(X)) coincides with
the topology induced by the ordering defined above.

Proof. Take the Harisson set H g x) (5) = H(fg) C X(R(X)). Note that Hg(x)(f9g)
is a finite union of intervals (P, ", ;") such that:

1. a,b € RU{oo} and if a,b € R, then they are roots of fg;

2. fg has positive values on (a,b).

So, HR(X)(g) is open in the order topology of X (R(X)).



SPACES OF R-PLACES OF FUNCTION FIELDS OVER REAL CLOSED FIELDS 5

On the other hand, an interval (P, Q) C X(R(X)) can be replaced by a union
of Harrison sets Hp(x)(f), where f runs through all quadratic polynomials with

roots a < b € Bp N Ag such that f is positive on (a,b). O

Consider the map
Arx) : X(R(X)) — M(R(X)).

Note that Ap(x) annihilates every step by “gluing” orderings, that is by mapping
both P, and P; onto the same real place. Our goal is to answer the follow-
ing question: Which points of X(R(X)) are glued by Ag(x), that is, for which
orderings Py and Py of R(X), Ag(x)(P1) = Ag(x)(F2)?

We shall make use of the following Separation Criterion [12, Prop. 9.13], which

we recall now in the version useful for this paper:

Theorem 2.2. [Separation Criterion| Let P, and P, be two different orderings
of R(X). Then Ap(x)(P1) # Ar(x)(P2) if and only if there exists f € R(X) such
that f e U(P)N Py and —f € Ps.

We shall refer to f as to a “separating element”. In view of the above de-
scribed duality between orderings of R(X) and cuts of R, we can also speak of a

“separating element” of two cuts of R.

Claim 2.3. Let P be an ordering of R(X) with corresponding (proper) cut (A, B)
in R. Then

(1) A(P)={feR(X):Jac ATbe BVce |a,b] (f(c) € A(R?))}

(2) UP)={f €eR(X):3ac AIbe BVece[ab] (f(c) e UR2))}
Proof. (1) Suppose that f € A(P). Then there exists ¢ € Q" such that g+ f € P.
It means that there exist a € A, b € B, such that for every ¢ € (a,b),

—q < f(c) <q.
Then for every ¢ € [a, b],
—q < fle) <q.
Thus f(c) € A(R?).
Now suppose that there exists a € A, b € B, such that for every ¢ € [a,b],

f(c) € A(R?). Then f has no poles in [a, ], and as it is a semialgebraic function,
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it is continuous on [a,b]. Therefore f has a minimum and a maximum on [a, b],
i.e., there exists ¢min, Cmaz € [a, b] such that for every ¢ € [a,b], f(cmin) < f(c) <
f(Cmaz)- Since f(cmin), f(Cmaz) € A(RQ), there exists ¢ € QT such that

—q < f(Cmin) < f(C) < f(Cmax) <gq,

for every ¢ € [a,b], so f € A(P).
(2) By definition of the set of units of a valuation ring, U(P) contains the functions
f € R(X) such that f € A(P) and 1/f € A(P). Suppose that f € U(P).
Then there exist aj,as € A and b;,by € B such that for every ¢ € [a1,b1],
f(c) € A(R?) and for every c € [ag,b3], 1/f(c) € A(R?). Let a = max{a;,az}
and b = min{b;, by}. Then for every ¢ € [a,b], f(c) and 1/f(c) belong to A(R?),
ie., f(c) € U(R?).

Supose that f(c) € U(R?) for every ¢ € [a,b], where a € A and b € B. Then
f,1/f € A(P), so f € U(P). O

Remark 2.4. In a similar way one can show that
APE)={f € R(X):3a € RVYc>a (f(c) € A(R?))},
U(PS)={f € R(X):Ja € RVe>a (f(c) € U(R?)},
A(Pg)={f €R(X):Ja€ RVc<a (f(c) € A(R?))},
UPL)={f € R(X):3a € RVc < a (f(c) € UR?)}.
Remark 2.5. By a closed neighborhood of a proper cut (A, B) in R we mean an
interval [a,b] C R such that [a,b] N A # 0 and [a,b] N B # (. Note that A(P)
is the set of those functions which, on some closed neighborhood of (Ap, Bp),
have values in A(R?). Functions that belong to U(P) are the ones that, on some
closed neighborhood of (Ap, Bp), have values in U (R?).
By [16, Lem. 2.2.1], every (proper) cut of R determines a lower cut set
S={v(b—a): a€ A, be B},

in the value group I'. Note that if (A, B) is a normal cut, then S = I'. For
improper cuts, take S = (). The sets S allow us to compare gaps as follows: we

can say that a gap (Aj, By) is “coarser” than (Ag, By) if S1 C Ss.
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From now on let (A;, B1) and (Asg, B2) be the cuts in R corresponding to two
fixed orderings P; and P, of R(X), respectively. Relabeling suitably, if necessary,

we may assume that A; C As. Consider the set
U={v(d —a): a,a € BiN Az, a<d'}.
Denote by S; and S, the lower cuts in I determined by (A1, B1) and (Asg, Bo).

Lemma 2.6. The set U is an upper cut set in I'. Moreover, I'\ (S1 N S2) CU.

Proof. We shall show that if v € U and v' € T with v < 4/, then v/ € U. We have
that v = v(a’ — a), where a and a’ are as in the definition of U and v = v(c),
where c is a positive element of R. Since v(a' —a) < v(c), v(7%) € I(R?). Then
-~ < 1. Soa+c<a' Thus a+c€ By NAy. We have v(a+c — a) =v(c) =
v eU.

Now suppose that v € I'\ (S1 N S2). Let ¢ be a positive element of R with
v(c) = . Fix an element a € B1NAg. Assume that v ¢ S;. Then a—c € B1NAs.
Thus v = v(c) = v(a — (a—¢)) € U. If v ¢ Sy, then a + ¢ € B; N Ay and
y=uv(c)=v(la+c—a)eU. O

Theorem 2.7. Let Py, P, be the orderings as above. Then Ap(x)(P1) = Ar(x)(12)
if and only if Sy =S =: S and SNU = 0.

Proof. We counsider three cases:
CASE 1. Suppose that S7 C S9. Then there exist a € By N Ay and b € By
such that v(b —a) ¢ S;. Consider a linear polynomial f(X) = 2=2% + 1. This
polynomial has a root zy = a—(b—a). If g € A, then v(b—a) = v(a—xy) € 51,
a contradiction. Therefore o € B;. Moreover, f(a) = 1 and f(b) = 2. Thus
f has positive values in some closed neighbourhood of (Ag, Bo) which are units
in A(R?) and negative values in some closed neighbourhood of (A;, B;). By
Remark 2.5 and by the Separation Criterion, Ag(x)(P1) # Ar(x)(FP2). If S2 C S,
we proceed in a similar manner.
CASE 2. Suppose that S; = Sy =: S but SNU # (. Let v € UNS. Then there
exist a € Ay, b € By and ¢,d € By N Ag such that v = v(b—a) = v(d — ¢).

We shall show that one can fix v in such a way that a < b < ¢c < d. If

¢ < b, then we take v/ = v(c —a). We have v/ > v, s0+ € U. If v/ > 7,



8 FRANZ-VIKTOR KUHLMANN, MICHAL MACHURA, KATARZYNA OSIAK

then v(c —a) > v(d —¢). Thus ¢ —a < d—cand ¢+ (¢ —a) < d. Therefore
c+ (c—a) € ByN As. So we can take 7' as v, c as b, and ¢+ (¢ — a) as d.
Since v(b — a) = v(d — c), there exists n € N such that 1 < H < n. Then

b=a¢ ~ ¢ —¢. Consider a linear polynomial f(X) such that f(a) = n+ 1 and

n

f(b) =1, that is f(X) = "(,f:f) + 1. This polynomial has a root zo = b+ =% <
b+ d—c < d. Thus f has positive values in a closed neighborhood of (Ay, By)
which are units in A(R?) and negative values in a closed neighborhood of (Az, Bs).
Using the Separation Criterion we get Ag(x)(P1) # Ag(x) (P2)-

CASE 3. Suppose that S; = Sy =: S and SNU = (). By Lemma 2.6, U =T\ S.
We can assume that 0 € By N As. Indeed, if a € By N As, then consider the cuts:
(A; —a,B) —a) and (A — a,Bs — a). Then f(X) is a “separating element”
for (A1, B1) and (A, Bg) if and only if f(X + a) is a “separating element” for
(A; —a,B; —a) and (Ay —a, By — a), and consequently, the R-places determined
by orderings associated to (A; —a, B; —a) and (A — a, By — a) are equal if and
only if Apx)(P1) = Ag(x)(£2). Note that U and S remain unchanged under
translation of cuts.

The cuts (A;, By) and (Ag, By) are symmetric about 0, i.e., a € By N Ay =
—a € By N Ay, and consequently, a € By = —a € A;. Indeed, if a € B1 N Ay and
—a € Ay, then S 3 v(a) = v(—a) € U, a contradiction to SNU = 0.

Let A:=BiNAyand B=A;UBy. Then AUB=R, ANB =0, A= —A,
B = —B. Further, v(A) = U U {oo}. Since R is the disjoint union of A and B
and T' is the disjoint union of U and S, it follows that v(B) = S. We assume
B # (); the proof can easily be adapted to the case of B = (), the case of improper
cuts.

Let v; be the valuation determined by ordering P} and let vo be the valuation

determined by P,. Both v; and vy are extensions of v. We show that
v(a) 2 vi(X) > v(b), forae A,be B,i=1,2.
Indeed, since v(a) = v(—a), v(b) = v(-b), A = —A, B = —B, we may assume

that b € By, —b€ Ay, a >0, —a < 0. It follows that —b <p, X <p, —a <0 and

0 <a<p, X <p, b, whence our claim.
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Suppose that v;(X) = v(a) for some a € A, then vz(%) = 0. Thus the function
% has Archimedean values in some closed neighbourhood of (A;, B;). Therefore
there exists b € B such that v(g) =0. So S > v(b) = v(a) € UU {0}, a
contradiction to SNU = . Similarly, v;(X) # v(b) for b € B,i = 1,2. Therefore

v(a) > v;(X) > v(b), fora € A,b€ B,i=1,2.

So, v;(X) ¢ I' and since I' is divisible, n-v;(X) ¢ I" for n € N. By [7, Cor. 2.2.3],
v; = v and k is a the residue field of v;.

By [12, Cor. 2.13], two orderings determine the same R-place if they determine
the same valuation and the same ordering on the residue field. Since the residue

field of v; is real closed, Ap(x)(P1) = Ag(x)(£2) O

Remark 2.8. The set U allows us to compare gaps by the “distance” between
them. Theorem 2.7 shows that the map Ag(x) glues the abnormal gaps which
are “close” to each other in the sense that the distance between them is smaller
than their “size”. For example, the orderings determined by gaps (41, B1) and
(Ag, B2) where

A = —R?*\ I(R?), B| = I(R?) U R?,

Ay = —R?UI(R?), By = R*\ I(R?),

are always glued. More generally, we can replace (RZ) by any convex subgroup
{c € R : v(c) € Uorc=0} where U is a final segment of I'. Then vX will
satisfy the gap (I'\ U,U) in I'. The proof of Theorem 2.7 shows that these are

all possible cases, up to translation of cuts by adding an element of R.

Remark 2.9. The orderings P;” and P, determine the same R-place, since S; =
Sy =T and U = ). Also P} and P, determine the same R-place, since S; =
So=0and U =T.

Remark 2.10. If R is a real closed subfield of R, then every cut of R is nor-
mal. Then it is easy to deduce from Theorem 2.7 that the space M (R(X)) is
homeomorphic to M (R(X)). We will prove a more general result in Theorem 3.3

below.

Remark 2.11. At most two orderings determine the same R-place. Let P, < P> <
P; be orderings of R(X) with corresponding cuts (Ay, By), (Ag, Bz) and (A3, Bs)
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in R and corresponding lower cut sets S, Se and S3 in ', respectively. Suppose
that S; = So = S3. Let Uz be the upper cut set determined by the orderings P;
and P3. Take a € By N Ay and b € By N Ag. Then v(b—a) € U13N Ss, so P, and
P; do not determine the same R-place.

Another way to see this is as follows. If an R-place of R(X) has the same
value group as R, which is divisible and has no nontrivial 2-character, then there
is only one ordering of R(X) compatible with it. If it does not have the same
value group as R, then it is of the form I' ® Z, having two 2-characters, and
hence there are two distinct orderings compatible with it. Indeed, if two distinct
orderings are glued, i.e., if S = Sy =: S and SNU = (), then Case 3 of the proof
of Theorem 2.7 shows that v(X —a) ¢ I' for some a € R.

3. EXTENSION THEORY OF M (R(X))
Let L/K be an extension of ordered fields. Then we have restriction maps
p:X(L) = X(K), p(P)=PNK,
and
p:M(L) = M(K),  p&) =€k -

The restriction maps are continuous and the diagram

X (L) M(L)
a a
X(K) 2% M(K)

commutes (see [6, 7.2.]).
Note that the surjectivity of the map p : X(L) — X (K) implies the surjectivity
of the map p: M(L) - M(K).

Lemma 3.1. Let R C R be an extension of real closed fields and let P be an
ordering of R(X) with corresponding cut (A, B) in R. Then (ANR,BNR) is a
cut in R whose corresponding ordering P € X(R(X)) is a restriction of P. The

map p: X(R(X)) = X(R(X)) is surjective.
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Proof. It is easy to see that (ANR, BNR) is a cut in R. If (A, B) is an improper
cut in R, then (AN R, BN R) is an improper cut in R, as well.

Recall that if (4, B) is a proper cut in R, then f € P iff there exists a closed
neighbourhood [a, b] of (4, B) such that for every ¢ € [a,b], f(c) > 0. Since R is
a real closed field, all real roots of a polynomial f € R[X] are in R. This implies
that PN R(X) = P.

To show the last assertion, take P € X' (R(X)) with corresponding cut (A4, B)
inR. Set A={a € R| a< B}and B= R\ A. Then (A, B) is a cut in R and
(ANR,BNR) = (4,B). Let P € X(R(X)) be the ordering corresponding to
this cut. By what we have already proved, P N R(X) = P. O

Corollary 3.2. Let R C R be an extension of real closed fields. Then the map

p: M(R(X)) - M(R(X)) is surjective.

Theorem 3.3. Let R C R be an extension of real closed fields. If R is dense in
R, then M(R(X)) and M(R(X)) are homeomorphic.

Proof. The restriction map p : M(R(X)) — M(R(X)) is surjective and contin-
uous. Since both spaces are compact and Hausdorff, we need only to show that
it is injective.

Take two distinct places £1,& € M(R(X)) and let Py, P, corresponding order-
ings of R(X) and (A, By) and (A, By) be the cuts in R associated with them.
Let & be the valuation corresponding to the unique ordering of R. Consider
U={v(@ —a): a,a € BiNAy, a <d'}. Set A; = A;N R and B; = B; N R for
i=1,2. If U =0, then also U = {v(a' —a) : a,a' € BiNAy, a <d} =0 If
U = {0}, then R and R are archimedean and B, N Ay # 0, so by density of R in
R, By N Ay # 0, which implies U = {0} = U. Now assume that U has at least
two elements and hence has no last element. Then by the density of R in R, for
all @,d’ € By N Ay with @ < @ there are a so close to @ and o' so close to @ with
a < a<d <a such that v(a —a) > v(@' — a) and v(a’ —a') > v(@ —a). It
follows that a,a’ € By N Ay with v(a’ —a) = v(d’ — a). Hence U = U.

In the same way, one shows that S; = {v(b—a): a € A;, b€ B;} = {v(b—a) :
a € A, b e B} = S; for i =1,2. Now it follows from Theorem 2.7 that the

restrictions of & and & to R(x) remain distinct. O
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Recall that an ordered field K is called continuously closed if every normal
cut in K is principal. We say that an ordered field K is a continuous closure of
K if K is continuously closed and K is dense in K. The continuous closure K
is uniquely determined for every ordered field K. Moreover, if K is real closed,
then K is also real closed (see [1]). In fact, the continuous closure K of K is a
completion of K with respect to:

1) order topology if K is Archimedean;
2) valuation topology if K is not Archimedean
(see [14]).

So we have:

Corollary 3.4. If R is the continuous closure of R, then M(R(X)) and M(R(X))

are homeomorphic.

4. METRIZIBILITY OF THE SPACE M (R(X))

First we shall recall some basic topological facts. By Urysohn’s metrization
theorem (see [11, p. 125]) a compact Hausdorff space is metrizable if and only
if it is second-countable. Every second-countable space is separable. Recall that

the cellularity of a topological space M is
sup{| F |: F is a family of pairwise disjoint open subsets of M }.

The cellurality is not smaller than the density of M.
Recall that the real holomorphy ring Hyi of a formally real field K is the

intersection of all real valuation rings of K, i.e.,
Hi = {A(P),P € X(K)}.

By [12, Th. 9.11], a subbasis for the space M(K) is given by the family of the
sets U(a) = {{£ € M(K) | £&(a) > 0}, where a € Hg. If K is countable, then
this subbasis (and consequently, also a basis) of M(K) is countable, so M (K) is

second-countable. So we have:
Corollary 4.1. If K is a countable field, then M(K) is metrizable.

As before we consider a real closed field R with natural valuation v, value

group I[', and residue field & C R.
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Lemma 4.2. Take a € R. Then the set
Us= |J {6 € MR(X))| ve(X —a) > 7}
I'sy>0

is open in M(R(X)).

Proof. If T' is a trivial group, then U, = ). So we assume that I is not trivial.

We shall show that

A];(lx)(Ua) = U (Pc:—cv Pa++c)7
cER2,v(c)>0

where each (P,_,,

P} ) is an open interval in X (R(X)).

Suppose that P € )\;z(lX)(Ua). Then there exists I' 5 v > 0 such that vp(X —
a) > 7. Let ¢ € R? such that v(c) = 7. Then —c <p X —a <p ¢, and thus
a—c<pX<pa+csoPe (P, . Pl.).

Now suppose that P € (P(;C,P(;Zrc) for some ¢ € R2,v(c) > 0, i.e,, a — ¢ <p
X <p a+c. Then —¢ <p X —a <p cand thus vp(X —a) > v(c) > %v(c) >0. O

Proposition 4.3. Let R be a non-Archimedean real closed field such that k is an

uncountable field or ' is an uncountable group. Then is not metrizable.

Proof. Suppose that & C R is an uncountable field. For every a € k take an open
set U, as in the previous lemma.

Note that U, is nonempty, because the place determined by the principal cuts
in a belongs to U,.

Suppose that U,NUy # 0 for a # b. Let £ € U,NUp, i.e., ve(X —a) > 7 > 0 and
vg (X —=b) > 72 > 0, for some y1, 72 € I'. Then ve(a—b) = ve((X—a)—(X—b)) >0,
a contradiction, because k is Archimedean.

Now suppose that I' is uncountable. For every I' 3 v < 0 choose an element
a € R with v(a) = 7 and consider sets U,, which are like previously open and
nonempty.

Suppose that £ € U, N U, for a # b. Then ve(X —a) > 0 and vg(X —b) > 0,
thus ve(a—b) = ve((X —a) — (X —b)) > 0. But ve(a—b) = min{ve(a),ve(b)} <0,

a contradiction.
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In both cases the family of the sets U, is an uncountable family of pairwise
disjoint open sets in M (R(X)), so the cellularity of M(R(X)) is uncountable,
hence M (R(X)) cannot be metrizable. O

Remark 4.4. The proof shows that, without the assumptions on k or I', the
cellularity of M (R(X)) is bigger or equal to max{|k|,|I'|}.

Lemma 4.5. Let N be a dense subset in M(R(X)). Then )\I;(IX)(N) is a dense
subset of X(R(X)).

Proof. Take a basic open set in X'(R(X)), i.e., the set of all cuts in an interval

(a,b) C R. Consider a polynomial f(X) € R[X], f(X) = W and

let g = # Note that ¢ is positive only on interval (a,b) and g(aT‘H’) = 1.

Therefore the subbasic set U(g) is nonempty (the R-place determined by the
principal cuts in “T"'b belongs to U(g)), and by density of N in M(R(X)), there
exists £ € NNU(g). Let P € AE%X) (&) and let (A, B) be a cut corresponding
to P. Since {(g) > 0, g € P. So there exists a’ € A, € B such that for every

ce (d,b), g(e) >0. So, (¢/,b') C (a,b) and P corresponds to a cut in (a,b). O

Theorem 4.6. Let R be a real closed field. Then M(R(X)) is metrizable if and

only if R contains a countable dense subfield.

Proof. Suppose that M (R(X)) is metrizable. Therefore both, the residue field
k and the value group I' of the natural valuation v of R are countable. Since
M(R(X)) is compact, it is separable. Let N be a countable, dense subset of
M(R(X)). Then, by the previous lemma, the set A;?,(lX) (N) is dense in X(R(X)).
Using this set we shall describe a construction of a countable, dense subset of R.

For every v € I' choose an element c, € R? such that v(cy) = 1.

Let (A,B) be a cut in R with corresponding ordering P € AE%X)(N) and
let S be the corresponding lower cut set in I'. For every  which is not the
maximal element in S choose a pair of elements af € A and bf € B such that
v(bf; — afy)) = . If 49 is a maximal element in S then choose a € A, b € B such

that v(b— a) = vp. As pointed out earlier in the paper, we may assume that the

residue field & is a subfield of R. Then

({d€k:a+dcy, € A},{€ €k : a+écy € B})
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is a cut in k. We note that € is in the left cut set, and that a + f. Cy, € B for every
f € k such that f > "C;—: Hence, this cut is proper. For every ¢ € k? we can
thus choose d in the left and € in the right cut set such that € —d = ¢. Setting
af =a+dcy, € A and bl = a + éc,, € B we obtain that v(b — al’) = vy and

z =

Ep(t) =z,

C’YO
Let Ap be a set of all af,bf,a?,b? with vy € §, ¢ € k2. Note that Ap is a
countable set because S and k? are countable. Let A= J{Ap : P € A;z(lX)(N)}.

Then A is countable. We will show that it is dense in R.

Suppose that a < b € R. By density of )\;z(lX)(N) in X(R(X)), there exists

P e )\;z(lX)(N) such that P;” < P < P,". Let (A, B) be a cut in R corresponding

to P and let S be the corresponding lower cut set in I'. Then v(b—a) € S. If
v(b—a) is not the maximal element in S, then v(b—a) < «y for some y € S. In this
case, consider al’,b)’ € Ap. Since v(b —a) < v(b! — al), we have al’ € (a,b) or
b,I; € (a,b). If v(b—a) = yp is the maximal element in S, then §Rz(bc;—:) =dek?
Take ¢ € k%, & < d. Then for aX’,b! € Ap,

P _ P
b—a bz —ag

fRz( )>0.

% v

Thus, (b—a) — (b —al’) > 0.

If af < a,then 0 < (b—a)— (bY —al’) < b—bL, and thus bY < b. Similarly, if
b < b, then a < al. So the interval (a,b) contains an element from A. Since A
is dense in R the field k(.A) is dense in R and countable, because A is countable.

Now suppose that K is a countable, dense subfield of R. Let R’ be the real
closure of K inside of R. Then R’ C R and R’ is countable and dense in R.
By Theorem 3.3, M(R'(X)) &2 M(R(X)), and by Corollary 4.1, M(R'(X)) is

metrizable. I

The following example shows that the converse of Proposition 4.3 does not

hold:

Example 4.7. Let be a countable, Archimedean field £ and a countable, non-
trivial, ordered, divisible group I". The field k((T")) is real closed, with its natural
valuation v being its t-adic valuation with value group I' and residue field k. Take

R to be the real closure of k(') in £((T")).
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Consider the function field R(X). Since R is countable, M (R(X)) is metriz-
able. We shall show that M (k((I'))(X)) is not metrizable.
Since I' is divisible, Q@ C I'. Fix an increasing sequence of rational numbers

(7n) converging to 0. Consider a Cantor set given as a family of functions
o € {0, 1} {mmneN}

Now define a family of sets U, of cardinality 2%° as follows: U, contains all

R-places determined by cuts of the interval (a?,b”), where

0(6) 0= Tn
aj =< —1 0=0
0 otherwise
o(d) d=mm
by =<+1 6=0
0 otherwise.

Take 0,7 € {0,1}17»"€N} "y cut (A, By) in (a%,b%) with corresponding lower
cut set S in I', and a cut (Ag, By) in (a”,b") with corresponding lower cut set
Sy. Then both S; and S contain (—o0,0). Let U be the upper cut set in I’
corresponding to (Aj, By) and (Ag, By). If 0 # 7, then U contains an element
v < 0. Thus UNS; # 0 and by Theorem 2.7, the R-places determined by orderings
of k((I"))(X) associated to the cuts (A, By) and (Ag, By) are distinct. Therefore
U, NU; =0 for o # 7, and thus cellularity of M (k((I'))(X)) is uncountable.
More generally, take any real closed subfield R of k((I')). If it is included in a
subfield of k£((I")) that is of countable transcendence degree over the completion
of R, then by Theorem 4.6 M (R'(X)) is metrizable. It can be shown that also the
converse is true: if the compositum of R’ with the completion is of uncountable
transcendence degree over the completion, then there are again uncountably many

o € R’ that one can use for the above definition of the intervals U, .
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